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ABSTRACT. In this article, we propose a novel variational model for restoring color images
corrupted by mixed multiplicative Gamma noise and additive Gaussian noise. The model in-
volves a data-fidelity term that characterizes the mixed noise as an infimal convolution of two
noise distributions and the saturation-value total variation (SVTV) regularization. The data-
fidelity term facilitates suitable separation of the multiplicative Gamma and Gaussian noise
components, promoting simultaneous elimination of the mixed noise. Furthermore, the SVTV
regularization enables adequate denoising of homogeneous regions, while maintaining edges
and details and diminishing the color artifacts induced by noise. To solve the proposed noncon-
vex model, we exploit an alternating minimization approach, and then the alternating direction
method of multipliers is adopted for solving subproblems. This contributes to an efficient itera-
tive algorithm. The experimental results demonstrate the superior performance of the proposed
model compared to other existing or related models, with regard to visual inspection and image
quality measurements.

1. INTRODUCTION

Images are frequently degraded by a mixture of different types of noise owing to various
image acquisition and transmission factors. Image denoising is a fundamental issue in image
processing, which aims to retrieve a clean image from the observed noisy image. In this work,
we concentrate on color image denoising in the presence of mixed multiplicative noise and
additive Gaussian noise. Multiplicative noise typically occurs under coherent imaging systems
such as synthetic aperture radar (SAR), ultrasound imaging [1], and laser imaging [2]. Due to
the coherent nature of the aforementioned image acquisition techniques, almost all of the infor-
mation in an original image may be lost when polluted by multiplicative noise. Thus, removal
of multiplicative noise is more demanding than standard additive Gaussian noise removal. On
the other hand, additive Gaussian noise commonly arises due to the temperature of the sensor
and the level of illumination in the environment that corrupts every pixel. These two types of
noise can appear concurrently in practice, thus the elimination of this mixed noise is imperative.
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Let Ω ⊂ R2 be an open and bounded domain with a Lipschitz boundary and u : Ω →
R be a clean image. The degradation model for an observed data f degenerated by mixed
multiplicative noise and additive Gaussian noise is given by

f = uη + v,

where v represents the Gaussian noise that follows a normal distribution, N (0, σ2), with zero
mean and standard deviation σ, and η represents the noise that follows a certain distribution
such as a Gamma distribution or Rayleigh distribution. In this work, we consider the Gamma-
distributed noise present in SAR images, i.e., η is assumed to be the Gamma noise with the
following density function [3]:

g(η) =
LL

Γ(L)
ηL−1e−Lη, for η ≥ 0, (1.1)

where L > 0 is an integer related to the noise level, and Γ is the Gamma function. The mean
of η is 1, and its standard deviation is 1/

√
L.

To remove multiplicative noise, various filter-based methods [4, 5, 6, 7] and variational mod-
els [8, 9, 10, 11, 12, 13, 14, 15, 16, 17] have been developed. One of the most well-known
filtering-based methods is SAR-BM3D [18], which integrates a nonlocal principle with the
wavelet representation. Specifically, it collects the 3D groups of similar image patches using
a similarity measure and applies the wavelet decomposition to compute the 3D blocks neces-
sary to attain a denoised image. This nonlocal algorithm conducts well, but its computational
cost is very high. In a variational framework, several total variation (TV) regularization based
models have been suggested for removal of multiplicative noise. TV regularization [19] is one
of the most renowned regularization approaches to image denoising, because of its capacity to
preserve edges and discontinuities. The first variational approach with TV regularization for
multiplicative noise removal was offered by Rudin et al. [20]. But, their model could only han-
dle the noise that followed a Gaussian distribution. Based on a maximum a posteriori (MAP)
estimation, Aubert and Aujol (AA) [8] introduced a novel TV-based model to eliminate multi-
plicative Gamma noise. However, the data-fidelity term in their model is not convex, so the
resulting computed solutions may not be global optimal solutions. Besides, their model is
strongly dependent on the initialization. To overcome these drawbacks, Shi and Osher (SO)
[10] utilized a log transformation and converted the AA model into a convex model. Their
model is independent of the initialization, and offers better denoising performance than the AA
model. In this work, we extend the SO model [10] to restore color images in the presence of
mixed multiplicative Gamma noise and Gaussian noise.

In the presence of mixed noise, a single data-fidelity term may not be sufficient. Instead, use
of a combination of data-fidelity terms has been contemplated. For instance, a linear combina-
tion of the L1 and L2 data-fidelity terms was considered for elimination of mixed impulsive and
Gaussian noise [21, 22]. Similar models have also been proposed to remove mixed Poisson and
Gaussian noise [23, 24, 25]. More recently, the authors in [26] proposed new TV-based denois-
ing models under the mixed Salt-and-Pepper (SP) and Gaussian noise, or mixed Poisson and
Gaussian noise, by making use of a data discrepancy which characterizes the mixed noise as
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an infimal convolution of two noise distributions. These data-fidelity terms furnished better de-
noising performance than a combination of different data-fidelity terms corresponding to noise
types. In this work, we introduce a novel data-fidelity term to remove mixed multiplicative
Gamma noise and additive Gaussian noise, following the idea put forth in [26].

On the other hand, TV regularization has been extended and studied for vector-valued (color
or multichannel) image regularization in various works [27, 28, 29, 30, 31, 32, 33, 34, 35, 36,
37, 38, 39, 40]. In particular, a color TV regularization with global channel coupling was pro-
posed in [28] by summing the `2 norm of each channel TV regularization. On the contrary,
by considering local channel coupling, a new type of color TV regularization was suggested
in [32]. The latter can determine edge locations in different channels, whereas the former can
discover edges co-located in all channels. In other works [27, 29, 36, 38], the point of view of
Riemann geometry was used to describe the edges of vector-valued images. Furthermore, in
[30, 37, 40], the transformation of color images between color spaces was considered for color
image processing from the view of color edge detection. Recently, Jia et al. [40] developed a
saturation-value color TV (SVTV) regularization in the hue, saturation, and value (HSV) color
space instead of in the original red, green, and blue (RGB) color space. It was demonstrated
that the performance of SVTV was better than that of existing color image TV methods. More
recently, Wang et al. [41] proposed an SVTV-based model for multiplicative noise and blur
removal of color images, and this model was solved by an implicit scheme of the associated
evolution problem. Here, we also adopt SVTV regularization for our model, and moreover, we
introduce an efficient iterative algorithm based on the alternating direction method of multipli-
ers (ADMM) [42].

In this paper, we propose a new variational model for denoising of color images in the
presence of a mixture of multiplicative Gamma noise and additive Gaussian noise. The model
consists of an infimal convolution-type data-fidelity term and SVTV regularization. The pro-
posed data-fidelity term enables appropriate division of the multiplicative and Gaussian noise
components, which facilitates concurrent removal of the mixed noise. The SVTV regulariza-
tion further assists sufficient denoising in smooth regions while preserving edges and details,
along with a reduction in color artifacts caused by the noise. We also introduce an efficient
iterative algorithm based on an alternating minimization method and ADMM to numerically
solve the proposed nonconvex model.

The remaining part of this paper is organized as follows. In Section 2, we discuss two rep-
resentative models for removal of multiplicative Gamma noise and the SVTV regularization
method. In Section 3, we introduce a minimization problem for restoring color images under
mixed multiplicative and Gaussian noise, as well as an optimization algorithm for solving the
proposed model. Section 4 shows the experimental results of the proposed model, with com-
parisons to other existing or related models. Lastly, in Section 5, we summarize and conclude
our work with some discussions.
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2. BACKGROUND

2.1. Variational multiplicative noise removal models. In this subsection, we review two
TV-based variational models proposed for multiplicative Gamma noise removal.

