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ABSTRACT. Exploding gradient is a widely known problem in training recurrent neural networks.
The explosion problem has often been coped with cutting off the gradient norm by some fixed
value. However, this strategy, commonly referred to norm clipping, is an ad hoc approach
to attenuate the explosion. In this research, we opt to view the problem from a different
perspective, the discrete-time optimal control with infinite horizon for a better understanding
of the problem. Through this perspective, we fathom the region at which gradient explosion
occurs. Based on the analysis, we introduce a gradient-explosion-free algorithm that keeps the
training process away from the region. Numerical tests show that this algorithm is at least three
times faster than the clipping strategy.

1. INTRODUCTION

A recurrent neural network (RNN) is a class of deep neural networks in which connections
between nodes are configured as a directed graph along a time sequence. This represents
the information flow where the data maintains neuronal activation from previous time steps,
enabling the RNN to store the past states. The accumulation of the state of the network
instance makes it possible for the model to retain information about the past, enabling it to
discover temporal correlations between data far away from each other. Consequently, RNN
allows processing sequences of variable length and is well suited for modeling time series. For
this reason, RNN has become one of the most powerful deep learning models. It is widely
used in vast domains including language modeling [1, 2, 3] and generating text [4], speech
recognition [5, 6], machine translation [7] and prediction problems [8, 9, 10] etc.

A generic RNN, with input ut and state xt for time step t, is given by

xt = F (xt−1, ut, θ) .

We choose to use the following parametrization for this paper.
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FIGURE 1. The architecture of an RNN layer where ut is input and xt is state.

xt =Wxσ (xt−1) +Wuut + b, (1.1)

where Wx is the recurrent weight matrix, Wu is the input weight matrix and b is the bias. The
value for x0 is given by the user, mostly set to zero or learned. A cost functionC =

∑
1≤t≤T Et

participates in the network as a measurement for the performance of the model where Et =
L (xt). Figure 1 illustrates the mechanics of RNN along with unrolled form on the right hand
side.

Dominantly used methodical algorithm for training deep neural networks is the gradient
descent algorithm [11, 12, 13]. It evaluates the gradient of the cost at every step looking
for the next direction of steepest descent, presumably updating the model to arrive at its
point where the cost is minimized. This mechanism of gradient descent algorithm entails
mathematically computing the gradient of the cost with respect to weights. Applying the
derivative chain rule, the calculation proceeds backwards through network. This approach
known as backpropagation is pioneered by David E. Rumelhart [14]. Backpropagation Through
Time, or BPTT, is the implementation of this training operation to RNN by unrolling all input
timesteps.

However, it is well known that there is a critical difficulty in training RNN: gradient explosion.
Introduced by Bengio et al. [15], it refers to an escalation of the gradient norm hindering such
learning process. As the duration of the dependencies to be captured increases, the long term
components grow exponentially. This catastrophe can be visualized by displaying the error
surface of a single hidden unit recurrent network as done by Pascanu et al. [16]. From Fig.
2, one can easily notice the steep wall causing the gradient to explode from extremely large
∇E. Once the gradient bounces off the wall, the learning process is greatly detained for the
gradients to find its own way back.

Gradient norm clipping is one of the most commonly used preventive methods that enforce
an absolute upper bound on the magnitude of the gradient averting the big leap. Yet, this
technique does not approach the problem to its core. It temporally moderates the problem
without analytic identification. Another significant drawback of norm clipping is that it introduces
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FIGURE 2. Visual representation of cost function E (w, b) =

(σ (x50)− σ (xT ))2 where x0 = 0.5, σ (xT ) = 0.7. The arrows depict
trajectories that gradient descent might follow. Notice the gradient jumping
across the valley moving perpendicular to the steep wall that might
significantly disturb the learning process.

an additional hyperparameter, the threshold. Increase of hyperparameters only exacerbates the
training, because the user has to undergo another search for optimal values.

