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ABSTRACT. The G-Euler process has been proposed to overcome the difficulties of the cal-
culation of the exponential function of the Jacobian. It is an explicit method that uses the
exponential function of the scalar skew-symmetric matrix. We define the moving shapes of true
solutions and the moving shapes of numerical solutions. It is discussed whether the moving
shape of the numerical solution matches the moving shape of the true solution. The match rates
of these two kinds of moving shapes are sequentially calculated by the G-Euler process without
using the true solution. It is shown that the closer the minimum match rate is to 100%, the
more closely the numerical solutions follow the true solutions to the end. The minimum match
rate indicates the reliability of the numerical solution calculated by the G-Euler process. The
graphs of the Lorenz system in Perko [1] are different from those drawn by the G-Euler process.
By the way, there is no basis for claiming that the Perko’s graphs are reliable.

1. INTRODUCTION

Generalized Runge-Kutta processes were proposed by Lawson [2] in 1967. They have been
rediscovered many times and are commonly known as an integrating factor methods. These
numerical methods use the exponential function of the Jacobian or an approximation to it [3].

The G-Euler process has been proposed in [4, 5] to overcome the difficulty of the calculation
of the exponential function of the Jacobian. It is summarized as follows:

We consider the well-posed nonlinear autonomous system

x′(t) = f(x(t)) = Jx(t) + g(x(t)), x(0) = x0 ∈ Rm, t ∈ [0, T ], (1.1)

where f(0) = 0 and J = ∂
∂x f(0) . Let P be the eigenvector matrix of J . Then, the matrix

J is transformed into the canonical form [7] as follows:

P−1JP = Ŝ + N̂ ,

where Ŝ is semisimple, N̂ is nilpotent and ŜN̂ = N̂ Ŝ.
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The scalar skew-symmetric matrix S is extracted from J :

S ≡ αI + 1

2
(Ŝ − ŜT ),

where α denotes the maximum of real parts of eigenvalues of J .
Let us apply the linear transformation x(t) = Py(t) to (1.1):

y′(t) = Sy(t) + u(y(t)), y(0) = y0 = P−1x0, t ∈ [0, T ], (1.2)

where
u(y) = P−1g(Py) + (Ŝ + N̂ − S)y.

The Eq. (1.2) is called the S-transformed system.
We apply the Lawson’s transformation y(t) = etSz(t) to (1.2). Then, we have

z′(t) = e−tSu(etSz(t)), z(0) = y(0) = P−1x0, t ∈ [0, T ]. (1.3)

Apply the Euler method to (1.3) and the reverse transformations zn = e−tnSyn to its approx-
imate solution. Then, the G-Euler process

yn+1 = ehS
{
yn + hu(yn)

}
, xn+1 = Pyn+1 (1.4)

is obtained [4, 5].

Since the exponential function ehS of the scalar skew-symmetric matrix S can be exactly
computed by intrinsic functions such as exp , cos and sin [5], the G-Euler process is an
explicit method. If the high order Runge-Kutta methods are applied to (1.3), then the high order
G-Runge-Kutta processes are obtained [4, 5], and they are superior to the G-Euler process.

The G-Euler process is a convergent explicit scheme and in Yu [4] it has been compared with
RKSUITE developed by Brankin, Gladwel and Shampine through several nonlinear systems.
Yu [5] could’t show the merits of the G-Euler process. In this paper, we will show that the
numerical solutions computed by the G-Euler process follow the true solutions to the end, and
its graphs of Lorenz system will be compared with the graphs in Perko [1].

In Section 2, the moving shape of the true solution and the moving shape of the numerical
solution are defined. And these two kinds of moving shapes are classified into three types,
respectively. It is discussed whether the moving shape of the numerical solution matches the
moving shape of the true solution.

We arrive the conclusion that the match or the mismatch is determined by the G-Euler pro-
cess without using the true solutions.

In Section 3, the match rates are sequentially calculated by the G-Euler process. The true
solution of Example 1 is known. It is shown that if the minimum match rate is near 100%, then
the numerical solutions follow the true solutions to the end. This is also confirmed at Case 2-1
in Example 2 which is Lorenz system.

