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ABSTRACT. This study formulates a new geometric parameterization scheme to effectively
address numerical analysis subject to the variation of the fiber radius of a square unit cell.
In particular, the proposed mesh-morphing approach may lead to a parameterized weak form
whose bilinear and linear forms are affine in the geometric parameter of interest, i.e. the fiber
radius. As a result, we may certify the reduced basis analysis of a square unit cell model for
any parameters in a predetermined parameter domain with a rigorous a posteriori error bound.
To demonstrate the utility of the proposed geometric parameterization, we consider a two-
dimensional, steady-state heat conduction analysis dependent on two parameters: a fiber radius
and a thermal conductivity. For rapid yet rigorous a posteriori error evaluation, we estimate a
lower bound of a coercivity constant via the min-θ method as well as the successive constraint
method. Compared to the corresponding finite element analysis, the constructed reduced basis
analysis may yield nearly the same solution at a computational speed about 29 times faster
on average. In conclusion, the proposed geometric parameterization scheme is conducive for
accurate yet efficient reduced basis analysis.

1. INTRODUCTION

In material science and engineering, multi-scale analysis is commonly used for the eval-
uation of the macroscopic properties of composites. Typically, the accuracy of macroscopic
analysis heavily relies on that of microscopic analysis based on a representative volume el-
ement, such as a unit cell configuration [1]. In the literature, a couple of studies suggested
that a fiber volume fraction considerably affects the material behaviors of a composite. For
example, Siva et al. [2] and Hui Wang et al. [3] employed the boundary element method and
the finite element (FE) method to glean insights into the relationship between fiber volume
ratios and composites properties. These two previous studies had to construct a new FE model
by re-meshing a computational domain each time when a fiber radius varies. Obviously, this
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brute-force approach would not be affordable if one has to frequently alter a fiber radius in the
context of a many-query application, such as design optimization or uncertainty quantification.

To effectively address the computational burden of re-meshing a computational domain and
re-constructing an FE model, we may exploit geometric parameterization in conjunction with
the RB method [4, 5, 6]. Regarding the RB analysis of a parameterized unit cell configu-
ration, there are a few precedent studies. Rozza et al. [5] utilized triangular subdomains to
parametrically represent a unit cell configuration with respect to a fiber radius. Thanks to
the affine geometric transformations of this approach, the resultant parameterized weak form
admits affine parametric dependence that facilitates the a posteriori error analysis of an RB
solution. However, this scheme leads to a complex domain decomposition involving a total of
21 subdomains. As such, this geometric parameterization technique may worsen the offline
and online computational performances of RB analysis. Compared to the domain decompo-
sition method of Rozza et al., Hesthaven et al. [4] and Pham [6] also proposed much simpler
approaches inducing a total of four and three subdomains, respectively. Nevertheless, the re-
sultant parameterized weak forms derived with the two schemes have to resort to the empirical
interpolation method (EIM) [7] or the discrete empirical interpolation method (DEIM) [8] to
approximately achieve affine parametric dependence. Therefore, these two geometric parame-
terization methods cannot assist the a posteriori error analysis of an RB solution.

Following up this line of research, we formulate a new geometric parameterization scheme
in connection with RB analysis to effectively modify the fiber radius of a unit cell model for
rapid yet accurate analysis. In particular, the proposed geometric parameterization is conducive
to intrinsically obtaining an affinely-parameterized weak form. Compared with the geometric
parameterization scheme of Rozza et al. [5], our approach results in affine parametric depen-
dence, but it entails much fewer subdomains; thus, it is more efficient for both offline and
online computational processes. In contrast to the geometric parameterization schemes of Hes-
thaven et al. [4] and Pham [6], our approach dispenses with either the EIM or the DEIM; thus
it facilitates the a posteriori error analysis of an RB solution. To demonstrate the utility of the
proposed scheme, we consider a two-dimensional square unit cell configuration in steady-state
heat conduction analysis [3, 9]. For numerical investigation, we examine the accuracy and ef-
ficiency of an RB model based on the proposed scheme in comparison to the two RB models
using other schemes introduced in [5, 6]. Note that we do not consider the geometric parame-
terization approach in [4] for comparative study because this scheme is almost identical to that
in [6].

Overall, the remaining part of this paper proceeds as follows. Section 2 describes the pro-
posed geometric parameterization scheme for a square unit cell along with brief explanations
of the two existing schemes in [5, 6]. Section 3 presents the RB technology as well as the
a posteriori error analysis of an RB solution. Section 4 analyzes the accuracy and efficiency
of RB models built on the proposed and the precedent geometric parameterization schemes.
Section 5 summarizes findings and draws a conclusion.
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2. SHAPE PARAMETERIZATION SCHEME

In this section, we first explain the general strategy of geometric parameterization to benefit
from the RB methods. Subsequently, we formulate a new shape parameterization scheme for a
square unit cell configuration and elucidate decomposing a domain into subdomains, followed
by defining a geometric mapping for each subdomain. Lastly, we introduce other two existing
shape parameterization techniques applicable to the same unit cell configuration.

2.1. General strategy for geometric transformation. Suppose a geometric parameter µg and
its domain Dg such that µg ∈ Dg. To define geometric transformation, we introduce two
domains in relation to a computation domain in Rd: (i) an original domain Ωo(µg) ⊂ Rd
whose shape may change with µg ∈ Dg and (ii) the reference domain Ω = Ωo(µg) ⊂ Rd
whose shape is fixed at the reference parameter µg ∈ Dg. Note that Ωo is µg-dependent,
whereas Ω is µg-independent. To facilitate geometric transformation, we normally decompose
a computation domain into several subdomains that are mutually non-overlapped. Thus, we
may express Ωo(µg) and Ω as follows:

Ωo(µg) =
L⋃
l=1

Ωo
l (µg) and Ω =

L⋃
l=1

Ωl.

