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THE STABILITY OF GAUGE-UZAWA METHOD TO SOLVE NANOFLUID
DEOK-KYU JANG1 , TAEK-CHEOL KIM1 , AND JAE-HONG PYO1†
1
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A BSTRACT. Nanofluids is the fluids mixed with nanoscale particles and the mixed nano size
materials affect heat transport. Researchers in this field has been focused on modeling and numerical computation by engineers In this paper, we analyze stability constraint of the dominant
equations and check validate of the condition for most kinds of materials. So we mathematically
analyze stability of the system. Also we apply Gauge-Uzawa algorithm to solve the system and
prove stability of the method.

1. I NTRODUCTION
Nanofluids is the fluids mixed with nanoscale particles and the movement is dominated by
the system:
ρnf

 ∂u
∂t


+ (u · ∇)u + ∇p − µnf 4u = (ρβ)nf g(T − Tc ) + (ρβ ∗ )nf g(φ − φc ),
∇ · u = 0,

(ρc)nf



∇T · ∇T
+ u · ∇T − ∇· (κnf ∇T ) = (ρc)p DB ∇φ · ∇T + DT
,
∂t
T


∂φ
∇T
+ u · ∇φ − ∇· (DB ∇φ) = ∇· DT
,
∂t
T

 ∂T



(1.1)
(1.2)
(1.3)
(1.4)

where given initial data u(0) = u0 , T (0) = T0 and φ(0) = φ0 . Also boundary conditions
are given for them. Here u is the velocity field and p is the pressure, T is the temperature
with Kelvin units and φ is the concentration. Other coefficients are shown in Table 1 and
computation formulas of variables are in Table 2.
Nanofluids which was first introduced by Choi [1] is the fluids mixed with nanoscale particles. It was made by mixing 1-100nm size particle in the base fluids like water or oil in order
to obtain the higher thermal conductivity and heat transfer. Many researchers in [2, 3, 4] found
Received by the editors March 4 2020; Accepted May 4 2020; Published online June 25 2020.
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TABLE 1. List of Coefficients
Symbols
β thermal expansion coefficient (K−1 )
β ∗ mass expansion coefficient (K−1 )
c nanoparticles specific heat (J/kgK)
dp diameter of nanoparticle (nm)
DB Brownian diffusion coefficient (m2 /s)
DT thermal diffusion coefficient (m2 /s)
g gravity (m/s2 )=9.80665
KB Boltzmann constant (J/K)=1.3806488e−23
κ thermal conductivity (W/mK)
µ dynamic viscosity (kg/ms)
p nanofluid pressure (Pa)
φ concentration (mol/m3 )
ρ density (kg/m3 )
t time (s)
T nanofluid temperature (K)
TC reference temperature (K)
u nanofluid velocity vector (m/s)
Subscripts
bf base fluid
nf nanofluid
p particle
TABLE 2. Calculation of Variables
µnf

= µbf (1 − φ)−2.5

ρnf

= (1 − φ)ρbf + φρp

κnf

κp + (n − 1)κbf − (n − 1)φ(κbf − κp ) (ρc)p
= κbf
+
φ
κp + (n − 1)κbf + φ(κbf − κp )
2

DB
DT

s

2KB TC
(*)
3πµnf dp

KB TC
3πµnf dp
κnf
µnf
= 0.26
2κnf − κp ρnf
=

* n = 3.0, n = 3.7, n = 4.9, n = 5.7 and n = 8.6 represent spherical-, brick-,
cylinder-, platelet- and blade-shaped nanoparticle, respectively.
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remarkable increases of heat transfer for the mixture. There are two types of theoretical models
for considering analysis of nanofluids. one is single-phase model [5, 6] and the other is twophase model [7, 8, 9]. The velocity of nanofluids in single-phase model is equal to the velocity
of base fluids and heat transfer of nanofluids is obtained by expanding the properties of clear
fluids. In two-phase model proposed in Buongiorno[10], nanofluids treat as two-component
mixture of base fluid and nanoparticles. So, velocity of nanofluids is the sum of slip velocity
and base fluid velocity and the system equation has included nanoparticle continuity equation.
Both single- and two-phase models have some restrictions. Because the properties of nanofluids are same as clear fluids in single-phase model, slip mechanisms are abandoned and only
thermal conductivity is used to calculate the heat transfer rate. On the other hand, in two-phase
model, slip mechanisms such as Brownian diffusion and thermophoresis is applied and the system equation must be coupled with the energy equation. In order to overcome the limitations of
single-phase and two-phase models, the nonhomogeneous dynamic model (1.1)-(1.4) has been
implemented [11].
There are many equations that express the thermal conductivity and the viscosity of nanofluids. For example of the viscosity, Brinkman et.al in [12] presented the viscosity as the follow:
µnf = µbf (1 − φ)−2.5 ,

(1.5)

Batchelor et.al in [13] introduced
µnf = µbf (1 + 2.5φ + 6.5φ2 ).
Nguyen and coworkers proposed the viscosity for Al2 O3 and CuO in [14, 15]:
µnf = µbf (1.475 − 0.319φ + 0.051φ2 + 0.009φ3 )
0.1482φ