In this article, we inspect on a specific example scrutinized by Pascanu et al .[16], but extend
the analysis to exactly locating at which area the gradient explosion occurs. We accomplish this
by viewing the training of RNN as discrete-time optimal control with infinite horizon instead of
finite horizon. Mathematically analyzing the problematic domain, we delineate the two regions,
one that can prompt the troublesome explosion, and the other that guarantees an absence of such
event. Finally, we propose a gradient-explosion-free algorithm that is empirically validated to
be more effective than the conventional method.

2. PRELIMINARIES

The norm clipping method abates the catastrophe by constituting a limit on the gradient
norm. Nonetheless, it does not resolve the difficulty from thoroughly diagnosing the internal
cause. The main aim of this work is to discover where the gradient explosion emerges, and as
a result, propose a finer solution to avoid catastrophe. In order to achieve this, we apply the
perspective in which training RNN is seen as optimal control with infinite horizon. Then, we
adopt a simple yet crucial example presented by Pascanu et al. [16] to examine and validate
our analysis.

2.1. Training RNN as optimal control. Training RNN can be seen as discrete-time optimal
control with finite horizon. We see the parametrization form of RNN (1.1) as dynamical
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system over a period of time, and training the model would be the same as finding a control
to optimize given cost function. The cost of optimal control problem constitutes two terms,
running cost and terminal cost. However, we follow an example only considering the terminal
cost, introduced by Pascanu et al. [16] for an investigation on gradient explosion. It is a simple
one hidden unit model assuming no input, in which initial state x0 and specific target value
after given amount of steps are given. The example can be demonstrated as below.

{
minE (w, b) = (σ (x50)− σ (xT ))2

xn+1 = wσ (xn) + b, n = 0, 1, · · · ,

where σ : R→ [0,1] is the sigmoid function, σ (x) = 1
1+e−x .

Employing the optimal control perspective on training RNN, we now examine the gradient
explosion. The hardness of training RNN surfaces from the fact that the cost functions in
general are nearly discontinuous. This can be inspected by the existing high curvature wall
from Fig. 2. The learning process becomes unstable since the gradient of such function can
be immense, evoking gradient explosion. Strogatz [17] states that the asymptotic behavior
changes smoothly almost everywhere except for certain points, as θ changes. These points
form bifurcation boundaries between basins of attraction. Pascanu et al. [16] asserts crossing
these boundaries is sufficient for the gradients to explode. This paper explores further on
bifurcation and locates where the catastrophe occurs.

2.2. Infinite horizon. From the example of the preceding subsection, let yn = σ (xn) and we
can rewrite the problem as follows:{

minE (w, b) = (y50 − yT )2

yn+1 = σ (wyn + b) , n = 0, 1, · · · .

Let us define a map F (y) := σ (wy + b) and we can observe that the above sequence yn+1 =
F (yn) is generated in a compact set [0, 1], since the sigmoid function has a range of (0, 1). Any
infinite sequence in a compact set should have at least one limit point and the map with compact
support should have a fixed point by the Brouwer’s fixed point theorem [18]. Furthermore, it
will be shown that the sequence always converges whenever w ∈ (−4, 4) and its limit is a
unique fixed point of the map. The main aim of this article is to provide a novel algorithm
that generates a global minimum solution with w ∈ (−4, 4) and precludes the gradient from
exploding. Under such settings, we can solve the global minimum and the sequence always
converges. In the example, y50 can be said to be close enough to y∞ := lim

n→∞
yn, because the

convergence of the sequence is at least faster than the geometric decay. Since bifurcation
analysis deals with fixed points or limits, we opt to carry out a mathematical analysis on
optimal control with infinite horizon, instead of finite horizon. Then, the example to be utilized
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throughout this work can be written as follows:
minE (w, b) = (y∞ − yT )2

yn+1 = σ (wyn + b) , n = 0, 1, · · ·
y∞ = lim

n→∞
yn.