For each pair of subdomains Ωo
l (µg) and Ωl, we may define a geometric map Tl such that

Ωo
l = Tl(Ωl;µg) to express a transformation from the reference subdomain Ωl to an original

domain Ωo
l for a given geometric parameter µg. Similarly, we may define an inverse geometric

map T −1
l such that Ωl = T −1

l (Ωo
l (µg)) to express a transformation from an original domain

Ωo
l to the reference subdomain Ωl.
If Tl is affine in µg, we can associate an original-domain spatial coordinate xo ∈ Ωo

l with a
reference-domain spatial coordinate x ∈ Ωl as follows:

xo = Tl(x;µg) = Bl(µg)x+ cl(µg), (2.1)

where Bl : Dg → Rd×d and cl : Dg → Rd are a transformation matrix and a translation vector,
respectively. In general, Bl may change the shape of Ωo

l by scaling, rotation, or shearing,
whereas cl does not modify the shape of Ωo

l and only moves it around in Rd. If Tl is not affine
in µg, we have to draw on the EIM or the DEIM to approximately achieve the affine expression
in Eq. (2.1), which separates µg-dependent terms in Tl. Once we have Tl defined, we may
compose the Jacobian matrix JTl ∈ Rd×d of Tl as follows:

(JTl(x;µg))ij =
∂xoi (x;µg)

∂xj
=
∂(Tl(x;µg))i

∂xj
, where 1 ≤ i, j ≤ d. (2.2)

2.2. Scheme 1: proposed affine domain decomposition. We formulate a geometric param-
eterization scheme based on the affine domain decomposition strategy, depicted in Fig. 1. The
main idea behind this approach is to divide the whole domain into a number of subdomains
formed into basic shapes, such as rectangles and triangles. In detail, our decomposition strategy



NOVEL GEOMETRIC PARAMETERIZATION SCHEME FOR A SQUARE UNIT CELL 199

FIGURE 1. Proposed affine domain decomposition scheme for a square unit
cell configuration

consists of two steps: (i) use a rectangle to isolate a region directly affected by the geometric
parameter of interest; (ii) decompose the other remaining region into a number of rectangles.

Based on the aforementioned strategy, we decompose a two-dimensional square unit cell
configuration as shown in Fig. 1. According to step one, we define a confining rectangle to
isolate a region changing with a fiber radius as the union of the subdomains Ω1 and Ω2. Note
that we separate Ω1 from the isolated rectangle because Ω1 and Ω2 are made of different mate-
rials. By step two, we break down the remaining region into several rectangles. As a result, we
obtain a total of 10 subdomains as delineated in Fig. 1. Note that Ω1 represents the fiber region,
whereas {Ω2, ...,Ω10} indicates the matrix region. Now to account for geometric variation due
to fiber radius change, we go through defining a geometric mapping associated with each of
the 10 subdomains one by one.

2.2.1. Subdomains 1 and 2. Figure 2 illustrates Ω1 and Ω2, both of which are centered at the
origin. Therefore, the two subdomains do not need any translation for geometric transforma-
tion. For the fiber domain Ω1, we only use isotropic scaling to vary the fiber radius. According
to the affine mapping in Eq. (2.1), we represent isotropic scaling T1 of Ω1 by setting the diag-
onal elements of the transformation matrix B1 to a scale factor s, i.e., (B1)11 = (B1)22 = s,
and by setting the other off-diagonal elements to zeros, i.e., (B1)12 = (B1)21 = 0. In our
case, the scale factor s is the ratio of the original radius r to the reference radius r. In sum, the
transformation T1 of Ω1 is affine in x and the the transformation matrix B1 and the translation
vector c1 in Eq. (2.1) are defined as follows:

B1(r) =

r/r 0

0 r/r

 , and c1 =

0

0

 .
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(A) Ω1 (B) Ω2

FIGURE 2. Schematic representation of the subdomains Ω1 and Ω2

Regarding the matrix domain Ω2, although the shape of this subdomain could be considered
to be complex, it needs to be applied with the same transformation of the fiber domain Ω1.
Therefore, the 2 subdomains Ω1 and Ω2 will be scaled simultaneously with the same rate,
and there will be no domain conflicts between them during the shape transformation process.
Similarly, according to Eq. (2.1), the transformation matrix B2 and the translation vector c2 of
subdomains Ω2 is then expressed as follows:

B2(r) =

r/r 0

0 r/r

 , and c2 =

0

0

 .
2.2.2. Subdomains 4, 6, 8, and 10. As shown in Fig. 1, the geometric configuration of the
subdomain Ω4 is similar to that of Ω8 while the geometric configuration of the subdomain Ω6

is identical to that of Ω10. Therefore, for simplicity, we only show the constructing process of
the geometric mappings on subdomains Ω6 and Ω8.

First, the main strategy of constructing the mappings for subdomain Ω6 is to vary the di-
mension of the rectangle based on the changes of the radius. The horizontal length h6, vertical
length v6 of rectangular subdomain Ω6, and half of vertical length v of the unit cell are denoted
in Fig. 3(a). Note that we consider half of vertical length v of the unit cell to be fixed during the
transformation process. Regarding the transformation of horizontal length h6, the applied scale
factor is exactly similar to that of the radius. Indeed, according to Eq. (2.1), we configure the
first diagonal element of the transformation matrix (B6)11 equal to the ratio of original radius
r to the reference radius r. To transform the vertical length v6, the second diagonal element
of the transformation matrix (B6)22 is determined by the ratio of the original state of v6 , i.e.,
v−r to the reference state of v6 , i.e., v−r. In addition, because subdomain Ω6 is not original-
centered, it should be first translated to the origin coordinates O = (0, 0). We define x̂ ∈ R2
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(A) Ω6 (B) Ω8

FIGURE 3. Schematic representation of the subdomains Ω6 and Ω8

as the translated spatial coordinates, and c′6 = [0 v]T a translation vector. For all x ∈ Ω6, the
translation of x to x̂ is expressed as follows:

x̂ = x− c′6.