In Case 2-2 of Example 2, the projections obtained by the classical Runge-Kutta forth-order
method are different from the projections obtained by the G-Euler process. These Runge-
Kutta’s projections are similar to the projections in Perko [1]. However, there is no basis for
claiming that the Perko’s projections are reliable. On the other hand, if the minimum match
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rate is near 100%, then the graphs obtained by the G-Euler process are reliable more than the
graphs in Perko [1].

2. THE MOVING SHAPE OF TRUE SOLUTIONS AND THE MOVING SHAPE OF NUMERICAL
SOLUTIONS

Let us consider the problem (1.1) in the X-space and the problem (1.2) in the Y-space. In
the Y-space, we use the Euclidean inner product < ·, · >, the corresponding vector norm

∣∣ · ∣∣
and the related matrix norm | · |.

In the X-space, we use the transformed inner product < ·, · >P [6] defined by

< ζ1, ζ2 >P=< P−1ζ1, P
−1ζ2 > .

Then, the corresponding vector norm
∣∣·∣∣
P

and the related matrix norm | · |P are respectively
given by ∣∣ζ∣∣

P
=
∣∣P−1ζ∣∣ and |A|P = |P−1AP |.

2.1. Definitions. Let us consider only two adjacent true solutions x(t) and x(t) of (1.1).
Their initial values are x0 and x0, respectively. Since their corresponding true solutions y(t)
and y(t) of the S-transformed system (1.2) are related by y(t) = P−1x(t) and y(t) =
P−1x(t), it follows that

y0 = P−1x0, y0 = P−1x0 and
∣∣x(t)− x(t)

∣∣
P
=
∣∣y(t)− y(t)

∣∣.
Let’s assume that we know the true solutions y(t) and y(t) first. And we define the func-

tions ν : [0, T ]→ R and L : [0, T ]→ R differently from in Yu [5] as follows:

ν(t) ≡ < u(y(t))− u(y(t)),y(t)− y(t) >∣∣y(t)− y(t)
∣∣2 , (2.1)

L(t) ≡
∣∣u(y(t))− u(y(t))

∣∣∣∣y(t)− y(t)
∣∣ . (2.2)

Since the problem (1.1) is well-posed, the true solutions y(t), y(t) and the functions ν(t),
L(t) are continuous.

Let us introduce the function

φ(t) ≡ |y(t)− y(t)|2.

The derivative of φ is given by

φ′(t) = 2 < y′(t)− y′(t), y(t)− y(t) >

= 2 < {Sy(t) + u(y(t))} − {Sy(t) + u(y(t))}, y(t)− y(t) >

= 2{< S(y(t)− y(t)),y(t)− y(t) > + < u(y(t))− u(y(t)), y(t)− y(t) >}

and it follows that φ satisfies the differential equation

φ′(t) = 2(α+ ν(t))φ(t), t ∈ [0, T ], φ(0) = |y0 − y0|2.
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Multiplication of both sides with

η(t) = e−2
∫ t
0 (α+ν(τ))dτ

leads to the equality
d

dt
(φ(t)η(t)) = 0.

This implies that ∣∣y(tn+1)− y(tn+1)
∣∣∣∣y(tn)− y(tn)

∣∣ = e
∫ tn+1
tn

(α+ν(τ))dτ ≡ κ(tn). (2.3)

Let’s consider a fixed step tn . Since ν(t) is a continuous function, there exists a maximum
real number h0tn so that the followings hold for all t ∈ (tn, tn + h0tn).

α+ ν(tn) < 0 =⇒ α+ ν(t) < 0, (2.4)

α+ ν(tn) > 0 =⇒ α+ ν(t) > 0, (2.5)

α+ ν(tn) = 0 =⇒


α+ ν(t) < 0,

α+ ν(t) = 0,

α+ ν(t) > 0.

(2.6)

Here, h0tn is determined according to the step tn and the graph of α + ν(t). From now on,
h0tn will be written as h0n. The number h0n is the maximum step size at the step tn .

We determine the step tn+1 as follows:

tn+1 ≡ tn + h and h < h0n. (2.7)

Then, the followings are derived from (2.3), (2.4), (2.5) and (2.6)

α+ ν(tn) < 0 =⇒ κ(tn)− 1 < 0, (2.8)

α+ ν(tn) > 0 =⇒ κ(tn)− 1 > 0, (2.9)

α+ ν(tn) = 0 =⇒ κ(tn)− 1 S 0. (2.10)

From (2.3), (2.8), (2.9) and (2.10), the moving shape of true solutions y(tn) and y(tn) is
classified by the sign of α+ ν(tn) (see p.17 in [6]).

