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ABSTRACT. Exploding gradient is a widely known problem in training recurrent neural networks.
The explosion problem has often been coped with cutting off the gradient norm by some fixed
value. However, this strategy, commonly referred to norm clipping, is an ad hoc approach
to attenuate the explosion. In this research, we opt to view the problem from a different
perspective, the discrete-time optimal control with infinite horizon for a better understanding
of the problem. Through this perspective, we fathom the region at which gradient explosion
occurs. Based on the analysis, we introduce a gradient-explosion-free algorithm that keeps the
training process away from the region. Numerical tests show that this algorithm is at least three
times faster than the clipping strategy.

1. INTRODUCTION

A recurrent neural network (RNN) is a class of deep neural networks in which connections
between nodes are configured as a directed graph along a time sequence. This represents
the information flow where the data maintains neuronal activation from previous time steps,
enabling the RNN to store the past states. The accumulation of the state of the network
instance makes it possible for the model to retain information about the past, enabling it to
discover temporal correlations between data far away from each other. Consequently, RNN
allows processing sequences of variable length and is well suited for modeling time series. For
this reason, RNN has become one of the most powerful deep learning models. It is widely
used in vast domains including language modeling [1, 2, 3] and generating text [4], speech
recognition [5, 6], machine translation [7] and prediction problems [8, 9, 10] etc.

A generic RNN, with input ut and state xt for time step t, is given by

xt = F (xt−1, ut, θ) .

We choose to use the following parametrization for this paper.

Received by the editors August 31 2020; Revised October 30 2020; Accepted in revised form November 8 2020;
Published online December 25 2020.
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FIGURE 1. The architecture of an RNN layer where ut is input and xt is state.

xt =Wxσ (xt−1) +Wuut + b, (1.1)

where Wx is the recurrent weight matrix, Wu is the input weight matrix and b is the bias. The
value for x0 is given by the user, mostly set to zero or learned. A cost functionC =

∑
1≤t≤T Et

participates in the network as a measurement for the performance of the model where Et =
L (xt). Figure 1 illustrates the mechanics of RNN along with unrolled form on the right hand
side.

Dominantly used methodical algorithm for training deep neural networks is the gradient
descent algorithm [11, 12, 13]. It evaluates the gradient of the cost at every step looking
for the next direction of steepest descent, presumably updating the model to arrive at its
point where the cost is minimized. This mechanism of gradient descent algorithm entails
mathematically computing the gradient of the cost with respect to weights. Applying the
derivative chain rule, the calculation proceeds backwards through network. This approach
known as backpropagation is pioneered by David E. Rumelhart [14]. Backpropagation Through
Time, or BPTT, is the implementation of this training operation to RNN by unrolling all input
timesteps.

However, it is well known that there is a critical difficulty in training RNN: gradient explosion.
Introduced by Bengio et al. [15], it refers to an escalation of the gradient norm hindering such
learning process. As the duration of the dependencies to be captured increases, the long term
components grow exponentially. This catastrophe can be visualized by displaying the error
surface of a single hidden unit recurrent network as done by Pascanu et al. [16]. From Fig.
2, one can easily notice the steep wall causing the gradient to explode from extremely large
∇E. Once the gradient bounces off the wall, the learning process is greatly detained for the
gradients to find its own way back.

Gradient norm clipping is one of the most commonly used preventive methods that enforce
an absolute upper bound on the magnitude of the gradient averting the big leap. Yet, this
technique does not approach the problem to its core. It temporally moderates the problem
without analytic identification. Another significant drawback of norm clipping is that it introduces
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FIGURE 2. Visual representation of cost function E (w, b) =

(σ (x50)− σ (xT ))2 where x0 = 0.5, σ (xT ) = 0.7. The arrows depict
trajectories that gradient descent might follow. Notice the gradient jumping
across the valley moving perpendicular to the steep wall that might
significantly disturb the learning process.

an additional hyperparameter, the threshold. Increase of hyperparameters only exacerbates the
training, because the user has to undergo another search for optimal values.

In this article, we inspect on a specific example scrutinized by Pascanu et al .[16], but extend
the analysis to exactly locating at which area the gradient explosion occurs. We accomplish this
by viewing the training of RNN as discrete-time optimal control with infinite horizon instead of
finite horizon. Mathematically analyzing the problematic domain, we delineate the two regions,
one that can prompt the troublesome explosion, and the other that guarantees an absence of such
event. Finally, we propose a gradient-explosion-free algorithm that is empirically validated to
be more effective than the conventional method.

2. PRELIMINARIES

The norm clipping method abates the catastrophe by constituting a limit on the gradient
norm. Nonetheless, it does not resolve the difficulty from thoroughly diagnosing the internal
cause. The main aim of this work is to discover where the gradient explosion emerges, and as
a result, propose a finer solution to avoid catastrophe. In order to achieve this, we apply the
perspective in which training RNN is seen as optimal control with infinite horizon. Then, we
adopt a simple yet crucial example presented by Pascanu et al. [16] to examine and validate
our analysis.

2.1. Training RNN as optimal control. Training RNN can be seen as discrete-time optimal
control with finite horizon. We see the parametrization form of RNN (1.1) as dynamical
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system over a period of time, and training the model would be the same as finding a control
to optimize given cost function. The cost of optimal control problem constitutes two terms,
running cost and terminal cost. However, we follow an example only considering the terminal
cost, introduced by Pascanu et al. [16] for an investigation on gradient explosion. It is a simple
one hidden unit model assuming no input, in which initial state x0 and specific target value
after given amount of steps are given. The example can be demonstrated as below.

{
minE (w, b) = (σ (x50)− σ (xT ))2

xn+1 = wσ (xn) + b, n = 0, 1, · · · ,

where σ : R→ [0,1] is the sigmoid function, σ (x) = 1
1+e−x .

Employing the optimal control perspective on training RNN, we now examine the gradient
explosion. The hardness of training RNN surfaces from the fact that the cost functions in
general are nearly discontinuous. This can be inspected by the existing high curvature wall
from Fig. 2. The learning process becomes unstable since the gradient of such function can
be immense, evoking gradient explosion. Strogatz [17] states that the asymptotic behavior
changes smoothly almost everywhere except for certain points, as θ changes. These points
form bifurcation boundaries between basins of attraction. Pascanu et al. [16] asserts crossing
these boundaries is sufficient for the gradients to explode. This paper explores further on
bifurcation and locates where the catastrophe occurs.

2.2. Infinite horizon. From the example of the preceding subsection, let yn = σ (xn) and we
can rewrite the problem as follows:{

minE (w, b) = (y50 − yT )2

yn+1 = σ (wyn + b) , n = 0, 1, · · · .

Let us define a map F (y) := σ (wy + b) and we can observe that the above sequence yn+1 =
F (yn) is generated in a compact set [0, 1], since the sigmoid function has a range of (0, 1). Any
infinite sequence in a compact set should have at least one limit point and the map with compact
support should have a fixed point by the Brouwer’s fixed point theorem [18]. Furthermore, it
will be shown that the sequence always converges whenever w ∈ (−4, 4) and its limit is a
unique fixed point of the map. The main aim of this article is to provide a novel algorithm
that generates a global minimum solution with w ∈ (−4, 4) and precludes the gradient from
exploding. Under such settings, we can solve the global minimum and the sequence always
converges. In the example, y50 can be said to be close enough to y∞ := lim

n→∞
yn, because the

convergence of the sequence is at least faster than the geometric decay. Since bifurcation
analysis deals with fixed points or limits, we opt to carry out a mathematical analysis on
optimal control with infinite horizon, instead of finite horizon. Then, the example to be utilized
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throughout this work can be written as follows:
minE (w, b) = (y∞ − yT )2

yn+1 = σ (wyn + b) , n = 0, 1, · · ·
y∞ = lim

n→∞
yn.

(2.1)

3. LOCATING THE GRADIENT EXPLOSION

This section is devoted to find the exact location of the gradient explosion through mathematical
analysis applying infinite horizon in the dynamical system as mentioned in the previous section.
Based on this analysis, we define two fundamentally different regions: catastrophe region and
stable region. The former refers to a region containing the high curvature wall that provokes
gradient explosion. Therefore, the catastrophe region is considered as hazardous area and is
to be avoided. The latter indicates a region satisfying two conditions. Firstly, the high curvature
wall must be nonexistent within the region. This renders the avoidance of catastrophe. Secondly,
the region should also be guaranteed to hold optimal solution that minimizes the cost function.
This promises the validity of training RNN through gradient descent algorithm in the stable
region. Hence, we desire the learning process to take place in the stable region. The following
subsections provide deeper analysis on these regions individually.

3.1. Catastrophe region. In order to analyze the gradient explosion in the dynamical system
(2.1), we investigate on the formation of bifurcation. The following lemma provides the exact
formula of this bifurcation curve which is the boundary curve along which the number of fixed
points of the system changes.

Lemma 1. A bifurcation curve b = b(w) for the dynamical system (2.1) is

b = b± (w) = −wy∗± + log

(
y∗±

1− y∗±

)
(3.1)

where y∗± = 1
2 ±

1
2

√
1− 4

w and w ≥ 4.

Proof. To compute the fixed point y∗ of the dynamical system, we utilize the inverse of sigmoid
function σ−1 (y) = log

(
y

1−y

)
and obtain the following equation for y∗,

wy∗ + b = log

(
y∗

1− y∗

)
. (3.2)

Since the left hand side of (3.2) depicts the line with slope w, bifurcation occurs when t =

wy + b is tangent to t = log
(

y
1−y

)
at y = y∗, that is,

w =
d

dy

(
log

(
y

1− y

))
|y=y∗=

1

y∗ (1− y∗)
(3.3)

and y (1− y) ≤ 1
4 for y ∈ R implies w ≥ 4. Solving (3.3) for y∗ and inserting into (3.2), the

formula of the bifurcation curve for the dynamical system (2.1) is given as (3.1). �
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FIGURE 3. The bifurcation diagram for the dynamical system (2.1).

As a consequence of lemma 1, the bifurcation diagram for the dynamic system (2.1) on
wb-plane is shown in Fig. 3. It can be numerically checked that the surface of the cost
function E (w, b) = (y50 − yT )2 contains the high curvature wall as in the left of Fig. 4
and the boundary of the wall might be included in the region with 3 fixed points of bifurcation
diagram as in the right of Fig. 4 when x0 = 0.5 and yT = 0.7. For convenience, we call this
boundary to be the shock of the cost function. Since we defined yn = σ (xn) earlier, dynamical
system (2.1) can also be expressed as follows:{

σ−1 (yn+1) = wyn + b, n = 0, 1, · · ·
y0 = σ (x0) .

(3.4)

We finalize this subsection by deriving the exact formula of the shock throughout utilizing Eq.
(3.4).

Lemma 2. For w ≥ 4, y0 ∈ (0, 1), the shock formation of the dynamical system (2) is divided
into two cases:

case y0 ≤ 1
2 : b =

{
b− (w) if b− (w) ≤ σ−1 (y0)
σ−1 (y0) else

case y0 > 1
2 : b =

{
b+ (w) if b+ (w) ≥ σ−1 (y0)
σ−1 (y0) else

Proof. Figure 5 shows the stability of fixed points of the dynamical system (2), and Fig. 6
explains the case y0 ≤ 1

2 . As in its left plot, if b ≥ b− (w), the fixed point y∗ is located at the
far right, however, if b < b− (w), y∗ is smaller than y− (w), forming a shock. As illustrated
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FIGURE 4. The surface of the cost function E (w, b) = (y50 − yT )2 (left) and
the boundary line of high curvature wall (right).

in the right plot, if b ≥ σ−1 (y0), the fixed point y∗ is located at the far right, however, if
b < σ−1 (y0), y∗ is located at the far left, which forms a shock.