Subsequently, we perform the aforementioned transformation strategy above and translate it
back to the original position:

xo(r) = B(r)x̂+ c′6 = B(r)(x− c′6) + c′6,

or xo1(r)

xo2(r)

 =

r/r 0

0
v − r
v − r


 x1

x2 − v

+

0

v

 . (2.3)

Lastly, by rearranging Eq. (2.3), we can derive the transformation T6 in a similar form to
Eq. (2.1):

B6(r) =

r/r 0

0
v − r
v − r

 , and c6(r) =

 0

v(r − r)
v − r

 . (2.4)

Second, to parameterize subdomain Ω8, we perform a similar process compared to Ω6 with
a few modifications. Figure 3(b) denotes the horizontal length h8, vertical length v8 of the
rectangular subdomain Ω8 and half of horizontal length h of the unit cell. Note that we consider
half of horizontal length h of the unit cell to be fixed during the transformation process. To
transform the horizontal length h8, we set the first diagonal element of the transformation
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matrix (B8)11 equal to the ratio of original state of h8 , i.e., h− r to the reference state of h8,
i.e., h − r. In the meantime, in the case of subdomain Ω8, we scale the vertical length v8 by
configuring the second diagonal element of the transformation matrix (B8)22 equal to the ratio
of the original radius r to the reference radius r. Lastly, the translation vector c′8 = [h 0]T is
embedded to make the transformation correct. The eventual form of mappings of subdomain
Ω8 based on Eq. (2.1) are derived as follow:

B8(r) =

h− rh− r
0

0 r/r

 , and c8(r) =

h(r − r)
h− r

0

 . (2.5)

FIGURE 4. Schematic representation of the subdomain Ω7

2.2.3. Subdomains 3, 5, 7, and 9. Subdomains {Ω3,Ω5,Ω7,Ω9} are parameterized based on
the combinations and modifications of geometric mappings strategies of subdomains Ω6 and
Ω8. To avoid repetition, we only concentrate on formulating the mappings for the subdomain
Ω7. As shown in Fig. 4, because Ω7 is not original-centered, the translation vector c′7 =
[h v]T is introduced to ensure the effectiveness of the scale transformation. Interestingly, in
subdomain Ω7, the horizontal length h7 and vertical length v7 share the same scaling rate
with the horizontal length h6 of subdomain Ω6 and the vertical length v8 of subdomain Ω8,
respectively. Therefore, as derived earlier in Eqs. (2.4) and (2.5), the first diagonal elements
of the transformation matrix (B7)11 is equal to h−r

h−r while the second diagonal element of the
transformation matrix (B7)22 is equal to v−r

v−r . The final form of geometric mappings is defined
as follows:

B7(r) =


h− r
h− r

0

0
v − r
v − r

 , and c7(r) =


h(r − r)
h− r
v(r − r)
v − r

 .
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We summarize all the transformation matrices and translation vectors corresponding to each
subdomain of the square unit cell model in Table 1. In the proposed scheme, note that all
mappings Tl are affine in x, and the number of parameter-dependent terms in Bl is kept at the
lowest. In addition, all transformation matrices elements in Tl are positive, which leads to the
compatibility of RB models with both the min-θ method and the SCM. We note that the min-θ
method and the SCM are important in the process of a posteriori error analysis described in
Section 3.3. Although the suggested technique is not a generic strategy to parameterizing an
arbitrary unit cell in the purview of the microscopic analysis of the fiber-reinforced composite,
its associated reduced-basis model may balance stability and efficiency when compared to other
existing reduced-basis models, which will be discussed in detail in Section 4.3.2.

TABLE 1. Transformation matricesBl and translation vectors cl of subdomain
Ωl used for scheme 1

Bl cl l m nr/r 0

0 r/r

 0

0

 1,2 - -


h− r
h− r

0

0
v − r
v − r


m

h(r − r)
h− r

n
v(r − r)
v − r

 3,5,7,9
1 for l = 7, 9
−1 for l = 3, 5

1 for l = 5, 7
−1 for l = 3, 9

r/r 0

0
v − r
v − r


 0

n
v(r − r)
v − r

 6,10 -
1 for l = 6
−1 for l = 10.

h− rh− r
0

0 r/r


mh(r − r)

h− r
0

 4,8
1 for l = 8
−1 for l = 4.

-

2.3. Scheme 2: triangle-based affine domain decomposition. Figure 5 describes the triangle-
based affine domain decomposition for the square unit cell. We construct the affine decomposi-
tion and mappings for the square unit cell based on the previous scheme proposed by Rozza et
al. [5]. Following this method, there are 2 significant steps: (i) triangle-based domain decom-
position and (ii) affine mappings construction. In the case of the square unit cell, for simplicity,
we do not apply any domain decomposition to the fiber domain Ω1. Regarding the remaining
subdomains, the first stage is completed when elliptical triangles {Ω2, ...Ω9} are identified,
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FIGURE 5. Triangle-based affine domain decomposition strategy [5]

while the other subdomains {Ω10, ...Ω21} are filled with the standard triangles. Note that a
standard triangle is defined by three straight edges, while an elliptical triangle is constructed by
a combination of two straight edges and an elliptical arc. We refer the readers to [5] for more
details about formulating appropriate transformation matrices and translation vectors. Also,
we record all the transformation matrices and translation vectors corresponding to each subdo-
main of the square unit cell model in Table 3 in Appendix. In summary, the greatest superiority
of the triangle-based domain decomposition [5] is its compatibility with the SCM algorithm
and its wide range of applications on various geometries regardless of shapes. However, this
method might lead to a higher number of subdomains, which in turn reduces the efficiency of
the computation.

FIGURE 6. Non-affine domain decomposition strategy [6]
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2.4. Scheme 3: non-affine domain decomposition. As shown in Fig. 6, the whole domain
Ω is dissected into three subdomains {Ω1,Ω2,Ω3} based on the strategy introduced in [4, 6].
Regarding the geometric parameterization process, the fiber subdomain Ω1 is applied with the
isotropic scaling, while the matrix subdomain Ω3 remains unaffected during the transformation
procedure. To parameterize the subdomain Ω2, the fundamental strategy is to translate each
node of Ω2 on the reference radius r to a specified position r where rmin < r < rmax < rout.
Indeed, the mapping function T2 for Ω2 depend on a specified x-dependent functionf(x; r) that
makes it non-affine in x. Due to the non-affine characteristics, scheme 3 requires the DEIM to
approximately present affine terms from the non-affine ones. Further, we refer readers to [4, 6]
to obtain detailed information on how to construct all transformation matrices and translation
vectors corresponding to each subdomain of the square unit cell model.