First, based on a MAP estimator, Aubert and Aujol (AA) [8] proposed a TV based model
for elimination of multiplicative Gamma noise, by assuming f > 0:

min
u>0

λ

∫
Ω

(
log u+

f

u

)
dx+

∫
Ω
|∇u| dx, (2.1)

where λ > 0 is a tuning parameter that balances the data-fitting and regularization terms,
and |∇u| =

√
(∂x1u)2 + (∂x2u)2 with x = (x1, x2). TV has been widely used due to its

convexity and capacity for edge conservation. The main disadvantage of model (2.1) is that
the data-fidelity term is not convex. Thus, classical optimization algorithms offer only a local
minimum, which may not be the global optimal solution. Besides, the algorithms strongly rely
on the initialization.

To resolve these difficulties, Shi and Osher (SO) [10] adopted the log transformation, w =
log u, and proposed the following convex model:

min
w

λ

∫
Ω

(
w + fe−w

)
dx+

∫
Ω
|∇w| dx. (2.2)

As shown in [10], this model outperforms the AA model (2.1) and its results do not rely on
initial guesses. Models (2.1) and (2.2) were extended in many works [12, 13, 14, 15, 16, 17] to
better eliminate multiplicative noise.

2.2. Saturation-value total variation. The HSV color model is a color system very similar
to how humans perceive color. Saturation describes the amount of gray in a particular color,
and value illustrates the brightness of the color and varies with color saturation. The important
contours and textures of an image are mainly in the saturation and value components.

Given a color image u = (ur,ug,ub), the saturation (S) and value (V) components can be
expressed in terms of ur, ug, and ub as

S(x) =
1

3
‖Cu(x)T ‖2, V (x) =

1√
3
|ur(x) + ug(x) + ub(x)|,

with C =

 2 −1 −1
−1 2 −1
−1 −1 2

 , u(x)T =

ur(x)
ug(x)
ub(x)

 , (2.3)

where ‖ · ‖2 is the vector Euclidean norm.
Based on the view of color edge detection [43], Jia et al. [40] suggested a new regularization

for color images, called SVTV, as follows:

SV-TV(u) =

∫
Ω

√
|∂x1u(x)|2s + |∂x2u(x)|2s + α

√
|∂x1u(x)|2v + |∂x2u(x)|2v dx, (2.4)
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where α > 0 is a parameter given as the weight of the value component in the total variation,
and for j = 1, 2,

|∂xju(x)|s =
1

3
‖C∂xju(x)T ‖2, ∂xju(x)T = (∂xjur(x), ∂xjug(x), ∂xjub(x))T ,

|∂xju(x)|v =
1√
3
|∂xjur(x) + ∂xjug(x) + ∂xjub(x)|.

Then, the dual form of SVTV is given by

SV-TV(u) = sup
(φ1,φ2)∈K2,φ3∈K1

{∫
Ω

1√
2

(ur(x)− ug(x)) div(φ1(x)) (2.5)

+
1√
6

(ur(x) + ug(x)− 2ub(x)) div(φ2(x))

+
α√
3

(ur(x) + ug(x) + ub(x)) div(φ3(x))
}
dx,

where Km = C1(Ω,B2m) is the set of continuously differentiable and bounded functions from
the compact support in Ω to B2m, with Bm denoting the closed united ball with a positive
integerm. The convexity, lower semi-continuity, approximation and compactness properties of
SVTV are proven based on the dual form of SVTV. From (2.5), one can obtain the matrix

P =


1√
2
− 1√

2
0

1√
6

1√
6
− 2√

6
1√
3

1√
3

1√
3

 .
This matrix is orthogonal and is related to C in (2.3) (see [40] for more details). Indeed, if
we let ũ(x) = Pu(x)T , then the saturation and value components can also be attained as
S(x) = ‖(ũ1(x), ũ2(x))T ‖2, V (x) = |ũ3(x)|. The numerical results in [40] show that SVTV
provides better performance than existing TV methods for color image regularization.

3. PROPOSED MODEL AND ALGORITHM

3.1. Data-fidelity term for mixed multiplicative and Gaussian noise removal. In this sub-
section, we derive a data-fidelity term to restore u from the data f : Ω→ R corrupted by both
multiplicative Gamma noise and additive Gaussian noise.

First, we recall the following property, given in [8]: Assume U and N are independent
random variables, with continuous density functions gU and gN . Denote by F = UN . Then
we have for u > 0:

gN

(f
u

)1

u
= gF |U (f |u). (3.1)

Assuming that f = uη, where f is the observed image, u > 0 is the image to be recovered,
and η is the noise that follows a Gamma distribution with a mean of one with the density
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function in (1.1), and using the property (3.1), we can obtain

gF |U (f |u) =
LL

uLΓ(L)
fL−1e−

Lf
u .

A MAP estimation with Bayes’ rule yields the following functional to restore u : Ω → R
from the data f = uη, as in [8], :∫

Ω

(
log u+

f

u
− L− 1

L
log f

)
dx+ µ

∫
ψ(u) dx, (3.2)

where µ > 0 is a parameter, the first term is a data-fidelity term that measures the discrepancy
between u and f , which is identical to the data-fidelity term of the AA model, and the second
term is a regularization term that controls the smoothness of u.

In this work, we further assume that the observed image f is polluted by both multiplicative
Gamma noise and additive Gaussian noise as follows:

f = uη + v,

where v is the noise that follows the Gaussian distribution,N (0, σ2). To remove both Gaussian
noise v and Gamma noise η = (f − v)/u from the data f , we follow the idea in [26] which
suggested the use of infimal convolution-type data-fidelity terms for the removal of mixed SP-
Gaussian noise or mixed Poisson-Gaussian noise. Specifically, we can deduce the following
infimal convolution-type data-fidelity term to eliminate both types of noise η and v:

Φ(u, f) := inf
v<f

{
λ1Φ1(v) + λ2Φ2(u, f − v)

}
, (3.3)

where λ1 and λ2 are positive parameters that balances the smoothing effect of the regularization
as well as the fitting with respect to the intensity of each single noise distribution in f , and Φ1

and Φ2 are the Gaussian and Gamma noise components, respectively, defined as

Φ1(v) =
1

2

∫
Ω
v2 dx, (3.4)

Φ2(u, f − v) =

∫
Ω

(
log u+

f − v
u
− L− 1

L
log(f − v)

)
dx,

where Φ2 is acquired from the data-fidelity term in (3.2).
Furthermore, following the idea of the SO model, we let w = log(u) and derive a new

data-fidelity term as follows:

Φ̃(w, f) := inf
v<f

{
λ1Φ1(v) + λ2Φ̃2(w, f − v)

}
, (3.5)

where Φ̃2 is defined as

Φ̃2(w, f − v) =

∫
Ω

(
w + (f − v)e−w − γ log(f − v)

)
dx. (3.6)

where γ = (L− 1)/L.
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3.2. Color image denoising model. Next, we introduce the proposed model for restoring
color images degenerated by both multiplicative Gamma noise and additive Gaussian noise.

Let us consider a noisy color image f : Ω→ R3 given by

fi(x) = ui(x)ηi(x) + vi(x), i = r, g, b, x ∈ Ω,

where u : Ω → R3 is the true color image, and ηi and vi represent the Gamma noise and
Gaussian noise in the i-th channel, respectively.

Following the process in (3.3)-(3.6) and letting w = log(u), we can define the following
infimal convolution-type data-fidelity term:

Ψ(v,w) =
∑
i=r,g,b

(
λ1

2

∫
Ω

v2
i dx+ λ2

∫
Ω

(
wi + (fi − vi)e−wi − γ log(fi − vi)

)
dx

)
. (3.7)

By integrating the data-fidelity term in (3.7) with the SVTV regularization , we propose the
following minimization problem for denoising color images with mixed multiplicative Gamma
noise and Gaussian noise:

min
w,v<f

E(w, v) = Ψ(v,w) + SV-TV(w), (3.8)

where γ = (L − 1)/L, and SV-TV(w) is defined in (2.4). The energy functional E(w, v)
is convex with respect to each variable, but is not convex on (w, v). Thus the minimization
problem in (3.8) is nonconvex. The final restored image u is obtained as u = ew after attaining
w from model (3.8).