The case y0 > 1
2 can be dealt with in the same approach as above, and is skipped. �

3.2. Stable region. In this subsection, we mathematically analyze the stable region for dynamical
system (2.1). We verify nonexistence of bifurcation and existence of optimal solution that
minimizes the cost in stable region.

Lemma 3. For each |w| < 4 and b ∈ R, the map F (y) = σ (wy + b) has exactly 1 fixed point.
Furthermore, the fixed point is a global attractor if w ∈ (−4, 4).

Proof. The function F is a continuous function whose image is contained in a compact set
[0, 1]. By the Brouwer’s fixed point theorem [18], there exists at least one fixed point. Now,
assume there are two distinct fixed points, y1, y2. Then, the following equations{

σ−1 (y1) = wy1 + b

σ−1 (y2) = wy2 + b

lead to σ−1 (y1)−σ−1 (y2) = w (y1 − y2). By the mean value theorem, the left hand side of the
equation can be expressed as (y1 − y2) · 1

c(1−c) for some c ∈ (min (y1, y2) ,max (y1, y2)) ∈
(0, 1). Since y1 − y2 6= 0, w = 1

c(1−c) ≥ 4 which is a contradiction. Thus, there is only one
fixed point. For ∀y0 ∈ (0, 1), let y∗ be the fixed point and yn+1 = σ (wyn + b). Similarly,
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FIGURE 5. Stability of fixed points of the dynamical system (2): when z =
σ−1 (y) and z = wy+ b meet at only one point, the fixed point is stable (left).
When at three points, the middle point is unstable and the others are stable
(right).

σ−1 (yn+1)−σ−1 (y∗) = w (yn+1 − y∗) and therefore, (yn+1 − y∗) · 1
c(1−c) = w (yn+1 − y∗).

Then,

|yn+1 − y∗| = |w| · |yn − y∗| · |c (1− c)|

≤
∣∣∣w
4

∣∣∣ · |yn − y∗|
≤
∣∣∣w
4

∣∣∣n+1
· |y0 − y∗|

which proves lim
n→∞

yn = y∗. �

Remark. If w is outside the interval, the sequence may not converge: for example, take w =
−8, b = 4 and y0 = 0.4. One can easily check that yn diverges between 0.02 and 0.97.

Figure 7 depicts the catastrophe region and the stable region for dynamical system (2.1). In
order to show the absence of bifurcation in stable region, we prove that the cost function is
continuous within the region.

Theorem 4. The cost functionE (w, b) = (y∞ − yT )2 is continuous on {(w, b) |w ∈ (−4, 4), b ∈ R)} .
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FIGURE 6. Criteria of (w, b) and y0 < 1
2 for shock formation: b− (w) ≤

σ−1 (y0), b = b− (w), y0 < y− (w) (left), and b− (w) > σ−1 (y0), b = x0 =
σ−1 (y0) (right).

Proof. Let (w1, b1) , (w2, b2) ∈ {(w, b) | w ∈ (−4, 4), b ∈ R)}. Then, the cost functions and
the according sequences of each pair can be expressed as{

E (w1, b1) = (y∞ − yT )2

E (w2, b2) = (z∞ − zT )2{
yn+1 = σ (w1yn + b1)

zn+1 = σ (w2zn + b2) ,
(3.5)

where y0 = z0 and yT = zT . Since yT = zT , |y∞ + z∞| ≤ 2 and |yT + zT | ≤ 2, we derive
the following inequality,

|E (w1, b1)− E (w2, b2)| = |(y∞ − yT ) + (z∞ − zT )| · |(y∞ − yT )− (z∞ − zT )|
≤ (| y∞ + z∞ | + | yT + zT |) · | y∞ − z∞ |
≤4· |y∞ − z∞| .

Then, subtracting the two equations from (3.5), we get

| yn+1 − zn+1| =| σ (w1yn + b1)− σ (w2zn + b2) | . (3.6)
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FIGURE 7. Stable region with catastrophe region on wb-plane.

By applying the mean value theorem on the right hand side of (3.6), we acquire

|σ (w1yn + b1)− σ (w2zn + b2)| =
∣∣σ′ (c) · [(w1yn + b1)− (w2zn + b2)]

∣∣
for some c ∈ (0, 1). Due to the characteristic feature of sigmoid function, σ′ (c) = c (1− c) ≤
1
4 for ∀c ∈ (0, 1). Then, we can easily examine the following inequality,

| yn+1 − zn+1 |≤
1

4
(| w1yn − w2zn | + | b1 − b2 |)

≤1

4

[
| (yn − zn) ·

w1 + w2

2
+
yn + zn

2
· (w1 − w2) | + | b1 − b2 |

]
.

Since | yn + zn |≤ 2,

| yn+1 − zn+1 | ≤
1

4

(
| yn − zn |·

w1 + w2

2
+ | w1 − w2 | + | b1 − b2 |

)
≤ w1 + w2

8
· | yn − zn | +

| w1 − w2 | + | b1 − b2 |
4

. (3.7)

For simplicity, let p = w1+w2
8 and q = |w1−w2|+|b1−b2|

4 . Then, (3.7) can be written as

| yn+1 − zn+1 |≤ p | yn − zn | +q. (3.8)

Now, the recurrence relation (3.8) can be modified as follows:
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| yn+1 − zn+1 | −
(

q

1− p

)
≤ p

(
| yn − zn | −

(
q

1− p

))
≤ p2

(
| yn−1 − zn−1 | −

(
q

1− p

))
...

≤ pn+1

(
| y0 − z0 | −

(
q

1− p

))
≤ −pn+1·

(
q

1− p

)
.

Note that y0 = z0 is given and thus, the last inequality. As (w1, b1) → (w2, b2), q → 0 and
consequently we draw the following equation,

| yn+1 − zn+1 |≤ −pn+1·
(

q

1− p

)
+

(
q

1− p

)
=
(
1− pn+1

)
·
(

q

1− p

)
= 0.

Using the fact that |y∞ − z∞| = lim
n→∞

|yn − zn| = 0, we conclude |E (w1, b1)− E (w2, b2)| ≤

4 |y∞ − z∞| = 0. This proves thatE (w, b) = (y∞ − yT )2 is continuous on {(w, b) | w ∈ (−4, 4), b ∈ R)}.
�

We have shown the continuity of the cost function promising no risk of gradient explosion in
the stable region. However, for the training to be meaningful, we are still left to show that there
exists a targeted global minimum of the cost function for the learning parameters to converge.
The remaining task is accomplished by the following theorem 5.

Theorem 5. For ∀y0 ∈ (0, 1) and ∀yT ∈ (0, 1), the optimal solution (w, b) to the minimization
problem is the line segment

{
(w, b) | wyT + b = σ−1 (yT ) ,−4 < w < 4

}
.

Proof. SinceE (w, b) = (y∞ − yT )2, the optimal solution to the minimization of cost function
is satisfied when y∞ = yT . By lemma 3, for any (w, b) satisfying the condition from the
lemma, the sequence yn converges to yT for ∀y0 ∈ (0, 1). In other words, y∞ = lim

n→∞
yn = yT

and hence, E (w, b) = 0. �

3.3. Extension to higher dimensions. Prior to this subsection, we analyzed one-dimensional
dynamical system. Now, we provide further outlook on higher dimensional dynamical system.
For pellucidity, we first illustrate on two-dimensional dynamical system which can be represented
as below:

σ−1 (−−→yn+1) =
−→ynw +

−→
b , n = 0, 1, · · · (3.9)
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FIGURE 8. Trajectories of parameters (w, b) in example 8: standard learning
(top), norm clipping (middle), proposed algorithm (bottom). Gradient
explositions occur in the first two tranings and there exist a jumping (A-C,
A-E) on the shock line for each explosion.
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FIGURE 9. Profiles of the error function for each training: standard learning
(–), norm clipping (:), proposed algorithm (-) in example 8. The proposed
algorithm converges 5.0 times faster than the norm clipping and 9.3 faster than
the vanilla method.

where −→yn ∈ [0, 1]2 , w ∈ R2×2 and
−→
b ∈ R2. Take −→y = (y1, y2) ,

−→z = (z1, z2) as two distinct

vectors, w =

[
w11 w12

w21 w22

]
as the weight matrix and we restate (3.9) as follow:

σ−1 (−→y ) =
[
σ−1 (y1) , σ

−1 (y2)
]
= [y1, y2]

[
w11 w12

w21 w22

]
+
−→
b

σ−1 (−→z ) =
[
σ−1 (z1) , σ

−1 (z2)
]
= [z1, z2]

[
w11 w12

w21 w22

]
+
−→
b (3.10)

Subtracting the two equations in (3.10), we get the following equation

[
σ−1 (y1)− σ−1 (z1) , σ−1 (y2)− σ−1 (z2)

]
= [y1 − z1, y2 − z2]

[
w11 w12

w21 w22

]
. (3.11)
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FIGURE 10. Trajectories of parameters (w, b) in example 9: standard learning
(top), norm clipping (middle), proposed algorithm (bottom). Gradient
explositions occur in the first two tranings and there exist a jumping (A-B,
A-F) on the shock line for each explosion.
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FIGURE 11. Profiles of the error function for each training: standard learning
(–), norm clipping (:), proposed algorithm (-) in example 9. The proposed
algorithm converges 1.8 times faster than the norm clipping and 3.5 faster than
the vanilla method.

Similar as in the proof of 3, we again apply the mean value theorem on the left hand side of
(3.11). As a result, we obtain the equation below[
σ−1 (y1)− σ−1 (z1) , σ−1 (y2)− σ−1 (z2)

]
=
[(
σ−1

)′
(c) · (y1 − z1) ,

(
σ−1

)′
(d) · (y2 − z2)

]
(3.12)

=

[
1

c (1− c)
· (y1 − z1) ,

1

d (1− d)
· (y2 − z2)

]
(3.13)

for some c ∈ (0, 1) and d ∈ (0, 1). Then, since −→y − −→z 6= −→0 , combining (3.11) and (3.13),
we derive

[y1 − z1, y2 − z2]
[
w11 w12

w21 w22

]
=

[
1

c (1− c)
· (y1 − z1) ,

1

d (1− d)
· (y2 − z2)

]
and thus leading to the bilinear form

[y1 − z1, y2 − z2]
[
w11 w12

w21 w22

] [
y1 − z1
y2 − z2

]
=

[
1

c (1− c)
· (y1 − z1) ,

1

d (1− d)
· (y2 − z2)

] [
y1 − z1
y2 − z2

]
=

1

c (1− c)
· (y1 − z1)2 +

1

d (1− d)
· (y2 − z2)2 .

(3.14)
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Since 1
c(1−c) ≥ 4 and 1

d(1−d) ≥ 4, (3.14) is arranged as follow:

[y1 − z1, y2 − z2]
[
w11 w12

w21 w22

] [
y1 − z1
y2 − z2

]
≥ 4 ‖ −→y −−→z ‖2 . (3.15)

Applying singular value decomposition on w as w = σ1u1v
T
1 + σ2u2v

T
2 , we obtain

xTwx =xTσ1u1v
T
1 x+ xTσ2u2v

T
2 x

=σ1 (u1 ◦ x) (v1 ◦ x) + σ2 (u2 ◦ x) (v2 ◦ x)
≤σ1 ‖ x ‖2 (3.16)

where σ1 ≥ σ2. Putting (3.15) together with (3.16), we conclude with

σmax (w) ‖ −→y −−→z ‖2≥ [−→y −−→z ]w [−→y −−→z ]T ≥ 4 ‖ −→y −−→z ‖2 .
Ultimately, we extend this analysis to higher dimensional dynamic systems by the following
lemma.

Lemma 6. For each b ∈ R2 and σmax (w) < 4, the map F (y) := σ
(−→y w +

−→
b
)

has exactly
one fixed point. Furthermore, the fixed point is a global attractor if σmax (w) ∈ (−4, 4).