3. CERTIFIED REDUCED BASIS ANALYSIS

In this section, we describe RB approximation based on a parameterized weak form and a
posteriori error analysis to certify RB solutions.

3.1. Parameterized weak form. Suppose that we are interested in the solutions of a partial
differential equation (PDE) with respect to the parameters of interest µ ∈ D ⊂ Rp, where D is
a parameter domain. In general, parameters µ can be categorized into two groups: geometric
parameters µg ∈ Dg ⊂ Rg and physical parameters µp ∈ Dp ⊂ Rp; thus, µ = [µg, µp] ∈ D =
Dg ×Dp ⊂ Rg+p. Without loss of generality, we may address the strong form of a PDE on an
original domain Ωo(µg) for a given µ in the form of a weak formulation such that

ao(uo(µ), vo;µ) = fo(vo;µ), ∀vo ∈ Xo(µg) (3.1)

to seek the weak form solution uo(µ) on a Hilbert space Xo(µg) = {vo ∈ H1(Ωo(µg)) |
vo = 0 on ΓDo(µg)}, where ΓDo(µg) is a boundary of the original domain Ωo(µg) on which
a Dirichlet boundary condition is prescribed. In Eq. (3.1), ao : Xo × Xo × D → R and
fo : Xo ×D → R are bilinear and linear forms, respectively, and vo ∈ Xo(µg) is an arbitrary
test function. Note that quantities associated with the original domain Ωo(µg) are denoted with
a superscript (.)o.

With the help of an inverse map T −1 : Ωo(µg)→ Ω, the weak form on the original domain
Ωo(µg) in Eq. (3.1) can be translated into that on the reference domain Ω such that

a(u(µ), v;µ) = f(v;µ), ∀v ∈ X, (3.2)

to find the weak form solution u(µ) ∈ X ≡ Xo(µg), where µg is the reference geometric
parameters. Similar to ao, fo, and vo in Eq. (3.1), a : X×X×D → R and f : X×D → R in
Eq. (3.2) are bilinear and linear forms, respectively, and v ∈ X is an arbitrary test function. If
the bilinear and linear forms a and f in Eq. (3.2) admit affine parametric dependence, we may
split them into parameter-dependent and parameter-independent terms as follows:

Qa∑
q=1

θaq (µ)aq(u(µ), v) =

Qf∑
q=1

θfq (µ)fq(v), ∀v ∈ X, (3.3)
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where θaq (µ) : D → R and θfq (µ) : D → R are parameter-dependent functions, whereas
aq(u(µ), v) : X ×X → R and fq(v) : X → R are parameter-independent bilinear and linear
forms, respectively. Note that we may resort to the EIM to approximate the affine parametric
dependence of a and f in Eq. (3.3) if a and f in Eq. (3.2) do not admit affine decomposition.
Henceforth, we presume an affinely parameterized weak form in Eq. (3.3) to formulate FE
analysis, followed by RB analysis.

3.2. Reduced basis approximation. As the exact solution u(µ) of Eq. (3.3) is hard to find
for practical problems with irregular domains and complex boundary conditions, we seek an
approximation solution uN (µ) on an FE space XN ⊂ X by Garlerkin projection as follows:

Qa∑
q=1

θaq (µ)aq(u
N (µ), vN ) =

Qf∑
q=1

θfq (µ)fq(v
N ), ∀v ∈ XN . (3.4)

Note that an FE solution uN (µ) is spanned by local bases {φi | 1 ≤ i ≤ N} over discretized
elements {Ωh

i | 1 ≤ i ≤ n} such that uN =
∑N

n=1 u
N
i (µ)φi. Now suppose that we are

interested in obtaining uN (µ) with respect to not all, but a restricted parameter domain such
that µ ∈ D.

We assume that we may form an RB {ζi | 1 ≤ i ≤ N} that generates a subspaceXN ⊂ XN
(Note that N � N .). On a reduced space XN of XN , the affinely-parameterized weak form
in Eq. (3.4) turns into

Qa∑
q=1

θaq (µ)aq(u
N (µ), vN ) =

Qf∑
q=1

θfq (µ)fq(v
N ), ∀v ∈ XN ,

where uN (µ) ∈ XN ⊂ XN is an RB approximation of uN (µ) for a given µ ∈ D. To construct
an RB {ζi | 1 ≤ i ≤ N}, we typically utilize the greedy procedure [4, 10] to gradually enlarge
a subspace XN based on training samples ΞRB

train and a tolerance εRB
tol for termination.

3.3. A Posteriori error analysis. The error of an RB solution e(µ) is a difference between FE
and RB solutions such that e(µ) = uN (µ)− uN (µ). To evaluate e(µ), we start with a residual
r(vN ;µ) ∈ (XN )′ defined by

r(vN ;µ) = a(e(µ), vN ;µ) = f(vN ;µ)− a(uN (µ), vN ;µ), ∀vN ∈ X

where (XN )′ is the dual space of XN . According to the Riesz representation theorem, there is
the unique r̂(µ) ∈ XN for r(vN ;µ) ∈ (XN )′ satisfying

(r̂(µ), vN )X = r(vN ;µ), ∀vN ∈ X (3.5)

With the help of r̂(µ) in Eq. (3.5), we may bound theX-norm error of an RB solution ‖e(µ)‖X
from the above as

‖e(µ)‖X ≤
‖r̂(µ)‖X
α(µ)

, (3.6)
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where ‖r̂(µ)‖X is the dual norm of r̂(µ), and α(µ) is a coercivity constant defined by

α(µ) = inf
vN∈XN

a(vN , vN ;µ)

‖vN ‖2X
.

In Eq. (3.6), we can evaluate the dual norm of residual ‖r̂(µ)‖X by offline-online computational
decomposition. However, we cannot evaluate a coercivity constant α(µ) by offline-online com-
putational decomposition because α(µ) is obtained as the smallest generalized eigenvalue re-
sulting from a time-consuming generalized eigenvalue problem.

