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ABSTRACT. In this paper, we analyze the hybridizable discontinuous Galerkin (HDG) method
for second-order elliptic equations with nonlinear coefficients, which are used in many fields.
We present the HDG method that uses a mixed formulation based on numerical trace and flux.
Under assumptions on the nonlinear coefficient and H2-regularity for a dual problem, we prove
that the discrete systems are well-posed and the numerical solutions have the optimal order of
convergence as a mesh parameter. Also, we provide a matrix formulation that can be calcu-
lated using an iterative technique for numerical experiments. Finally, we present representative
numerical examples in 2D to verify the validity of the proof of Theorem 3.10.

1. INTRODUCTION

Most of the practical problems we are interested in are represented by nonlinear PDEs. In
particular, problems such as flows in porous media can be modeled with nonlinear PDEs in [1].
A large amount of research in numerous aspects of simulation of the nonlinear PDEs has been
in the spotlight to figure out the complexity of nonlinearity and reduce expensive computational
costs. Among them, simulation and analysis using the finite element method (FEM) are being
actively conducted. In this paper, we provide the analysis of a robust approximation solution on
the hybridizable discontinuous Galerkin (HDG) method for the following second-order elliptic
equation with a nonlinear coefficient :

−∇ · (κ(x, u)∇u(x)) = f(x) in Ω, (1.1a)

u(x) = 0 on ∂Ω, (1.1b)

where κ(x, u) is the nonlinear term, f ∈ L2(Ω), and Ω is a bounded polyhedron in Rn, n =
2, 3.

Since Cockburn et al. formally developed the HDG method for second-order elliptic prob-
lems in [2], it has been used to give efficient and robust approximate solutions. The HDG
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method retains the advantages of the discontinuous Galerkin (DG) methods such as flexibility
in meshing and preserving local conservation of physical quantities and overcoming to short-
comings of the DG by reducing the globally coupled degree of freedom in [3]. Also, the
HDG method can outperform continuous Galerkin (CG) methods in various aspects such as
parallel computation computing time, floating-point operation count and superconvergence in
[4, 5, 6, 7, 8].

Due to these characteristics, the HDG method has been applied and studied for a variety
of problems. The optimal order of convergence for elliptic problems was mathematically
proven by introducing HDG projection in [9, 10]. Also, based on superconvergence of the
HDG method, local postprocessing was developed for linear convection-diffusion equations in
[11], for nonlinear cases in [12]. The HDG method was also applied to more substantive prob-
lems such as parabolic equations in [13], acoustic wave equations in [14, 15], Stokes equations
in [16, 17], compressible Navier-Stokes equations in [18], and incompressible Navier-Stokes
equations in [19, 20, 21].

Mathematical analysis of nonlinear problems has been studied with various FEMs. Conver-
gent or superconvergent results for nonlinear elliptic problems were derived based on mixed
method in [22, 23], DG method in [24], and multiscale mortar method in [25]. Although it is
essential to understand how accurate the approximate solution is, the mathematical analysis of
nonlinear problems is limited. This is because, in contrast to linear problems, nonlinear prob-
lems are not guaranteed to have well-posedness and are difficult to deal with nonlinear terms
for analysis due to its complexity. So, we conduct error estimations for the nonlinear problem
(1.1) to investigate how accurate our approximation in the HDG method is.

In this paper, we analyze the HDG method for elliptic equations with nonlinear coefficients
and present numerical results. To deal with nonlinear problems, we first assume that a nonlinear
coefficient satisfies the Lipschitz continuous and boundedness. We also assume that domains
permit the H2-regularity estimates to get high order of convergence in [10]. Finally, we assume
that the local stabilization parameter is positive. The well-posedness and accuracy depend
on the stabilization parameter. Under these assumptions, we will show the well-posedness
of the HDG system and give error estimates. We first derive error equations based on the
HDG projection, and then get several identities and an upper bound for the projection errors
by using error equations. We can derive the optimal convergence ratio of the HDG method for
elliptic problems with nonlinear coefficients. Also, to solve the nonlinear problem numerically,
we provide a matrix formulation which modifies the technique introduced in [26, 27]. The
matrix formulation can be solved using the iterative technique. In numerical experiment, we
show error plots for various nonlinear coefficients and check whether the optimal order of
convergence is consistent with the mathematical proof.

The paper is organized in the following way: after this introduction, we will define notations
regarding functional space, finite element space, and the HDG projection that will be used
throughout the paper, and along with them, we give the HDG method for the nonlinear problem.
Then in Section 3, we will provide assumptions used in analysis and prove the well-posedness
and error estimations for the HDG method. In Section 4, we present the matrix formulation
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for implementation and the numerical results to verify the optimal order of convergence. A
conclusion is given in Section 5.

2. PRELIMINARIES

In this section, we present the HDG method for solving second order elliptic equations with
nonlinear coefficients. For this, we will first introduce some notations of functional spaces,
finite element spaces, and HDG projections. These contents and notations will be borrowed
from [10].