Proof. The function F is a continuous function whose image is included in a compact set
[0, 1]2. Then, by the Brouwer’s fixed point theorem [18], the map should have at least one fixed
point. Assume that the map has two distinct fixed points −→y1 ,−→y2. Then,

σ−1 (−→y1)− σ−1 (−→y2) = [−→y1w + b]− [−→y2w + b]

= (−→y1 −−→y2)w.
We know the fact that
σ−1 (−→y1) − σ−1 (−→y2) =

[
1

c(1−c) · (y1.1 − y2.1) ,
1

d(1−d) · (y1.2 − y2.2)
]
≥4 (−→y1 −−→y2) by Eq.

(3.12), but it contradicts the assumption σmax (w) < 4. Thus the map F (y) = σ
(−→y w +

−→
b
)

has exactly one fixed point.
Now we show that the fixed point, let us say −→y∗ , is a global attractor when σmax (w) ∈

(−4, 4). Consider a sequence {−→yn}∞n=0 that is generated by the recurrent formula −−→yn+1 =

F (−→yn) and started from an arbitrary −→y0 ∈ [0, 1]2. For each n, we have

σ−1 (−→yn)− σ−1 (−→y∗) = (−−→yn−1 −−→y∗)w. (3.17)

Using the mean value theorem again, we have the following equation for some c ∈ (0, 1) , d ∈
(0, 1)

σ−1 (−→yn)− σ−1 (−→y∗) =
[

1

c (1− c)
· (yn.1 − y∗.1) ,

1

d (1− d)
· (yn.2 − y∗.2)

]
= [−→yn −−→y∗ ]

[
1

c(1−c) 0

0 1
d(1−d)

]
. (3.18)
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We can easily check that the left hand side of two Eqs.(3.17), (3.18) is the same, so we get

[−→yn −−→y∗ ] = [−−→yn−1 −−→y∗ ]w
[
c (1− c) 0

0 d (1− d)

]
.

Since | σmax (w) |< 4, c (1− c) ≤ 1
4 and d (1− d) ≤ 1

4 , we have following geometric decay
on ‖−→yn −−→y∗ ‖, that is,

‖−→yn −−→y∗ ‖ ≤‖ −−→yn−1 −−→y∗ ‖· |
σmax (w)

4
| (3.19)

≤‖ −→y0 −−→y∗ ‖· |
σmax (w)

4
|n .

Thus, we can conclude that by the reason of | σmax(w)
4 |< 1, we have limn→∞

−→yn = −→y∗
regardless of −→y0 from the Eq. (3.19), which means that −→y∗ is a global attractor of the map
F (y) = σ

(−→y w +
−→
b
)

. �

Theorem 7. For ∀−→y0 ∈ [0, 1]2and ∀−→yT ∈ [0, 1]2, every w ∈ R2×2,
−→
b ∈ R2 in the line segment{(

w,
−→
b
)
| w−→yT +

−→
b = σ−1 (−→yT ) , σmax (w) < 4

}
is an optimal solution for the minimization problem.

Proof. Assume a pair
(
w,
−→
b
)

is chosen from the line segment{(
w,
−→
b
)
| w−→yT +

−→
b = σ−1 (−→yT ) , σmax (w) < 4

}
.

Then by lemma 6, the sequence generated by the recurrence −−→yn+1 = σ
(−→ynw +

−→
b
)

converges

to a unique fixed point regardless of −→y0 ∈ [0, 1]2. The equation w−→yT +
−→
b = σ−1 (−→yT ) implies

that −→yT is the fixed point. Therefore, −→y∞ = lim
n→∞

−→yn = −→yT by lemma 6, and lim
n→∞

E
(
w,
−→
b
)
=

lim
n→∞

(−→yn −−→yT )2 = 0 is minimized. �

4. GRADIENT-EXPLOSION-FREE TRAINING

The preceding section discussed the catastrophe region where gradients exhibit idiosyncratic
behavior, along with the stable region. We now introduce a gradient-explosion-free algorithm
for training RNN (2.1) in one dimension ameliorating such behavior in catastrophe region.
Subsequently, several numerical experiments are presented to verify the efficacy of the suggested
method.
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Algorithm 1 Pseudo-code for gradient-explosion-free training in one dimension

w ← arbitrary value in (−4, 4)
b← arbitrary value in R
α← learning rate
for i = 1, 2, · · ·

gb ← ∂E
∂b

b← b− α · gb

4.1. Novel algorithm. Pascanu et al. [16] argues that the existence of high curvature wall is
sufficient to engender gradient explosion. A naive approach to resolve this problem is scaling
down the gradient norm whenever it goes over a threshold. We carried out further analysis
on bifurcation, and now propose a better solution: setting parameters accordingly to prevent
gradients drawn near the shock, and thus eminently improving the speed of training. We
utilize the same dynamical system (2.1) and set the corresponding setting on w as |w| < 4.
This algorithm ensures the parameters avoid catastrophe by staying in the stable region where
no bifurcation occurs and thus, gradient-explosion-free. The next subsection demonstrates
experiments on two different examples of each cases in lemma 2.

4.2. Numerical experiments. We compare the performances of standard learning algorithm,
clipping method and w fixed to 3. Example 8 refers to case y0 ≤ 1

2 of lemma 2, while example
9 refers to case y0 > 1

2 of lemma 2.

Example 8. Set x0 = −2, y0 = σ (−2) ' 0.11920. Note that y0 < 1
2 and therefore it

conforms to the first case where the shock is formed on the line b = −wy0 + x0 and b =
−ωy∗− (w)+x∗− (w). One can observe that gradient explosion occurs several times throughout
learning whenever it approaches the shock line. This can be seen in Fig. 8 (top) by parameters
jumping to points A, B and C from the shock line. Figure 8 (top) illustrates standard learning
algorithm where the triangular point represents the initial values ofw, b. It eventually converges
to some point on global minimum line with jumpings present. Then Fig. 8 (middle) shows
how norm clipping mitigates the leaps and converges with jumpings present. Finally, when w
is fixed to 3, which equals to b being the only parameter, Fig. 8 (bottom) doesn’t display any
bouncing gradients and converges nicely to the global minimum line within 20 iterations. This
is 5.0 times faster than the norm clipping and 9.3 faster than the vanilla method, as depicted in
Fig. 9.

Example 9. For this example, set x0 = 1.2, y0 = σ (1.2) ' 0.76852. Since y0 ≥ 1
2 ,

this example meets the second condition of lemma 2 and hence, the shock is formed on the
line b = −wy0 + x0 and b = −ωy∗+ (w) + x∗+ (w). Once again, gradient explosion occurs
multiple times as in Fig. 10 (top) where parameters jump to points A and B from the shock
line. While Fig. 10 (top) displays convergence to global minimum with a few jumpings by
standard learning algorithm, Fig. 10 (middle) exhibits convergence with a few jumpings using
norm clipping method. Lastly, using the suggested algorithm, Fig. 10 (bottom) demonstrates
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that gradients stay in the clear and do not undergo catastrophe leading to convergence after 50
iterations. Comparing the speed, the novel algorithm converges 3.5 and 1.8 times faster than
the vanilla and norm clipping method respectively, as shown in Fig. 11.

5. CONCLUSION

In this work, training RNNs was construed as a discrete-time optimal control with infinite
horizon. Through this postulation, we could ascertain the catastrophe region that holds the
shock line where gradients might explode. When stochastic gradient descent reaches the
catastrophe region, this gradient explosion may push the training process to be unpredictable
and markedly prolonged. We provide a gradient-explosion-free algorithm that succeeds to
accomplish the training, away from this region. While the mainstream method, norm clipping,
does improve the speed of training in most cases, it does not fundamentally solve the existing
risk of gradient explosion. The proposed algorithm of this work is assured not to reach the
catastrophe region leading to significantly faster convergence than the conventional. In our
numerical tests, the novel algorithm resulted in 6.25 times speed up in one example and 3.3
times in the other. This article analyzes gradient explosion in the case of terminal cost, while
RNNs in practice come up with running cost to which our current work is not applicable.
For this purpose, we expect to extend this research to the case of running cost and higher
dimensions in the future.
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ABSTRACT. Adaptive behaviors are one of ubiquitous features in evolutionary dynamics of
populations, and certain adaptive behaviors can be witnessed by individuals’ movements which
are generally affected by local environments. In this paper, by revisiting the previous work,
we investigate the sensitivity of species coexistence in the system of cyclic competition where
species movement can be affected by local environments. By measuring the extinction prob-
ability through Monte-Carlo simulations, we find the relativistic effect of weights of local fit-
ness and exchange rate for adaptive movement on species biodiversity which promotes species
coexistence as the relativistic effect is intensified. In addition, by means of basins of initial
conditions, we also found that adaptive movement can also affect species biodiversity with re-
spect to the choice of initial conditions. The strong adaptive movement can eventually lead the
coexistence as a globally stable state in the spatially extended system regardless of mobility.

1. INTRODUCTION

Evolutionary game dynamics has been employed as useful ways to describe and explain
complex behaviors in social and ecological sciences [1, 2, 3, 4, 5, 6, 7]. Especially for nonhier-
archically competing structured populations, rock-paper-scissors game, one of famous chil-
dren’s games, is a standard tool to describe dynamical systems and explain evolution of popu-
lations [8, 9]. While fields of the metaphor of rock-paper-scissors game have been traditionally
implemented to describe interaction among different species or groups in macroscopic levels
which are generally investigated by replicator equations, after the importance of an individual’s
mobility has been reported [10, 11], contemporary evolutionary dynamics of cyclic competi-
tion have been explored by both macroscopic and microscopic approaches since describing
local interactions between individuals can be well described in microscopic levels.

In ecological frameworks, one of important issues in systems of cyclic competition is how
to maintain biodiversity. For systems of cyclic competition, since interspecific competition
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between different species occurs following the cyclic pathway, the broken of coexistence can
be lead easily due to the extinction of any one species. In this regard, many works on this field
have been performed mathematically to take into account mechanisms to promote coexistence
in both microscopic and macroscopic levels such as mobility [10, 11, 12, 13, 14, 15, 16],
asymmetric interplay of interactions [17, 18], mutation [19, 20, 21, 22], adaptive behavior
based on local fitness [23, 24], sensitiveness depending on initial densities for biodiversity [25,
26, 27], and intraspecific competition [28, 29, 30, 31].

In the perspective of population behaviors, it is a common phenomenon for individuals to
behave adaptively to their surroundings [23, 32, 33, 34], and such adaptive behavior is usually
manifested by individual movements [24, 35]. In particular for rock-paper-scissors game, an
exchange motion between individuals based on local fitness has been introduced [24]. In the
work, it has been reported that considering local environments which is defined by local habitat
suitability can be a beneficial role to promote species coexistence regardless of mobility. By
utilizing the extinction probability, it has been addressed that such persistent coexistence can
occur for certain rates of sensitivity parameter α where the parameter β for the weight on prey
species is fixed, e.g., β = 2.0. In addition, it has been uncovered that, even if the extinction
occurs finally, coexistence in rock-paper-scissors game can be maintained at larger mobility by
local payoff based mutation [23]. In recent studies on evolutionary dynamics of cyclic competi-
tion, however, it has been addressed that considering weights on payoff and species abundance
at the initial stage which is defined by initial densities of population are highlighted as key
roles to affect biodiversity [18, 23, 25, 27]. While the beneficial role of adaptive movement on
biodiversity has been reported, the two issues that relativistic interplay of sensitivity weights
for adaptive movement and initial densities on biodiversity are still ambiguous and thus should
be elucidated.