Definition 2.1. If

h < h0n and α+ ν(tn) < 0 {> 0, = 0, resp. },

then two true solutions y(tn) and y(tn) behave contractive { expansive, parallel, resp. }
along increasing t ∈ (tn, tn+1). In this case, we will simply say that the moving shape of the
true solution y(t) is contractive (expansive, parallel, resp.) at the step tn.
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In the G-Euler process, the following is derived from (1.4), (2.1), (2.2) and |ehS | = eαh.
Where, the step size h is determined by (2.7).

|yn+1 − yn+1|2 = |ehS
{
yn + hu(yn)

}
− ehS

{
yn + hu(yn)

}
|2

= e2αh|
{
yn − yn

}
+ h
{
u(yn)− u(yn)

}
|2

= e2αh{1 + 2νn(h)h+ Ln(h)
2h2}|yn − yn|2,

where νn(h) and Ln(h) are approximations of ν(tn) and L(tn) , and given by

νn(h) ≡
< u(yn)− u(yn),yn − yn >∣∣yn − yn

∣∣2 , (2.11)

Ln(h) ≡
∣∣u(yn)− u(yn)

∣∣∣∣yn − yn
∣∣ . (2.12)

Hence, we have ∣∣yn+1 − yn+1

∣∣∣∣yn − yn
∣∣ = eαh

√
1 + 2νn(h)h+ Ln(h)2h2 ≡ κn(h). (2.13)

From (2.13), the moving shape of numerical solutions yn and yn is classified by the sign
of κn(h)− 1.

Definition 2.2. If

h < h0n and κn(h)− 1 < 0 {> 0, = 0, resp. },

then two numerical solutions yn and yn behave contractive { expansive, parallel, resp.} along
increasing t ∈ (tn, tn+1). In this case, we will simply say that the moving shape of the numer-
ical solution yn is contractive (expansive, parallel, resp.) at the step tn.

From Definition 2.1 and Definition 2.2, we have

Definition 2.3. If for h < h0n ,

(α+ ν(tn))(κn(h)− 1) > 0 (2.14)
or

α+ ν(tn) = 0 and κn(h)− 1 = 0,

then the moving shape of the numerical solution yn(h) matches the moving shape of the
true solution y(tn) at the step tn .

Here, the moving shape of the true solution y(tn) and the moving shape of the numerical
solution yn(h) will be collectively called the two kinds of moving shapes at tn .
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2.2. The G-Euler process. We execute duplicately the G-Euler process with adjacent initiale
values y0 and y0 . Then, yn , yn , νn(h) , Ln(h) and κn(h) are calculated by (1.4), (2.11),
(2.12) and (2.13).

In order to check the ability of the G-Euler process, we define two functions as follows:

ψ(h) ≡ 1 + 2νn(h)h+ Ln(h)
2h2 and ζ(h) ≡ e−2αh.

Then, κn(h) can be written as

κn(h) =
√
ζ(h)−1ψ(h).

Since ψ(0) = ζ(0) = 1 , d
dhψ(h) = 2νn(h) + 2Ln(h)

2h and d
dhζ(h) = −2αe

−2αh , two
functions ψ(h) and ζ(h) intersect at the point (0, 1) and the slopes of their tangents at the
point (0, 1) are

d

dh
ψ(0) = 2νn(h) and

d

dh
ζ(0) = −2α.

For the following Case (1), (2) and (3), let us take a look for the graphs of ψ(h) and ζ(h)
near the intersection point (0, 1). Figure 1 is a sample graph of ψ and ζ for Case (1).
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FIGURE 1. A sample graph of ψ and ζ for Case (1).

(1) If α + νn(h) < 0 , then d
dhψ(0) <

d
dhζ(0). Therefore, as shown in Fig. 1, there is a

real number h0 such that for all h ∈ (0, h0),

ψ(h) < ζ(h) i.e. κn(h) =
√
ζ(h)−1ψ(h) < 1.