To address this issue, we introduce a lower bound of a coercivity constant αLB(µ), where
αLB(µ) ≤ α(µ), whose evaluation complies with offline-online computational decomposition.
As a result, we may bound ‖e(µ)‖X in Eq. (3.6) such that

‖e(µ)‖X ≤
‖r̂(µ)‖X
α(µ)

≤ ‖r̂(µ)‖X
αLB(µ)

=: ∆X(µ) (3.7)

and employ ∆X(µ) as a rigorous error estimator of an RB solution. Note that the X-norm
solution error bound ∆X(µ) does not require an FE solution, thus it is computationally af-
fordable even for the online phase. For the evaluation of αLB(µ), we normally employ the
min-θ method [4] or the SCM [11]. In practice, the latter is the de facto standard because it is
applicable to both coercivity and inf-sup constants.

4. NUMERICAL DEMONSTRATION: TWO-DIMENSIONAL STEADY-STATE HEAT
CONDUCTION PROBLEM

In this section, we analyze the steady-state heat conduction of a two-dimensional square unit
cell to examine the utility of our geometric parameterization scheme proposed in Section 2.
For RB analysis, we consider both geometrical and physical parameters. To compare different
geometric parameterization approaches, we construct a total of four RB models based on our
scheme as well as the two existing schemes in [5, 6] using the min-θ method and the SCM for
coercivity constant estimation.

4.1. Problem description. Figure 7 delineates the configuration of a two-dimensional square
unit cell. The computational domain is denoted by Ωo(µg) = (−1, 1) × (−1, 1), and the
boundary is indicated by ∂Ωo. The boundary ∂Ωo consists of four edges such that ∂Ωo =
Γo1 ∪ Γo2 ∪ Γo3 ∪ Γo4, where Γo1 = [−1, 1] × {−1}, Γo2 = {−1} × [−1, 1], Γo3 = [−1, 1] × {1},
and Γo4 = {1} × [−1, 1]. To parameterize the unit cell in Fig. 7, we consider a fiber radius as
a geometric parameter, i.e., µg ≡ r ∈ Dr. We use Ωo

f (µg) to indicate the fiber domain and
Ωo

m(µg) = Ωo(µg)\Ωo
f (µg) to denote the matrix domain. Note that the boundary ∂Ωo is not

affected by geometric transformation, thus ∂Ωo is independent of µg.
The strong form governing equation of steady-state heat conduction for the parameterized

square unit cell depicted in Fig. 7 is written as

−∇o · (ko(µ)∇ouo(µ)) = 0 in Ωo(µg), (4.1)
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FIGURE 7. two-dimensional heat conduction analysis of a square unit cell

where uo(µ) is a temperature,∇o is a gradient on the original domain, and ko(µ) is the isotropic
thermal conductivity such that ko(µ) = kf in Ωo

f (µg) and ko(µ) = km = 1 in Ωo
m(µg), respec-

tively. In summary, our problem is characterized by two parameters: µg is a geometric param-
eter representing the fiber radius of the fiber domain Ωo

f (µg); and µp is a physics parameter
expressing the thermal conductivity ratio kf/km.

To ensure the well-posedness of a heat conduction problem, Islam et al. [9] suggested im-
posing the following boundary conditions on the square unit cell model:

uo(µ) = T1 on Γo2,
uo(µ) = T2 on Γo4,

ko(µ)∇ouo(µ) · no = 0 on Γo1 ∪ Γo3,
(4.2)

where T1 and T2 are specified temperatures (non-homogeneous Dirichlet boundary conditions),
and no is the outer normal vector on the boundary ∂Ωo.

To construct a steady-state heat conduction simulation for RB analysis, we set up a parameter
domain using the ranges of the fiber radius and the thermal conductivity ratio, presented in
Table 2. For a typical composite material, the fiber fraction normally varies from 50% to
60% [12]. In our case, we use Dr = [0.6, 0.9] for the radius domain, which corresponds to the
fiber volume fraction of [28.3, 63.6]%. To lessen mesh distortion due to radius change, we set
the reference radius r to the center of Dr [5], i.e., r = 0.75. As for material properties, the
material of interest is a carbon fiber for which a thermal conductivity ratio between a fiber and
a matrix ranges from 14.0 to 415.0 [13, 14]. For simplicity, we set the thermal conductivity
of a matrix km to 1.0; thus, Dkr = [14.0, 415.0]. As a result, we obtain D = Dr × Dkr =
[0.6, 0.9]× [14.0, 415.0]. To express heat transfer from left to right sides, we use T1 = 1.0 and
T2 = 0.5 for the boundary conditions in Eq. (4.2).
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TABLE 2. Parameters and their domains

Parameter Description Parameter range
µg Fiber radius r Dr = [0.6, 0.9]
µp Thermal conductivity ratio kr Dkr = [14.0, 415.0]

For implementation, we employed a Python module dolfin [15] to create computational
meshes and Python libraries FEniCS [16] and RBniCS [4] to build FE and RB models, respec-
tively. We used first-order triangular elements to discretize the computational domain depicted
in Fig. 7, resulting in 19,500 elements on average. To construct and verify RB models, we
generated train data ΞRB

train and test data ΞRB
test, each of which consists of 100 and 200 random

parameter samples, respectively. Figure 8 delineates the populated train and test samples and
shows particular train samples chosen for RB space generation by different markers.

FIGURE 8. Train data ΞRB
train, test data ΞRB

train, and samples selected by the four
RB models

4.2. Parameterized weak form. To derive the parameterized weak form of Eq. (4.1), we first
introduce two Hilbert function spaces:

Xo
T (µ) = {vo ∈ H1(Ωo(µg)) | vo = T1 on Γ2, v

o = T2 on Γ4},
Xo(µ) = {vo ∈ H1(Ωo(µg)) | vo = 0 on ∂Ω}.