Let Th be a conforming, shape-regular simplicial triangulation of Ω with maximum element
diameter of h. We call F an interface of the triangulation Th if F either is shared by two
neighboring triangles, T1 and T2 in Th (F = T 1∩T 2), or is on the boundary ∂Ω (F = T ∩∂Ω).
Let Eh denote the set of all interfaces of the triangulation Th. Note that any interface F lies on
the boundary of some triangle ∂T . Set ∂Th = ∪T∈Th∂T .

We will use the standard notations for Sobolev spaces and their norms on the domain Ω and
their boundaries. For example, ||v||s,Ω, |v|s,Ω, ||v||s,∂Ω, |v|s,∂Ω, s > 0, denote the Sobolev
norms and semi-norms on Ω and its boundary ∂Ω. For an integer s, the Sobolev spaces Hs are
Hilbert spaces and the norms are defined by the L2-norms of their weak derivatives up to order
s. For a non-integer s, the spaces are defined by interpolation in [28]. When s = 0 we will use
||v||Ω instead of ||v||0,Ω. ∥v∥∞ will denote the standard L∞-norm. Hdiv(Ω) denote the space
of vector-functions with components in L2(Ω) and weak divergence in L2(Ω). Also, Hs(Th),
Hs(Th), and Hdiv(Th) are defined as follows:

Hs(Th) :=
∏
T∈Th

Hs(T ), Hs(Th) :=
∏
T∈Th

(Hs(T ))n , Hdiv(Th) :=
∏
T∈Th

Hdiv(T ).

For any element T ∈ Th and any interface F ∈ Eh, we define

W (T ) := Pk(T ), V (T ) := Pk(T ), M(F ) := Pk(F ),

where Pk(D) denotes the set of polynomials of degree at most k on a domain D and Pk(T ) =
(Pk(T ))

n. Now, we consider the following finite element spaces:

Wh := {w ∈ L2(Th) : w|T ∈ W (T ) for all T ∈ Th},
V h := {v ∈ L2(Th) : v|T ∈ V (T ) for all T ∈ Th},
Mh := {µ ∈ L2(Eh) : µ|F ∈ M(F ) for all F ∈ Eh},

where L2(Th) =
∏

T∈Th L
2(T ),L2(Th) = (L2(Th))n, and L2(Eh) =

∏
F∈Eh L

2(F ).
For a domain D is a subset of Rn and scalar-valued functions u, v ∈ L2(D), let (u, v)D =∫

D uv dx. For vector-valued functions u,v ∈ L2(D), we define (u,v)D =
∫
D u · v dx. For

the boundary ∂D ⊂ Rn−1 of D, we define ⟨u, v⟩∂D =
∫
∂D uv ds. Then, we introduce the

following notation:

(w, v)Th =
∑

T∈Th (w, v)T , ⟨w, v⟩∂Th =
∑

T∈Th ⟨w, v⟩∂T .
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Since the HDG method was developed based on the mixed method and the DG method, We
need to consider the following mixed formulation:

α(u)q +∇u = 0 in Ω, (2.1a)
∇ · q = f in Ω, (2.1b)

u = 0 on ∂Ω, (2.1c)

where α(u) = κ(u)−1.
Based on the mixed formulation (2.1), we need to find an approximation to (u, q, u|Eh) by

the HDG method. For this, the HDG method provides approximations (uh, qh, ûh) ∈ Wh ×
V h ×Mh, determined by the following five equations:

For any (w,v, µ) ∈ Wh × V h ×Mh, we require

(α(uh)qh , v)Th − (uh , ∇ · v)Th + ⟨ûh , v · n⟩∂Th = 0, (2.2a)

−(qh , ∇w)Th + ⟨q̂h · n , w⟩∂Th = (f , w)Th , (2.2b)

⟨q̂h · n , µ⟩∂Th\∂Ω = 0, (2.2c)
ûh = 0 on ∂Ω. (2.2d)

with the normal component of the numerical trace defined

q̂h · n = qh · n+ τ(uh − ûh) on ∂Th, (2.2e)

where τ is a local stabilization parameter.
The Eqs. (2.2a) and (2.2b) can be derived by combining the numerical trace ûh and the

numerical flux q̂h from the result of integration by parts in the Eqs. (2.1a) and (2.1b), respec-
tively. Numerical trace ûh and numerical flux q̂h are approximations of u and q on the element
interface ∂Th, respectively. Also, numerical trace is used to solve the global problem.

For the convenience of analysis, we define the weighted L2−norm with a local stabilization
parameter τ as following:

9w92
τ,∂Th := ⟨τw,w⟩∂Th .

We will use the HDG projection Πh to show the well-posedness and error estimation. For
this, we will introduce the definition of Πh and the preliminary result of [10] without the proof.
The projection Πh into V h ×Wh is defined as follows.

Given (u, q) ∈ H1(Th)×Hdiv(Th), the function Πh(u, q) = (ΠWu,ΠV q) on an arbitrary
simplex T ∈ Th is the element of Wh × V h which solves

(ΠWu , w)T =(u , w)T , ∀w ∈ Pk−1(T ), (2.3a)

(ΠV q , v)T =(q , v)T , ∀v ∈ Pk−1(T ) (2.3b)

⟨ΠV q · n+ τΠWu , µ⟩F =⟨q · n+ τu , µ⟩F , ∀µ ∈ Pk(F ), (2.3c)

for all interfaces F of the simplex T . Also, PM denotes the L2-orthogonal projection onto Mh.
From the last Eq. (2.3c) and the definition of the projection operator PM , we immediately have

PM (q · n) + τPMu = ΠV q · n+ τΠWu, for all F ∈ ∂Th. (2.4)
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The following result show that the HDG projections are well defined and give approximation
properties. In our analysis, we will derive the error estimations for ∥u− uh∥Ω and ∥q − qh∥Ω
by combining the result of Lemma 2.1 with results derived from error Eqs. (3.6).