Taken together, if α+ νn(h) < 0 and h < h0 , then κn(h)− 1 < 0.
(2) If α + νn(h) > 0 , then d

dhψ(0) >
d
dhζ(0). Hence, there is a real number h0 such

that for all h ∈ (0, h0),

ψ(h) > ζ(h) i.e. κn(h) =
√
ζ(h)−1ψ(h) > 1.

Taken together, if α+ νn(h) > 0 and h < h0 , then κn(h)− 1 > 0.
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According to Case (1) and Case (2), we found that the G-Euler process compares h
and h0 , and determines the sign of (α+ νn(h))(κn(h)− 1) as follows:

h < h0 =⇒ (α+ νn(h))(κn(h)− 1) > 0 (2.15)

h > h0 =⇒ (α+ νn(h))(κn(h)− 1) < 0. (2.16)

Here, h0 is regarded as an approximation of h0n defined in (2.4), (2.5) and (2.6). h0
and h0n are virtual values those are not calculated. However, the inequality (2.15) or
(2.16) is automatically determined when runing the G-Euler process.

(3) If α+ νn(h) = 0 , then d
dhψ(0) =

d
dhζ(0). Therefore, h0 = 0.

From Case (1), Case (2) and Case (3), the following is derived:

α+ νn(h) −→ 0 =⇒ h0 −→ 0. (2.17)

2.3. Match and Mismatch. So far we have considered only one fixed step tn . From now
on, we will discuss whether the two kinds of moving shapes match or mismatch at N steps
defined as

tn = nh, n = 1, 2, 3, · · · , N.
Here, h is a given fixed step size and N is a largest natural number such as hN ≤ T.

Let us apply duplicately the G-Euler process (1.4) to the S-transformed system (1.2) with
adjacent initial values y0 = y(0) and y0 = y(0). For convenience, let y0 be

y0 ≡ θy0 (θ 6= 1).

Then the G-Euler process calculates sequentially

yn, yn, νn(h), Ln(h), κn(h), n = 1, 2, 3, · · · , N.
Since the G-Euler process is a convergent scheme, the graph of α + νn(h) approaches the

graph of α+ ν(t) when the step size h decreases. See Fig. 2 (a).
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FIGURE 2. The signs of α+ ν(tn) and α+ νn(h) are the same for all steps in the non-zero region.
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Let us consider the points zi and tzi such as

α+ ν(zi) = 0 and α+ νzi(h) = 0.

Here, tzi is the value of t corresponding to t = zi , and νzi(h) represents an approximation
of ν(tzi) .

The points zi and tzi are called the zero points, where zi and tzi may not be steps. An
interval [tzi, zi] or [zi, tzi] is called the zero region, and the part except zero regions is called
non-zero region. See Fig. 2. Since the G-Euler process is a convergent scheme, as the step size
decreases, all zero regions decrease.

As you can see from Fig. 2 (b), the signs of α+ ν(tn) and the signs of α+ νn(h) equal at
all steps tn in the non-zero region and do not equal at all steps tn in the zero region. So the
sign of (α + ν(tn))(κ(tn) − 1) in (2.14) is equal to the sign of (α + νn(h))(κn(h) − 1) in
(2.15) or (2.16) at all tn of the non-zero region.

In non-zero region, according to the big or small relationship between h and h0 , the match
or the mismatch is determined by the G-Euler process without using the true solution.

The zero regions are around the zero points tzi , and the following holds from (2.17).

tn −→ tzi =⇒ α+ νn(h) −→ 0 =⇒ h0 −→ 0.

When passing through a zero point tzi , we consider the following steps and their maximum
step sizes.

... < tn−2 <tn−1 < tn ≤ tzi < tn+1 < tn+2 < ....

... h0n−2, h0n−1, h0n, h0n+1, h0n+2, ....

Then, some of the steps belong to the zero region and some of these maximum step sizes are
less than the fixed step size h . This is where the mismatch arises.

Even in zero region and around of zero points, the match or the mismatch is determined by
the G-Euler process without using the true solution.

In this way, the G-Euler process determines matches or mismatches in turn from n = 1 to
n = N .

2.4. Application. Table 1 shows the signs of α+ νn(h) and κn(h)− 1 at the steps ..., tn−2 ,
tn−1 , tn, tn+1 , tn+2 , ... , which is passing through the zero point tzi as the above. Type A,
Type B, Type C, ... stand for the various types of mismatches arised at passing through the zero
point. Type A, Type B, Type C, ... have 0, 1, 2, ... mismatches, respectively. In some cases,
there may be more mismatches.