3.3. Optimization algorithm. Let Ω = {1, 2, ...,M} × {1, 2, ..., N} be the discretized do-
main and f ∈ RM×N×3. Then problem (3.8) can be rewritten as

min
w,v<f

λ1

2
‖v‖22 + λ2G(w, v) + SV-TV(w), (3.9)

where ‖ · ‖22 = 〈·, ·〉, and

G(w, v) = 〈w + (f− v)e−w − γ log(f− v),1〉,
SV-TV(w) = ‖∇sw‖1 + α‖∇vw‖1,

with ‖∇sw‖1 =
∑

t∈Ω |∇swt| =
∑

t∈Ω

√
|∂x1wt|2s + |∂x2wt|2s and ‖∇vw‖1 =

∑
t∈Ω |∇vwt| =∑

t∈Ω

√
|∂x1wt|2v + |∂x2wt|2v, where ∂x1w and ∂x2w are finite differences that estimate the par-

tial derivatives of the image w.
First, to tackle the difficulty due to the presence of two variables, we adopt an alternat-

ing minimization algorithm (AMA). The AMA in [44] minimizes an objective function with
respect to one variable while the other variable is fixed and then iterates this process. Remark-
ably, this technique conducts well in practice even though the objective function is nonconvex.
Thus, we apply AMA to the problem (3.9), which yields the following two subproblems: vk+1 := arg minv<f

λ1
2 ‖v‖

2
2 + λ2G(wk, v),

wk+1 := arg minw λ2G(w, vk+1) + SV-TV(w).
(3.10)
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In the succeeding paragraphs, we solve the above two subproblems.

3.3.1. Solving the v-subproblem in (3.10). The v-subproblem can be written as

min
v<f

λ1

2
‖v‖22 + λ2〈wk + (f− v)e−wk − γ log(f− v),1〉. (3.11)

This subproblem can be explicitly solved. The following proposition provides an explicit
formula for the solution to the v-subproblem.

Proposition 1. For any f̄ , w̄ ∈ R and positive parameters λ1, λ2, γ, we define the function
h : X → R, where X = {s ∈ R : s < f̄}, as

h(s) =
λ1

2
s2 + λ2

(
w̄ + (f̄ − s)e−w̄ − γ log(f̄ − s)

)
.

Then, the minimization problem mins∈X h(s) has a unique solution with an explicit formula.

Proof. The first-order and second-order derivatives of h are given by

h′(s) = λ1s+ λ2

(
− e−w̄ +

γ

f̄ − s

)
, h′′(s) = λ1 +

λ2γ

(f̄ − s)2
.

Since h′′(s) > 0 for any s ∈ X due to the positive parameters, h is strictly convex on X .
Moreover, h′ is strictly increasing when s 6= f̄ , so if h′(s) = 0 has a solution, then it has
exactly one solution. To solve for h′(s) = 0, we can rewrite h′(s) = 0 as the following
quadratic equation by multiplying by the denominator

as2 + bs+ c = 0,

where a = −λ1, b = λ1f̄ +λ2e
−w̄, and c = λ2γ−λ2f̄ e

−w̄. The determinant D = b2−4ac =
(λ1f̄ − λ2e

−w̄)2 + 4λ1λ2γ > 0, so the quadratic equation has two real roots. Among these,
the smaller root is the solution of h′(s) = 0, which is given by

s̃ =
−b+

√
b2 − 4ac

2a
=

(λ1f̄ + λ2e
−w̄)−

√
A2 + 4λ1λ2γ

2λ1
, (3.12)

where A = λ1f̄ − λ2e
−w̄.

Now we check if s̃ < f̄ . If A < 0, then we have

s̃ =
(λ1f̄ + λ2e

−w̄)−
√
A2 + 4λ1λ2γ

2λ1
<

(λ1f̄ + λ2e
−w̄)− |A|

2λ1
= f̄ .

Otherwise, i.e., if λ2e
−w̄ ≤ λ1f̄ , then we have

s̃ =
(λ1f̄ + λ2e

−w̄)−
√
A2 + 4λ1λ2γ

2λ1
≤ (λ1f̄ + λ1f̄)−

√
4λ1λ2γ

2λ1
< f̄.

Therefore, s̃ is the global minimizer of the convex problem, mins∈X h(s). �
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Based on the formula in (3.12), the solution vk+1 of problem (3.11) can be obtained as

vk+1
i =

(λ1fi + λ2e
−wki )−

√
(λ1fi − λ2e

−wki )2 + 4λ1λ2γ

2λ1
, i = r, g, b.

3.3.2. Solving w-subproblem in (3.10). Now, we solve the w-subproblem in (3.10):

min
w

λ2 〈w + (f− vk+1)e−w,1〉+ SV-TV(w). (3.13)

The w-subproblem is convex, but it contains non-differentiable terms. To address this prob-
lem, various efficient convex optimization algorithms have been proposed, for example those
in [42, 45, 46, 47, 48]. Among these, we employ the alternating direction method of multipli-
ers (ADMM) outlined in [42]. The ADMM is a widely known algorithm that is used to solve
linearly constrained convex optimization problems, with its convergence proven in [42].

First, we introduce an auxiliary variable z to replace w in the first term, and the unconstrained
problem (3.13) is converted to its equivalent constrained version as follows:

min
z,w

λ2 〈z + (f− vk+1)e−z,1〉+ SV-TV(w), (3.14)

subject to: z = w.

Then the augmented Lagrangian function (ALF) corresponding to (3.14) is given by

Lτ (z,w,p) = λ2 〈z + (f− vk+1)e−z,1〉+ SV-TV(w)− 〈p, z− w〉+
τ

2
‖z− w‖22,

where p ∈ RM×N×3 is the Lagrangian multiplier, and τ > 0 is a penalty parameter.
The ADMM applied to (3.14) leads to the following iterative algorithm:

z`+1 := arg minz Lτ (z,w`,p`),

w`+1 := arg minw Lτ (z`+1,w,p`),

p`+1 = p` − τ(z`+1 − w`+1).

(3.15)

In the following paragraphs, we solve the two subproblems in (3.15).

Solving the z-subproblem in (3.15). First, the z-subproblem can be rewritten as

min
z

λ2 〈z + (f− vk+1)e−z,1〉+
τ

2
‖z− w` − p`/τ‖22. (3.16)

The first-order optimality condition for the z-subproblem is as follows

λ2(1− (fi − vk+1
i )e−zi) + τ(zi − w`

i − p`i/τ) = 0, i = r, g, b. (3.17)

Problem (3.16) is strictly convex, and equation (3.17) has only one solution. Thus, problem
(3.16) can be efficiently solved using Newton’s method as

zm+1
i = zmi −

λ2(1− (fi − vk+1
i )e−zmi ) + τ(zmi − w`

i − p`i/τ)

λ2(fi − vk+1
i )e−zmi + τ

, i = r, g, b.
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In practice, Newton’s method converges fast within a few number of iterations.

Solving the w-subproblem in (3.15). Next, we solve the w-subproblem in (3.15). The w-
subproblem is given by

min
w

τ

2
‖w− r‖22 + SV-TV(w), (3.18)

where r = z`+1 − p`/τ . Based on the definition of SVTV in (2.5), we transform w and r to q
and r̃, respectively, using the following orthogonal matrix

P =


1√
2
I − 1√

2
I 0

1√
6
I 1√

6
I − 2√

6
I

1√
3
I 1√

3
I 1√

3
I

 . (3.19)

That is, we define q = (q1,q2,q3)T = Pw = P(w1,w2,w3)T and r̃ = Pr. Then, following
the work [40], problem (3.18) can be transformed to

min
q

τ

2
‖q− r̃‖22 + ‖∇q̄‖1 + α‖∇q3‖1, (3.20)

where q̄ = (q1,q2)T and ∇q̄ = (∇q1,∇q2)T = (∂x1q1, ∂x2q1, ∂x1q2, ∂x2q2)T . For more
details, see [40].