µnf = 0.904e

µbf ,

µnf = µbf (1 + 0.025φ + 0.015φ2 ),

(CuO)
(Al2 O3 : 47nm)
(Al2 O3 : 36nm)

In case of the thermal conductivity, Maxwell introduce the following thermal conductivity in
[16]:
2κbf + κp − 2φ(κbf − κp )
κbf
κnf =
2κbf + κp + φ(κbf − κp )
The next equation which was proposed by Xuan et.al in [17] is added Brownian motion of
particles:
s
2κbf + κp − 2φ(κbf − κp )
(ρc)p
2KB TC
κnf =
κbf +
φ
2κbf + κp + φ(κbf − κp )
2
3πµnf dp
Hamilton and Crosser modified the equation according to shape of nanoparticle:
s
κp + (n − 1)κbf − (n − 1)φ(κbf − κp ) (ρc)p
2KB TC
κnf = κbf
+
φ
κp + (n − 1)κbf + φ(κbf − κp )
2
3πµnf dp

(1.6)
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where n = 3.0, n = 3.7, n = 4.9, n = 5.7 and n = 8.6 represent spherical-, brick-, cylinder, platelet- and blade-shaped nanoparticle, respectively. We focus on simulating a sphericalshaped Cu model, so we take the viscosity and the thermal conductivity as (1.5) and (1.6),
respectively.
The Gauge-Uzawa method(GUM) first introduced in [18] is a solver to solve the NavierStokes equations and GUM has extended to the Boussinesq problem [19] and to nonconstant
density flows in [20]. It has proved that the method is unconditionally stable scheme and that
it is optimal accuracy algorithm in [18]. Since Eqs. (1.1)-(1.2) are forms in the Navier-Stokes
system and Eqs. (1.3)-(1.4) are similar to a part of Boussinesq equation and variable density,
respectively, The goal of this paper is to apply GUM to solve the system (1.1)-(1.4) and to
analyze stabilities of the equations and GUM algorithm.
The paper is organized as follows. We first present some preliminaries for proving the
stability in §2. We introduce algorithms and lemmas in §3, then prove the condition of stability
for the algorithms in §4. In §5, we present numerical simulation.
2. P RELIMINARIES
Let H s (Ω) be the Sobolev space with s derivatives in L2 (Ω), set L(Ω) = (L2 (Ω))d and
= (H 2 (Ω))2 , where d = 2 or 3. Let k·k0 to denote the L2 (Ω)-norm, and h·, ·i to
denote the L2 (Ω)-inner product. And let k·ks denote the Sobolev norm of Hs (Ω).
Consider the Stokes equations for using in a duality argument:
−4v + ∇q = g in Ω,
∇· v = 0 in Ω,
(2.1)
v = 0 on ∂Ω.

H2 (Ω)

Assumption 1. The unique solution (v, q) ∈ H10 (Ω) × L20 (Ω) of (2.1) holds
kvk2 + kqk1 ≤ C kgk0 .
Assumption 2. It hypothesizes the followings
( 0
u ∈ H2 (Ω) ∩ Hdiv (Ω),
f , ft ∈ L∞ (0, T ; L2 (Ω)),
where u0 is the initial velocity and Hdiv := {v ∈ H10 (Ω) : ∇· v = 0}.
Assumption 3. There exists a constant M > 0 such that
sup k∇u(t)k0 ≤ M.

t∈[0,T ]

We first introduce well-known lemmas:
Lemma 2.1 (Orthogonality between divergence free and curl free functions). Let u ∈
H1 (Ω) and q ∈ L2 (Ω). If ∇· u = 0 and u · ν = 0 on ∂Ω, then
hu , ∇qi = 0.
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In addition, if v ∈ H10 (Ω), then we have
Z
(ρ0 u · ∇)v · vdx = 0,
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(2.2)

Ω

We can induce the following important inequality in the light of [21].
Lemma 2.2 (div-grad relation). If v ∈ H10 (Ω), then
k∇· vk0 ≤ k∇vk0 .
The next lemma is necessary for dealing with time derivative terms.
Lemma 2.3 (Inner product of time derivative terms). For any sequence hz n i, we have
2
0

2 z n+1 − z n , z n+1 = z n+1
and
2 z n+1 − z n , z n = z n+1

2
0

− kz n k20 + z n+1 − z n

− kz n k20 − z n+1 − z n

2
,
0
2
.
0

We introduce the discrete Grönwall lemma:
Lemma 2.4 (Discrete Grönwall inequality). Let han i and hbn i be non-negative sequences,
and let c be a non-negative real number. If we have
an+1 ≤ c +

n
X

an bn ,

k=0

then
an+1 ≤ c exp

n
X

!
bn

.