Lemma 2.1. If the local spaces are given by (W (T ),V (T )) = (Pk(T ),Pk(T )) for k ≥ 0 and
τ is nonnegative, then the system (2.3) is uniquely solvable for ΠWu and ΠV q. Furthermore,
there is a constant C independent from the choice of T ∈ Th and τ such that for all (u, q) ∈
Hs(T )×Hs(T ) and 1 ≤ s ≤ k + 1,

∥q −ΠV q∥T ≤ Chs (∥q∥s,T + τ∥u∥s,T ) ,
∥u−ΠWu∥T ≤ Chs

(
∥u∥s,T + τ−1∥∇ · q∥s−1,T

)
.

3. ANALYSIS

3.1. Assumptions. We will provide necessary assumptions to analyze the HDG method for
elliptic problems with nonlinear coefficients. First of all, we give the assumption related to
nonlinear coefficients α(u). Recall that α(u) = κ(u)−1.

Assumption 3.1. α is chosen in such a way that there exist positive constants α1, α2 and L
such that for all u, v ∈ R, we have the following inequalities:

i) 0 < α1 ≤ α(u) ≤ α2 < ∞,
ii) |α(u)− α(v)| ≤ L∥u− v∥Ω.

To ensure the existence and uniqueness of the solution and to derive the error estimations in
the HDG method, we consider the following dual problem for any given Ψ ∈ L2(Ω):

θ +∇ϕ = 0, in Ω (3.1a)
∇ · θ = Ψ, in Ω (3.1b)

ϕ = 0, on ∂Ω. (3.1c)

Assumption 3.2. We assume that the dual problem (3.1) admits the H2−regularity

∥ϕ∥2,Ω + ∥θ∥1,Ω ≤ Creg∥Ψ∥Ω, (3.2)

for all Ψ ∈ L2(Ω).

We consider the dual problem (3.1) without the nonlinear coefficient α. Notice that the
Assumption 3.2 may not be valid if the coefficient α is not smooth or with high contrast. If Ω
is convex polygon, the above assumption holds in [28] .

In the HDG method, the well-posedness and accuracy involves a local stabilization param-
eter τ in [2, 10]. The existence and uniqueness of the numerical solution for linear elliptic
problems should be guaranteed by the following assumption. This assumption shall be satis-
fied with our problems.

Assumption 3.3. We assume that a local stabilization parameter τ is a positive constant.
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3.2. Well-posedness. Now we prove the well-posedness of the nonlinear problem (2.2) based
on the Banach fixed-point theorem in [29]. We define an operator O : Wh → Wh mapping ηh
to uh. Here, uh is the first component of the approximation (uh, qh, ûh) ∈ Wh × V h × Mh

satisfying the following systems:

(α(ηh)qh , v)Th − (uh , ∇ · v)Th + ⟨ûh , v · n⟩∂Th = 0, (3.3a)

−(qh , ∇w)Th + ⟨q̂h · n , w⟩∂Th = (f , w)Th , (3.3b)

⟨q̂h · n , µ⟩∂Th = 0 (3.3c)

ûh = 0 on ∂Ω, (3.3d)

for all (w,v, µ) ∈ Wh × V h ×Mh, with a numerical trace for the flux defined

q̂h · n = qh · n+ τ(uh − ûh) on ∂Th. (3.3e)

For a given ηh ∈ Vh, the system (3.3) is the HDG formulation for the linear elliptic equation.
The existence and uniqueness of the numerical solution for the linear systems have been shown
in [2]. So, the mapping O is well-defined. If the mapping O is a contraction, that is, ∥O(η1h)−
O(η2h)∥Ω < ∥η1h − η2h∥Ω, the discrete problem (2.2) is well-posed. We will use the properties
listed in the lemmas below to show that this inequality holds.

Lemma 3.4. We assume that the Assumptions 3.1 and 3.3 are satisfied. Then we have

∥α(ηh)
1
2qh∥2Ω + 9uh − ûh92

τ,∂Th ≤ ∥f∥Ω∥uh∥Ω. (3.4)

Proof. Take (w,v, µ) = (uh, qh, ûh) in Eqs. (3.3a)-(3.3c). Adding, we get, after some alge-
braic manipulation,

(α(ηh)qh , qh)Th + Γh = (f , uh)Th
where

Γh = −(uh , ∇ · qh)Th + ⟨ûh , qh · n⟩∂Th − (qh , ∇uh)Th + ⟨q̂h · n , uh − ûh⟩∂Th .
By integrating by parts and using the Eq. (3.3e), we get

Γh = ⟨ûh , qh · n⟩∂Th − ⟨uh , qh · n⟩∂Th + ⟨q̂h · n , uh − ûh⟩∂Th
= ⟨q̂h · n , uh − ûh⟩∂Th − ⟨qh · n , uh − ûh⟩∂Th
= ⟨q̂h · n− qh · n , uh − ûh⟩∂Th
= ⟨τ(uh − ûh) , uh − ûh⟩∂Th = 9uh − ûh 92

τ,∂Th .