To solve problem (3.20), we again adopt ADMM. First, to handle the non-differentiable
terms, we introduce two auxiliary variables d1 and d2 to replace ∇q̄ and ∇q3, respectively.
Then, the unconstrained problem (3.20) is converted into

min
q,d1,d2

τ

2
‖q− r̃‖22 + ‖d1‖1 + α‖d2‖1, subject to: d1 = ∇q̄, d2 = ∇q3. (3.21)

The ALF of problem (3.21) is given by

Lξ(q,d1,d2,b1,b2) =
τ

2
‖q− r̃‖22 + ‖d1‖1 + α‖d2‖1 − 〈b1,d1 −∇q̄〉+

ξ

2
‖d1 −∇q̄‖22

−〈b2,d2 −∇q3〉+
ξ

2
‖d2 −∇q3‖22,

where b1 ∈ (RM×N×3)4, b2 ∈ (RM×N×3)2 are the Lagrangian multipliers, and ξ > 0 is a
penalty parameter.

The ADMM applied to problem (3.21) generates the following iterative algorithm:

qn+1 := arg min
q
Lξ(q,dn1 ,d

n
2 ,b

n
1 ,b

n
2 ),

dn+1
1 := arg min

d1

Lξ(qn+1,d1,dn2 ,b
n
1 ,b

n
2 ),

dn+1
2 := arg min

d2

Lξ(qn+1,dn+1
1 ,d2,bn1 ,b

n
2 ), (3.22)

bn+1
1 = bn1 − ξ(dn+1

1 −∇q̄n+1),

bn+1
2 = bn2 − ξ(dn+1

2 −∇q3
n+1).
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The q-subproblem in (3.22) can be rewritten as

min
q

τ

2
‖q− r̃‖22 +

ξ

2
‖dn1 −∇q̄− bn1/ξ‖22 +

ξ

2
‖dn2 −∇q3 − bn2/ξ‖22.

Thus, the solution qn+1 can be attained by solving the normal equations:

(τI + τ∇T∇)q1 = τ r̃1 + ξ∇T
(

(d1)n1 − (b1)n1/ξ, (d1)n2 − (b1)n2/ξ
)
,

(τI + τ∇T∇)q2 = τ r̃2 + ξ∇T
(

(d1)n3 − (b1)n3/ξ, (d1)n4 − (b1)n4/ξ
)
, (3.23)

(τI + τ∇T∇)q3 = τ r̃3 + ξ∇T
(

(d2)n1 − (b2)n1/ξ, (d2)n2 − (b2)n2/ξ
)
,

where ∇T = −div with div is a discrete divergence operator such as div(a1, a2) = ∂x1a1 +
∂x2a2. By assuming the periodic boundary condition, the equations in (3.23) can be exactly
solved through the 2-dimensional Fast Fourier transform (FFT), denoted by F . Specifically,
qn+1 can be achieved as

qn+1
1 = F−1

F
(
τ r̃1 + ξ∇T

(
(d1)n1 − (b1)n1/ξ, (d1)n2 − (b1)n2/ξ

))
τ + τF(∇T∇)

 ,

qn+1
2 = F−1

F
(
τ r̃2 + ξ∇T

(
(d1)n3 − (b1)n3/ξ, (d1)n4 − (b1)n4/ξ

))
τ + τF(∇T∇)

 ,

qn+1
3 = F−1

F
(
τ r̃3 + ξ∇T

(
(d2)n1 − (b2)n1/ξ, (d2)n2 − (b2)n2/ξ

))
τ + τF(∇T∇)

 ,

where F−1 is the inverse FFT.
Next, the d1- and d2-subproblems in (3.22) are given by

min
d1

‖d1‖1 +
ξ

2
‖d1 −∇q̄n+1 − bn1/ξ‖22,

min
d2

α‖d2‖1 +
ξ

2
‖d2 −∇q3

n+1 − bn2/ξ‖22.

The solutions dn+1
1 and dn+1

2 are explicitly obtained as

dn+1
1 = shrink

(
∇q̄n+1 + bn1/ξ, 1/ξ

)
,

dn+1
2 = shrink

(
∇q3

n+1 + bn2/ξ, α/ξ
)
,

where shrink is the shrinkage operator defined as

shrink(a, ν)t =
at
|at|
·max(|at| − ν, 0), t ∈ Ω.
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Algorithm 1 Solving the proposed model (3.8)

1: Input: choose the parameters λ1, λ2, α, τ, ξ, ε > 0 , the maximum iteration numbersNout,
Nw, Nz, Nq.

2: Initialization: set w0 = log(̃f) with f̃ = max(f, ε), z0 = w0, p0 = 0, d0
1 = b0

1 = 0,
d0

2 = b0
2 = 0.

3: repeat

4: Compute vk+1: vk+1
i =

(λ1fi+λ2e−wki )−
√

(λ1fi−λ2e−wk
i )+4λ1λ2γ

2λ1
, i = r, g, b,

5: Compute wk+1 by iterating for ` = 0, 1, 2, · · · , Nw:
6: Compute z`+1 by iterating for m = 0, 1, 2, · · · , Nz:

7: zm+1
i = zmi −

λ2(1−(fi−vk+1
i )e−zmi )+τ(zmi −w`i−p`i/τ)

λ2(fi−vk+1
i )e−zm

i +τ
, i = r, g, b,

8: Let r = z`+1 − p`/τ and r̃ = Pr with P in (3.19).
9: Compute q`+1 by iterating for n = 0, 1, 2, · · · , Nq:

10: qn+1 by solving the equations in (3.23) using FFT,
11: dn+1

1 = shrink
(
∇q̄n+1 + bn1/ξ, 1/ξ

)
,

12: dn+1
2 = shrink

(
∇q3

n+1 + bn2/ξ, α/ξ
)

,

13: bn+1
1 = bn1 − ξ(dn+1

1 −∇q̄n+1),
14: bn+1

2 = bn2 − ξ(dn+1
2 −∇q3

n+1),
15: Compute w`+1 = PTp`+1,
16: Compute p`+1 = p` − τ(z`+1 − w`+1),
17: until a stopping condition is satisfied.
18: Output: restored image u = ew.

After obtaining q`+1 by solving problem (3.20), w`+1 is attained as w`+1 = PTq`+1. Over-
all, the algorithm for solving the proposed model (3.8) is summarized in Algorithm 1.

4. EXPERIMENTAL RESULTS

This section presents the numerical results of the proposed model and a comparison with
other existing models and related models. Primarily, we compare our model, called SO-L2-
SVTV, with the following models:

• L2-SVTV [40]: minu

{
λ
2

∫
Ω(f− u)2 dx+ SV-TV(u)

}
,

• AA-SVTV [41]: minu

{
λ
∫

Ω log u + f
u dx+ SV-TV(u)

}
,

• SO-SVTV: minw

{
λ
∫

Ω w + f e−w dx+ SV-TV(w)
}

,
• SO-L2-CTV:

minw,v

{
λ1
2

∫
Ω v2 dx+ λ2

∫
Ω w + (f− v)e−w − L−1

L log(f− v) dx+ CTV2(w)
}

,
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(a) (b) (c) (d)

(e) (f) (g) (h) (i)

FIGURE 1. Original images. (a) Boat (256 × 256), (b) Hill (278 × 350), (c)
Lake (256× 256), (d) Bears (321× 481), (e) Statue (481× 321), (f) Remote1
(512× 512), (g) Remote2 (512× 512), (h) Remote3 (512× 512), (i) Remote4
(512× 512).
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FIGURE 2. Noisy images degraded by (a) multiplicative Gamma noise with
L = 20 or (b) Gaussian noise with σ = 20. (c) (red) original signal, (blue)
noisy signal degraded by multiplicative Gamma noise, and (green) noisy signal
degraded by both multiplicative and Gaussian noise.

where CTV2(w) =
∫

Ω

√∑
i=1,2,3 |∇wi| dx. To enable a fair comparison, we adopt the vari-

able splitting approach and ADMM to solve the aforementioned existing models.