(2.1)

3. LOCATING THE GRADIENT EXPLOSION

This section is devoted to find the exact location of the gradient explosion through mathematical
analysis applying infinite horizon in the dynamical system as mentioned in the previous section.
Based on this analysis, we define two fundamentally different regions: catastrophe region and
stable region. The former refers to a region containing the high curvature wall that provokes
gradient explosion. Therefore, the catastrophe region is considered as hazardous area and is
to be avoided. The latter indicates a region satisfying two conditions. Firstly, the high curvature
wall must be nonexistent within the region. This renders the avoidance of catastrophe. Secondly,
the region should also be guaranteed to hold optimal solution that minimizes the cost function.
This promises the validity of training RNN through gradient descent algorithm in the stable
region. Hence, we desire the learning process to take place in the stable region. The following
subsections provide deeper analysis on these regions individually.

3.1. Catastrophe region. In order to analyze the gradient explosion in the dynamical system
(2.1), we investigate on the formation of bifurcation. The following lemma provides the exact
formula of this bifurcation curve which is the boundary curve along which the number of fixed
points of the system changes.

Lemma 1. A bifurcation curve b = b(w) for the dynamical system (2.1) is

b = b± (w) = −wy∗± + log

(
y∗±

1− y∗±

)
(3.1)

where y∗± = 1
2 ±

1
2

√
1− 4

w and w ≥ 4.

Proof. To compute the fixed point y∗ of the dynamical system, we utilize the inverse of sigmoid
function σ−1 (y) = log

(
y

1−y

)
and obtain the following equation for y∗,

wy∗ + b = log

(
y∗

1− y∗

)
. (3.2)

Since the left hand side of (3.2) depicts the line with slope w, bifurcation occurs when t =

wy + b is tangent to t = log
(

y
1−y

)
at y = y∗, that is,

w =
d

dy

(
log

(
y

1− y

))
|y=y∗=

1

y∗ (1− y∗)
(3.3)

and y (1− y) ≤ 1
4 for y ∈ R implies w ≥ 4. Solving (3.3) for y∗ and inserting into (3.2), the

formula of the bifurcation curve for the dynamical system (2.1) is given as (3.1). �
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FIGURE 3. The bifurcation diagram for the dynamical system (2.1).

As a consequence of lemma 1, the bifurcation diagram for the dynamic system (2.1) on
wb-plane is shown in Fig. 3. It can be numerically checked that the surface of the cost
function E (w, b) = (y50 − yT )2 contains the high curvature wall as in the left of Fig. 4
and the boundary of the wall might be included in the region with 3 fixed points of bifurcation
diagram as in the right of Fig. 4 when x0 = 0.5 and yT = 0.7. For convenience, we call this
boundary to be the shock of the cost function. Since we defined yn = σ (xn) earlier, dynamical
system (2.1) can also be expressed as follows:{

σ−1 (yn+1) = wyn + b, n = 0, 1, · · ·
y0 = σ (x0) .

(3.4)

We finalize this subsection by deriving the exact formula of the shock throughout utilizing Eq.
(3.4).

Lemma 2. For w ≥ 4, y0 ∈ (0, 1), the shock formation of the dynamical system (2) is divided
into two cases:

case y0 ≤ 1
2 : b =

{
b− (w) if b− (w) ≤ σ−1 (y0)
σ−1 (y0) else

case y0 > 1
2 : b =

{
b+ (w) if b+ (w) ≥ σ−1 (y0)
σ−1 (y0) else

Proof. Figure 5 shows the stability of fixed points of the dynamical system (2), and Fig. 6
explains the case y0 ≤ 1

2 . As in its left plot, if b ≥ b− (w), the fixed point y∗ is located at the
far right, however, if b < b− (w), y∗ is smaller than y− (w), forming a shock. As illustrated
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FIGURE 4. The surface of the cost function E (w, b) = (y50 − yT )2 (left) and
the boundary line of high curvature wall (right).

in the right plot, if b ≥ σ−1 (y0), the fixed point y∗ is located at the far right, however, if
b < σ−1 (y0), y∗ is located at the far left, which forms a shock.

The case y0 > 1
2 can be dealt with in the same approach as above, and is skipped. �

3.2. Stable region. In this subsection, we mathematically analyze the stable region for dynamical
system (2.1). We verify nonexistence of bifurcation and existence of optimal solution that
minimizes the cost in stable region.