Let us look at the results of Case 2-1 of Example 2 in the next section. Here, h = 0.0001
and 0 ≤ t ≤ 3 .

Figure 3 is the graph of α + νn(0.0001) . In Fig. 3, there are 17 zero points tzi and
they are roughly as follows: tzi = 0.1196(A), 0.3598(A), 0.4372(A), 0.5013(A), 0.8258(C),
1.0277(B), 1.1174(A), 1.1888(B), 1.4457(A), 1.7294(B), 1.8180(A), 1.8964(A), 2.1822(A),
2.3938(A), 2.4867(A), 2.5707(B) and 2.8425(B).
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FIGURE 3. Graph of α+ νn(h) of Case 2-1 in Example 2 for 0 ≤ t ≤ 3 with h = 0.0001.

Of these 17 zero points, 11 are Type A, 5 are Type B and 1 is Type C. There are seven
mismatches. The mismatches may occur when passing the zero point tzi , but passing the zero
point tzi does not necessarily result in a mismatch.

In this example, the time T is finite, the number of zero points is finite, and the number
of mismatches around each zero point is finte. Therefore, the number of all mismatches is
finite and they are dispersed. When the step size decreases, the number of mismatches does not

TABLE 1. The various types of mismatches passing through the zero point tzi. Here tn−1 < tn ≤
tzi < tn+1 < tn+2. See (2.15) and (2.16).

Type T ime α+ νk(h) κk(h)− 1 α+ νk(h) κk(h)− 1

A tn + + − −
A tn+1 − − + +

B tn + + − −
B tn+1 + − + −
B tn+2 − − + +

B tn + + − −
B tn+1 − + − +
B tn+2 − − + +

C tn−1 + + − −
C tn + − + −
C tn+1 + − + −
C tn+2 − − + +

C tn−1 + + − −
C tn − + − +
C tn+1 − + − +
C tn+2 − − + +
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change significantly (see Table 2). And the projections on the (x1, x3)-plane of solution curves
approach a constant one, i.e. a true solution (see Fig. 8 (a), (b), (c) and (d)). That is,

The numerical solutions obtained by the G-Euler process follow the true solutions to the
end.

In order to confirm this fact, we will discuss the match rate in the next section.

3. THE MATCH RATE OF MOVING SHAPES

The G-Euler process calculates the followings in turn from n = 1 to n = N .

yn, yn, νn(h), Ln(h), κn(h).

Let n be fixed and let K(tn, h) be the number of k such that for all 1 ≤ k ≤ n
(α+ νk(h))(κk(h)− 1) > 0

or

α+ νk(h) = 0 and κk(h)− 1 = 0.

Then, K(tn, h) is the number of times that two kinds of moving shapes match from k = 1
to k = n. In this case, K(t1, h), K(t2, h), K(t3, h), ... are caculated sequentially by the
G-Euler process up to K(tN , h) .

We introduce the following definitions.

Definition 3.1. The match rate R(tn, h) at tn is defined by

R(tn, h) ≡
K(tn, h)

n
× 100%.

The minimum match rate Rmin(h) is defined by

Rmin(h) ≡
N
min
n=1

R(tn, h).

The match rates are also calculated by the G-Euler process without using true solutions.
In order to survey the role of the match rate, we will apply the G-Euler process to the two

examples. The true solution of Example 1 is known. REmax(h) and REmin(h) represent the
maximum relative error and the minimum relative error, respectively. These relative errors are
measured by the Euclidean norm in the Y-space. The true solution of Example 2 is unknown.

The program is compiled using Visual FORTRAN and it is executed by a personal computer.

TABLE 2. The number of zero points, the number of mismatches and the minimum match rates for
Case 2-1 of Example 2 of the next section. Here, 0 ≤ t ≤ 3.

h Zero points A-Type B-Type C-Type Mismatch Rmin(h) .
0.01 19 13 5 1 7 97.0827 %
0.001 17 9 8 0 8 99.1667 %

0.0001 17 11 5 1 7 99.9664 %
0.00001 17 10 7 0 7 99.9916 %
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Example 1. Consider the nonlinear autonomous system (cf. Yu [4]).

x′1 = −2x1 − (2 + ε)x2 + εx3 + (x1 + x2)(x1 + x2 − x3),
x′2 = 4x1 + (4 + ε)x2 − (2 + ε)x3 − (x1 + x2)(x1 + x2 − x3),
x′3 = 4x1 + 4x2 − 2x3.