4.1. Implementation setting. We test each model on 5 natural color images and 4 SAR im-
ages, given in Fig. 1. The range of intensity values in the original images is assumed to be
[0, 255]. We consider two mixed noise cases: (L, σ) = (20, 20), (10, 30). That is, all of the
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(a) data f (b) AA-SVTV (c) L2-SVTV

(d) SO-SVTV (e) SO-L2-CTV (f) SO-L2-SVTV

FIGURE 3. Denoising results when L = 20 and σ = 20. PSNR/SSIM:
(b) 25.29/0.7398, (c) 25.07/0.7383, (d) 26.07/0.7615, (e) 25.57/0.7449, (f)
26.52/0.7800. Parameters of our model: λ2 = 2.6, λ1 = 0.01.

test images are contaminated by multiplicative Gamma noise at L = 20 (or 10) and then ad-
ditive Gaussian noise at σ = 20 (or 30). Due to the presence of Gaussian noise, the data f has
nonpositive pixel values, but the AA-SVTV and SO-SVTV models assume that the data has
positive pixel values. Thus we define f̃ = max(f, ε), with ε = 10−5, and replace f with f̃ for
AA-SVTV and SO-SVTV. Indeed, for other models, such as L2-SVTV, SO-L2-CTV and SO-
L2-SVTV, the restored images using either the original data f or the cropped data f̃ are visually
almost identical. However, for a fair comparison, we utilize the cropped data for all models.
All numerical experiments were implemented with MATLAB R2021b on a 64-bit Windows 10
desktop PC with an Intel CPU at 4.2GHz and 64GB RAM.

To quantify the effect of the models, we compute the peak-signal-to-noise-ratio (PSNR)
value defined as

PSNR(u,u∗) = 10 log10

(
3MN × 2552

‖u− u∗‖22

)
,

where u and u∗ denote the restored and original images, respectively, and MN is the size of
the image. We also compute the structural similarity (SSIM) index [49], which is a perception-
based measure that utilizes visual information about the structure of the objects. Specifically,
we calculate the average of the SSIM values computed in each RGB channel. For all models,
we tune the parameters to attain the best denoised images according to the visual inspection as
well as the PSNR and SSIM values.
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Original AA-SVTV L2-SVTV

SO-SVTV SO-L2-CTV SO-L2-SVTV

FIGURE 4. Zoomed-in portions of the restored images in Fig. 3.

All models are terminated when the following stopping criterion is satisfied:

‖giter − giter−1‖2
‖giter‖2

≤ tol or k > Ñ,

where g = w, z, q or u, tol > 0 is a given tolerance, and Ñ > 0 is a given maximum iteration
number. For SO-L2-SVTV, we set tol = 10−3 and Ñ = 100 for the outer loop. For Newton’s
method, we set tol = 10−3 and Nz = 10. For the inner loops of w and q, we let tol = 10−3

and Nw = 10, Nq = 20. For SO-SVTV, we use the same tol and Ñ as SO-L2-SVTV for both
the outer and inner loops. For L2-SVTV and AA-SVTV, we set tol = 10−4 and Ñ = 200 for
the outer loop, while we use the same tol and Ñ as ours for the inner loop of AA-SVTV. For
SO-L2-CTV, we use tol = 10−4 and Ñ = 100 for the outer loop and tol = 10−3 and Ñ = 10
for the inner loops.

Throughout the experiments, the parameters of the proposed model are set as follows. The
parameters λ1 and λ2 mainly influence the quality of the restored images, and they are empiri-
cally tuned to achieve the highest quality in the restored images. As the values of λ1 and λ2 de-
crease, the restored image u becomes smoother. The value of λ1 is chosen from {0.005, 0.01}.
In these experiments, λ1 = 0.01 except one case. On the other hand, the values of λ2 differ
depending on noise level and image type. The values of the parameters (λ1, λ2) are provided in
all figures. The parameter α in the SVTV term is fixed at 0.6. The penalty parameters τ and ξ
in the ADMM algorithms are fixed at 1, and we set ε = 10−5. Lastly, we note that unlike other
cases using α = 0.6, we use α = 0.4 for AA-SVTV in some examples such the Statue and
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(a) data f (b) AA-SVTV (c) L2-SVTV

(d) SO-SVTV (e) SO-L2-CTV (f) SO-L2-SVTV

FIGURE 5. Denoising results when L = 20 and σ = 20. PSNR/SSIM:
(b) 22.84/0.5892, (c) 23.94/0.6045, (d) 23.97/0.6628, (e) 23.50/0.6263, (f)
24.63/0.6965. Parameters of our model: λ2 = 2.2, λ1 = 0.005.

satellite images when (L, σ) = (10, 30), which produces more satisfactory results than when
using α = 0.6.

4.2. Denoising results for natural color images. First, Fig. 2 presents noisy images and sig-
nals degraded by multiplicative Gamma noise and/or Gaussian noise. It is evident that the noisy
signal distorted by the mixed noise is mainly influenced by the multiplicative Gamma noise,
but the Gaussian noise further distorts the signal.

In Figures 3-6, we present the denoising results for all models when L = 20 and σ = 20.
First, it can be seen that AA-SVTV removes the mixed noise to some extent, but it produces
certain artifacts, such as white dots in the Boat image and black dots in the Statue image. This
can be seen more clearly in the zoomed images in Figs. 4 and 6. L2-SVTV eliminates both
types of noise quite well. However, it tends to oversmooth dark regions such as the lower part
of the ship in the Boat image and the inner area of the statues in the Statue image, while it fails
to sufficiently remove noise in some bright regions, such as the sky and road areas in the Statue
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Original AA-SVTV L2-SVTV

SO-SVTV SO-L2-CTV SO-L2-SVTV

FIGURE 6. Zoomed-in portions of the restored images in Fig. 5.

image. Moreover, L2-SVTV supplies incorrect color values in certain regions, such as near the
person in the Boat image. SO-SVTV denoises images while preserving details better than L2-
SVTV and does not output erroneous color values like L2-SVTV. Besides, the denoised images
from SO-SVTV look similar to those from SO-L2-SVTV. But, SO-SVTV retains some noise
in certain dark regions, such as the lower part of the ship in the Boat image and the dark area
next to the leftmost statue in the Statue image, as shown in the zoomed images. On the other
hand, SO-L2-SVTV removes noise well in both dark and bright regions, while it conserves
more details, as shown in the pebbles on the ground in the Statue image. SO-L2-CTV also
supplies well-denoised images, but it furnishes color artifacts near the edges, unlike SO-L2-
SVTV, which is due to CTV regularization. Overall, SO-L2-SVTV provides restored images
with better visual quality than the other models, while also yielding higher PSNR and SSIM
values. These examples show the benefits of use of both the proposed data-fidelity term and
SVTV regularization when removing both multiplicative and Gaussian noise.

Figures 7 and 8 present the denoising results of all models when L = 10 and σ = 30. First,
we can observe that the performance of AA-SVTV deteriorates rapidly as the levels of both
types of noise increase. This also results in much lower PSNR and SSIM values than produced
by the other models. Moreover, similar to the previous results, L2-SVTV oversmooths dark
regions and produces incorrect color values in some bright regions. These can be observed
in the right tree and sky areas in the Hill image and the legs and backs of the bears in the
Bears image. Besides, SO-L2-CTV outputs color artifacts near edges. On the other hand, SO-
SVTV and SO-L2-SVTV result in well-denoised images with better detail retention than the
other models and without faulty color values, but SO-L2-SVTV conserves details and textures
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(a) data f (b) AA-SVTV

(c) L2-SVTV (d) SO-SVTV

(e) SO-L2-CTV (f) SO-L2-SVTV

FIGURE 7. Denoising results when L = 10 and σ = 30. PSNR/SSIM:
(b) 23.59/0.5111, (c) 24.70/0.5809, (d) 25.17/0.6199, (e) 25.11/0.6148, (f)
25.66/0.6536. Parameters of our model: λ2 = 1.6, λ1 = 0.01.

better than SO-SVTV. This also leads to the highest PSNR and SSIM values of SO-L2-SVTV.
Consequently, all of these examples validate the superiority of the proposed model over other
models for the removal of mixed multiplicative and Gaussian noise.