Lemma 3. For each |w| < 4 and b ∈ R, the map F (y) = σ (wy + b) has exactly 1 fixed point.
Furthermore, the fixed point is a global attractor if w ∈ (−4, 4).

Proof. The function F is a continuous function whose image is contained in a compact set
[0, 1]. By the Brouwer’s fixed point theorem [18], there exists at least one fixed point. Now,
assume there are two distinct fixed points, y1, y2. Then, the following equations{

σ−1 (y1) = wy1 + b

σ−1 (y2) = wy2 + b

lead to σ−1 (y1)−σ−1 (y2) = w (y1 − y2). By the mean value theorem, the left hand side of the
equation can be expressed as (y1 − y2) · 1

c(1−c) for some c ∈ (min (y1, y2) ,max (y1, y2)) ∈
(0, 1). Since y1 − y2 6= 0, w = 1

c(1−c) ≥ 4 which is a contradiction. Thus, there is only one
fixed point. For ∀y0 ∈ (0, 1), let y∗ be the fixed point and yn+1 = σ (wyn + b). Similarly,
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FIGURE 5. Stability of fixed points of the dynamical system (2): when z =
σ−1 (y) and z = wy+ b meet at only one point, the fixed point is stable (left).
When at three points, the middle point is unstable and the others are stable
(right).

σ−1 (yn+1)−σ−1 (y∗) = w (yn+1 − y∗) and therefore, (yn+1 − y∗) · 1
c(1−c) = w (yn+1 − y∗).

Then,

|yn+1 − y∗| = |w| · |yn − y∗| · |c (1− c)|

≤
∣∣∣w
4

∣∣∣ · |yn − y∗|
≤
∣∣∣w
4

∣∣∣n+1
· |y0 − y∗|

which proves lim
n→∞

yn = y∗. �

Remark. If w is outside the interval, the sequence may not converge: for example, take w =
−8, b = 4 and y0 = 0.4. One can easily check that yn diverges between 0.02 and 0.97.

Figure 7 depicts the catastrophe region and the stable region for dynamical system (2.1). In
order to show the absence of bifurcation in stable region, we prove that the cost function is
continuous within the region.

Theorem 4. The cost functionE (w, b) = (y∞ − yT )2 is continuous on {(w, b) |w ∈ (−4, 4), b ∈ R)} .
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FIGURE 6. Criteria of (w, b) and y0 < 1
2 for shock formation: b− (w) ≤

σ−1 (y0), b = b− (w), y0 < y− (w) (left), and b− (w) > σ−1 (y0), b = x0 =
σ−1 (y0) (right).

Proof. Let (w1, b1) , (w2, b2) ∈ {(w, b) | w ∈ (−4, 4), b ∈ R)}. Then, the cost functions and
the according sequences of each pair can be expressed as{

E (w1, b1) = (y∞ − yT )2

E (w2, b2) = (z∞ − zT )2{
yn+1 = σ (w1yn + b1)

zn+1 = σ (w2zn + b2) ,
(3.5)

where y0 = z0 and yT = zT . Since yT = zT , |y∞ + z∞| ≤ 2 and |yT + zT | ≤ 2, we derive
the following inequality,

|E (w1, b1)− E (w2, b2)| = |(y∞ − yT ) + (z∞ − zT )| · |(y∞ − yT )− (z∞ − zT )|
≤ (| y∞ + z∞ | + | yT + zT |) · | y∞ − z∞ |
≤4· |y∞ − z∞| .

Then, subtracting the two equations from (3.5), we get

| yn+1 − zn+1| =| σ (w1yn + b1)− σ (w2zn + b2) | . (3.6)
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FIGURE 7. Stable region with catastrophe region on wb-plane.