k=0

The following lemmas are useful in proof in main theorems.
Lemma 2.5 (Bounds on trilinear form). If d ≤ 4, then
(
Z
C kuk0 kvk1 kwk1
u·v·w ≤
C kuk2 kvk0 kwk0 .
Ω
Lemma 2.6. if T > 1 (i.e., T > −272.15 ◦ C),
k∇(ln T )k0 ≤ k∇T k0 .
3. NANOFLUID MODEL AND ITS DISCRETIZATION SCHEME
In this section, we present time discrete algorithm GUM to solve (1.1)-(1.4) and theoretical stability results for the continuous system and GUM scheme. We can readily check that
momentum Eq. (1.1) becomes automatically stable, if T and φ in (1.3)-(1.4) are stable. So stability of velocity u depends on stability of T and φ, because the right hand side in momentum
Eq. (1.1) is constructed by T and φ. The following theorem will be proved in §4.1:
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Theorem 3.1 (Stability of the system (1.1)-(1.4)). For some a, b, l, m, let us
2(1−l)

C1 =

κnf
(ρc)p aDB
−
(ρc)nf
(ρc)nf
2

2(1−m)

kT k2∞ −

bDT
(ρc)p
DT −
(ρc)nf
2

,
(3.1)

2l
D2m
(ρc)p DB
C2 = D B −
− T .
(ρc)nf 2a
2b

If C1 ≥ 0 and C2 ≥ 0, then the system (1.1)-(1.4) are stable equations in sense of

1
kT (T )k20 + kφ(T )k20 + C1
2

Z
0

T

k∇T k20 dt

Z
+ C2
0

T

k∇φk20 dt


1
≤
kT (0)k20 + kφ(0)k20
2

(3.2)

and
ku(T

)k20

µnf
+
ρnf

Z
0

T

k∇uk20 ≤

(ρβ)nf
Cg
ρnf

Z
0

T

kT k20

(ρβ ∗ )nf
+ Cg
ρnf

Z
0

T

kφk20 .

(3.3)

We can consider the backward Euler time discretization for (1.1)-(1.4): find (un+1 , pn+1 ,
such that

T n+1 , φn+1 )




φn+1 − φn
∇T n
n+1
n+1
+ u · ∇φ
− ∇· DB ∇φ
= ∇· DT n ,
τ
T
 T n+1 − T n


(ρc)nf
+ u · ∇T n+1 − ∇· κnf ∇T n+1 =
τ


∇T n · ∇T n+1
n+1
n+1
(ρc)p DB ∇φ
· ∇T
+DT
,
Tn
un+1 − un
ρnf
+ ρnf (un · ∇)un+1 + ∇pn+1 −µnf 4un+1 = f n+1 ,
τ

(3.4)

(3.5)
(3.6)

where f n+1 = f (T n+1 , φn+1 ) = (ρβ)nf g(T n+1 − Tc ) + (ρβ ∗ )nf g(φn+1 − φc ).
The algorithm is a coupled scheme of 4 variables (un+1 , pn+1 , T n+1 , φn+1 ) and so requests
higher computational cost. Projection type methods which were introduced by Chorin[22]
and Temam[23] independently are applied to overcome the heavy time consuming of mixed
methods. The GUM is one of the projection type scheme, which is first introduced in [18]
to solve the Navier-Stokes equations. GUM is unconditionally stable and extended to more
complicate problems in [19, 20]. GUM to solve (3.4)-(3.6) can be derived by
Algorithm 1 (Gauge-Uzawa method). Start with s0 = 0 and u0 = u0 . Repeat the steps.
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Step 1. Update variables by
µnf = µbf (1 − φ)−2.5
ρnf = (1 − φ)ρbf + φρp
κnf

κp + (n − 1)κbf − (n − 1)φ(κbf − κp ) (ρc)p
= κbf
+
φ
κp + (n − 1)κbf + φ(κbf − κp )
2

s

2KB TC
3πµnf dp

KB TC
3πµnf dp
κnf
µnf
DT = 0.26
2κnf − κp ρnf
where n = 3.0, n = 3.7, n = 4.9, n = 5.7 and n = 8.6 represent spherical-, brick-,
cylinder-, platelet- and blade-shaped nanoparticle, respectively.
Step 2. Find φn+1 as the solution of


n

φn+1 − φn
n ∇T
n
n+1
n
n+1
= ∇· DT n .
+ u · ∇φ
− ∇· DB ∇φ
(3.7)
τ
T
DB =

Step 3. Find T n+1 as the solution of

 T n+1 − T n

n
n+1
n
− ∇· κnnf ∇T n+1
+ u · ∇T
(ρc)nf
τ


n
n+1
n
n
n+1
n+1
n ∇T · ∇T
= (ρc)p DB ∇φ
· ∇T
+ DT
.
Tn

(3.8)

b n+1 as the solution of
Step 4. Find u
ρnnf

b n+1 − un
u
un+1 = f n+1 ,
un+1 + µnnf ∇sn − µnnf 4b
+ ρnnf (un · ∇)b
τ
b n+1 |Γ = ub ,
u