In Fig. 9, we present the final noise components v of SO-L2-SVTV, corresponding to the
denoised images in Figs. 3, 5, 7, and 8. We can see that the component v suitably extracts
Gaussian noise. This also assists in the denoising process of SO-L2-SVTV. The examples also
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(a) data f (b) AA-SVTV

(c) L2-SVTV (d) SO-SVTV

(e) SO-L2-CTV (f) SO-L2-SVTV

FIGURE 8. Denoising results when L = 10 and σ = 30. PSNR/SSIM:
(b) 25.08/0.5426, (c) 26.54/0.6153, (d) 26.75/0.6319, (e) 26.47/0.6133, (f)
26.99/0.6478. Parameters of our model: λ2 = 1.4, λ1 = 0.01.

illustrate the effectiveness of the proposed data-fidelity term for the extraction of Gaussian
noise v.

Figure 10 shows the effect of the parameter γ = (L−1)/L used in SO-L2-SVTV. Through-
out the experiments, we set γ = (L − 1)/L, but the noise level L is not usually known and is
not easy to estimate. Thus, we test with three different values of γ including the exact values.
Specifically, when (L, σ) = (20, 20), we compare the denoising results when γ = 0.75, 0.95,
1.15, while we utilize γ = 0.7, 0.9, 1.1 when (L, σ) = (10, 30). As γ becomes smaller, the
restored images are likely to retain more noise in certain dark regions, whereas as γ becomes
larger, these dark regions become smoother. Despite these differences, the denoised images are
visually similar and their corresponding PSNR and SSIM values are also similar. From these
observations, we conclude that γ can be set close to 1. Thus, we present the PSNR and SSIM
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(a) (b)

(c) (d)

FIGURE 9. Final Gaussian noise component v when (top)L = 20 and σ = 20,
(bottom) L = 10 and σ = 30. (a) Boat, (b) Statue, (c) Hill, (d) Bears.

(a) γ = 0.75 (b) γ = 0.95 (exact value) (c) γ = 1.15

(a) γ = 0.7 (b) γ = 0.9 (exact value) (c) γ = 1.1

FIGURE 10. Denoised images with different values for γ = (L− 1)/L. Top:
L = 20 and σ = 20, Bottom: L = 10 and σ = 30. PSNR/SSIM: (top) (a)
24.46/0.7466, (b) 24.48/0.7461, (c) 24.44/0.7440, (bottom) (a) 24.76/0.7226,
(b) 24.67/0.7168, (c) 24.56/0.7135.
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(a) data f (b) AA-SVTV (c) L2-SVTV

(d) SO-L2-TV (e) SO-SVTV (f) SO-L2-SVTV

(a) data f (b) AA-SVTV (c) L2-SVTV

(d) SO-L2-TV (e) SO-SVTV (f) SO-L2-SVTV

FIGURE 11. Denoising results when L = 20 and σ = 20. PSNR/SSIM: (top)
(b) 24.42/0.6726, (c) 26.99/0.7732, (d) 25.74/0.7464, (e) 26.45/0.7681, (f)
27.35/0.8092, (bottom) (b) 24.40/0.6655, (c) 26.80/0.7681, (d) 25.63/0.7344,
(e) 26.48/0.7699, (f) 27.06/0.7972. Parameters (λ2, λ1) of our model: (top)
(2.6, 0.01), (bottom) (2.4, 0.01).
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(a) data f (b) AA-SVTV (c) L2-SVTV

(d) SO-L2-TV (e) SO-SVTV (f) SO-L2-SVTV

(a) data f (b) AA-SVTV (c) L2-SVTV

(d) SO-L2-TV (e) SO-SVTV (f) SO-L2-SVTV

FIGURE 12. Denoising results when L = 10 and σ = 30. PSNR/SSIM: (top)
(b) 22.80/0.6522, (c) 23.43/0.6826, (d) 22.54/0.6727, (e) 23.78/0.7415, (f)
24.11/0.7551, (bottom) (b) 25.89/0.6909, (c) 26.96/0.7387, (d) 26.04/0.7036,
(d) 26.93/0.7445, (f) 27.21/0.7639. Parameters (λ2, λ1) of our model: (top)
(1.7, 0.01), (bottom) (1.5, 0.01).
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Original images with zoomed-in areas displayed

(a) AA-SVTV (b) L2-SVTV (c) SO-SVTV (d) SO-L2-SVTV

FIGURE 13. Zoomed-in portions of the restored images in Figs. 11 and 12.
2nd and 3rd rows: L = 20 and σ = 20, 4th row: L = 10 and σ = 30.

values of the denoised images in Tables 1 and 2 for γ = 1 in SO-L2-SVTV. It is clear that the
PSNR and SSIM values when γ = 1 are almost the same as those when γ = (L−1)/L. Hence,
these examples indicate that SO-L2-SVTV is not sensitive to the parameter γ, and moreover,
for simplicity, γ can be fixed at a value near 1.

Lastly, we note that more results using natural color images are available in the material at
the following link: https://url.kr/wtkz5r.

4.3. Denoising results for color SAR images. In Figs. 11 and 12, we present the denoising
results tested on real SAR images when (L, σ) = (20, 20) and (10, 30), respectively. The SAR
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(a) CBM3D+SAR-BM3D (b) SO-L2-SVTV (γ = 1)

FIGURE 14. Comparison of SO-L2-SVTV with CBM3D+SAR-BM3D when
L = 10 and σ = 30. PSNR/SSIM/Time: (top) (a) 25.26/0.7183/166.82,
(b) 25.33/0.7323/30.91, (middle) (a) 24.05/0.7340/160.03, (b)
24.08/0.7529/31.48, (bottom) (a) 25.27/0.7164/159.71, (b)
25.24/0.7208/28.37.
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FIGURE 15. Plots of relative error and PSNR values via outer iteration
k when L = 20 and σ = 20. (a) log

(
‖wk+1 − wk‖2/‖wk‖2

)
, (b)

log
(
‖vk+1 − vk‖2/‖vk‖2

)
, (c) PNSR(uk, u∗) with uk = ewk .

images include many dark regions, such as trees and shadows, while containing some bright
regions, such as buildings and ships. Similar to the natural color image cases, AA-SVTV gen-
erates some black artifacts in the denoised images when (L, σ) = (20, 20), and its denoising
performance is significantly degraded when (L, σ) = (10, 30). L2-SVTV appropriately di-
minishes the amount of mixed noise. However, it oversmooths the dark regions, while it does
not sufficiently denoise the bright regions resulting in inappropriate color values. SO-SVTV
retains more details in the dark regions than L2-SVTV while sufficiently removing the noise in
the bright regions. However, it also retains some noise in the dark regions, which can be more
clearly seen in the zoomed images in Fig. 13. On the contrary, SO-L2-SVTV well eliminates
the mixed noise in both dark and bright regions while conserving the details better than the
other models. This also brings higher PSNR and SSIM values than the other models. There-
fore, these examples establish the outstanding denoising performance of the proposed model
even for real SAR images.

In Fig. 14, we compare SO-L2-SVTV with a BM3D-based method when (L, σ) = (10, 30).
Specifically, due to Gaussian noise, SAR-BM3D [18] cannot directly be applied to the data
images. Thus, we first employ the CBM3D method [50] to remove Gaussian noise, then ap-
ply SAR-BM3D to each RGB channel to eliminate multiplicative Gamma noise. We call this
method CBM3D+SAR-BM3D. It can be seen that CBM3D+SAR-BM3D sufficiently removes
the mixed noise while maintaining details and edges well, leading to similar PSNR and SSIM
values to SO-L2-SVTV. However, it generates color artifacts near edges, like the CTV-based
model. On the other hand, SO-L2-SVTV supplies well-denoised images while conserving de-
tails. Additionally, it does not produce the faulty color artifacts that appear in CBM3D+SAR-
BM3D. Lastly, CMB3D+SAR-BM3D requires exact values for the noise levels σ and L, while
SO-L2-SVTV can produce suitable denoising results without this information, i.e., by letting
γ = 1. Furthermore, CMB3D+SAR-BM3D requires greater computating time than SO-L2-
SVTV. As a result, these exhibit the efficiency of the proposed model compared to a BM3D
based method.
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TABLE 1. PSNR/SSIM values of all models when L = 20 and σ = 20.