By applying the mean value theorem on the right hand side of (3.6), we acquire

|σ (w1yn + b1)− σ (w2zn + b2)| =
∣∣σ′ (c) · [(w1yn + b1)− (w2zn + b2)]

∣∣
for some c ∈ (0, 1). Due to the characteristic feature of sigmoid function, σ′ (c) = c (1− c) ≤
1
4 for ∀c ∈ (0, 1). Then, we can easily examine the following inequality,

| yn+1 − zn+1 |≤
1

4
(| w1yn − w2zn | + | b1 − b2 |)

≤1

4

[
| (yn − zn) ·

w1 + w2

2
+
yn + zn

2
· (w1 − w2) | + | b1 − b2 |

]
.

Since | yn + zn |≤ 2,

| yn+1 − zn+1 | ≤
1

4

(
| yn − zn |·

w1 + w2

2
+ | w1 − w2 | + | b1 − b2 |

)
≤ w1 + w2

8
· | yn − zn | +

| w1 − w2 | + | b1 − b2 |
4

. (3.7)

For simplicity, let p = w1+w2
8 and q = |w1−w2|+|b1−b2|

4 . Then, (3.7) can be written as

| yn+1 − zn+1 |≤ p | yn − zn | +q. (3.8)

Now, the recurrence relation (3.8) can be modified as follows:
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| yn+1 − zn+1 | −
(

q

1− p

)
≤ p

(
| yn − zn | −

(
q

1− p

))
≤ p2

(
| yn−1 − zn−1 | −

(
q

1− p

))
...

≤ pn+1

(
| y0 − z0 | −

(
q

1− p

))
≤ −pn+1·

(
q

1− p

)
.

Note that y0 = z0 is given and thus, the last inequality. As (w1, b1) → (w2, b2), q → 0 and
consequently we draw the following equation,

| yn+1 − zn+1 |≤ −pn+1·
(

q

1− p

)
+

(
q

1− p

)
=
(
1− pn+1

)
·
(

q

1− p

)
= 0.

Using the fact that |y∞ − z∞| = lim
n→∞

|yn − zn| = 0, we conclude |E (w1, b1)− E (w2, b2)| ≤

4 |y∞ − z∞| = 0. This proves thatE (w, b) = (y∞ − yT )2 is continuous on {(w, b) | w ∈ (−4, 4), b ∈ R)}.
�

We have shown the continuity of the cost function promising no risk of gradient explosion in
the stable region. However, for the training to be meaningful, we are still left to show that there
exists a targeted global minimum of the cost function for the learning parameters to converge.
The remaining task is accomplished by the following theorem 5.

Theorem 5. For ∀y0 ∈ (0, 1) and ∀yT ∈ (0, 1), the optimal solution (w, b) to the minimization
problem is the line segment

{
(w, b) | wyT + b = σ−1 (yT ) ,−4 < w < 4

}
.

Proof. SinceE (w, b) = (y∞ − yT )2, the optimal solution to the minimization of cost function
is satisfied when y∞ = yT . By lemma 3, for any (w, b) satisfying the condition from the
lemma, the sequence yn converges to yT for ∀y0 ∈ (0, 1). In other words, y∞ = lim

n→∞
yn = yT

and hence, E (w, b) = 0. �

3.3. Extension to higher dimensions. Prior to this subsection, we analyzed one-dimensional
dynamical system. Now, we provide further outlook on higher dimensional dynamical system.
For pellucidity, we first illustrate on two-dimensional dynamical system which can be represented
as below:

σ−1 (−−→yn+1) =
−→ynw +

−→
b , n = 0, 1, · · · (3.9)
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FIGURE 8. Trajectories of parameters (w, b) in example 8: standard learning
(top), norm clipping (middle), proposed algorithm (bottom). Gradient
explositions occur in the first two tranings and there exist a jumping (A-C,
A-E) on the shock line for each explosion.
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FIGURE 9. Profiles of the error function for each training: standard learning
(–), norm clipping (:), proposed algorithm (-) in example 8. The proposed
algorithm converges 5.0 times faster than the norm clipping and 9.3 faster than
the vanilla method.

where −→yn ∈ [0, 1]2 , w ∈ R2×2 and
−→
b ∈ R2. Take −→y = (y1, y2) ,

−→z = (z1, z2) as two distinct

vectors, w =

[
w11 w12

w21 w22

]
as the weight matrix and we restate (3.9) as follow:

σ−1 (−→y ) =
[
σ−1 (y1) , σ

−1 (y2)
]
= [y1, y2]

[
w11 w12

w21 w22

]
+
−→
b

σ−1 (−→z ) =
[
σ−1 (z1) , σ

−1 (z2)
]
= [z1, z2]

[
w11 w12

w21 w22

]
+
−→
b (3.10)

Subtracting the two equations in (3.10), we get the following equation

[
σ−1 (y1)− σ−1 (z1) , σ−1 (y2)− σ−1 (z2)

]
= [y1 − z1, y2 − z2]

[
w11 w12

w21 w22

]
. (3.11)
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FIGURE 10. Trajectories of parameters (w, b) in example 9: standard learning
(top), norm clipping (middle), proposed algorithm (bottom). Gradient
explositions occur in the first two tranings and there exist a jumping (A-B,
A-F) on the shock line for each explosion.
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FIGURE 11. Profiles of the error function for each training: standard learning
(–), norm clipping (:), proposed algorithm (-) in example 9. The proposed
algorithm converges 1.8 times faster than the norm clipping and 3.5 faster than
the vanilla method.

Similar as in the proof of 3, we again apply the mean value theorem on the left hand side of
(3.11). As a result, we obtain the equation below[
σ−1 (y1)− σ−1 (z1) , σ−1 (y2)− σ−1 (z2)

]
=
[(
σ−1

)′
(c) · (y1 − z1) ,

(
σ−1

)′
(d) · (y2 − z2)

]
(3.12)

=

[
1

c (1− c)
· (y1 − z1) ,

1

d (1− d)
· (y2 − z2)

]
(3.13)

for some c ∈ (0, 1) and d ∈ (0, 1). Then, since −→y − −→z 6= −→0 , combining (3.11) and (3.13),
we derive

[y1 − z1, y2 − z2]
[
w11 w12

w21 w22

]
=

[
1

c (1− c)
· (y1 − z1) ,

1

d (1− d)
· (y2 − z2)

]
and thus leading to the bilinear form

[y1 − z1, y2 − z2]
[
w11 w12

w21 w22

] [
y1 − z1
y2 − z2

]
=

[
1

c (1− c)
· (y1 − z1) ,

1

d (1− d)
· (y2 − z2)

] [
y1 − z1
y2 − z2

]
=

1

c (1− c)
· (y1 − z1)2 +

1

d (1− d)
· (y2 − z2)2 .

(3.14)
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Since 1
c(1−c) ≥ 4 and 1

d(1−d) ≥ 4, (3.14) is arranged as follow:

[y1 − z1, y2 − z2]
[
w11 w12

w21 w22

] [
y1 − z1
y2 − z2

]
≥ 4 ‖ −→y −−→z ‖2 . (3.15)

Applying singular value decomposition on w as w = σ1u1v
T
1 + σ2u2v

T
2 , we obtain

xTwx =xTσ1u1v
T
1 x+ xTσ2u2v

T
2 x

=σ1 (u1 ◦ x) (v1 ◦ x) + σ2 (u2 ◦ x) (v2 ◦ x)
≤σ1 ‖ x ‖2 (3.16)

where σ1 ≥ σ2. Putting (3.15) together with (3.16), we conclude with

σmax (w) ‖ −→y −−→z ‖2≥ [−→y −−→z ]w [−→y −−→z ]T ≥ 4 ‖ −→y −−→z ‖2 .
Ultimately, we extend this analysis to higher dimensional dynamic systems by the following
lemma.

Lemma 6. For each b ∈ R2 and σmax (w) < 4, the map F (y) := σ
(−→y w +

−→
b
)

has exactly
one fixed point. Furthermore, the fixed point is a global attractor if σmax (w) ∈ (−4, 4).