(3.9)

where f n+1 = (ρβ)nnf g(T n+1 − Tc ) + (ρβ ∗ )nnf g(φn+1 − φc ).
Step 5. Find ψ n+1 as the solution of
b n+1 ,
−4ψ n+1 = ∇· u
∂ν ψ n+1 |Γ = 0.
Step 6. Update un+1 and sn+1 by
b n+1 + ∇ψ n+1 ,
un+1 = u
b n+1 .
sn+1 = sn − ∇· u

(3.10)

We note that the discrete pressure pn+1 , can be computed via, whenever it is necessary,
1
pn+1 = µnf sn+1 − ψ n+1 .
τ
We will prove the following stability condition in §4.2.
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Theorem 3.2 (Stability of Algorithm 1). Define


κnf
(ρc)p
(ρc)p
2(1−l)
C3 = 2
−
aDB
−2
DT
T n+1
(ρc)nf
(ρc)nf
(ρc)nf

2(1−m)

∞

− bDT

,
(3.11)

2l
D2m
(ρc)p DB
C4 = 2DB −
− T ,
(ρc)nf a
b

for some a, b, m, l. Assume C3 ≥ 0 and C4 ≥ 0, then Algorithm 1 is a stable scheme in sense
of
N
N
X
X
2
2
2
2
T n+1 − T n 0
φn+1 − φn 0 + T N +1 0 +
φN +1 0 +
n=0

n=0

+ 2τ C3

N
X

n=0
0 2
φ 0+

≤

∇T n+1

2
0

+ τ C4

N
X

∇φn+1

2
0

(3.12)

n=0
2
T0 0

and
2
un+1 0

+

N
X

u

n+1

−

2
un 0

+ µτ

n=0

+ µτ sN +1

N
X

2
∇b
un+1 0

+2

n=0
2
0

≤ u0

2
0

+ Cτ

N
X

∇ψ n+1

n=0
N 
X

T n+1

2
0

+ φn+1

2
0

(3.13)
2
0



.

n=0

4. P ROOF OF S TABILITY
In this section, we prove Theorem 3.1 of the stability conditions for nanofluid and Theorem
3.2 for Algorithm 1. We now start to the proof for continuous version of nanofluid.
4.1. Proof of Theorem 3.1. To control temperature T , we take the inner product of (1.3) with
T /(ρc)nf to get
Z
Z
Z
κnf
∂T
· T + (u · ∇T ) · T +
∇T · ∇T
∂t
(ρc)nf
Z

Z
(ρc)p
DB ∇φ · ∇T · T + DT ∇T · ∇T .
=
(ρc)nf
We note that the second term of the left-hand side is vanished by (2.2). Hölder’s inequality
leads an upper bound of the first term of the right-hand side.
Z
1−a
a
DB ∇φ · ∇T · T ≤ kT k∞ kDB
∇φk0 DB
∇T 0
2(1−l)

2l
aDB
kT k2∞
DB
2
≤
k∇φk0 +
k∇T k20
2a
2

for some a, l > 0. So, we arrive at
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2(1−l)

aDB
kT k2∞
κnf
D2l
1∂
kT k20 +
k∇T k20 ≤ B k∇φk20 +
k∇T k20
2 ∂t
(ρc)nf
2a
2
(ρc)p
+
DT k∇T k20 .
(ρc)nf

(4.1)

We now attack the concentration equation (1.4) by tanking inner product of with φ to obtain
Z
Z
Z
Z
∂φ
∇T
· φ + (u · ∇φ) · φ + DB ∇φ · ∇φ = − DT
· ∇φ.
∂t
T
In conjunction with Lemma 2.6, the term of right-hand side becomes
Z
∇T
· ∇φ ≤ kDTm ∇φk0 DT1−m ∇(ln T ) 0
− DT
T
2(1−m)

2

≤

bDT
DTm
k∇φk20 +
2b
2

k∇T k20 .

Thus we obtain, by helping of (2.2),
2

2(1−m)

bDT
Dm
1∂
kφk20 + DB k∇φk20 ≤ T k∇φk20 +
2 ∂t
2b
2

k∇T k20

(4.2)

Add (4.1) and (4.2) to get


1 ∂
∂
2
2
kT k0 +
kφk0
2 ∂t
∂t
2(1−l)

κnf
(ρc)p aDB
−
(ρc)nf
(ρc)nf
2

2(1−m)

bDT
(ρc)p
+
kT k2∞ −
DT −
(ρc)nf
2


2l
D2m
(ρc)p DB
− T
k∇φk20 ≤ 0
+ DB −
(ρc)nf 2a
2b

!
k∇T k20

As integrating by t from 0 to T , we get (3.2). Finally, we take the inner product of (3.6) with
u/ρnf to get
Z

Z
µnf
∇u · ∇u
(u · ∇)u · u +
ρnf
Z
Z
(ρβ)nf
(ρβ ∗ )nf
=g
(T − Tc ) · u + g
(φ − φc ) · u
ρnf
ρnf