Applying Cauchy-Schwarz inequality, we have

∥α(ηh)
1
2qh∥2Ω + 9uh − ûh92

τ,∂Th ≤ ∥f∥Ω∥uh∥Ω.
This completes the proof. □

We will use of the properties of the HDG projections (ΠW ,ΠV ) and the dual system (3.1)
with Ψ = uh ∈ L2(Ω).

Lemma 3.5. We assume that Assumptions 3.1, 3.2, and 3.3 are satisfied. If τ = α−1
1 , then we

have
∥uh∥Ω ≤ C2

reg|α(ηh)|∥f∥Ω. (3.5)
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Proof. Let ϕ and θ be the solutions to the dual problem (3.1) with Ψ = uh ∈ L2(Ω). We begin
by using the Eq. (3.1b) to write that

∥uh∥2Ω = (uh , uh)Th = (uh , ∇ · θ)Th
= (uh , ∇ ·ΠV θ)Th + (uh , ∇ · (θ −ΠV θ))Th .

By integrating by parts for the second term of the above equation and using the property of
ΠV , we get

∥uh∥2Ω = (uh , ∇ ·ΠV θ)Th − (∇uh , θ −ΠV θ)Th + ⟨uh , (θ −ΠV θ) · n⟩∂Th
= (uh , ∇ ·ΠV θ)Th + ⟨uh , (θ −ΠV θ) · n⟩∂Th

Taking v = ΠV θ in the Eq. (3.3a), we observe that

(uh , ∇ ·ΠV θ)Th = (α(ηh)qh , ΠV θ)Th + ⟨ûh , ΠV θ · n⟩∂Th .
Now using the fact that ûh are single-valued on ∂Th, so ⟨ûh , θ · n⟩∂Th = 0 after some alge-
braic manipulation, we obtain

∥uh∥2Ω = (α(ηh)qh , ΠV θ)Th + ⟨uh − ûh , (θ −ΠV θ) · n⟩∂Th .
We now estimate the above two terms separately. By Assumptions 3.1 and 3.2, we get

|(α(ηh)qh , ΠV θ)Th | ≤ α(ηh)
1
2

∣∣∣(α(ηh) 1
2qh , ΠV θ)Th

∣∣∣
≤ α(ηh)

1
2

(∣∣∣(α(ηh) 1
2qh , θ)Th

∣∣∣+ ∣∣∣(α(ηh) 1
2qh , ΠV θ − θ)Th

∣∣∣)
≤ α(ηh)

1
2 ∥α(ηh)

1
2qh∥Ω (∥θ∥Ω + ∥ΠV θ − θ∥Ω)

≤ α(ηh)
1
2 ∥α(ηh)

1
2qh∥Ω (∥θ∥Ω + h∥ϕ∥1,Ω) by h ≪ 1

≤ Cregα(ηh)
1
2 ∥α(ηh)

1
2qh∥Ω∥uh∥Ω.

Similarly,

|⟨uh − ûh , (θ −ΠV θ) · n⟩∂Th | ≤ τ−
1
2h−

1
2 9 uh − ûh 9τ,∂Th ∥θ −ΠV θ∥Ω

≤ Cregτ
− 1

2h
1
2 9 uh − ûh 9τ,∂Th ∥uh∥Ω

≤ Cregτ
− 1

2 9 uh − ûh 9τ,∂Th ∥uh∥Ω by h ≪ 1.

Then, applying Lemma 3.4, we get

∥uh∥Ω ≤ Creg max{α(ηh)
1
2 , τ−

1
2 }

(
∥α(ηh)

1
2qh∥Ω + 9uh − ûh9τ,∂Th

)
≤ Creg max{α(ηh)

1
2 , τ−

1
2 }∥f∥

1
2
Ω∥uh∥

1
2
Ω.

Since τ−1 ≤ α(ηh), we have

∥uh∥Ω ≤ C2
reg|α(ηh)|∥f∥Ω.

□

Now we will show that the operator O is a contraction mapping. By combining with the
Banach fixed point theorem, the following theorem guarantees that the discrete system has a
unique solution.
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Theorem 3.6. Suppose that Assumptions 3.1, 3.2, and 3.3 are satisfied. If τ = a−1
1 and

C2
regL∥f∥Ω < 1, then O is a contraction operator.

Proof. Let η1h, η
2
h ∈ Wh and set u1h := O(η1h), u

2
h := O(η2h). Then u1h and u2h are solutions of

the system (3.3). By Lemma 3.5, we have

∥O(η1h)−O(η2h)∥Ω = ∥u1h − u2h∥Ω
≤ C2

reg

∣∣α(η1h)− α(η2h)
∣∣ ∥f∥Ω ≤ C2

regL∥η1h − η2h∥Ω∥f∥Ω
< ∥η1h − η2h∥Ω.