Image Data f AA-SVTV L2-SVTV SO-SVTV SO-L2-CTV SO-L2-SVTV SO-L2-SVTV
(γ = L−1

L
) (γ = 1)

Boat 16.67/0.3420 25.29/0.7398 25.07/0.7383 26.07/0.7615 25.57/0.7449 26.52/0.7800 26.47/0.7756
Hill 17.96/0.3475 25.08/0.6207 25.72/0.6364 26.50/0.6884 26.11/0.6657 27.15/0.7295 27.15/0.7297
Lake 16.71/0.3854 22.96/0.6937 23.07/0.6731 23.86/0.7284 24.34/0.7289 24.48/0.7461 24.47/0.7457
Bears 18.61/0.2843 25.97/0.5945 28.10/0.6914 28.17/0.7076 27.74/0.6802 28.42/0.7203 28.42/0.7198
Statue 18.14/0.4714 22.84/0.5892 23.94/0.6045 23.97/0.6628 23.50/0.6263 24.63/0.6965 24.59/0.6925

Remote1 19.56/0.4582 24.42/0.6726 26.99/0.7732 26.45/0.7681 25.74/0.7464 27.35/0.8092 27.34/0.8096
Remote2 19.28/0.5808 23.66/0.7564 25.50/0.7849 25.36/0.8094 24.32/0.7689 26.16/0.8372 26.16/0.8364
Remote3 19.56/0.4439 24.40/0.6655 26.80/0.7681 26.48/0.7699 25.63/0.7344 27.06/0.7972 27.05/0.7969
Remote4 20.07/0.3559 25.90/0.6801 28.76/0.7997 28.30/0.7976 27.66/0.7675 29.05/0.8242 29.02/0.8241

TABLE 2. PSNR/SSIM values of all models when L = 10 and σ = 30.

Image Data f AA-SVTV L2-SVTV SO-SVTV SO-L2-CTV SO-L2-SVTV SO-L2-SVTV
(γ = L−1

L
) (γ = 1)

Boat 13.52/0.2456 22.78/0.6422 23.15/0.6633 24.29/0.6999 23.91/0.6839 24.67/0.7168 24.62/0.7151
Hill 14.73/0.2195 23.59/0.5111 24.70/0.5809 25.17/0.6199 25.11/0.6148 25.66/0.6536 25.65/0.6536
Lake 13.53/0.2742 20.96/0.5473 21.66/0.6054 22.14/0.6612 22.80/0.6656 22.77/0.6824 22.76/0.6815
Bears 15.35/0.1674 25.08/0.5426 26.54/0.6153 26.75/0.6319 26.47/0.6133 26.99/0.6478 26.97/0.6469
Statue 14.93/0.3177 22.95/0.5760 22.65/0.5191 22.58/0.5616 22.32/0.5402 23.09/0.5977 23.06/0.5948

Remote1 16.26/0.3104 24.43/0.6579 24.93/0.6809 25.02/0.7039 24.08/0.6649 25.38/0.7329 25.33/0.7323
Remote2 15.99/0.4219 22.80/0.6522 23.43/0.6826 23.78/0.7415 22.54/0.6727 24.11/0.7551 24.08/0.7529
Remote3 16.24/0.3016 24.29/0.6454 25.04/0.6902 24.84/0.6989 23.98/0.6489 25.27/0.7214 25.24/0.7208
Remote4 16.73/0.2265 25.89/0.6909 26.96/0.7387 26.93/0.7445 26.04/0.7036 27.21/0.7639 27.14/0.7632

TABLE 3. Computing time (in seconds) of all models when L = 10 and σ = 30.

Image AA-SVTV L2-SVTV SO-SVTV SO-L2-CTV SO-L2-SVTV SO-L2-SVTV
(γ = L−1

L ) (γ = 1)
Boat 9.23 3.22 3.95 4.32 7.66 7.42
Hill 16.08 4.76 5.53 4.13 10.40 9.52
Lake 9.47 3.10 3.30 2.88 5.02 4.74
Bears 29.57 7.16 8.37 4.08 10.66 10.90
Statue 28.75 9.98 13.49 12.42 22.31 23.09

Remote1 45.53 12.29 19.47 12.11 33.06 30.91
Remote2 47.52 12.62 19.65 10.19 32.59 31.48
Remote3 43.64 13.45 17.03 11.74 27.04 28.37
Remote4 47.98 12.55 22.83 13.05 31.67 30.31

Figure 15 displays the plots of relative errors and PSNR values via the outer iteration k for
SO-L2-SVTV. Specifically, we plot the relative errors of w and v and the PSNR values of uk

with uk = ewk . The results show that both relative errors decrease as the iteration number
k increases. Moreover, the PSNR values converge to constant values. These demonstrate the
numerical convergence of the proposed algorithm despite that its theoretical convergence has
not been proven.

In Tables 1 and 2, we present the PSNR and SSIM values of all models when (L, σ) =
(20, 20) and (10, 30), respectively. It can be observed that SO-L2-SVTV offers the highest
PSNR and SSIM values in all examples, either when γ = (L − 1)/L or when γ = 1. These
quality measurements also validate the superiority of the proposed model compared to the other
models.

Lastly, Table 3 presents the computational time of all models when (L, σ) = (10, 30). De-
spite its outstanding denoising performance, SO-L2-SVTV supplies higher computing times
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than all other models except AA-SVTV. This is mainly due to the use of SVTV, since SO-L2-
CTV requires the lowest computational time of all models tested. Hence, reducing the compu-
tational time is an issue that remains to be resolved.

5. CONCLUSION

In this paper, we introduced a new minimization problem to recover color images in the pres-
ence of mixed multiplicative Gamma noise and additive Gaussian noise. The objective function
is composed of an infimal convolution-type data-fidelity term that features the mixed noise and
SVTV regularization. The data-fidelity term aided in extraction of Gaussian noise from the
data, which enabled concurrent removal of the mixed noise. In addition, SVTV regularization
not only assisted in sufficient denoising in smooth regions while retaining edges and details,
but it also significantly lessened color artifacts generated by the mixed noise. We adopted an al-
ternating minimization method to solve the proposed nonconvex model, and then ADMM was
utilized to solve the subproblems. These techniques resulted in an efficacious iterative algo-
rithm. The superior denoising performance of the proposed model compared to other existing
or related models was validated by the experimental results, in terms of both visual appearance
and image quality assessments. However, issues remain regarding theoretical convergence of
the proposed algorithm and prolonged computational time. These issues need to be investigated
in future work. Moreover, the spatially adaptive regularization parameter approach [51] can be
incorporated into the proposed model to better preserve textures and details. It is also worth
investigating a convex model for the removal of mixed multiplicative and Gaussian noise.

ACKNOWLEDGMENTS

The author’s work was supported in part by the Hankuk University of Foreign Studies Re-
search Fund and in part by the National Research Foundation of Korea (2021R1F1A1048111).

REFERENCES

[1] R. F. Wagner, S. W. Smith, J. M. Sandrik, and H. Lopez, Statistics of speckle in ultrasound B-scans, IEEE
Trans. Sonics and Ultrason., 30 (1983), 156–163.

[2] J. M. Schmitt, S. Xiang, and K. M. Yung, Speckle in optical coherence tomography, Journal of biomedical
optics, 4 (1999), 95–105.

[3] J.-S. Lee, K. W. Hoppel, S. A. Mango, and A. R. Miller, Intensity and phase statistics of multilook polarimetric
and interferometric SAR imagery, IEEE Trans. Geosci. Remote Sens., 32 (1994), 1017–1028.

[4] J.-S. Lee, Digital image enhancement and noise filtering by use of local statistics, IEEE Trans. Pattern Anal.
Mach. Intell., 2 (1980), 165–168.