(3.1)

Here, x1(0) = 2 + 1
16+ε2

, x2(0) = −3− 1
16+ε2

, x3(0) = −2 and its true solution is

x1(t) = cos(2t) + sin(2t) + exp(εt) +
1

16 + ε2
(cos(4t)− 4 sin(4t)),

x2(t) = −2 cos(2t)− exp(εt)− 1

16 + ε2
(cos(4t)− 4 sin(4t)),

x3(t) = −2 cos(2t).

At the equilibrium point 0, Jacobian matrix J = ∂
∂x f(0), its eigenvector matrix P and its

eigenvalues λ are given as follows:

J =

−2 −2− ε ε
4 4 + ε −2− ε
4 4 −2

 ; P =

 1 0 1
−1 1 −1
−1 1 0

 ;

λ = ±2i and ε .

Using the linear transformation x = Py , the problem (3.1) in the X-space becomes the
following problem in the Y-space.

d

dt

y1y2
y3

 =

0 −2 0
2 0 0
0 0 ε

y1y2
y3

+

 0
0

y1y2

 ,

y1(0)y2(0)
y3(0)

 =

 1
−1

1 + 1
16+ε2

 .

Since the maximum of the real parts of eigenvalues is α = max{0, ε} , the S-transformed
system (1.2) is given by

d

dt

y1y2
y3

 =

α −2 0
2 α 0
0 0 α

y1y2
y3

+

 −αy1
−αy2

(ε− α)y3 + y1y2

 .

Case 1-1 : ε = 1 (> 0), θ = 1.5 and T = 150 .
The graphs of α+ νn(0.0001) and R(tn, 0.0001) are given in Fig. 4.

(1) There is only one zero point tzi (see Fig. 4 (a)).

(2) The minimum match rate is near 100% (Rmin(0.0001) = 99.9686% ).

(3) The match rates converge to 100% (see Fig. 4 (b)).

For the G-Euler process, Table 3 shows that if the step size decreases, then the minimum
relative errors approach 0 and the minimum match rates approach 100%. Figure 5 (a), (b), (c)
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(a) Graph of α+ νn(0.0001). (b) Graph of the match rate R(tn, 0.0001) .

FIGURE 4. Graphs for Case 1-1 of Example 1.
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(c)h = 0.001 and Rmin(0.001) = 100% (d) h = 0.0001 and Rmin(0.0001) = 99.9686%

FIGURE 5. Solution curves of true solutions and numerical solutions obtained by the G-Euler process
for Case 1-1. Here, 0 ≤ t ≤ 150. The black line is the true solution curve and the blue line is the numerical
solution curve.

and (d) show that when the step size h approaches 0, the numerical solutions obtained by the
G-Euler process approach the true solution. That is,

If the minimum match rate is near 100%, then the numerical solutions follow the true solu-
tions to the end.
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TABLE 3. Maximum relative errors, minimum relative errors and minimum match rates for Case 1-1.
Here, ε = 1.0 , θ = 1.5 and T = 150.

Euler Method G-Euler Process
h REmax(h) REmin(h) REmax(h) REmin(h) Rmin(h)

2.0 0.38709E+110 0.57422E+00 0.11565E+65 0.14032E+01 0.0000 %
1.0 0.19612E+77 0.48414E+00 0.95531E+00 0.94111E+00 0.0000 %
0.5 infinity 0.38021E+00 0.37476E+00 0.27459E+00 100.0000 %
0.1 infinity 0.16035E-01 0.70661E-01 0.62362E-02 100.0000 %

0.01 infinity 0.16010E-03 0.70660E-02 0.50227E-04 96.9697 %
0.001 infinity 0.16011E-05 0.70650E-03 0.49139E-06 100.0000 %
0.0001 infinity 0.16011E-07 0.70649E-04 0.49032E-08 99.9686 %

0.00001 infinity 0.16011E-09 0.70649E-05 0.49022E-10 99.9969 %
0.000001 infinity 0.16011E-11 0.70650E-06 0.49039E-12 99.9997 %

In Table 3, Rmin(0.5) , Rmin(0.1) and Rmin(0.001) are all 100%. If h1 > h2 and
Rmin(h1) = 100% , then Rmin(h2) is 100% or near 100%. Rmin(h) = 100% means that
the numerical solutions and the true solutions have the same moving shapes at all steps, not
that the numerical solutions are exact.