∂u
·u+
∂t

Z

and then it becomes, by helping with kuk20 ≤ C k∇uk20 ,
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µnf
∂
kuk20 +
k∇uk20
∂t
ρnf
Z
Z
(ρβ)nf
(ρβ ∗ )nf
=g
(T − Tc ) · u + g
(φ − φc ) · u
ρnf
ρnf
(ρβ ∗ )nf
(ρβ)nf
≤ Cg
kT k20 + Cg
kφk20 .
2ρnf
2ρnf
Integrating by t from 0 to T yields (3.3).
4.2. Proof of Theorem 3.2. We start to prove (3.12) with taking the inner product of (3.7)
with 2τ φn+1 to get
2
2
2
φn+1 0 − kφn k20 + φn+1 − φn 0 +2τ DB ∇φn+1 0


∇T n
n+1
= −2τ DT
, ∇φ
Tn
DT2m
∇φn+1
b

≤τ
By Lemma 2.6, it becomes
2
φn+1 0

−

kφn k20

+ φ

n+1

−

2
φn 0 +τ



D2m
2DB − T
b
≤

And we take inner product of (3.8) with
T n+1
= 2τ

2
0

− kT n k20 + T n+1 − T n

2
0

2τ T n+1 /(ρc)nf

2
0



2(1−m)

+ τ bDT

∇φn+1

∇T n
Tn

2
0

2

.
0

(4.3)

2(1−m)
bτ DT
k∇T n k20 .

to obtain

κnf
2
∇T n+1 0
(ρc)nf


(ρc)p DT ∇T n
n+1
n+1
.
+ 2τ
· ∇T
,T
(ρc)nf
Tn

+ 2τ

(ρc)p DB
∇φn+1 · ∇T n+1 , T n+1
(ρc)nf

We can readily get upper bound of the right hand side with some constants a, l > 0,
D2l
2
2
2
2(1−l)
∇T n+1 0 ,
2DB ∇φn+1 · ∇T n+1 , T n+1 ≤ B ∇φn+1 0 + a T n+1 ∞ DB
a


∇T n
2
n+1
n+1
2DT
·
∇T
,
T
≤ T n+1 ∞ DT ∇T n+1 0 + T n+1 ∞ DT k∇T n k20 .
Tn
So we arrive at
2l
(ρc)p DB
2
2
2
∇φn+1 0
T n+1 0 − kT n k20 + T n+1 − T n 0 − τ
(ρc)nf a


κnf
(ρc)p
(ρc)p
2
2(1−l)
n+1 2
n+1
+τ 2
−
a T
D
−
T
D
∇T n+1 0 (4.4)
∞ B
∞ T
(ρc)nf
(ρc)nf
(ρc)nf
(ρc)p
≤τ
T n+1 ∞ DT k∇T n k20 .
(ρc)nf
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F IGURE 1. C1 (φ) (left) and C2 (φ) (right) at dp = 100nm, TC = 300K and
n = 3.0, for the case a = 68.0, b = 1.5, l = 0.5, and m = 0.663.
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F IGURE 2. C1 (φ) (left) and C2 (φ) (right) at dp = 100, 50, 30nm, TC =
300K and n = 3.0, for the case a = 68.0, b = 1.5, l = 0.5, and m = 0.663.

Adding (4.3) and (4.4) yields
2

2

2

2

φn+1 0 − kφn k20 + φn+1 − φn 0 + T n+1 0 − kT n k20 + T n+1 − T n 0


κnf
(ρc)p
(ρc)p
2(1−l)
n+1 2
n+1
−
a T
D
−
T
D
∇T n+1
+τ 2
∞ B
∞ T
(ρc)nf
(ρc)nf
(ρc)nf


2l
DT2m
(ρc)p DB
2
+ τ 2DB −
−
∇φn+1 0
(ρc)nf a
b


(ρc)
p
2(1−m)
≤ τ bDT
+
T n+1 ∞ DT k∇T n k20 .
(ρc)nf

2
0
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=

Summing up n from 0 to N , we acquire (3.12). In order to prove the stability condition of
b n+1 /(ρnf ) and take the inner product of (3.9) to get
velocity, we choose a test function 2τ u
b n+1
u

2
0

b n+1 − un
− kun k20 + u

2τ µnf
2
+
0
ρnf
=



b n+1 i + ∇b
h∇sn , u
un+1

2
0



2τ n+1 n+1
b
hf
,u
i
ρnf

Observe the following relations:
b n+1 i = hun+1 , un+1 i + h∇ψ n+1 , ∇ψ n+1 i,
hb
un+1 , u
b n+1 i = hun+1 − un , un+1 i + h∇ψ n+1 , ∇ψ n+1 i,
hb
un+1 − un , u
we obtain the following equation:
un+1

2
0

2

2

− kun k20 + un+1 − un 0 + 2 ∇ψ n+1 0
2τ µnf
2τ µnf
2τ n+1 n+1
2
b
b n+1 i.
∇b
un+1 0 =
hf
,u
i−
h∇sn , u
+
ρnf
ρnf
ρnf

The first term of right-hand side is
2
0
n+1 2
b
u
0

b n+1 i ≤ τ u
b n+1
hf n+1 , u
≤τ

2

+ Cτ f n+1 0

+ Cτ T n+1

2
0

+ φn+1

2
0



.