In this paper, based on the previous result in Ref. [24], we investigate the relativistic inter-
play of adaptive movement and mobility on biodiversity in a broader aspect by focusing the
relativity of sensitivity parameters and the choice of initial conditions by employing the same
model and computational conditions used in [24] to make an unbiased comparison. Briefly,
the main findings are as follows. By means of adaptive movements, species coexistence can be
promoted as the relative strength of sensitivity parameters becomes strong. In this case, strong
adaptive movement with high relative strength of sensitivity parameter can lead robust coexis-
tence at high mobility regime. In addition, we also found that adaptive movement can affect
on biodiversity which will be sensitive to initial conditions. As an individual’s initial mobility
increases, while weak adaptive movement exhibit similar basin structures of initial conditions
to classic rock-paper-scissors game in the absence of adaptive movement [10, 25], strong adap-
tive movement leads the robust coexistence regardless of the choice of initial conditions and
mobility, and the coexistence can eventually become a globally stable state as M increases
through the critical mobility, which is validated by exploiting the basin area as a function M .

This paper is organized as follows. In Section 2, we introduce rock-paper-scissors game
with adaptive movement which has been introduced in Ref. [24]. In Section 3, we address the
main results. By carrying out Monte-Carlo simulations, we calculate the extinction probability
in both relative parameters for local fitness and exchange rate to investigate the robustness of
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biodiversity, in particular coexistence of species. In addition, in light of the definition of local
fitness, we additionally investigate how same species can affect such local fitness for adaptive
movement. Conclusion and further discussions are listed in Sec. 4.

2. MODEL

For nonhierarchically competing populations, one of evolutionary game models, rock-paper-
scissors game, has been employed as a useful tool to describe dynamics of the system. In the
May-Leonard limit [8], the rock-paper-scissors game among three species (referred to as A, B,
and C) on spatially extended systems is generally defined by the following set of rules [10, 11,
21, 23, 25, 28, 29, 30, 31]:

AB
σ−→ A∅, BC

σ−→ B∅, CA
σ−→ C∅, (2.1)

A∅ µ−→ AA, B∅ µ−→ BB, C∅ µ−→ CC, (2.2)

A�
ε−→ �A, B�

ε−→ �B, C�
ε−→ �C, (2.3)

where ∅ indicates an empty site which will be produced by (2.1), and � is one of any species or
an empty site. Relation (2.1) presents interspecific competition (or called as predation) which
occurs with a rate σ. Relation (2.2) describes the reproduction process with a rate µ, in which
can be allowed if empty sites in neighbors are available, and the exchange motion between two
selected species (or sites) are defined by relation (2.3), which will occur at a rate ε = 2MN
based on the theory of random walks with an individual’s mobilityM and a system sizeN [36].

In the previous work [24], species adaptive behavior, especially on exchange motion, has
been considered and its effect on species coexistence was uncovered. To be concrete, the
adaptive movement which is defined by local fitness (LoFi) with respect to the number of
predator, prey and same species in a neighborhood of focal species i, where the local fitness of
species i is of a form [23, 24]:

LoFi =
−nipred + βniprey + w(nisame)n

i
same

4
,

where npred and nprey are the numbers of predators and preys of species i, respectively, and
β is a relative weight of the prey in neighbors of species i. Here, the coefficient w(nisame) is
a weight of same species against to species i, and we here use the linear function of nisame:
w(nisame) = (5− 2nisame)/3 which is employed in Ref. [24].

To apply LoFi on the exchange motion (2.3), we first focus on local interaction between two
neighboring sites. Traditionally, as defined by (2.1)-(2.3), species interactions in rock-paper-
scissors games are generally defined by pairwise interactions, i.e., one of randomly selected
relations in (2.1)-(2.3) may occur between two neighboring sites if the selected nodes satisfy
the reaction. For instance, if species A and B are randomly selected neighboring sites for
interactions, then predation and exchange may be allowed. In this case, however, there is
no event if the reproduction process is randomly chosen. Based on such rules of pairwise
interactions, if we want to apply LoFi on (2.3), we should consider LoFi in each species in
a pair, i.e., LoFi and LoFj for species i and j in a pair, respectively, which will be newly
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defined by a pairwise LoF (referred to as pLoF ). Among various ways to consider pLoF , as
in Ref. [24], we employ the average of two values LoFi and LoFj : pLoF = (LoFi+LoFj)/2,
and the “new local exchange rate” will be given by

ε′ = ε · e−α·pLoF ,

to make an unbiased comparison. The parameter α indicates the sensitivity weight of exchange
rate with respect to pLoF , and ε(= 2MN) is the initial exchange rate defined by the initial
mobility M . Thus, by asynchronously updated processes, the original rule of exchange (2.3)
will occur with a new rate ε′ depending on species in a pair.

On spatially extended systems, the evolutionary dynamics, in particular three reactions (2.1)-
(2.3), will occur with normalized probabilities based on asynchronous update of exchange with
pLoF : σ/(µ + σ + ε′), µ/(µ + σ + ε′) and ε′/(µ + σ + ε′), respectively. An interaction
can actually occur only when the states of both sites meet the requirement for the particular
interaction. To make an unbiased comparison with previous works [10, 24, 23], we assume
σ = µ = 1. On a square lattice of sizeN = L×L with periodic boundaries, since it is obvious
that a small spatial scale can sensitively affect to species biodiversity and can lead extinction
even at low mobility regimes, considering large scales are generally considered to avoid the
negative effect of size on biodiversity. In this paper, however, we consider aN = 40×40 sized
square lattice to explore that how such adaptive movement can affect on biodiversity even if
small spatial scales are exploited. In all our simulations, we use the total time step T = 2N to
obtain more robust features for biodiversity.

3. RESULTS

On spatially extended systems of cyclic competition among mobile population, species bio-
diversity are usually affected by (a) interplay of local behavior between species [24, 29, 18] and
(b) initial densities of species [25, 27]. Even if species biodiversity under adaptive movement
has been explored for specific parameter conditions in the previous work [24], such effects on
biodiversity in the spatial rock-paper-scissors game are still veiled. In this regard, we investi-
gate dynamics of the system within two frameworks: (a) sensitivity of biodiversity by interplay
between sensitivity parameters for pLoF and ε′ and (b) the effect of initial densities of three
species for biodiversity with respect to an individual’s mobility.

3.1. Sensitivity of biodiversity under adaptive movement. In the previous work [24], we
have found that the adaptive movement based rock-paper-scissors game can yield the persistent
coexistence by varying the initial mobility for specific parameter conditions, e.g., α ≥ 3 for
fixed β = 2. In that case, under the specific parameter condition, the species coexistence is
persistent regardless of mobilityM , i.e., the coexistence occurs even ifM is considered at high
mobility regime such as M > Mc = (4.5 ± 0.5) × 10−4 which is identified in Ref. [10]. In
general, it has been a well-known finding that species biodiversity is strongly affected by an
individual’s mobility M and coexistence is hampered as M exceeds Mc. On the other hand,
in our previous work, we found that, under the assumption that species can show adaptive
behavior, coexistence of mobile population in rock-paper-scissors games can be promoted even
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FIGURE 1. Dependence of coexistence Pcoex in the spatial rock-paper-
scissors game on both α and β for adaptive movement with different initial
mobility M . (a-c) For low mobility values, the system exhibits coexistence
which is robust. (d-f) While extinction can robustly occur for most parameter
regimes as M increases, species coexistence can be promoted by the relativity
between α and β increases even if M > Mc. Blue lines in panels (d-f) indi-
cate thresholds of (α, β) for promoting coexistence which are approximately
detected by β ∼ K · e−α, where K can be numerically predicted.

if the mobility exceeds the threshold. Nevertheless, even if the persistent coexistence was
revealed out, it is still ambiguous that how such persistent coexistence can appear robustly
depending on the interplay of sensitivity parameters α and β in a broader aspect. In this regard,
we first investigate the sensitivity of biodiversity, in particular the robustness of coexistence,
depending on both α and β. One fo common ways to obtain the robustness of the survival state,
in particular coexistence, is to measure the coexistence probability Pcoex, which is calculated
by the number of coexistence from 100 independent initial realizations:

Pcoex =
the total number of the occurrence of coexistence after T

100 independent realizations
.

Figure 1 presents the dependence of coexistence in the spatial rock-paper-scissors game
with adaptive movement for different initial mobility values. As presented in Figs. 1(a)-1(b),
the system can exhibit robust coexistence with Pcoex ≈ 1 at low mobility regimes, and such
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phenomena can be obtained regardless of choices of α and β, which means the interplay of
sensitivity parameters for adaptive movement may have no effect on species biodiversity.

However, asM increases, the effect of adaptive movement on coexistence can be witnessed.
To be concrete, for M = 10−4 [see Fig. 1(d)], even if the landscape of Pcoex exhibits a high
probability overall, i.e., species coexistence is quite robust, the coexistence probability is grad-
ually lowered in some parameter ranges which indicates the frequent occurrence of extinction.
In particular, when β is low such as β < 1, the strong α can lead the decrease of Pcoex rather
than cases for β > 1. As shown in Figs. 1(e) and 1(f), similar features are obtained for higher
mobility regimes such as M = 5 · 10−4 and 10−3.

For adaptive movement with respect to LoFi, one of control parameters is β. Against to
the weight for predator species, the weight β for prey species may play the key role to realize
adaptive movement. Based on β = 1 which may indicate the same weights for predator and
prey, a focal individual may be willing to stay or move away from the position if the parameter
β is considered either β > 1 or β < 1, respectively. In addition, from Figs. 1(d-f), we found
that the second sensitivity parameter α also needs to be relatively strong enough even if β is
assumed by β > 1. In these cases, we found a common feature that, at high mobility regime
satisfying M > Mc, coexistence can be promoted by relativistic effect between α and β. To be
concrete, coexistence can be robust if β is relatively stronger than α satisfying the region over
the thresholds [blue lines in Figs. 1(d-f)], where the relationship between two parameters can
be approximately detected by

β ∼ K · e−α.
Here, the coefficient K differs to M which increases with respect to M .

From the investigation of Pcoex, we found the followings: (a) species coexistence is robust
regardless of adaptive movement for low mobility regimes; and (b) the effect of adaptive move-
ment can appear clearly at high mobility regimes according to the relativistic interplay between
two sensitivity parameters.

3.2. Basin of initial conditions for biodiversity under adaptive movement. In classic spa-
tial dynamics of rock-paper-scissors games, it has been generally considered that the initial
densities of three species are equally given [10, 17, 18, 19, 24, 26, 29, 31], and we also used
the same initial condition, i.e., ρA(0) = ρB(0) = ρC(0) = 1/3 to carry out numerical calcu-
lations for Pcoex. However, it has been reported that the initial density of species is also one
of key factors for biodiversity in spatial cyclic competition systems [25, 26, 27]. As a matter
of fact, in the perspective of ecological sciences, species abundance is an important issue to
predict evolution and biodiversity of ecosystems. While we have already explored that, at high
mobility regimes, species coexistence can be promoted by adaptive movement under the rela-
tivistic interplay between two parameters, it is still veiled the effect of initial densities of three
species on biodiversity when adaptive movement is working. As investigated in Fig. 1, since
it is obvious that biodiversity is sensitively affected by both M and a combination of (α, β),
we explore the role of an initial density by means of basins of attractions: extinction and co-
existence, by varying M . Here, to compare and investigate the effect of sensitivity parameters
on forming basin structures at the fixed M , we consider two parameter sets: (α, β) = (1, 1)
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FIGURE 2. Basin of attractions for coexistence and extinction of the rock-
paper-scissors game with adaptive movement for (α, β) = (1, 1) with different
M . Three colors red, blue, and yellow indicate basins of initial densities for
extinction which indicate different survival species A, B, and C, respectively,
and the green area corresponds to the basin for coexistence. (a-e) For M <
Mc, the phase space are divided into four distinct basins: three extinctions and
one coexistence. While the overall patterns of extinction basins are similarly
formed, the area of the coexistence basin is decreasing as M increases. For
M = 2 · 10−4, the coexistence basin emerges near the center of ∆2 and all
basins are fuzzy which mean the final survival state is very sensitive to the
choice of initial conditions near the center point. (f-h) For M > Mc, the basin
for coexistence is disappeared, and, as M increases, the spirally entangled
three basins of extinction are getting robust.

and (4, 4) in each given M , which yield different states either extinction or coexistence at high
mobility regimes.