The numerical solution curves obtained by the Euler method and the classical Runge-Kutta
fourth-order metod do not follow the true solution curve.
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(a) Graph of α+ νn(0.001). (b) Graph of the match rate R(tn, 0.001) .

FIGURE 6. Graphs for Case 1-2 of Example 1.
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FIGURE 7. Solution curves of true solutions and numerical solutions for Case 1-2. Here, h = 0.01
and 0 ≤ t ≤ 70. The black line is the true solution curve and the blue line is the numerical solution curve.

Case 1-2 : ε = −0.5 (< 0), θ = −0.8 and T = 1000 .
The graphs of α+ νn(0.001) and R(tn, 0.001) are given in Fig. 6.

(1) There are many zero points tzi (see Fig. 6 (a)).

(2) The minimum match rate is near 100% (Rmin(0.001) = 99.9286% ).

(3) The match rates do not converge to 100%, but are near 100%
(see Fig. 6 (b)).

For the G-Euler process, Table 4 shows that if the step size decreases, then the minimum
relative errors approach 0 and the minimum match rates approach 100%.

If the minimum match rate is near 100%, then the match rates converge to 100%(see Fig. 4 (b))
or approach 100%(see Fig. 6 (b)). This means that the numerical solutions obtained by the G-Euler
process approach the true solutions as the step size approaches zero (see Fig. 5 and Fig. 7 (b)). We will
express as

If the minimum match rate is near 100%, then the numerical solutions follow the true solutions to the
end.

TABLE 4. Maximum relative errors, minimum relative errors and minimum match rates for Case 1-2.
Here, ε = −0.5 , θ = −0.8 and T = 1000.

Euler Method G-Euler Process
h REmax(h) REmin(h) REmax(h) REmin(h) Rmin(h)

2.0 infinity 0.52361E+01 0.14909E+01 0.14300E-02 72.1429 %
1.0 infinity 0.17526E+01 0.76269E+00 0.17684E-02 63.7000 %
0.1 infinity 0.16924E-01 0.41646E-01 0.70137E-06 93.6666 %
0.01 0.39624E+17 0.29131E-03 0.95187E-01 0.82868E-06 99.3669 %

0.001 0.11195E+02 0.25957E-04 0.10042E+00 0.63728E-07 99.9286 %
0.0001 0.24806E+00 0.26082E-05 0.10094E+00 0.31212E-07 99.9937 %
0.00001 0.10100E+00 0.26099E-06 0.10099E+00 0.24496E-07 99.9993 %
0.000001 0.10100E+00 0.26101E-07 0.10100E+00 0.35884E-08 99.9999 %
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TABLE 5. Minimum match rates Rmin(h) for Case 2-1. Here, µ = 470/19 , θ = 0.8 and 0 ≤ t ≤ 100.

h Rmin(h) h Rmin(h)
0.01 97.0827 % 0.0001 99.9664 %
0.005 98.6545 % 0.00005 99.9835 %
0.001 99.1667 % 0.00001 99.9916 %
0.0005 99.5833 % 0.000001 99.9992 %

Figure 7 (a) shows that the numerical solution curve obtained by the Euler method does not follow
the true solution curve. However, when the step size is reduced, the numerical solution follows the true
solution.

Example 2. Consider the Lorenz system (see p.335 in Perko [1]):

d

dt
x1 = 10(x2 − x1), x1(0) = 1,

d

dt
x2 = µx1 − x2 − x1x3, x2(0) = −3,

d

dt
x3 = x1x2 −

8

3
x3, x3(0) = 5

depending on the parameter µ with µ > 0. These equations are symmetric under the transformation
(x1, x2, x3)→ (−x1,−x2, x3).

At the equilibrium point 0, we find the Jacobian matrix J = ∂
∂x f(0), its eigenvector matrix P , its

eigenvalues λ and the scalar skew-symmetric matrix S as follows:

J =

−10 10 0

µ −1 0

0 0 −8/3

 ; P =

 10 10 0
9+δ
2

9−δ
2 0

0 0 1

 ;

λ = −11

2
±
√
81 + 40µ

2
, −8

3
; S = αI ,

where δ =
√
81 + 40µ and α = − 11

2 + δ
2 is the maximum of real parts.