The function space Xo(µ) is equipped with an inner product (·, ·)Xo = a(·, ·;µ) and an
inner-product induced norm ‖(·, ·)‖Xo =

√
(·, ·)Xo , where µ = (0.75, 214.5), which is the

center of D. Next, we multiply Eq. (4.1) by a test function vo ∈ Xo(µ) and utilize integration
by parts over Ωo(µg) to obtain a weak form governing equation. Then, the original parameter-
ized weak form can be stated as follows: for a given µ = (µp, µg), find uo(µ) ∈ Xo

T (µ) such
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that

µp

∫
Ωo

f (µg)
∇ouo(µ) · ∇ovo dΩo +

∫
Ωo

m(µg)
∇ouo(µ) · ∇ovo dΩo = 0, ∀vo ∈ Xo(µ). (4.3)

With the reference parameter µ = (µp, µg), we may define Ω = Ωo(µg), XT = Xo
T (µ), and

X = Xo(µ). By using a geometric mapping T −1 from Ωo to Ω, we can reformulate Eq. (4.3)
on the reference domain Ω as follows: find u(µ) ∈ XT such that

a(u(µ), v;µ) = f(v;µ), ∀v ∈ X, (4.4)

where

a(u(µ), v;µ) = µp

∫
Ωf

∇u(µ) · (g(µg)∇v) dΩ +

∫
Ωm

∇u(µ) · (g(µg)∇v) dΩ,

f(v, µ) = 0,

Here, g(µg) is an effective transformation matrix defined by

g(µg) = (J−1
T (µg))(J

−1
T (µg))

T det(J−1
T (µg)). (4.5)

Note that JT (µg) in Eq. (4.5), defined in Eq. (2.2), is the Jacobian of a mapping T .
Since we cannot perform Galerkin projection of u(µ) ∈ XT onto the same function space

with v ∈ X due to the non-homogeneous Dirichlet boundary conditions, we have to introduce
a lifting function R ∈ XT such that u = w +R, where w ∈ X is a trial function of u(µ) with
respect to the homogeneous Dirichlet boundary condition. Afterwards, we can apply Galerkin
projection to Eq. (4.4) as follows:

a(w, v;µ) + a(R, v;µ) = 0, ∀R ∈ XT and ∀v ∈ X,

or

a(w, v;µ) = f(v;µ), ∀v ∈ X, (4.6)

where

a(w, v;µ) = µp

∫
Ωf

∇w · (g(µg)∇v) dΩ +

∫
Ωm

∇w · (g(µg)∇v) dΩ,

f(v, µ) = −a(R, v;µ), ∀v ∈ X.

Based on the three parameterization schemes in Section 2, we now turn Eq. (4.6) into three
different forms.

In the case of scheme 1 in Section 2.2, we decompose the square unit cell in Fig. 7 into 10
subdomains such that Ω =

⋃10
l=1 Ωl. This scheme induces affine geometric transformations,

thus the effective transformation matrix gl(µg) associated with Ωl is dependent on only µg, i.e.,
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gl(·, µg) = gl(µg). As a result, Eq. (4.6) for scheme 1 becomes

a(w, v;µ) = µp

∫
Ω1

∇w · (g1(µg)∇v) dΩ +

10∑
l=2

∫
Ωl

∇w · (gl(µg)∇v) dΩ,

=

Qa∑
q=1

θaq (µ) aq(w, v),

f(v;µ) = −a(R, v;µ), ∀v ∈ X.
In the case of scheme 2 in Section 2.3, we divide the square unit cell in Fig. 7 into 21 sub-

domains such that Ω =
⋃21
l=1 Ωl. As similar to scheme 1, this scheme entails affine geometric

transformations; thus, gl(·;µg) = gl(µg). As such, Eq. (4.6) for scheme 2 turns into

a(w, v;µ) = µp

∫
Ω1

∇w · (g1(µg)∇v) dΩ +
21∑
l=2

∫
Ωl

∇w · (gl(µg)∇v) dΩ,

=

Qa∑
q=1

θaq (µ) aq(w, v),

f(v;µ) = −a(R, v;µ), ∀v ∈ X.
In the case of scheme 3 in Section 2.4, we break down the square unit cell in Fig. 7 into

3 subdomains such that Ω =
⋃3
l=1 Ωl. Unlike schemes 1 and 2, this scheme involves affine

geometric transformations for Ω1 and Ω3 as well as a non-affine geometric transformations
for Ω2. Hence, the effective transformation matrix g2(µg) related to Ω2 depends on not only
µg but also x, i.e., g2(·;µg) = g2(x;µg). Consequently, we need to hinge on the DEIM [8]
to approximately attain affine parametric dependence such that g2(x, µg) ≈ gDEIM

2 (x;µg) =∑QDEIM
a

q=1 cq(µg)hq(x). Accordingly, Eq. (4.6) for scheme 3 is formed as

a(w, v;µ) = µp

∫
Ω1

∇w · (g1(µg)∇v) dΩ +

∫
Ω2

∇w ·
(
gDEIM

2 (µg)∇v
)

dΩ

+

∫
Ω3

∇w · (g3(µg)∇v) dΩ =

QDEIM
a +2∑
q=1

θaq (µ) aq(w, v),

f(v;µ) = −a(R, v;µ), ∀v ∈ X.

4.3. Results and discussion.

4.3.1. RB model construction. To examine our geometric parameterization scheme in compar-
ison to the two existing schemes in [5, 6], we formed a total of four RB models: (i) “RB w/
scheme 1: min-θ” is an RB model based on scheme 1 using the min-θ method for coercivity
constant estimation in the a posteriori error analysis; (ii) “RB w/ scheme 1: SCM” is an RB
model based on scheme 1 using the SCM for coercivity constant estimation in the a posteriori
error analysis; (iii) “RB w/ scheme 2: SCM” is an RB model based on scheme 2 using the SCM



212 SON HAI LE, SHINSEONG KANG, TRIET MINH PHAM, AND KYUNGHOON LEE

for coercivity constant estimation in the a posteriori error analysis; and (iv) “RB w/ scheme 3”
is an RB model based on scheme 3 incapable of rigorous error estimation as a consequence of
the DEIM.