(4.5)
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Owing to the second equation of (3.10) and Lemma 2.2, we can deduce
b n+1 i = 2hsn , ∇ · u
b n+1 i = 2hsn , sn − sn+1 i
−2h∇sn , u
2
0
n+1 2
s
0
n+1 2
s
0

= ksn k20 − sn+1

+ sn − sn+1

= ksn k20 −

b n+1
+ ∇·u

≤ ksn k20 −

+ ∇b
un+1

2
0
2
0

2
.
0

So (4.5) becomes
un+1

2
0

2

2

2

− kun k20 + un+1 − un 0 + 2 ∇ψ n+1 0 + sn+1 0 − ksn k20


τ µnf
2
2
2
2
∇b
un+1 0 ≤ τ un+1 0 + Cτ T n+1 0 + φn+1 0 .
+
ρnf

By summing up n from 0 to N , we finally get (3.13) thanks to Grönwall lemma.
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5. A N EXAMPLE SATISFYING THE STABILITY CONDITIONS
We verify validity of the stability conditions (3.1) and (3.11) for the most popularly considered case, H2 O mixed with nano particle Cu. Because both of them show almost same, we
consider only (3.1). The physical values of H2 O and Cu are in Table 3.
The goal of this mission is to find positive real numbers a, b, l, m becoming positive C1 and
C2 in (3.1). Because C1 and C2 depend on too many variables in Tables 1 and 2, we choose
reasonable values dp = 100nm, TC = 300K, and n = 3.0 (spherical shape). Then C1 and C2
TABLE 3. Physical Values of H2 O and Cu

H2 O
Cu

c
ρ
κ
µ
β
4179 997.1 0.613 0.001003 21 × 10−5
385 8933 401
non
1.67 × 10−5
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φ = 0.03, u = 0
φ = 0.03,
u=0

[0, 0.3] × [0, 0.1]

φ = 0.03,
u=0

T = 350K(= 76.85◦ C),
φ = 0.03, u = 0
F IGURE 11. Boundary conditions of Example 6.2
become function of concentrate variable φ and so we denote C1 (φ) and C2 (φ). Here φ ∈ [0, 1]
means rate of nano size particles from 0% to 100%. Nano size particles are included between
5% and 20% in realistic problem, that means φ ∈ [0, 0.2]. In this case, if we choose a = 68.0,
b = 1.5, l = 0.5, and m = 0.663, then the graph of both C1 (φ) and C2 (φ) is in Fig. 1.
Because of φ ∈ [0, 0.2] in real problem, we can conclude that C1 (φ) and C2 (φ) are positive
and that the system (1.1)-(1.4) and Algorithm 1 are stable. Also we compute for smaller particle
case, dp = 30nm and 50nm, in Fig. 2. In this case, C1 (φ) becomes negative near φ = 0,
because DB → ∞ as dp → 0. It means that (1.3) and (1.4) are dominated by non-linear
terms as dp → 0. But the fluid becomes single phase problem, if φ = 0. It means that (1.4)
disappears in the system. However the scale is 10−7 , so we expect that stability of both the
main equations and Algorithm 1 is not depend on φ.
In other view, stability depends on also reference temperature TC . Figure 3 is a graph for
the case dp = 50nm and TC = 280K, 320K, and 360K.
The stability conditions (3.1) and (3.11) does not satisfy for very small particle or very high
reference temperature, but it is not mean unstable of Algorithm 1.
6. N UMERICAL EXPERIMENTS
In this section, we perform numerical experiments to check stability of Algorithm 1. As we
check in proof of Theorem 3.2, the stability of momentum Eq. (1.1) depends on heat value T
in (1.3) and concentration function φ in (1.4). In order to check heat transport performance of
nano fluid, we compute φn+1 by (3.7) and T n+1 by (3.8) with given un+1 in the first example.
And we carry out the second example which is not for fixed temperature or velocity and check
the relationship between functions.
6.1. Example. In this test, base fluid is H2 O and nanofluid is Cu. The physical values of
them are in Table 3 and domain D = {(x, y) : x2 + y 2 ≤ 0.252 } shown in Fig. 4 is a circle
with radius 25cm. Nanoparticle size is 100nm and spherical shape. We choose time marching
size τ = 10.0 whose unit is second. We choose Nx = 256 (the number of vertices on ∂Ω). To
check movement of particles and transport of heat, we fix velocity as
u = 0.05r(r − 0.25) sin(θ)
v = −0.05r(r − 0.25) cos(θ)
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T = 270K(= −3.15◦ C),
φ = 0.03, u = 0
φ = 0.03,
u=0

φ = 0.03,
u=0

[0, 0.3] × [0, 0.1]