Therefore, O is a contraction operator. This completes the proof. □

3.3. Error estimations. To derive the error estimations for the system (4.2), we define the
projection errors as follows:

eu := ΠWu− uh, eq := ΠV q − qh,

eû := PMu− ûh, eq̂ · n := PM (q · n)− q̂h · n,
δu := u−ΠWu, δq := q −ΠV q,

where (u, q) and (uh, qh, ûh) were solutions of the systems (2) and (5), respectively.
We note that by triangle inequality,

∥uh − u∥Ω ≤ ∥u−ΠWu∥Ω + ∥ΠWu− uh∥Ω.

The first term (i.e., ∥u− ΠWu∥Ω) that appears in RHS is bounded by Lemma 2.1. Hence, we
only need to find an upper bound for ΠWu− uh =: eu. Similarly, we will find an upper bound
for eq to get the error estimation for ∥qh − q∥Ω.

We begin by obtaining the error equations to find an upper bound for eu and eq. The proofs
follow the technique developed in [1, 10]

Lemma 3.7. We have

(α(uh)eq , v)Th − (eu , ∇ · v)Th + ⟨eû , v · n⟩∂Th =− (α(uh)δq , v)Th

+ ((α(uh)− α(u))q , v)Th , (3.6a)

−(eq , ∇w)Th + ⟨eq̂ · n , w⟩∂Th = 0, (3.6b)

⟨eq̂ · n , µ⟩∂Th\∂Ω = 0, (3.6c)

for all (w,v, µ) ∈ Wh × V h ×Mh, where

eq̂ · n = eq · n+ τ(eu − eû) on ∂Th. (3.6d)

Proof. The exact solution (u, q) obviously satisfies

(α(u)q,v)Th − (u,∇ · v)Th + ⟨u,v · n⟩∂Th = 0,

−(q,∇w)Th + ⟨q · n, w⟩∂Th = (f, w),

⟨q · n , µ⟩∂Th\∂Ω = 0,

for all (w,v, µ) ∈ Wh × V h ×Mh.
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By the definition of the projections (ΠW ,ΠV , PM ), we can get

(α(uh))ΠV q,v)Th − (ΠWu,∇ · v)Th + ⟨PMu,v · n⟩∂Th = (α(uh)ΠV q , v)Th
−(α(u)q , v)Th ,

−(ΠV q,∇w)Th + ⟨PM (q · n), w⟩∂Th = (f, w),

⟨PM (q · n) , µ⟩∂Th\∂Ω = 0,

for all (w,v, µ) ∈ Wh × V h × Mh. Subtracting the first three equations defining the HDG
method (i.e., (2.2a)-(2.2c)), from the above equations in order, we obtain (3.6a)-(3.6c).

It remains to prove the identity (3.6d) for eq̂ · n. On each interface F ∈ ∂T , by using the
definition of numerical trace (2.2e), we have

eq̂ · n− eq · n = PM (q · n)− q̂h · n− (ΠV q · n− qh · n)
= PM (q · n)−ΠV q · n− (q̂h · n− qh · n)
= PM (q · n)−ΠV q · n− τ(uh − ûh).

Then using the property (2.4) of the projections ΠV and ΠW , the equality reduces to

eq̂ · n− eq · n = τ(−PMu+ΠWu)− τ(uh − ûh)
= τ(eu − eû).

This completes the proof. □

Lemma 3.8 shows the error estimation for eq.

Lemma 3.8. We assume that Assumption 3.1 and 3.3 are satisfied, then we have

∥eq∥2Ω + 9eu − eû92
τ,∂Th ≤ C

(
∥δq∥2Ω + ∥δu∥2Ω

)
+ CL∥eu∥2Ω (3.7)

where CL is dependent on the Lipschitz constant L.

Proof. Take (w,v, µ) = (eu, eq,v) in the error equations (3.6a)-(3.6c). Similar to the proof of
Lemma 3.4, we have the following identity

(α(uh)eq , eq)Th + 9eu − eû92
τ,∂Th = T1 + T2,

where
T1 = −(α(uh)δq , eq)Th and T2 = ((α(uh)− α(u))q , eq)Th .

We estimate the above terms separately. Applying Cauchy-Schwarz and Young’s inequalities,
we get

|T1| = |(α(uh)δq , eq)Th | ≤ α2 |(δq , eq)Th | ≤
α2

α1
∥δq∥2Ω +

α1

4
∥eq∥2Ω.

Since Ω is a bounded domain and the weak solution of the elliptic equation lies in various
higher Sovolev spaces [30], we set ∥q∥∞ = C. Then, we have

|T2| = |((α(uh)− α(u))q , eq)Th | ≤ CL∥uh − u∥Ω∥eq∥Ω
≤ CL (∥eu∥Ω + ∥δu∥Ω) ∥eq∥Ω
≤ CL

α1

(
∥eu∥2Ω + ∥δu∥2Ω

)
+ α1

4 ∥eq∥2Ω.
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Since α1∥eq∥2Ω ≤ (α(uh)eq , eq)Th , we get

α1

2
∥eq∥2Ω + 9eu − eû92

τ,∂Th ≤ α2

α1
∥δq∥2Ω +

CL

α1
∥δu∥2Ω +

CL

α1
∥eu∥2Ω.