[5] V. S. Frost, J. A. Stiles, K. S. Shanmugan, and J. C. Holtzman, A model for radar images and its application
to adaptive digital filtering of multiplicative noise, IEEE Trans. Pattern Anal. Mach. Intell., PAMI-4 (1982),
157–166.

[6] Y. Yu and S. T. Acton, Speckle reducing anisotropic diffusion, IEEE Trans. Image Process., 11 (2002), 1260–
1270.



SVTV BASED COLOR IMAGE DENOISING UNDER MIXED MULTIPLICATIVE AND GAUSSIAN NOISE 183

[7] K. Krissian, C.-F. Westin, R. Kikinis, and K. G. Vosburgh, Oriented speckle reducing anisotropic diffusion,
IEEE Trans. Image Process., 16 (2007), 1412–1424.

[8] G. Aubert and J.-F. Aujol. A variational approach to removing multiplicative noise, SIAM J. Appl. Math., 68
(2008), 925-946.

[9] Z. Li, Y. Lou, and T. Zeng, Variational multiplicative noise removal by DC programming, J. Sci. Comput., 68
(2016), 1200–1216.

[10] J. Shi and S. Osher, A nonlinear inverse scale space method for a convex multiplicative noise model, SIAM J.
Imaging Sci., 1 (2008), 294–321.

[11] G. Steidl and T. Teuber, Removing multiplicative noise by Douglas-Rachford splitting methods, J. Math. Imag-
ing Vis., 36 (2010), 168–184.

[12] Y. Dong and T. Zeng, A convex variational model for restoring blurred images with multiplicative noise, SIAM
J. Imaging Sci., 6 (2013), 1598–1625.

[13] J. Lu, L. Shen, C. Xu, and Y. Xu, Multiplicative noise removal in imaging: An exp-model and its fixed-point
proximity algorithm, Appl. Comput. Harmon. Anal., 41 (2016), 518–539.

[14] S. Yun and H. Woo, A new multiplicative denoising variational model based on m-th root transformation,
IEEE Trans. Image Process., 21 (2012), 2523–2533.

[15] M. Kang, S. Yun, and H. Woo, Two-level convex relaxed variational model for multiplicative denoising, SIAM
J. Imaging Sci., 6 (2013), 875–903.

[16] H. Na, M. Kang, M. Jung, and M. Kang, An exp model with spatially adaptive regularization parameters for
multiplicative noise removal, J. Sci. Comput., 75 (2018), 478–509.

[17] H. Na, M. Kang, M. Jung, and M. Kang, Nonconvex TGV regularization model for multiplicative noise removal
with spatially varying parameters, Inverse Probl. Imaging, 13 (2019), 117–147.

[18] S. Parrilli, M. Poderico, C. V. Angelino, and L. Verdoliva, A nonlocal SAR image denoising algorithm based
on LLMMSE wavelet shrinkage, IEEE Trans. Geosci. Remote Sens., 50 (2012), 606–616.

[19] L. I. Rudin, S. Osher, and E. Fatemi, Nonlinear total variation based noise removal algorithms, Physica D:
Nonlinear Phenomena, 60 (1992), 259–268.

[20] L. Rudin, P.-L. Lions, and S. Osher, Multiplicative denoising and deblurring: theory and algorithms, Geomet-
ric Level Set Methods in Imaging, Vision, and Graphics, Springer, New York, 2003.

[21] M. Hintermüller and A. Langer, Subspace correction methods for a class of nonsmooth and nonadditive convex
variational problems with mixed L1-L2 data-fidelity in image processing, SIAM J. Imaging Sci., 6 (2013),
2134–2173.

[22] A. Langer, Automated parameter selection in the L1-L2-TV model for removing gaussian plus impulse noise,
Inverse Problems, 33 (2017), 074002.

[23] J. C. D. los Reyes and C.-B. Schönlieb, Image denoising: learning the noise model via nonsmooth PDE-
constrained optimization, Inverse Problems and Imaging, 7 (2013), 1183–1214.

[24] A. Jezierska, E. Chouzenoux, J.-C. Pesquet, and H. Talbot, A convex approach for image restoration with
exact Poisson-Gaussian likelihood, SIAM J. Imaging Sci., 62 (2015), 17–30.

[25] L. Calatroni, C. Chung, J. D. L. Reyes, C.-B. Schönlieb, and T. Valkonen, Bilevel approaches for learning
of variational imaging models, Variational Methods: In Imaging and Geometric Control, Radon Series on
Computational and Applied Mathematics, De Gruyter, 2017.

[26] L. Calatroni, J. C. D. L. Reyes, and C.-B. Schönlieb, Infimal convolution of data discrepancies for mixed noise
removal, SIAM J. Imaging Sci., 10 (2017), 1196–1233.

[27] G. Sapiro, Vector-valued active contours, IEEE, Proceedings of CVPR, San Francisco, CA, USA 1996.
[28] P. Blomgren and T. F. Chan, Color tv: Total variation methods for restoration of vector valued images, IEEE

Trans. Image Process., 7 (1998), 304–309.
[29] R. Kimmel, R. Malladi, and N. Sochen, Images as embedded maps and minimal surfaces: Movies, color,

texture, and volumetric medical images, Int. J. Comput. Vis., 39 (2000), 111–129.
[30] T. Chan, S. Kang, and J. Shen, Total variation denoising and enhancement of color images based on the CB

and HSV color models, J. Vis. Commun. Image Represent., 12 (2001), 422–435.



184 MIYOUN JUNG

[31] H. Attouch, G. Buttazzo, and G. Michaille, Variational analysis in Sobolev and BV spaces: Applications to
PDEs and optimization, MPS-SIAM Ser. Optim., SIAM, Philadelphia, 2006.

[32] X. Bresson and T. F. Chan, Fast dual minimization of the vectorial total variation norm and applications to
color image processing, Inverse Probl. Imaging, 2 (2008), 255–284.

[33] Y. Wen, M. Ng, and Y. Huang, Efficient total variation minimization methods for color image restoration,
IEEE Trans. Image Process., 17 (2008), 2081–2088.

[34] P. Rodriguez and B. Wohlberg, A generalized vector-valued total variation algorithm, IEEE, Proceedings of
ICIP, Cairo, Egypt 2009.

[35] C. Wu and X.-C. Tai, Augmented lagrangian method, dual methods, and split bregman iteration for ROF,
vectorial TV, and high order models, SIAM J. Imaging Sci., 3 (2010), 300–339.

[36] S. Lefkimmiatis, A. Roussos, M. Unser, and P. Maragos, Convex generalizations of total variation based on
the structure tensor with applications to inverse problems, Lecture Notes in Computer Science 7893, Springer
Berlin, Heidelberg, Proceedings of SSVM, Graz, Austria, 2013.

[37] S. Ono and I. Yamada, Decorrelated vectorial total variation, IEEE, Proceedings of CVPR, Columbus, OH,
USA 2014.

[38] R. Bergmann, R. H. Chan, R. Hielscher, J. Persch, and G. Steidl, Restoration of manifold-valued images by
half-quadratic minimization, Inverse Probl. Imaging, 10 (2016), 281–304.

[39] J. Duran, M. Moeller, C. Sbert, and D. Cremers, Collaborative total variation: A general framework for
vectorial TV models, SIAM J. Imaging Sci., 9 (2016), 116–151.

[40] Z. Jia, M. K. Ng, and W. Wang, Color image restoration by saturation-value total variation, SIAM J. Imaging
Sci., 12 (2019), 972–1000.

[41] W. Wang, M. Yao, and M. K. Ng, Color image multiplicative noise and blur removal by saturation-value total
variation, Appl. Math. Model., 90 (2021), 240–264.

[42] S. Boyd, N. Parikh, E. Chu, B. Peleato, and J. Eckstein, Distributed optimization and statistical learning via
the alternating direction method of multipliers, Found. Trends Mach. Learn., 3 (2010), 1–122.

[43] P. Denis, P. Carre, and C. Fernandez-Maloigne, Spatial and spectral quaternionic approaches for colour im-
ages, Comput. Vis. Image Und., 107 (2007), 74–87.
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