Before training RB models, we set up options to initiate the min-θ method, the SCM, the
DEIM, and RB generation. First, for the min-θ technique, we chose five parameter samples in
D to evaluate reference coercivity constants. Note that the min-θ method is simpler than the
SCM, but it is only applicable under the following two assumptions [4]: (i) θaq (µ) > 0,∀µ ∈ D, q = 1, ..., Qa
and (ii) aq(·, ·) : XN ×XN → R is semi-positive definite for all q = 1, ..., Qa, where aq(·, ·)
is a bilinear form of Eq. (3.4). Second, for the SCM, we set the SCM tolerance such that
εSCM

tol = 10−2 and the number of SCM training samples such that nSCM
train = 500. The offline

SCM process took 10 and 42 iterations in the cases of “RB w/ scheme 1: SCM” and “RB w/
scheme 2: SCM,” respectively. For the offline SCM process, “RB w/ scheme 2: SCM” re-
quired a greater number of eigenvalue evaluations than “RB w/ scheme 1: SCM” because it
has larger Qa due to a greater number of subdomains. Third, for the DEIM, we set the size of
DEIM training samples nDEIM

train to 100 and the DEIM error tolerance εDEIM
tol to 10−6. The first

five DEIM basis functions were found enough to achieve the targeted DEIM error tolerance.
Fourth, for RB generation, we set the training sample size nRB

train and the RB error tolerance εRB
tol

to 100 and 10−6, respectively.
After arranging all options required for the use of RBniCS, we hierarchically constructed

RB spaces according the greedy algorithm in Section 3.2. For convergence analysis, we mea-
sured a relative maximum error estimate ∆i

rel defined by

∆i
rel(µ) =

max
µ∈ΞRB

train

∆i(µ)

max
µ∈ΞRB

train

∆0(µ)
, (4.7)

where ∆i(µ) and ∆0(µ) are the ith and 0th upper bounds of an RB solution error, respectively,
estimated by the a posteriori error analysis. In Eq. (4.7), ∆0(µ) corresponds to the Riesz
representation of the linear form f(vN ;µ) normalized by a lower bound of a coercivity constant
αLB(µ) such that

∆0(µ) =
‖f̂(vN ;µ)‖X
αLB(µ)

.

Note that we do not require any expensive operations, such as solving an FE system or eval-
uating a generalized eigenvalue problem, to compute ∆i

rel(µ) in Eq. (4.7). After training the
four RB models, we obtained convergence histories depicted in Fig. 9, where ∆i

rel(µ) decreases
monotonically regardless of the four RB models.
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FIGURE 9. Convergence of the greedy algorithm for RB space construction

4.3.2. RB solution error and efficiency. We investigate the accuracy, effectivity, and efficiency
of the four RB models to compare the three different geometric parameterization schemes. Note
that this comparative study is not thoroughly designed since the four RB models do not share
the exactly identical computational mesh. First, for accuracy comparison, we evaluate two
different errors of an RB solution in Eq. (3.7): (i) the true error ‖e‖X = ‖uN (µ) − uN (µ)‖X
with respect to the corresponding FE solution and (ii) an estimated error ∆N (µ) by the a
posteriori error analysis.

We compute the maximums and averages of the true and estimated errors defined by

Max ‖e‖X = max
µ∈ΞRB

test

‖uN (µ)− uN (µ)‖X , Max ∆N = max
µ∈ΞRB

test

∆N (µ),

Average ‖e‖X =
1

nRB
test

∑
µ∈ΞRB

test

‖uN (µ)− uN (µ)‖X , Average ∆N =
1

nRB
test

∑
µ∈ΞRB

test

∆N (µ),

with the 200 test samples ΞRB
test depicted in Fig. 8.

In Fig. 10, we plot the four different error metrics of the four RB models as the dimension
of an RB space N increases. Fig. 10 shows that “RB w/ scheme 1: min-θ”, “RB w/scheme 1:
SCM,” and “RB w/ scheme 2: SCM” meet the convergence criterion after N = 16, whereas
“RB w/ scheme 3” requires N = 18 for the same condition. As for rigorous error estimation,
Figs. 10(a) to 10(c) substantiate that an estimated error ∆N indeed well bounds the true error
‖e‖X as expected by the a posteriori error analysis. For instance, Max ∆N , denoted by the
dotted blue line, always bounds Max ‖e‖X , indicated by the solid blue line, from the above in
the cases of the three RB models using the min-θ method and the SCM. In contrast, Fig. 10(d)
exhibits that an estimated error ∆N sometimes fails to bound the true error ‖e‖X from the
above, implying error estimation is not rigorous. For example, Max ∆N is even lower than
Max ‖e‖X when N = 8 in Fig. 10(d).



214 SON HAI LE, SHINSEONG KANG, TRIET MINH PHAM, AND KYUNGHOON LEE

(A) RB w/ scheme 1: min-θ (B) RB w/ scheme 1: SCM

(C) RB w/ scheme 2: SCM (D) RB w/ scheme 3

FIGURE 10. Maximum absolute errors along with their bounds obtained with ΞRB
test

Second, for effectivity comparison, we evaluate the closeness of an estimated error ∆N to
the true error ‖e‖X by an effectivity index ηN (µ) = ∆N (µ)

‖e(µ)‖X . This effectivity index ηN indi-
cates the sharpness of an estimated error ∆N obtained by the a posteriori error analysis; the
more ηN becomes one, the sharper ∆N is. We compute the values of ηN with the same 200
test samples ΞRB

test in Fig. 8 and draw them using a box-and-whisker plot as shown in Fig. 11.
Figures 11(a) and 11(b) convey that disparate coercivity constant estimation seems not to cre-
ate much difference in the effectivity values because effectivities with the min-θ method in
Fig. 11(a) are more or less the same as those with the SCM in Fig. 11(b) in the case of “RB
w/ scheme 1.” Compared to scheme 2, scheme 1 tends to produce a wider variation in the
effectivity values because effectivities based on scheme 1 in Fig. 11(b) show more spread than
those based on scheme 2 in Fig. 11(c). Note that all the effectivity values in Figs. 11(a) to
11(c) are always greater than one, which indicates rigorous error estimation by the a posteriori
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error analysis. In contrast, the effectivity values in Fig. 11(d) display negative values because
scheme 3 cannot work for rigorous error estimation as a consequence of the DEIM.