Therefore, we have

∥eq∥2Ω + 9eu − eû92
τ,∂Th ≤ C1

(
∥δq∥2Ω + ∥δu∥2Ω

)
+ CL∥eu∥2Ω,

where

C1 = max

{
α2

α1min{α1
2 , 1}

, CL

}
with CL =

CL

α1min{α1
2 , 1}

.

This completes the proof. □

Next, we derive the error estimation for eu.

Lemma 3.9. We assume that Assumptions 3.1, 3.2, and 3.3 are satisfied, and L < 1/Creg∥q∥∞
holds with the Lipschiz constant L, then we have

∥eu∥Ω ≤ C (∥δu∥Ω + ∥δq∥Ω) + C∗
L (∥eq∥Ω + 9eu − eû9τ,∂Th) , (3.8)

where C∗
L is dependent on the Lipschitz constant L.

Proof. Let ϕ and θ be the solutions to the dual problem (3.1) with Ψ = eu ∈ L2(Ω). Similar
to the proof of Lemma 3.5, we have the following identity

∥eu∥2Ω = S1 + S2 + S3,

where

S1 = ((α(u)− α(uh))q , ΠV θ)Th , S2 = (α(uh)(q − qh) , ΠV θ)Th ,
S3 = ⟨eu − eû , (θ −ΠV θ) · n⟩∂Th .

We estimate the above three terms separately. By Assumptions 3.1 and 3.2, and ∥q∥∞ = C,
we have

|S1| ≤ |((α(u)− α(uh))q , θ)Th |+ |((α(u)− α(uh))q , ΠV θ − θ)Th |
≤ CL∥u− uh∥Ω (∥θ∥Ω + ∥ΠV θ − θ∥Ω)
≤ CL (∥eu∥Ω + ∥δu∥Ω) (∥θ∥Ω + ∥ΠV θ − θ∥Ω)
≤ CL (∥eu∥Ω + ∥δu∥Ω) (∥θ∥Ω + h∥ϕ∥1,Ω) by h ≪ 1
≤ CregCL (∥eu∥Ω + ∥δu∥Ω) ∥eu∥Ω.

Similarly,

|S2| ≤ |(α(uh)(q − qh) , θ)Th |+ |(α(uh)(q − qh) , ΠV θ − θ)Th |
≤ α2∥q − qh∥Ω (∥θ∥Ω + ∥ΠV θ − θ∥Ω)
≤ α2 (∥eq∥Ω + ∥δq∥Ω) (∥θ∥Ω + ∥ΠV θ − θ∥Ω)
≤ Cregα2 (∥eq∥Ω + ∥δq∥Ω) ∥eu∥Ω.
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We apply Cauchy-Schwartz inequality to obtain

|S3| = |⟨eu − eû , (θ −ΠV θ) · n⟩∂Th |
≤ τ−

1
2 9 eu − eû 9τ,∂Th ∥(θ −ΠV θ) · n∥∂Th

≤ Cregτ
− 1

2h
1
2 9 eu − eû 9τ,∂Th ∥eu∥Ω

≤ Cregτ
− 1

2 9 eu − eû 9τ,∂Th ∥eu∥Ω by h ≪ 1.

Since CregCL < 1, we get

(1− CregCL)∥eu∥ ≤ Creg max{CL,α2} (∥δu∥Ω + ∥δq∥Ω)
+Creg max{α2, τ

− 1
2 } (∥eq∥Ω + 9eu − eû9τ,∂Th) .

Therefore, we have

∥eu∥Ω ≤ C2 (∥δu∥Ω + ∥δq∥Ω) + C∗
L (∥eq∥Ω + 9eu − eû9τ,∂Th) ,

where

C2 =
Creg max{CL,α2}

1− CregCL
and C∗

L =
Creg max{α2, τ

− 1
2 }

1− CregCL
.

This completes the proof. □

Lemma 3.8 and 3.9 show the upper bound of the projection errors for eq and eu, respectively.
However, the upper bound of the error eq contains eu, and the upper bound of the error eu
contains eq. To overcome this, we need to consider an additional condition. The following
theorem shows that under the additional condition, each projection error has an optimal order
of convergence.

Theorem 3.10. Let the condition of Lemma 3.9 be satisfied. Let L, CL, and C∗
L be the Lip-

schiz constant, the constant of Lemma 3.8, and the constant of Lemma 3.9, respectively. If the
condition CLC

∗
L < 1, then for all 0 ≤ s ≤ k + 1

∥eq∥Ω + 9eu − eû9τ,∂Th ≤ Chs (∥q∥s + ∥u∥s) (3.9)

and
∥eu∥Ω ≤ Chs (∥q∥s + ∥u∥s) , (3.10)

where C depends on the stabilization parameter τ .

Proof. It follows from Lemma 3.8 and 3.9, that

∥eq∥Ω + 9eu − eû9τ,∂Th ≤ C (∥δq∥Ω + ∥δu∥Ω) + L∗∥eu∥Ω
≤ C (∥δq∥Ω + ∥δu∥Ω) + CLC

∗
L (∥eq∥Ω + 9eu − eû9τ,∂Th) .

By CLC
∗
L < 1 and Lemma 2.1, we get the estimate (3.9). Similarly, we get the estimate (3.10).