Proof. The function F is a continuous function whose image is included in a compact set
[0, 1]2. Then, by the Brouwer’s fixed point theorem [18], the map should have at least one fixed
point. Assume that the map has two distinct fixed points −→y1 ,−→y2. Then,

σ−1 (−→y1)− σ−1 (−→y2) = [−→y1w + b]− [−→y2w + b]

= (−→y1 −−→y2)w.
We know the fact that
σ−1 (−→y1) − σ−1 (−→y2) =

[
1

c(1−c) · (y1.1 − y2.1) ,
1

d(1−d) · (y1.2 − y2.2)
]
≥4 (−→y1 −−→y2) by Eq.

(3.12), but it contradicts the assumption σmax (w) < 4. Thus the map F (y) = σ
(−→y w +

−→
b
)

has exactly one fixed point.
Now we show that the fixed point, let us say −→y∗ , is a global attractor when σmax (w) ∈

(−4, 4). Consider a sequence {−→yn}∞n=0 that is generated by the recurrent formula −−→yn+1 =

F (−→yn) and started from an arbitrary −→y0 ∈ [0, 1]2. For each n, we have

σ−1 (−→yn)− σ−1 (−→y∗) = (−−→yn−1 −−→y∗)w. (3.17)

Using the mean value theorem again, we have the following equation for some c ∈ (0, 1) , d ∈
(0, 1)

σ−1 (−→yn)− σ−1 (−→y∗) =
[

1

c (1− c)
· (yn.1 − y∗.1) ,

1

d (1− d)
· (yn.2 − y∗.2)

]
= [−→yn −−→y∗ ]

[
1

c(1−c) 0

0 1
d(1−d)

]
. (3.18)
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We can easily check that the left hand side of two Eqs.(3.17), (3.18) is the same, so we get

[−→yn −−→y∗ ] = [−−→yn−1 −−→y∗ ]w
[
c (1− c) 0

0 d (1− d)

]
.

Since | σmax (w) |< 4, c (1− c) ≤ 1
4 and d (1− d) ≤ 1

4 , we have following geometric decay
on ‖−→yn −−→y∗ ‖, that is,

‖−→yn −−→y∗ ‖ ≤‖ −−→yn−1 −−→y∗ ‖· |
σmax (w)

4
| (3.19)

≤‖ −→y0 −−→y∗ ‖· |
σmax (w)

4
|n .

Thus, we can conclude that by the reason of | σmax(w)
4 |< 1, we have limn→∞

−→yn = −→y∗
regardless of −→y0 from the Eq. (3.19), which means that −→y∗ is a global attractor of the map
F (y) = σ

(−→y w +
−→
b
)

. �

Theorem 7. For ∀−→y0 ∈ [0, 1]2and ∀−→yT ∈ [0, 1]2, every w ∈ R2×2,
−→
b ∈ R2 in the line segment{(

w,
−→
b
)
| w−→yT +

−→
b = σ−1 (−→yT ) , σmax (w) < 4

}
is an optimal solution for the minimization problem.

Proof. Assume a pair
(
w,
−→
b
)

is chosen from the line segment{(
w,
−→
b
)
| w−→yT +

−→
b = σ−1 (−→yT ) , σmax (w) < 4

}
.

Then by lemma 6, the sequence generated by the recurrence −−→yn+1 = σ
(−→ynw +

−→
b
)

converges

to a unique fixed point regardless of −→y0 ∈ [0, 1]2. The equation w−→yT +
−→
b = σ−1 (−→yT ) implies

that −→yT is the fixed point. Therefore, −→y∞ = lim
n→∞

−→yn = −→yT by lemma 6, and lim
n→∞

E
(
w,
−→
b
)
=

lim
n→∞

(−→yn −−→yT )2 = 0 is minimized. �

4. GRADIENT-EXPLOSION-FREE TRAINING

The preceding section discussed the catastrophe region where gradients exhibit idiosyncratic
behavior, along with the stable region. We now introduce a gradient-explosion-free algorithm
for training RNN (2.1) in one dimension ameliorating such behavior in catastrophe region.
Subsequently, several numerical experiments are presented to verify the efficacy of the suggested
method.
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Algorithm 1 Pseudo-code for gradient-explosion-free training in one dimension