T = 350K(= 76.85◦ C),
φ = 0.03, u = 0
F IGURE 13. Boundary conditions of Example 6.3
To check cooling performance of nano fluid, we give initial temperature as
T (t = 0) = 350K = 76.85◦ C
with boundary condition is
T (t) = 293.16K = 20.01◦ C

on ∂Ω

and initial values of concentration function φ is given a non-uniform function as in Figure 5,
φ(t = 0) = −1.0r(r − 0.25) cos2 (3θ)(x − 0.9)2 + 0.05,
with boundary condition φ(t) = 0.05. Figure 6 displays distribution of particles at t = 60, 160
and 600. The temperature at time t = 120, 300 and 1000 is in Fig. 7. We can see decreasing
of temperature at the boundary.
The left graph in Fig. 8 is exactly same temperature of the last graph in Fig. 7. So it is the
graph of temperature at t = 1000 of nonofluid. The right graph in Fig. 8 is the temperature at
t = 1000 under pure fluid without non size particle. The average temperature is 310.604K =
37.454◦ C degree in nanofluid and is 343.895K = 70.745◦ C degree in pure fluid (H2 O). So
we can check that performance of heat transport is better nanofluid than fluid.
Figure 9 displays the role of flow of fluid. The left graph is temperature when fluid is moving
and the right graph is temperature when fluid is not moving. We can check that the left graph is
similar to circle, but right graph is polygon shape. It is the reason why transport of temperature
is faster in particle then in base fluid. The temperature in left graph is uniform for the angle,
because of the circulation of fluid, in contrast the right graph. In this case, Both of average
temperature are almost same 310.604K = 37.454◦ C. So we can conclude that existence of
nano particle is much more crucial than the flow of fluid.
We, in this test, obtain reasonable results. Finally, we want to discuss about stability. Figure
10 is result of temperature at t = 1000 with time marching size τ = 10.0, τ = 50.0, and
τ = 200.0. All of those are similar, so we can assert that Algorithm 1 is a stable scheme.
6.2. Example: Rectangular domain - Heating. We will compute the simulation for H2 0
and Cu on rectangular domain Ω = [0, 0.3] × [0, 0.1]. The particle forms a spherical-shape
of dp = 50nm. To verify the interaction between functions, we experiment without fixed
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temperature or velocity for the following initial conditions:


 φ(0, x, y) = 0.03 + 1000x(x − 0.3)y(y − 0.1),
T (0, x, y) = 300 K = 26.85◦ C,


u(0, x, y) = 0.
For the uniform mesh size 1/640m and the time marching size 1/100s for terminal time 60s, we
choose the finite element space (P 2 , P 1 , P 1 , P 1 ) for (u, p, φ, T ) and perform the simulation
using Algorithm 1. Boundary conditions are displayed in Fig. 11, which mean that heat is
applied to the bottom. The simulation result is shown as Fig. 12.
6.3. Example: Rectangular domain - Cooling. Next we conduct the experiment under the
same conditions of Example 6.2 except for boundary conditions. We carry out the computational test on boundary conditions as shown in Fig. 13 and obtained the result of Fig. 14.
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A BSTRACT. We propose a consistent numerical method for elliptic interface problems with
nonhomogeneous jumps. We modify the discontinuous bubble immersed finite element method
(DB-IFEM) introduced in (Chang et al. 2011), by adding a consistency term to the bilinear
form. We prove optimal error estimates in L2 and energy like norm for this new scheme.
One of the important technique in this proof is the Bramble-Hilbert type of interpolation error
estimate for discontinuous functions. We believe this is a first time to deal with interpolation
error estimate for discontinuous functions. Numerical examples with various interfaces are
provided. We observe optimal convergence rates for all the examples, while the performance
of early DB-IFEM deteriorates for some examples. Thus, the modification of the bilinear form
is meaningful to enhance the performance.