This completes the proof. □

Remark 3.11. If the Lipschitz constant L is small enough, the additional conditions of Lemma
3.8 and Lemma 3.9 are satisfied. Since the value of the Lipschitz constant depends on the
nonlinear coefficient α(or κ), if the nonlinear term has good properties, we can obtain the
HDG approximation with the same convergence ratio as in linear problems.
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Remark 3.12. The constant C in Theorem 3.10 depends on the value of the local stabilization
parameter τ according to the estimates of Lemma 2.1 and 3.9. To emphasize the optimal
convergence order, we express the constant C depending on τ . However, if τ = 1, or if τ is a
fixed constant, then both approximation errors converge with the optimal order of k + 1, when
the functions u and q are smooth enough.

4. NUMERICAL RESULTS

4.1. Matrix formulation for iterative techniques. For implementation, we need to use an it-
erative method to find the solution of nonlinear problems with linear structure. So, we consider
the linear problems (3.3). We can consider a variety of iterative techniques. The basic concept
is to update the solution at the current iteration step using the previous solution. Also, we can
find a final solution using a suitable tolerance between the current and previous solutions.

We introduce the iterative solver. Let k be the iteration count and α(ηh) = α(uk−1
h ). Then

we can get the solution (ukh, q
k
h, û

k
h) of the system (3.3). Also, for each element T , we can find

the pair (ukh(û
k
h, f), q

k
h(û

k
h, f)) by restricting the system (3.3) to an element.

Then using the superposition principle, the solution can be further split into two parts,
namely

(ukh(û
k
h, f), q

k
h(û

k
h, f)) = (ukh(û

k
h, 0), q

k
h(û

k
h, 0)) + (ukh(0, f), q

k
h(0, f)).

Then the Eq. (3.3c) reduces to finding ûkh ∈ Mh such that

ak−1
h (ûkh, µ) = bk−1

h (µ), for all µ ∈ Mh.

where the bilinear form ak−1
h (ûkh, µ) : Mh ×Mh → R and the linear form bk−1

h (µ) : Mh → R
are defined as

ak−1
h (ûkh, µ) = ⟨q̂kh(ûkh, 0) · n , µ⟩∂Th and bk−1

h (µ) = −⟨q̂kh(0, f) · n , µ⟩∂Th ,

respectively. By updating the coefficient value like α(ηh) = α(ukh) and using iterative method,
we can find ûk+1

h ∈ Mh such that

akh(û
k+1
h , µ) = bkh(µ), for all µ ∈ Mh.

For deriving a matrix equation, we insert (3.3e) and (3.3d) into (3.3a)-(3.3c) and obtain, by
using integration by parts, that (ukh, q

k
h, û

k
h) ∈ Wh ×V h ×Mh is the solution of the following

weak formulation:

ak−1(qkh,v)− b(ukh,v) + c(ûkh,v) =0, (4.1a)

−b(w, qkh)− d(ukh, w) + e(ûkh, w) =− f(w), (4.1b)

c(µ, qkh) + e(µ, ukh)− g(µ, ûkh) =0, (4.1c)
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for all (w,v, µ) ∈ Wh ×V h ×Mh, k ≥ 1, and the bilinear forms and the linear functional are
defined by

ak−1(q,v) = (α(uk−1
h )q , v)Th , b(u,v) = (u , ∇ · v)Th ,

c(û,v) = ⟨û , v · n⟩∂Th , d(u,w) = ⟨w , τu⟩∂Th ,
e(µ, u) = ⟨µ , τu⟩∂Th , g(µ, û) = ⟨µ , τ û⟩∂Th , f(w) = (f , w)Th ,

(4.2)

for all (u, q, û) and (w,v, µ) in Wh × V h ×Mh.
The discretization of the system of Eqs. (4.1) give rise to a matrix equation. The process of

converting to a matrix equation follows the technique introduced in [26, 27]. Then, we have
the following matrix equation: Ak−1 −BT CT

−B −D E
C ET G

 Qk

Uk

Ûk

 = −

 0
F
0

 . (4.3)

Here Qk, Uk, and Ûk are the vectors of degrees of freedom for qkh, u
k
h, and ûkh, respectively.

The matrices in (4.3) corresponding to the bilinear forms in (4.2) are in the order that they
appear in the system (3.3).

Since the HDG method produces a final system in terms of globally coupled degrees of
freedom of the numerical trace ûkh (or Ûk) only, the Eqs. (3.3a) and (3.3b) can be used to
eliminate both qkh and ukh in an element by element sense like (4.1). Then, we obtain a reduced
globally coupled matrix equation only for Ûk as

Kk−1Ûk = Fk−1 (4.4)

where

Kk−1 = −
[
C ET

] [ Ak−1 −BT

−B −D

]−1 [
CT

E

]
+G,

and

Fk−1 =
[
C ET

] [ Ak−1 −BT

−B −D

]−1 [
0
F

]
.

We note that the matrix Kk−1 and the vector Fk−1 are associated with the bilinear form
ak−1
h (·, ·) and bk−1

h (·), respectively.
After solving the Eq. (4.4), Qk and Uk can be obtained from the following matrix equation.[

Qk

Uk

]
=

[
Ak−1 −BT

−B −D

]−1([
0

−F

]
−
[
CT

E

]
Û

)
.