Figures 2(a)-2(h) present basin structures initial densities for different attractions in the
phase space 2-simplex (∆2) for different values of mobility M with (α, β) = (1, 1), where
the sum of initial densities of three species is given by 1. For M < Mc, the phase space
of initial densities are occupied by one of states. To be concrete, a uniform state associated
to extinction is divided into three basins (colored by red, blue, and yellow) where each basin
consists of initial conditions to lead the survival of only one species A, B, or C. In addition,
we have another basin, a green colored basin, where all species coexist. Even if two different
basins of attractions coexist for M < Mc, the coexistence basin is shrinking as M increases to
Mc. Near the center point of ∆2, the basin structure is fuzzy and all basins are appeared which
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FIGURE 3. Basin of attractions for coexistence and extinction of the rock-
paper-scissors game with adaptive movement for (α, β) = (4, 4) for different
initial individual’s mobility M . (a-d) For low mobility values, the overall fea-
ture of basins are similarly obtained to Figs. 2(a-d). (e) For M = 2 · 10−4

which is close to Mc, the coexistence basin still exists and its area is larger
than that of (α, β) = (1, 1) as shown in Fig. 2(e). (f-h) For M > Mc, on
the contrary to the case of (α, β) = (1, 1), the coexistence basin is not disap-
peared. In addition, as M increases, the coexistence basin enlarges and may
fully occupy the phase space.

mean the final survival state is very sensitive to the choice of initial conditions. The coexistence
basin is eventually disappeared as M exceeds to Mc in the high mobility regime (M > Mc) as
shown in Figs. 2(f-h). In this mobility regime, the phase space ∆2 only presents three basins of
extinction which are spirally entangled at the center of ∆2 and become robust. In this case, as
shown in Fig. 2, in addition to along the boundary between two different basins of extinction,
the final extinction state is still sensitive to small variations in initial densities of three species
near the center point, and one of the uniform state will be depicted in the spatial dynamics.

While the parameter set (α, β) = (1, 1) with the equally given initial condition can yield
two distinct survival states depending on M : either coexistence for M < Mc or extinction for
M > Mc, the different choice of (α, β) such as (α, β) = (4, 4) can yield different phases of
basin structures depending on M which are presented in Figs. 3(a)-3(h).

From the basin structure of (α, β) = (4, 4) as illustrated in Fig. 3, we found the followings.
While the overall feature of basins structures are similarly obtained to those of (α, β) = (1, 1)
for low mobility values M < Mc, the structure, in particular the coexistence basin, exhibits in
a different way. To be concrete, when the rate is small such as (α, β) = (1, 1), the coexistence
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FIGURE 4. Changes of areas Sb of the coexistence (green squared line) and
three extinction basins (red circled line) as functions M for two different pa-
rameter conditions. (a) The coexistence basin is maintained at low mobility
values and decreasing as M approaches to Mc. As M exceeds Mc, Sb con-
verges to 0 and thus only one of extinction states appears at the end of the
evolution. Even if adaptive movement is influenced, weak adaptive movement
has no effect on species coexistence and the mobility plays a key role to control
biodiversity. (b) On the contrary to the weak adaptive movement, strong adap-
tive movement can promote species coexistence and the coexistence becomes
a globally stable state as M increases through Mc.

basin is shrinking as M increases, and the basin is only appeared near the center point as M
is close to Mc [see Fig. 2(e)]. However, as illustrated in Fig. 3(e), the parameter condition
(α, β) = (4, 4) still yields the coexistence basin in a wide range on the phase space where the
area of the basin is similar to those for lower mobilities. As M exceeds Mc, the coexistence
basin is still appeared which is contrast to the case of (α, β) = (1, 1). When the relativity
strength of two parameters on adaptive movement is low, the spatial rock-paper-scissors game
only exhibits the extinction state at high mobility regime which is similar to the classic model
of rock-paper-scissors game [10]. On the other hand, the strong relativity effect on adaptive
movement can maintain species coexistence and lead the increase of the area of the coexistence
basin. Furthermore, we found that the stability of coexistence in the spatial rock-paper-scissors
game is changed. To be concrete, the coexistence on the spatially extended system is locally
stable at low mobility regimes which means coexistence occurs at initial conditions of the
limited area around the center point of ∆2. However, as M increases, the coexistence becomes
globally stable, i.e., the almost initial conditions can lead the coexistence. Such a strength (or
“degree”) of the stability of coexistence can be characterized by the size of its basin area [25].

Figure 4 shows the area Sb of coexistence and extinction basins as a function of the initial
mobilityM for two parameter assumptions. For (α, β) = (1, 1) as shown in Fig. 4(a), it can be



360 J. PARK AND B. JANG

seen that, when M is increases through Mc, Sb of coexistence is decreasing from 0.44 approx-
imately to 0. and the phase space of the initial condition is fully occupied by extinction basins.
In this case, any one of extinction basins (blue dot line) approaches to 1/3 asymptotically for
M > Mc. However, for (α, β) = (4, 4) as illustrated in Fig. 4(b), the phase is changed against
to (α, β) = (1, 1). To be concrete, the Sb of coexistence is gradually decreasing as M ap-
proaches toMc, and rapidly increasing asM exceedsMc. In this case, as the coexistence basin
enlarges, it can fully occupy the phase space of initial conditions, and hence the coexistence
can almost appear regardless of the choice of initial conditions. In the vicinity of Mc, the ini-
tial mobility seems to have a relatively strong influence on coexistence compared to adaptive
movement. However, eventually, the effect of adaptive movement can be obviously revealed at
high mobility regime by promoting coexistence, and the effect of the initial mobility may be
ignored when strong adaptive movement is working.

4. CONCLUSION

In this paper, we investigate the effect of relativistic interplay between adaptive movement
and mobility on species biodiversity in the spatial rock-paper-scissors game. By focusing the
relative relationship between two parameters for local fitness and an exchange rate to describe
adaptive movement, we found that, when two sensitivity parameters have sufficiently strong
relationships, species coexistence can be promoted even if an individual’s mobility is high
which exceeds the critical mobility. In addition, we also uncover that the adaptive movement
can also affect initial conditions of species. For strong adaptive movement, species coexistence
can become a globally stable state as an individual’s mobility increases through the critical
value, i.e., the coexistence occurs regardless of choices of initial conditions. Furthermore,
such phenomena can occur even the mobility is high. In general, high mobility values hamper
coexistence and eventually lead extinction that the only one of species survives. However, our
findings show that, for sufficiently strong adaptive movement which are relatively high between
two sensitivity parameters, species coexistence always occurs regardless of mobility and initial
conditions.

Our findings can provide an additional insight on elucidating biodiversity in spatial rock-
paper-scissors game that adaptive behavior may strongly affect species biodiversity and such
adaptive strategies can neutralize the effect of initial values and mobility which are commonly
known as key factors for controlling biodiversity.
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ABSTRACT. Fingerprint authentication identifies a user based on the individual’s unique fin-
gerprint features. Fingerprint authentication methods are used in various real-life devices be-
cause they are convenient and safe and there is no risk of leakage, loss, or oblivion. However,
fingerprint authentication methods are often ineffective when there is contamination of the given
image through wet, dirty, dry, or wounded fingers. In this paper, a method is proposed to remove
noise from fingerprint images using a convolutional neural network. The proposed model was
verified using the dataset from the ChaLearn LAP Inpainting Competition Track 3-Fingerprint
Denoising and Inpainting, ECCV 2018. It was demonstrated that the model proposed in this
paper obtains better results with respect to the methods that achieved high performances in the
competition.

1. INTRODUCTION

Recently, biometric authentication has been used as a major authentication technique for
smart devices. Biometric authentication utilizes personal biometric information, and leads to
significantly less leakage or theft, compared to existing authentication methods such as per-
sonal identification number (PIN) or password [1]. Automated fingerprint identification sys-
tem (AFIS) is a biometric authentication technology that has recently attracted much attention,
because they use simple touch-based sensors [2].

In fingerprint recognition, there are cases in which various types of environmental noises
are generated when the user’s finger in some undesirable conditions makes contact with the
touch screen, which severely corrupt the fingerprint image. This reduces the quality of the
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image, making it difficult to authenticate the user. Therefore, in order to solve this problem,
study of image restoration is preferentially necessary. Conventional fingerprint image process-
ing methods include image filtering or using partial differential equations. In the early days of
fingerprint image processing research, traditional image filtering methods using a directional
median filter [3], a Wiener filter, and an anisotropic filter [4] were proposed. Some methods
based on partial differential equations were also proposed for automatic fingerprint restora-
tion [5].

Recently, image processing using a convolutional neural network (CNN) has attracted much
attention. In particular, many developments using CNNs have been made in the areas of image
denoising, image segmentation, image enhancement, etc. These techniques have recently been
applied to fingerprint denoising [6–11].

In this paper, a CNN model is proposed, which improves artificially degraded fingerprint
images using random transformations (blur, brightness, contrast, elastic transformation, occlu-
sion, scratch, resolution, and rotation). The performance of the proposed model was verified
through various experiments. It was confirmed that the proposed model obtained better results
compared to the previously proposed CNN models.

This paper is organized as follows: Section 2 describes recent trends in research related to
fingerprint image denoising and inpainting. In Section 3, the proposed fingerprint image de-
noising and inpainting model is explained. The feasibility of the proposed model is verified
through experiments in Section 4. Section 5 presents our conclusions.

2. RELATED WORK

For accurate authentication of fingerprint images, research has been conducted on denois-
ing, enhancement, and reconstruction of fingerprint images [12–15]. These studies include
techniques based on existing algorithms and CNN-based methods.

First, Hong et al. extracted accurate feature point information with an algorithm that used
Gabor filters to remove noise and preserve the ridge structure clearly, so that the accuracy of
matching feature points between fingerprint images was improved [12]. Chikkerur et al. em-
ployed the short-time Fourier Transform(STFT) to enhance low-quality fingerprint images [13].
Feng et al. proposed the orientation field estimation algorithm using the prior information
embedded in the fingerprint structure and demonstrated an improved accuracy in fingerprint
recognition compared to previous studies [14]. Cappelli et al. made an approach to restore the
fingerprint image by extracting the information of the orientation field and ridge structure from
given fingerprint images [15].

In addition, Tang et al. proposed FingerNet using a CNN [8]. This method extracted detailed
fingerprints from noisy ridge patterns and complex backgrounds. The model first obtained de-
tailed fingerprint information by segmenting the orientation field and reinforcing the latent
fingerprint. Thereafter, Li et al. proposed a model to improve FingerNet [9], and Nguyen
et al. proposed MinutiaeNet, consisting of a coarse and fine network, to perform fully auto-
matic minutiae extraction [10]. Here, the coarse network improved the image based on domain
knowledge, and provided candidate minutiae locations by extracting a segmentation map. The
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FIGURE 1. Proposed architecture in this paper.

fine network used a technique to refine these candidate minutiae locations. In addition, Svoboda
et al. proposed a method for predicting and denoising the lost ridge region using a generative
CNN [11].

Subsequently, based on these studies, the ChaLearn competition was held in 20181. U-
Finger [6], which achieved good results in the competition, performed fingerprint denoising
using the DeepDenoising model [16]. The overall architecture of the model was designed us-
ing feature encoding and feature decoding that combines the convolution layer and residual
block. In addition, FPD-M-Net [7] constructed a model based on M-Net [17] for brain seg-
mentation. M-Net utilized the U-Net [18] to derive better segmentation results. FPD-M-Net
was proposed by modifying the block arrangement order and loss function in the M-Net. Still,
research related to fingerprint image denoising and inpainting has been ongoing [19, 20].