(A) RB w/ scheme 1: min-θ (B) RB w/ scheme 1: SCM

(C) RB w/ scheme 2: SCM (D) RB w/ scheme 3

FIGURE 11. Effectivity of error bounds obtained with ΞRB
test

Third, for efficiency comparison, we evaluate the computational times of the four RB models
along with those of the corresponding FE models with the same 200 test samples ΞRB

test in Fig. 8.
For measurement, we use a computer operating on Windows 10 Pro using AMD Ryzen 7
2700X with a 3.7 GHz Eight-Core Processor and 16 GB RAM. Overall, Fig. 12 shows that
the three different schemes result in disparate offline and online computational costs because
they entail different sizes of Qa in Eq. (3.4), which mainly determine computational costs.
For instance, “RB w/ scheme 3” is the most efficient at both offline and online stages because
scheme 3 has the smallest Qa, which is 7. In contrast, “RB w/ scheme 2: SCM” is the least
efficient at both offline and online stages because scheme 2 has the largest Qa, which is 41.
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(A) Offline computation time (B) Online computation time

FIGURE 12. Computation times of the FE and RB models

Compared to “RB w/ scheme 3” and “RB w/ scheme 2: SCM,” “RB w/ scheme 1: min-θ”
and “RB w/ scheme 1: SCM” demonstrate intermediate performance at both offline and online
stages because scheme 1 requires Qa = 14, which is in-between 7 and 41. Regardless of the
four RB models, online RB analysis is much faster than FE analysis. For example, at the online
phase, the two RB models based on scheme 1 necessitate about 0.0057 seconds that is roughly
29 times faster than the corresponding FE analyses. Since the the average dof of the 200 FE
models is about 10, 038, the four RB models achieve significant dof reduction rates that range
approximately between 557 and 627.

In addition to the effect of different schemes on computational efficiency, we investigate the
influence of disparate coercivity constant estimations with “RB w/ scheme 1: min-θ” and “RB
w/ scheme 1: SCM.” Normally, the min-θ approach is more efficient than the SCM at the offline
stage since it requires fewer eigenvalue evaluations. For instance, “RB w/ scheme 1: min-θ”
needs to solve five eigenvalue problems because of m = 5, whereas “RB w/ scheme 1: SCM”
has to address 38 eigenvalue problems as a result of 2×Qa +Kmax = 2× 14 + 10 = 38. As a
consequence, the offline time of “RB w/ scheme 1: SCM” is about 4.8 times higher than that of
“RB w/ scheme 1: min-θ” in Fig. 12(a). However, the online times of “RB w/ scheme 1: min-
θ” and “RB w/ scheme 1: SCM” are more or less the same since solving a linear programing
problem in the online SCM process is affordable.

5. CONCLUSION AND FUTURE WORK

This research devised a new geometric parameterization scheme to rapidly yet accurately
analyze a square unit cell model with respect to fiber radius changes. The proposed technique
may result in a parameterized weak form that inherently admits affine parametric dependence,
thereby supporting the a posteriori error analysis of an RB solution. For illustration, we consid-
ered the steady-state heat conduction analysis of a two-dimensional unit cell, which is parame-
terized in the fiber radius and the thermal conductivity. To delve into the utility of our proposed
scheme, we constructed a total of four RB models: two RB models with scheme 1 using each
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of the min-θ method and the SCM, one RB model with scheme 2 using the SCM, and one RB
model with scheme 3. Here, schemes 1, 2, and 3 refer to our scheme, the scheme in [5], and
the scheme in [6], respectively. After numerical investigation, we collected the results of error
estimation and computational cost in Figs. 11 and 12, respectively.

Regarding the effectivity of error estimation in Fig. 11, scheme 1 guarantees rigorous er-
ror evaluation as similar to scheme 2 because the RB models with schemes 1 and 2 always
produce effectivities larger than one as expected by the a posteriori error analysis. However,
scheme 1 is less effective than scheme 2 for error estimation because it gives larger effectivity
indexes; namely, scheme 1 estimates RB solution errors larger than scheme 2 does. Compared
to scheme 3, scheme 1 entails larger RB solution errors, although it can certify an RB solution
by rigorous error estimation. In fact, scheme 3 induces the most accurate RB solutions because
the RB model with scheme 3 gives the least error variation among the four RB models. As
for the numerical costs in Fig. 12, scheme 1 spends computational times in-between schemes 2
and 3 because it requires a total of 10 subdomains that is more than 3 subdomains required by
scheme 3 but less than 21 subdomains necessitated by scheme 2.

In conclusion, our scheme exhibits intermediate performance among the three schemes; in
other words, it provides a balance between rigorous error estimation and efficient computa-
tional evaluation. For future studies, we may extend our scheme to a three-dimensional config-
uration for the RB analyses of elasticity and thermoelasticity.
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APPENDIX

We summarize all of the transformation matrices and translation vectors related to the geo-
metric parameterization scheme 2 in Table 3.

TABLE 3. Transformation matricesBl and translation vectors cl of subdomain
Ωl used for scheme 2

Bl cl lr/r 0

0 r/r

 0

0

 1,...,9
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h(r − r)
r − r2

0
r − v
r − v



h(r − r)
r − v

h(r − r)
r − v

 10


h− r
h− r

0

−(rv − rv)

r(h− r)
r/r



−h(r − r)
h− r

−(rv − rv)

h− r

 11


h− r
h− r

0

rv − rv
r(h− r)

r/r



−h(r − r)
h− r
rv − rv
h− r

 12

r/r
h(r − r)
rv − r2

0
r − v
r − v



h(r − r)
r − v

−v(r − r)
r − v

 13

r/r
−h(r − r)
rv − r2

0
r − v
r − v



−h(r − r)
r − v

−v(r − r)
r − v

 14


h− r
h− r

0

−(rv − rv)

r(h− r)
r/r



h(r − r)
h− r
v(r − r)
h− r

 15


h− r
h− r

0

v(r − r)
r(h− r)

r/r



h(r − r)
h− r
−v(r − r)
h− r

 16

r/r
h(r − r)
rv − r2

0
r − v
r − v



−h(r − r)
r − v
v(r − r)
r − v

 17
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0
r − v
r − v


 0

v(r − r)
r − v

 18

h− rh− r
0

0 1


−h(r − r)

h− r
0

 19

1 0

0
r − v
r − v


 0

−v(r − r)
r − v

 20

h− rh− r
0

0 1


h(r − r)

h− r
0
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