4.2. Numerical examples. In this section, we present representative numerical examples in
2D to verify the optimal order of convergence for elliptic problems with nonlinear coefficients.
For three-dimensional examples, we can identify them in the same way, but we omit them
due to the complexity of numerical experiments. We are mainly interested in confirming the
convergent ratio with various nonlinear coefficients that satisfy Assumptions 3.1. For each
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nonlinear coefficient, we study the behavior of errors between the HDG solution and the exact
solution when a mesh size changes.

We consider the domain Ω = (0, 1)2 and divide Ω into uniform triangulation consisting
2× 1/h× 1/h. We take the stabilization parameter τ = 1 for the existence and uniqueness of
the given system (3.3). The nonlinear coefficients for example 1, 2, and 3 are κ1(u) = exp(u),
κ2(u) = exp(u2), and κ3(u) =

1
1+u2 , respectively. We can easily check that theses nonlinear

terms satisfy Assumption 3.1 in the given domain. The source term f for all examples are
chosen so that the exact solution is u = sin(πx) sin(πy) in 2D. Figure 1 show the exact
solution and nonlinear coefficients of examples.

(A) The exact soltuion (B) κ1(u) = exp(u)

(C) κ2(u) = exp(u2) (D) κ3(u) =
1

1+u2

FIGURE 1. The exact solution and nonlinear coefficients for the example 1, 2,
and 3.

We consider the following finite element spaces to apply the HDG method. Wh and V h

consist of piece-wise linear functions on Th, and Mh consists of piece-wise linear functions in
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Eh. Denote the exact solution and the HDG solution by (u∗, q∗) and (uh, qh), respectively. We
compute the relative L2 error for the solution ∥u∗ − uh∥L2(Ω) and for the flux ∥q∗ − qh∥L2(Ω).

To solve the Eq. (4.4), we use iterative technique with given initial guess κ−1(u0) = α(u0).
In our experiment, we take the initial guess α(u0) = 1 and the tolerance δ = 10−8. The
number of iterations for all examples presented in the paper is either 12 or 13.

h ∥u∗ − uh∥L2(Ω) order ∥q∗ − qh∥L2(Ω) order
1/4 0.4075 - 0.1987 -
1/8 0.1127 1.8543 0.0490 2.0197

1/16 0.0294 1.9386 0.0125 1.9709
1/32 0.0075 1.9709 0.0032 1.9658
1/64 0.0019 1.9809 0.0008 1.9894

TABLE 1. Errors and convergence orders for example 1

(A) Convergence order for u (B) Convergence order for q

FIGURE 2. Log-log plots for example 1

Table 1 shows that the convergence order for u and q is almost 2. This is consistent with
the main results presented in the error analysis because we use piece-wise linear functions in
the finite element spaces Wh,V h, and Mh. Also, Fig. 2 shows that the slope of two lines are
almost the same.

For example 2, we consider the nonlinear coefficient κ2 = exp(u2). Table 2 and Fig. 3
show that the convergence behavior is similar to that of example 1.

For the last example, we take the nonlinear coefficient κ3 = 1
1+u2 . We observe similar

accuracy in Table 3 and Fig. 4. This shows that the error analysis is correct.
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h ∥u∗ − uh∥L2(Ω) order ∥q∗ − qh∥L2(Ω) order
1/4 0.3487 - 0.2065 -
1/8 0.0909 1.9396 0.0556 1.8930

1/16 0.0244 1.8974 0.0150 1.8901
1/32 0.0063 1.9535 0.0039 1.9434
1/64 0.0016 1.9773 0.0010 1.9793

TABLE 2. Errors and convergence orders for example 2

(A) Convergence order for u (B) Convergence order for q

FIGURE 3. Log-log plots for example 2

h ∥u∗ − uh∥L2(Ω) order ∥q∗ − qh∥L2(Ω) order
1/4 0.1877 - 0.1510 -
1/8 0.0576 1.7043 0.0358 2.0765

1/16 0.0144 2.0000 0.0087 2.0409
1/32 0.0036 2.0000 0.0022 1.9835
1/64 0.0009 1.9910 0.0005 2.0339

TABLE 3. Errors and convergence orders for example 3

5. CONCLUSION

In this research, we analyze the HDG method for approximating the solution of elliptic PDEs
with nonlinear coefficients. We assume that the nonlinear terms satisfy the Lipschitz and H2-
regularity conditions to derive error estimates. Based on the projection analysis of the HDG
method, we derive the optimal convergence ratio for the mesh size h. We also present matrix
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(A) Convergence order for u (B) Convergence order for q

FIGURE 4. Log-log plots for example 3

formulations which can be easily applicable in the iteration procedure. We get the optimal order
of convergence in the HDG method with nonlinear coefficients with suitable assumptions. We
get the convergent ratio of k + 1 when we use the polynomials of degree k in finite element
spaces for the HDG method. We present representative numerical examples that guarantee
mathematical analysis. The results show the reliability and accuracy of error analysis. We plan
to analyze the HDG and multiscale HDG method for many types of nonlinear PDEs using these
approaches. These are practically applicable in many situations as flows in porous media.
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