3. PROPOSED METHOD

3.1. Proposed Architecture. In this paper, we propose a new model for fingerprint denoising
and inpainting, which was modified from FusionNet [21]. For the modifications made in the
proposed model, refer to subsection 3.2. Unlike the existing FusionNet model, the size of the
input/output image for training is set to 256 × 384, to match the size similar to the size of the
input image of the dataset used in this study. Here, to perform image resizing, we used bi-
cubic linear interpolation to use the lowest-order interpolation method to connect pixel values

1http://chalearnlap.cvc.uab.es/challenge/26/track/32/description/
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at adjacent grid boundaries smoothly. A detailed description of the proposed architecture is as
follows.

TABLE 1. Summary of proposed architecture. Here, conv means convolution,
res means residual block, deconv means deconvolution and concat means con-
catenation.

Block type Ingredient Size of the feature map
inputs 256× 384× 3

downscaling1 conv+res+conv 256× 384× 16
+maxpool(2× 2) 128× 192× 16

downscaling2 conv+res+conv 128× 192× 32
+maxpool(2× 2) 64× 96× 32

downscaling3 conv+res+conv 64× 96× 64
+maxpool(2× 2) 32× 48× 64

bridge conv+res+conv 32× 48× 128
deconv 64× 96× 128

upscaling3 +concat 64× 96× 192
+conv+res+conv 64× 96× 64

deconv 128× 192× 64
upscaling2 +concat 128× 192× 96

+conv+res+conv 128× 192× 32
deconv 256× 384× 32

upscaling1 +concat 256× 384× 48
+conv+res 256× 384× 16

output conv and normalization 256× 384× 1

First, an input image in the dataset was resized to 256 × 384. The resized image was used
as the input to the model and passed through a convolution block, a residual block, and a
convolution block. Next, this feature map was used as an input for the next layer and the skip-
connection.

Subsequently, the size of the feature map was reduced using stride-2 2× 2 maxpooling. As
shown previously, this downscaled feature map was passed sequentially through a convolution
block, a residual block, and a convolution block. This feature map was used as an input for the
next layer and another skip-connection. This method was repeated until the size of the feature
map became 32× 48.

Then, the size of the feature map was expanded to 64× 96, by passing through a deconvolu-
tion block. After the skip-connection, which concatenates the feature map and the correspond-
ing feature map of the encoder, the resulting feature map was passed sequentially through a
convolution block, a residual block, and a convolution block.

As in the previous stage, the feature map was passed through a deconvolution block, con-
catenated with the corresponding feature map of the encoder through the skip-connection, and
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sequentially passed through a convolution block, a residual block, and a convolution block.
This process was repeated until the size of the feature map became 256 × 384. For the last
convolution block of those repetitions, the output depth was set to 1.

Subsequently, the output feature map was normalized to obtain a grayscale image, with the
minimum value of the feature map set to 0, and the maximum value set to 1. The filter size of
all the convolution blocks in the model was 3 × 3, and the filter size of all the deconvolution
blocks in the model was 2 × 2. Batch normalization and the ReLU activation function were
used to pass through all the convolution blocks.

A more detailed description of the network is shown in Fig. 1 and 1. In Fig. 1, the green
blocks represent convolution blocks, the purple blocks represent residual blocks, the red blocks
represent deconvolution blocks, and the blue blocks depict 2 × 2 maxpooling. The residual
block in the proposed model was composed of three convolution blocks with a short skip-
connection, as in the FusionNet model.

3.2. Comparison with FusionNet. Some modifications were made to build the proposed
model from FusionNet. First, the size of the input and the output image of the proposed model
was set to 256 × 384, instead of 640 × 640 as in FusionNet. Also, the proposed network is
shallower compared with FusionNet where the maximum depth of the proposed model is 192
rather than 1024, as in FusionNet. The number of downscaling and upscaling of the proposed
model was reduced by one compared with FusionNet. Additionally, concatenations of feature
maps were used in the skip-connections of the proposed model, whereas feature maps were
added in the skip-connections of FusionNet. For an explanation of the above modifications,
refer to the ablation study in subsection 4.3.

4. EXPERIMENTAL RESULTS

4.1. Implementation Details. Experiments were performed to verify the architecture pro-
posed in the previous section. This section outlines these experiments. The experimental envi-
ronment is shown in 2. Adam optimizer was used to train the network. For the loss function,
the loss function presented by Zhao et al. [22] L = αLms−ssim + (1− α)L1 was used, which
utilizes both the L1 loss and the MS-SSIM. In this study, we set the parameter α = 0.85 as

TABLE 2. Data sheet of experimental environment

Hardware Specification
CPU Intel Core i5-6500
GPU Tesla K 80

Memory Capacity 16GB
Software Specification

Python Version : 2.7.12
TensorFlow Version : 1.12.0

Operation System Linux Ubuntu 16.04
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TABLE 3. Cost time comparison of each method for inference: CPU-Only

Method FPD-M-Net [7] U-Finger [6] Proposed method
Framework Keras Caffe TensorFlow

Cost time (1 image/sec) 0.4116 3.0417 0.2963

in [7]. The number of epoch was set to 50, and the batch size was set to 32. The learning rate
for the training was set to 10−4 in epoch 1, 10−5 from epoch 2 to 3, 5× 10−6 from epoch 4 to
9, 10−6 from epoch 10 to 19, 5× 10−7 from epoch 20 to 39, and 10−7 from epoch 40 to 50.

The dataset used in the experiment is a large-scale synthesized dataset of realistic artificial
fingerprints released by the ECCV 2018 ChaLearn competition organizers. A more detailed
description of the dataset is provided in subsection 4.2.

Moreover, FPD-M-Net [7] and U-Finger [6] were selected for comparison with the method
proposed in this paper, because these models showed excellent performance in the 2018 ECCV
challenge. And we also attached the baseline network provided in the competition which is a
standard deep neural network2 with residual blocks. The CPU-only cost time of the methods
used in the comparison group is shown in 3.

In this study, peak signal-to-noise ratio (PSNR) and structural similarity metric (SSIM) were
selected as the evaluation metrics used to verify the similarity between the ground-truth image
and the predicted image. PSNR is defined as in Eq. (4.1) and indicates the ratio of the noise
to the maximum amplitude that a signal can have. SSIM is defined as in Eq. (4.2) and is a
method of measuring the similarity between the original image and the distorted image, where
the distortions are caused by compression and transformation. SSIM is not a numerical error,
but it is used to evaluate the similarity of the image qualities in the context of human visual
perception [23].

PSNR = 10 · log10
(MAX2

I

MSE

)
= 20 · log10

(MAXI√
MSE

) (4.1)

SSIM(x, y) =
(2µxµy + c1)(2σxy + c2)

(µ2x + µ2y + c1)(σ2x + σ2y + c2)
(4.2)

4.2. Experiment on Dataset. The dataset used in the experiments was released in the ChaLearn
fingerprint denoising competition. The dataset consists of pairs of ground-truth fingerprint im-
ages and degraded fingerprint images. The ground-truth fingerprint images are grayscale im-
ages of size 275×400, and the degraded fingerprint images are RGB images of size 275×400.
An examples of the dataset are shown in 2.

2http://chalearnlap.cvc.uab.es/challenge/26/track/32/baseline/
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FIGURE 2. Examples of the pair of images of the dataset.

All the ground-truth images in the dataset are synthetic images generated by the Anguli
Synthetic Fingerprint Generator. Synthetic data are used, not only because it takes consider-
able time and effort to collect a large amount of real fingerprint images, but also because it may
be problematic due to privacy laws – in some countries, the distribution of sensitive personal
information is prohibited [24].

The degraded fingerprint images of the dataset were created by adding some random artifacts
(blur, brightness, contrast, elastic transformation, occlusion, scratch, resolution, and rotation)
and background to the ground-truth fingerprint images.

The dataset consists of training, validation, and test datasets; the number of image pairs in
each category is shown in 4. The experiment using the dataset was as follows.

The columns in Fig. 3 show, from left to right: the degraded fingerprint images from the val-
idation dataset, which were used as input images, and their corresponding ground-truth images;
the output images of the FPD-M-Net, the U-Finger, and the proposed model, respectively.

As indicated by the red circles in the top-right corner of the output images in the first row
of Fig. 3, the FPD-M-Net and the U-Finger predict the fingerprint inaccurately, owing to the

TABLE 4. Number of pairs of images of each dataset

Dataset Training Validation Test
Number of images 75,600 8,400 8,400
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Input image Ground Truth image FPD-M-Net Proposed methodU-Finger

FIGURE 3. Examples of the validation image results.

background of the degraded input image. However, the method proposed in this paper shows a
better result for the corresponding part of the image.

TABLE 5. Comparison results with other networks for the validation dataset

Method PSNR SSIM
Base-model 16.4782 0.7889
FPD-M-Net 16.5149 0.8265

U-Finger 16.8623 0.8040
Proposed 17.1775 0.8480

TABLE 6. Comparison results with other networks for the test dataset

Method PSNR SSIM
Base-model 16.4109 0.7965
FPD-M-Net 16.5534 0.8261

U-Finger 16.9688 0.8093
Proposed 17.1904 0.8478
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Input image Ground Truth image FPD-M-Net Proposed methodU-Finger

FIGURE 4. Examples of the test image results.

Similarly, as indicated by the red circles in the upper-left corner of the output images in
the second row of Fig. 3, the FPD-M-Net and the U-Finger incorrectly predict the result of the
fingerprint. However, the proposed model can predict the fingerprint well, in the corresponding
area.

The average values of PSNR and SSIM of the proposed model using the validation dataset
are shown in 5. The table indicates that the proposed method provides the best results in terms
of both PSNR and SSIM among all the approaches in the experiment.

The columns in Fig. 4 show, from left to right: the degraded fingerprint images from the
test dataset, which were used as input images, and their corresponding ground-truth images;
the output images of the FPD-M-Net, the U-Finger, and the proposed model, respectively.

As indicated by the red circles at the top-right part of the output images in the first row of
Fig. 4, the FPD-M-Net and the U-Finger inaccurately predict the outer part of the image as a
fingerprint. However, the proposed network does not show such an incorrect prediction.

Additionally, the second row of Fig. 4 shows that the bottom center parts of the output
images of the FPD-M-Net and the U-Finger are blurry, owing to the input image. However, the
proposed model can predict the fingerprint well, in the corresponding area.

The average values of PSNR and SSIM of the proposed model using the test dataset are
shown in 6. The table indicates that the proposed method provides the best results in terms of
both PSNR and SSIM, among all the methods in the experiment.
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4.3. Ablation Study. In this subsection, additional experiments performed using the proposed
model are highlighted. As the proposed model was created based on FusionNet, an experiment
was conducted to train FusionNet with the original input size, 640× 640. Here, for fairness in
the number of training parameters, the depths of the feature maps for training the FusionNet
were set the same as for the proposed model.

We also experimented with a model of input size 256 × 384 that uses addition instead of
concatenation in the skip-connections. In order to perform addition, the sizes of the feature
maps of the encoder and the decoder of the skip-connection should be the same. Therefore, in
the deconvolution block, the depths of the feature maps of the decoder were adjusted to be the
same as those of the encoder.

The experimental results are shown in 7 and 8. The tables demonstrate that the method
proposed in Section 3 provides the best results in terms of PSNR and SSIM, among all the
approaches in the ablation study.

5. CONCLUSION

In this paper, a new CNN model for fingerprint denoising and inpainting was proposed. The
proposed model is based on FusionNet, which is a CNN-based model that exhibits very good
performance in semantic image segmentation. A few modifications were made to FusionNet to
obtain a powerful fingerprint denoising and inpainting model. The performance of the proposed
model was verified by comparing the experimental results with those of the existing CNN
models for fingerprint denoising and inpainting. It was demonstrated that the proposed model
obtained better results with respect to the other models that achieved substantial results in the
ECCV 2018 workshop challenge.