w ← arbitrary value in (−4, 4)
b← arbitrary value in R
α← learning rate
for i = 1, 2, · · ·

gb ← ∂E
∂b

b← b− α · gb

4.1. Novel algorithm. Pascanu et al. [16] argues that the existence of high curvature wall is
sufficient to engender gradient explosion. A naive approach to resolve this problem is scaling
down the gradient norm whenever it goes over a threshold. We carried out further analysis
on bifurcation, and now propose a better solution: setting parameters accordingly to prevent
gradients drawn near the shock, and thus eminently improving the speed of training. We
utilize the same dynamical system (2.1) and set the corresponding setting on w as |w| < 4.
This algorithm ensures the parameters avoid catastrophe by staying in the stable region where
no bifurcation occurs and thus, gradient-explosion-free. The next subsection demonstrates
experiments on two different examples of each cases in lemma 2.

4.2. Numerical experiments. We compare the performances of standard learning algorithm,
clipping method and w fixed to 3. Example 8 refers to case y0 ≤ 1

2 of lemma 2, while example
9 refers to case y0 > 1

2 of lemma 2.

Example 8. Set x0 = −2, y0 = σ (−2) ' 0.11920. Note that y0 < 1
2 and therefore it

conforms to the first case where the shock is formed on the line b = −wy0 + x0 and b =
−ωy∗− (w)+x∗− (w). One can observe that gradient explosion occurs several times throughout
learning whenever it approaches the shock line. This can be seen in Fig. 8 (top) by parameters
jumping to points A, B and C from the shock line. Figure 8 (top) illustrates standard learning
algorithm where the triangular point represents the initial values ofw, b. It eventually converges
to some point on global minimum line with jumpings present. Then Fig. 8 (middle) shows
how norm clipping mitigates the leaps and converges with jumpings present. Finally, when w
is fixed to 3, which equals to b being the only parameter, Fig. 8 (bottom) doesn’t display any
bouncing gradients and converges nicely to the global minimum line within 20 iterations. This
is 5.0 times faster than the norm clipping and 9.3 faster than the vanilla method, as depicted in
Fig. 9.

Example 9. For this example, set x0 = 1.2, y0 = σ (1.2) ' 0.76852. Since y0 ≥ 1
2 ,

this example meets the second condition of lemma 2 and hence, the shock is formed on the
line b = −wy0 + x0 and b = −ωy∗+ (w) + x∗+ (w). Once again, gradient explosion occurs
multiple times as in Fig. 10 (top) where parameters jump to points A and B from the shock
line. While Fig. 10 (top) displays convergence to global minimum with a few jumpings by
standard learning algorithm, Fig. 10 (middle) exhibits convergence with a few jumpings using
norm clipping method. Lastly, using the suggested algorithm, Fig. 10 (bottom) demonstrates
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that gradients stay in the clear and do not undergo catastrophe leading to convergence after 50
iterations. Comparing the speed, the novel algorithm converges 3.5 and 1.8 times faster than
the vanilla and norm clipping method respectively, as shown in Fig. 11.

5. CONCLUSION

In this work, training RNNs was construed as a discrete-time optimal control with infinite
horizon. Through this postulation, we could ascertain the catastrophe region that holds the
shock line where gradients might explode. When stochastic gradient descent reaches the
catastrophe region, this gradient explosion may push the training process to be unpredictable
and markedly prolonged. We provide a gradient-explosion-free algorithm that succeeds to
accomplish the training, away from this region. While the mainstream method, norm clipping,
does improve the speed of training in most cases, it does not fundamentally solve the existing
risk of gradient explosion. The proposed algorithm of this work is assured not to reach the
catastrophe region leading to significantly faster convergence than the conventional. In our
numerical tests, the novel algorithm resulted in 6.25 times speed up in one example and 3.3
times in the other. This article analyzes gradient explosion in the case of terminal cost, while
RNNs in practice come up with running cost to which our current work is not applicable.
For this purpose, we expect to extend this research to the case of running cost and higher
dimensions in the future.
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