Using the linear transformation x = Py, the Lorenz system turns into the S-transformed system
(1.2):

d

dt

y1y2
y3

 = α

y1y2
y3

+ u(

y1y2
y3

),

where

u(

y1y2
y3

) =

 − 10
δ (y1 + y2)y3

−δy2 + 10
δ (y1 + y2)y3

3−δ
2 y3 + 5(y1 + y2)

(
(9 + δ)y1 + (9− δ)y2

)
 .
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(a) h = 0.01, Rmin(h) = 97.0827% (b) h = 0.001, Rmin(h) = 99.1667%
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(c) h = 0.0001, Rmin(h) = 99.9664% (d) h = 0.00001, Rmin(h) = 99.9916%

FIGURE 8. Projections of solution curves on the (x1, x3)-plane computed by the G-Euler process
with step sizes h = 0.01 , 0.001 , 0.0001 and 0.00001. Here, µ = 470/19, θ = 0.8 and 0 ≤ t ≤
10.

Case2-1 : µ = 470/19, θ = 0.8 and T = 100 .

The minimum match rates for each step size are given in Table 5. Figure 8 shows the projections
on the (x1, x3)-plane of solution curves computed by the G-Euler process with step sizes h = 0.01,
0.001, 0.0001 and 0.00001. Here, 0 ≤ t ≤ 10.

When h approaches 0 , Rmin(h) approaches 100% and the projections obtained by the G-Euler
process approach a fixed one (see Fig. 8). This fixed one can only be a true projection. In other words,
if the minimum match rates approach 100%, then the numerical solutions approach the true solution.

The projections obtained by the Euler method and the classical Runge-Kutta forth-order method are
different from the projections in Fig. 8.

Case 2-2 : h = 0.0001 , θ = 0.5 and 45 ≤ t ≤ 50. .

Let us consider the four cases (a) µ = 130 , (b) µ = 147.5 , (c) µ = 160 and (d) µ = 216.2 .
Figure 9 shows projections of solution curves on (x1, x3)-plane computed by the G-Euler process

with the step size h = 0.0001. Their minimum match rates are Rmin(0.0001) = (a) 99.8673%, (b)
99.8127%, (c) 99.6743%, (d) 99.6689% and for h = 0.00001 , Rmin(0.00001) = (a) 99.9867%, (b)
99.9813%, (c) 99.9782%, (d) 99.9502%, i.e., near 100%.
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FIGURE 9. Projections of solution curves on (x1, x3)-plane computed by the G-Euler process with
h = 0.0001. Here, θ = 0.5 and 45 ≤ t ≤ 50.

Hence, their numerical solutions follow their true solutions to the end, respectively. That is, Fig. 9
(a), (b), (c) and (d) are reliable.

We can see that the minimum match rate indicates the reliability of the numerical solution calculated
by the G-Euler process.

Figure 10 shows projections of solution curves on (x1, x3)-plane computed by the classical Runge-
Kutta forth-order method. These projections are similar to the projections in Perko [1]. But they are
different from the projections in Fig. 9 obtained by the G-Euler process.

There is no basis for claiming that Runge-Kutta’s projections and Perko’s projections are reliable.
On the other hand, if the minimum match rate is near 100%, then the numerical solution is reliable.

4. CONCLUSION

The G-Euler process is an explicit and convergence scheme. The present work shows whether the
moving shapes of numerical solutions computed by the G-Euler process match the moving shapes of
true solutions. The match rates are calculated without using true solutions and the minimum match rate
indicates the reliability of the numerical solution.

We got to know that the closer the minimum match rate is 100% , the more closely the numerical
solutions follow the true solutions to the end. That is, if the minimum match rate is near 100%, then the
numerical solution is reliable

After all, we can trust the graphs obtained by the G-Euler process more than the graphs in Perko [1].
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FIGURE 10. Projections of solution curves on (x1, x3)-plane computed by the classical Runge-Kutta
forth-order method with h = 0.0001. Here, θ = 0.5 and 45 ≤ t ≤ 50.
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