The results of this study are expected to be applicable in real-life devices, such as fingerprint
sensors.

TABLE 7. Ablation Study for proposed model : validation dataset

Method PSNR SSIM
FusionNet 17.0090 0.8037
Addition 17.1688 0.8472
Proposed 17.1775 0.8480

TABLE 8. Ablation Study for proposed model : test dataset

Method PSNR SSIM
FusionNet 17.0548 0.8044
Addition 17.1858 0.8471
Proposed 17.1904 0.8478
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ABSTRACT. In this paper, a special indefinite inner product, named hyperbolic scalar product,
is used and all acquired results have been raised and proved with the proviso that the space is
equipped with this indefinite scalar product. The main objective is to be introduced and ap-
plied an indefinite oblique projection method, called Indefinite Lanczos J-biorthogonalizatiom
process, which in addition to building a pair of J-biorthogonal bases for two used Krylov sub-
spaces, leads to the introduction of a process for solving large non-J-symmetric linear systems,
i.e., Indefinite two-sided Lanczos Algorithm for Linear systems.

1. INTRODUCTION

Today, iterative methods are used commonly for solving problems such as large eigenvalue
problems and large sparse linear systems and that is because of their easier optimal use in
high-performance computers than direct methods. The growing need to solve very large linear
systems in some fields of science has led to more attention to iterative techniques. Krylov
subspace methods are widely used for the iterative solution of n×n linear systems of equations
and also for solving large eigenvalue problems. For example refer to [1] and [2].

Definition 1.1. A Krylov subspace is a subspace spanned by a sequence of vectors generated
by a given matrix and a vector as follows. Given a matrix A and a starting vector v0, the
Krylov subspace Km(A, v0) is spanned by a sequence of m column vectors:

Km(A, v0) = span{v0, Av0, A2v0, ..., A
m−1v0}.

Recall that the indefinite inner product [., .] in Cn has all the features of a standard inner
product except that it may be nonpositive. In the other words, that is linear in the first argument,
antisymmetry and nondegenerate. The latter means that if [x, y] = 0 for every y ∈ Cn, then
x = 0. This kind of inner product may be applied in some areas of sciences and is commonly
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defined as [x, y] = y∗Jx where J ∈ Cn×n is a nonsingular Hermitian matrix and even in some
specific scientific areas such as the theory of relativity or in the research of the polarized light
it may be exclusively as follows:

J = diag(j1, ..., jn), jk ∈ {−1,+1}.

With this particular J , the indefinite inner product [., .] is referred to as hyperbolic and take the
form

[x, y] = y∗Jx =
∑n

i=1
jiixiyi.

More applications of such products can be found in [3, 4, 5, 6]. An excellent and elegant ex-
ample of working with hyperbolic scalar product can be seen in [7]. In this article it has been
investigated the existence of a decomposition which would resemble the tridiagonal Schur
decomposition, but with respect to the given hyperbolic scalar product. He proves that a hyper-
bolic Schur decomposition can be constructed, but not for all square matrices. He also provides
sufficient requirements for its existence and offers examples showing why such a decomposi-
tion does not exist for all matrices.

In [8], by considering Cn with the indefinite scalar product (4.2), a number of the Krylov
subspace methods have been reviewed and restructured. Algorithms presented there for indefi-
nite case, are already known for definite case. The mentioned methods are Arnoldi, Full orthog-
onalization and Lanczos. In that paper, the indefinite Arnoldi’s process builds a J-orthogonal
basis for a nondegenerated Krylov subspace as follows. (You can also see [9])

Algotithm1: Indefinite Arnoldi’s process,

(1) Choose a vector x such that [x, x] 6= 0
(2) Define v1 = x√

|[x,x]|
(3) For j = 1, ...,m Do:
(4) For i = 1, ..., j Do:
(5) Compute hij := [Avj , vi] and t(vi) = [vi, vi]

(6) Compute wj := Avj −
∑j

i=1 t(vi)hijvi
(7) hj+1,j =

√
|[wj , wj ]|

(8) if hj+1,j = 0 then stop
(9) vj+1 =

wj

hj+1,j

(10) EndDo
(11) EndDo

Note that a subspaceM is said to be nondegenerate, with respect to the indefinite inner product
[., .] if x ∈M and [x, y] = 0 for every y ∈M imply that x = 0. For example, the nondegener-
acy property of the indefinite inner product [., .] yields that Cn is nondegenerate. On the other
hand, for every nondegenerate subspaceM it is possible to choose x ∈M such that [x, x] 6= 0.
Because if this is not true, then [x, x] = 0 for every x ∈M . But this ensures that

[x, y] = 1
4{[x+ y, x+ y] + i[x+ iy, x+ iy]− [x− y, x− y]− i[x− iy, x− iy]}
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and this shows that [x, y] = 0 for all x, y ∈ M . But this is a contradiction. with these
explanations, there is no restriction to choose a vector as x such that [x, x] 6= 0 in the first line
of the above algorithm.

Also, an orthogonal projection method, named indefinite full orthogonalization method
(IFOM) finds an approximate solution of the linear systemAx = b and finally, indefinite Lanc-
zos method (ILM) is expressed, a method which considers indefinite Arnoldi’s method for
J-Hermitian matrices. Indeed, IFOM and ILM are rewritten of full orthogonalization method
(FOM) and Lanczos method respectively, by considering the indefinite scalar product (4.2).
(see [8])

This paper is organized as follows: In the second section we will recall a brief overview
of the Lanczos biorthogonalization procedure and Two sides Lanczos Algorithm for linear
systems. In the third section Cn is equipped with the indefinite scalar product (4.2) and then
deals to rewrite the algorithms described in the second section and the results will be proved.
At the end, we will give some numerical examples in section 4.

We should point out that throughout this article the capital letters refer to matrices and single
index lowercase letters refer to column vectors. AT and A∗ denote the transpose and the con-
jugate transposed of matrix A, respectively. A[T ] implies JATJ and the matrix A is said to be
non-J-symmetric if A 6= A[T ]. In sections 3 and 4, Cn is considered with the indefinite scalar
product (4.2). Two sets of vectors {v1, ..., vn} and {w1, ..., wn} are said to be J-biorthogonal
by considering this scalar product if: [vi, wi] = ±1 and [vi, wj ] = 0 for i 6= j, 1 ≤ i, j ≤ n.

2. TWO-SIDED LANCZOS ALGORITHM

The mentioned methods in the previous section are a number of iterative Krylov subspace
methods which get help from orthogonalization of the Krylov vectors to get orthogonal bases
for Krylov subspaces or to get an approximate solution of a linear system of equations. Besides
these types of methods a number of non-orthogonal projective methods have been developed
as a class of Krylov subspace methods where are based on bi-orthogonalization Algorithms.
An interesting example of oblique projective methods is proposed by Lanczos in [10] which is
considered as one of the most efficient iterative methods for a nonsymmetric given system, and
it is used in a variety of application areas. A simple version of his method can be described as
follows.

Let v1 and w1 be two initial vectors. Then by considering the Krylov spaces Km(A, v1) and
Km(AT , w1), the non-Hermitian Lanczos algorithm generates successively two sets of vectors
{v1, ..., vn} and {w1, ..., wn} which span these two spaces and which are bi-orthogonal, i.e.,
(vi, wj) = δij for 1 ≤ i, j ≤ n, where δij is the Kronecker symbol. The algorithm that
achieves this, can be described as following:

Algorithm2: The Lanczos bi-orthogonalization procedure:
(1) Choose two vectors v1 , w1 such that (v1, w1) = 1
(2) Set β1 = δ1 ≡ 0, w0 = v0 ≡ 0
(3) For j = 1, ...,m Do:
(4) αj = (Avj , wj)
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(5) v̂j+1 = Avj − αjvj − βjvj−1
(6) ŵj+1 = ATwj − αjwj − δjwj−1
(7) δj+1 = |(v̂j+1, ŵj+1)|1/2. If δj+1 = 0 Stop
(8) βj+1 = (v̂j+1, ŵj+1)/δj+1

(9) wj+1 = ŵj+1/βj+1

(10) vj+1 = v̂j+1/δj+1

(11) End Do
Here βj+1 and δj+1 is chosen such that βj+1δj+1 = (v̂j+1, ŵj+1) and the final outcome is
a pair of bi-orthogonal bases {v1, ..., vm} and {w1, ..., wm} of Km(A, v1) and Km(AT , w1),
respectively. But does not provide explicitly an approximate solution for nonsymmetric linear
systems. In [10] Lanczos provided an ingenious method to built up such an approximation.
Consider the linear system Ax = b in which A is n× n and nonsymmetric matrix and x0 is an
initial guess for the solution and note r0 = b − Ax0 as its residual vector. Then the Lanczos
algorithm to solve this linear system can be raised as follows:

Algorithm3: Two-sided Lanczos Algorithm (TSL) for linear systems
(1) Compute r0 = b−Ax0 and β := ‖r0‖2
(2) Run m steps of the nonsymmetric Lanczos Algorithm, i.e.,
(3) Start with v1 := r0/β, and any w1 such that (v1, w1) = 1
(4) Generate the Lanczos vectors v1, ..., vm, w1, ..., wm
(5) and the tridiagonal matrix Tm from Algorithm 1
(6) Compute ym = T−1m (βe1) and xm := x0 + Vmym.

3. INDEFINITE TWO-SIDED LANCZOS ALGORITHM

Assuming the space Cn with the indefinite scalar product (4.2), the purpose of this section
is to rewrite the above two algorithms. In the following, assume that all entries of the matrices
and vectors are real.

The final outcome of the following algorithm is a pair of J-biorthogonal bases {v1, ..., vm}
and {w1, ..., wm} of Km(A, v1) and Km(A[T ], w1) respectively.

Algorithm4: The indefinite Lanczos J-biorthogonalization procedure:
(1) Choose two vectors x , y such that [x, y] 6= 0 and set:

v1 = x/
√
|[x, y]|, w1 = y/

√
|[x, y]| and t1 := [v1, w1].

(2) Set β1 = δ1 ≡ 0, w0 = v0 ≡ 0
(3) For j = 1, ...,m Do:
(4) αj = [Avj , wj ]
(5) v̂j+1 = Avj − tjαjvj − tj−1βjvj−1
(6) ŵj+1 = A[T ]wj − tjαjwj − tj−1δjwj−1
(7) δj+1 = |[v̂j+1, ŵj+1]|1/2. If δj+1 = 0 Stop
(8) βj+1 = |[v̂j+1, ŵj+1]|/δj+1

(9) wj+1 = ŵj+1/βj+1

(10) vj+1 = v̂j+1/δj+1
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(11) tj+1 = [vj+1, wj+1]
(12) δj+1 = tj+1δj+1

(13) βj+1 = tj+1βj+1

(14) End Do
Denote by Hm the following obtained tridiagonal matrix from the algorithm,

Hm =


α1 β2
δ2 α2 β3

. . .
δm−1 αm−1 βm

δm αm

 .

Definition 3.1. The minimal polynomial of a vector v is a nonzero monic polynomial p of lowest
degree such that p(A)v = 0 and the grade of v means the degree of the minimal polynomial of
v with respect to A.

According to the above algorithm the vi’s belong toKm(A, v) and thewi’s are inKm(A[T ], wi)
and the following proposition can be proved.

Proposition 3.1. The Krylov subspace Km(A, v1) is of dimension m if and only if the grade µ
of v1 with respect to A is not less than m. Therefore,

dim(Km(A, v1)) = min{m, grade(v)}

Proof 3.1. See [1].

Proposition 3.2. Assuming that all the matrices and vectors are real, if Algorithm 3 does not
breakdown before step m, then the vectors vi, wj , i, j = 1, ...,m, form a J-biorthogonal sys-
tem. Moreover, {v1, ..., vm} is a basis ofKm(A, v1) and {w1, ..., wm} is a basis ofKm(A[T ], w1)
and the following relations holds,

AVm = VmJ́mHm + δm+1vm+1e
T
m, (3.1)

A[T ]Wm = WmJ́mH
T
m + βm+1wm+1e

T
m, (3.2)

in which
J́m = diag(t1, ..., tm) and ti := [vi, wi], i = 1, ...,m.

W ∗mJAVm = Hm. (3.3)

Proof 3.2. To show the J-biorthogonality of the vectors vi andwi, we use induction. According
to the assumption |[v1, w1]| = 1. Now, suppose that the vectors {v1, ..., vj} and {w1, ..., wj}
are J-biorthogonal. It will be shown that the vectors {v1, ..., vj+1} and {w1, ..., wj+1} are
also J-biorthogonal. First, we prove that [vj+1, wi] = 0, for i ≤ j. If i = j, then by the lines
5 and 10 of the algorithm,

[vj+1, wj ] = [v̂j+1/δj+1, wj ] = δ−1j+1[Avj − tjαjvj − tj−1βjvj−1, wj ] =

δ−1j+1([Avj , wj ]− tjαj [vj , wj ]− tj−1βj [vj−1, wj ]).
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The last term in the above equality is zero according to the induction hypothesis and two other
terms delete each other by the definition of αj and that t2j = 1. Now, consider [vj+1, wi], for
i < j. With regard to the lines 6 and 9 of the algorithm,

[vj+1, wi] = δ−1j+1([Avj , wi]− tjαj [vj , wi]− tj−1βj [vj−1, wi]) =

δ−1j+1([vj , ŵi+1 + tiαiwi + ti−1δiwi−1]− tj−1βj [vj−1, wi]) =

δ−1j+1([vj , βi+1wi+1 + tiαiwi + ti−1δiwi−1]− tj−1βj [vj−1, wi]).
According to the induction hypothesis all of the above inner products vanish, for i < j − 1.
For i = j − 1, the scalar product is
[vj+1, wj−1] = δ−1j+1([vj , tjβjwj + tj−1αj−1wj−1 + tj−2δj−1wj−2]− tj−1βj [vj−1, wj−1]) =

δ−1j+1(tjβj [vj , wj ]− tj−1βj [vj−1, wj−1]) = δ−1j+1(t
2
jβj − t2j−1βj) = 0.

It can be shown in an identical process that [vi, wj+1] = 0, for i ≤ j. Finally, |[vj+1, wj+1]| =
1. Because,

[vj+1, wj+1] = [v̂j+1/δj+1, ŵj+1/βj+1] = 1
δj+1

1
βj+1

[v̂j+1, ŵj+1] =

1
δj+1

δj+1

|[v̂j+1,ŵj+1]| [v̂j+1, ŵj+1] =
[v̂j+1,ŵj+1]
|[v̂j+1,ŵj+1]| = ±1.

This completes the induction proof.
Now, we show that {v1, ..., vm} is a generating set for Km(A, v1). First, we show by induc-

tion that each vector vj is as qj−1(A)v1 where qj−1 is a polynomial of degree j−1. For j = 1,
let q0(t) ≡ 1. Then, obviously v1 = q0(A)v1. Suppose that the result is true for all integers
≤ j and consider vj+1. Then, by considering algorithm 4, we have

δj+1vj+1 = Avj − tjαjvj − tj−1βjvj−1.
This shows that vj+1 is expressed as qj(A)v1 in which qj is of degree j and completes the
proof. On the other hand, by the above proposition, Km(A, v1) is a subspace of all vectors
in Rn which can be written as x = P (A)v, where P is a polynomial of degree not exceeding
m− 1.

From the above, it follows that {v1, ..., vm} spans Km(A, v1). Thus, that is its basis.
We show (3.1). For this, consider the lines 5 and 10. Then,

δj+1vj+1 = Avj − tjαjvj − tj−1βjvj−1,
thus,

Avj = tjαjvj + tj−1βjvj−1 + δj+1vj+1.

and we earn
AVm = VmJ́mHm + δm+1vm+1e

T
m.

For (3.2), according to the lines 6 and 10, we have the following relationship,
βj+1wj+1 = A[T ]wj − tjαjwj − tj−1δjwj−1.

Therefor,
A[T ]Wm = WmJ́mH

T
m + βm+1wm+1e

T
m.

To get to (3.3), left-multiply the relation (3.1) by W ∗mJ . Then,

W ∗mJAVm = W ∗mJVmJ́mHm + δm+1W
∗
mJVm+1e

T
m.
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FIGURE 1. Figure for the inefficiency of the ITSL algorithm, for the J-
symmetric matrix.

But, according to the J-biorthogonality of the vectors {vi}mi=1 and {wi}mi=1, we have

(1) W ∗mJVm = J́m,
(2) W ∗mJVm+1 = 0.

Thus,
W ∗mJAVm = J́mJ́mHm + 0 = Hm.

Corollary 3.1. With the assumptions of the above proposition, there is

J́mW
∗
mJWm = Im,

J́mW
∗
mJAVm = J́mHm.

Corollary 3.2. If the algorithm 4 does not stop before the step n then the matricesA and J́nHn

are similar.

In continuing, consider the linear system Ax = b in which A is a real n × n matrix and
is not J-symmetric. The purpose is to provide an approximate solution for that. Let x0 as
an initial guess to the solution and r0 = b − Ax0 as its residual vector. Set v1 = r0/β and
β =

√
|[r0, r0]|. The indefinite Lanczos method consists of constructing a sequence of vector

xm defined by the following two conditions:
(1) xm − x0 ∈ Km(A, v1),

(2) xm = b−Axm[⊥]Km(A[T ], w1),

where [⊥] indicates to orthogonality under the indefinite scalar product (4.2). The condition
(1) lets us to write the approximate solution as xm = x0 +Vmym. The second condition causes

b−Axm[⊥]wi, i = 1, ...,m.
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Thus, for i = 1, ...,m

[b−Axm, wi] = 0⇒ [b−A(x0 + Vmy), wi] = 0⇒ [r0 −AVmy, wi] = 0⇒
[r0, wi] = [AVmy, wi]⇒ w∗i Jr0 = w∗i JAVmy.

Now, assuming that the m × m matrix W ∗mJAVm is nonsingular and according to (3.3), we
earn

y = H−1m W ∗mJr0 (3.4)

and by the J-biorthogonality of {vi}mi=1 and {wi}mi=1,

W ∗mJr0 = W ∗mJβv1 = t1βe1,

where t1 = [w1, v1]. Thus, y = H−1m t1βe1 and xm = x0 + VmH
−1
m t1βe1. These explanations

can be organized as follows:
Algorithm5: Indefinite Two-sided Lanczos Algorithm (ITSL) for linear systems:

(1) Compute r0 = b−Ax0 and β :=
√
|[r0, r0]|

(2) Run m steps of the indefinite Lanczos J-biorthogonalization Algorithm, i.e.,
(3) Start with v1 := r0/β, and any w1 such that [v1, w1] = ±1
(4) Generate the vectors v1, ..., vm, w1, ..., wm
(5) and the tridiagonal matrix Hm from Algorithm 4
(6) Compute ym = H−1m t1βe1 and xm := x0 + Vmym.

Proposition 3.3. The residual vector of the approximate solution xm calculated by Algorithm
5 is such that

b−Axm = −δm+1e
T
mymvm+1.

Proof 3.3. According to (3.1) and (3.4), the argument is straightforward:

b−Axm = b−A(x0 + Vmym) = r0 −AVmym =

βv1 − VmJ́mHmym − δm+1e
T
mymvm+1 = βv1 − VmJ́mHmH

−1
m t1βe1 − δm+1e

T
mymvm+1.

But

VmJ́mt1βe1 = t21βVme1 = βv1

and this completes the proof.

4. NUMERICAL EXAMPLES

It should be noted that we have written MATLAB software programs for algorithms 4 and
5 presented in the previous section and the following examples are calculated with these pro-
grams.

Example 4.1. Consider the block diagonal matrix

J = diag(In/4,−In/4, In/4,−In/4) (4.1)
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FIGURE 2. Figure for the efficiency of the ITSL algorithm, for the non-J-
symmetric matrix.

in which n = 300 and suppose that A defined as follows

A =


A11 A12 A13 A14

A21 A22 A23 A24

A31 A32 A33 A34

A41 A42 A43 A44

 (4.2)

is a J-symmetric matrix. I.e., A = JATJ or equivalently
−AT12 = A21, −AT23 = A32, −AT34 = A43

AT13 = A31, A
T
24 = A42, −AT14 = A41.

Now, assume that all Aij in A are diagonal matrices and their diagonal entries have randomly
been selected from zero to 10. Except for (n/4)× (n/4) matrixA14 which if j− i < 9n/16+3
then its (i, j)st entry is a nonzero number in the interval (0, 10) and the rest of its entries are
zero.
Now, consider the linear system Ax = b in which A is as above and b is an n × 1 vector
with random entries belonging to the interval (0, 10). Take the following stop condition ‖x −
xm‖ < ε in which ε = 10−8 and xm is the approximate solution of the m-th stage. With these
assumptions, the algorithm does not provide an answer and for that we have the Fig. 1

Example 4.2. Consider J and A as defined in (4.1) and (4.2), respectively and assume that
−AT12 = A21, −AT13 = A31, −AT14 = A41

−AT23 = A32, −AT24 = A42, −AT34 = A43.

Taking into account these assumptions, the matrix A is not a J-symmetric matrix. Again, like
the previous example, suppose that all Aij in A are diagonal matrices for them the diagonal
entries belong to (0, 10). Except for (n/4) × (n/4) matrix A14 which if j − i < 9n/16 + 3
then its (i, j)st entry is a nonzero number in the interval (0, 10) and the rest of its entries are
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FIGURE 3. Comparison of methods TSL, FOM, ITSL and IFOM.

zero.
Consider the linear systemAx = b in whichA is the above matrix and b is a vector with random
entries belonging to the interval (0, 10). Take the following stop condition ‖x − xm‖ < ε in
which ε = 10−8 and xm is the approximate solution of them-th stage. With these assumptions,
the algorithm will be able to calculate the solution of this non-J-symmetric linear system. The
result can be seen in the Fig. 2

Example 4.3. Consider n× n matrices J and A as follows

J = diag(In/4,−In/4, In/4,−In/4),

A =

(
A11 A12

A21 A22

)
,

and assume that
−AT21 = A12, −AT11 = A11, −AT22 = A22.

Taking into account these assumptions, the matrix A is not a symmetric and J-symmetric
matrix. Suppose that A11 and A22 are tridiagonal matrices for them the entries belong to

TABLE 1. Comparison of methods TSL, FOM, ITSL and IFOM.

Method ε m t(s)
TSL 8.7× 10−9 128 0.15
FOM 5.7× 10−9 116 0.14
ITSL 5.2× 10−9 125 0.20
IFOM 3.1× 10−9 119 0.34
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interval (0, 1). Except for (n/2) × (n/2) matrix A12 which if 1 ≤ i ≤ n/2 then its (i, n/2 −
i+ 1)st entry is a nonzero number in the interval (0, 1) and the rest of its entries are zero.
Consider the linear system Ax = b in which A is the above matrix and b is a vector, with
random entries belonging to the interval (0, 1). Take the following stop condition ‖x−xm‖ < ε
in which ε = 10−8 and xm is the approximate solution of the m-th stage. By letting n = 200
The result can be seen in the Table 1 and Fig. 3

5. CONCLUSION

Our goal in this paper is to obtain a two-sided Lanczos method in indefinite mode, which is
effective for solving large non-J-symmetric linear systems. After obtaining this algorithm,
according to numerical examples, it can be seen that this method is acceptable for non-J-
symmetric matrices and its performance can be competitive for non-J-symmetric matrices with
other methods.
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