1. I NTRODUCTION
There are plenty of physical phenomena with interfaces in various disciplines including
mechanical, electrical, material and petroleum engineering, etc [1, 2, 3, 4, 5, 6, 7]. Obtaining
solutions (say displacement, pressure, velocity, heat flux etc) of the model equations arising
from them is an important issue in relevant industry fields. However, there are some difficulties
in solving them, even numerically.
Firstly, because of the abrupt change of underlying material properties, the governing equations of those problems usually have discontinuous coefficients along the interface. To handle
the discontinuity, one usually uses finite element methods (FEM) or finite volume methods
with fitted grids.
Received by the editors March 24 2020; Revised May 17 2020; Accepted in revised form May 27 2020; Published online June 25 2020.
2000 Mathematics Subject Classification. 65N12, 65N30.
Key words and phrases. Discontinuous bubble scheme, immersed finite element method, elliptic equation with
interface, nonhomogeneous-jump condition, structured grids.
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Secondly, a difficulty arises when the problem has nonhomogeneous jumps across the interface. For example, thermal conduction problems in heterogeneous media may have nonhomogeneous interface conditions [6]. The potential field across the membrane of cells may be
discontinuous [8]. In [9], the authors introduced some interfaces problems in dielectrophoresis
where the electric flux densities and potentials have nonhomogeneous jumps along the material interface. Also, pressure and saturation variables of multiphase flows in porous media
may become discontinuous when capillary pressures are discontinuous along the porous media
[10, 11]. To obtain accurate numerical solutions of these problems, the jump conditions along
the interface have to be handled properly. Among many numerical methods, Discontinuous
Galerkin (DG) [12, 13, 14] can give accurate approximations of the nonhomogeneous jump
problems, since the exact amount of jumps can be included explicitly in bilinear forms in terms
of penalties. See [15], for example, for the DG schemes developed for discontinuous capillary
pressures problems arising from heterogeneous porous media.
So far, most of the numerical approaches for interface problems were based on fitted grids.
However, fitted grids leads to an unstructured grid, which yields a discretized system with
complex data structure. Recently, new types of structured grids based methods have been
developed for the interface problems in the FEM community. The first type is the extended
finite element method (XFEM) [16, 17, 18, 19, 20], where one enriches the spaces by adding
the truncated basis functions along the interfaces. Therefore, the number of the degrees of
freedom increases on elements cut by interface.
Another structured grids based methods were introduced by by Z. Li, T. Lin and Y. Lin
and their coworkers [21, 22]. Immersed finite element methods (IFEM) modifies the basis
functions along the interface so that they satisfy the flux continuity conditions. The advantage
of IFEM is, it does not require extra degrees of freedom like XFEM, still retains the same
uniform data structures as smooth problems. The optimal error analyses of IFEM for elliptic
interface probelms were given in [23, 24, 25] for the homogeneous jump cases. IFEM has been
developed and applied successfully to other problems such as elasticity problem [26, 27, 28],
multiphase flows in porous media [29] and Robin type elliptic problems [30]. Also, IFEM
based on Crouzeix-Raviart (CR) P1 -nonconforming space [31] was developed in [24]. The
advantage of P1 -nonconforming based IFEM in [24] is that the efficient computation of Darcy
velocity is possible via the framework of mixed finite volume method [32].
When the problem has nonzero jumps across the interface, the discontinuous bubble IFEM
(DB-IFEM) [33] was developed. In DB-IFEM [33], a discrete bubble function satisfying the
given jump conditions was constructed and removed from the equation. Once the bubble function is removed, one can obtain a new problem with homogeneous jump conditions. In this
way, the problem reduces to a homogeneous case with a modified right hand side, which can
be solved by techniques developed earlier [33, 24]. One of the other advantages of DB-IFEM
is that, it has smaller number of degrees of freedom (dof) than DG, resulting in smaller system
to solve.
In this work, we modify the previous version of DB-IFEM [33]. The early version of IFEMs
[21, 23, 24] for the interface problems with homogeneous jump conditions used naive bilinear
form, which seemed to yield optimal results. However, it was found out that there are examples
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where this scheme is not optimal [34]. The scheme was improved in [35, 25] by adding the
consistency terms to the bilinear form. We modify DB-IFEM given in [33] by using a similar
idea. In fact, the technique of handling of consistency term has been originated from the
DG community [12, 13, 14]. We provide a rigorous error analysis for L2 and H 1 -norms by
proving the Bramble-Hilbert type of interpolation error estimate for discontinuous functions.
We perform the numerical experiments for the proposed schemes with various interface shapes
and jump conditions. We also compare the results with the early version of DB-IFEM. For
all the examples we tested, we observe the optimal convergence rates in both the L2 and H 1 norm for the new version, while the convergence rates of early version deteriorates for some
examples.
The rest of the paper is organized as follows. The governing equations of elliptic problems
having interface jumps and an idea of removing the jump parts with small support are described
in Section 2. In Section 3, we propose a new version of DB-IFEM and the error analysis is given
in Section 4. Numerical results are given in Section 5. The conclusion follows in Section 6.
2. P RELIMINARIES
2.1. mathematical formulation. Let Ω be a convex domain in R2 which is divided by a C 2
interface Γ yielding Ω+ and Ω− . We consider the following second-order elliptic interface
problem,
−∇ · β∇u
[u]Γ


∂u
β
∂nΓ Γ
u

= f,
= J1 ,

in Ω \ Γ,
on Γ,

(2.1a)
(2.1b)

= J2 ,

on Γ,

(2.1c)

= 0,

on ∂Ω,

(2.1d)

where f ∈ L2 (Ω), J1 ∈ H 3/2 (Γ), J2 ∈ H 1/2 (Γ) and nΓ is a specified unit normal vector
to Γ pointing from Ω− into Ω+ and bracket [·]Γ means the jump across the interface, i.e.,
[u]Γ = u|Ω− − u|Ω+ . The coefficient β(x) belongs to C 1 (Ωs ), for s = +, − and is a function
which is discontinuous across the interface Γ. For simplicity, we assume β = β s on Ωs (s = +
or −) are positive piecewise constants.
We introduce some function spaces and their norms. For any bounded subdomain D, we
denote D+ = D ∩ Ω+ , D− = D ∩ Ω− and define H m (D) and H01 (D) to be the usual Sobolev
spaces of order m with the norm k · km,D and the semi-norm | · |m,D . For m = 1, 2, the space
e m (D) is defined as
H
e m (D) := H m (D+ ) ∩ H m (D− ),
H
with norms (semi-norms)
kuk2He m (D) := kuk2H m (D+ ) + kuk2H m (D− ) .
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e m (D) is defined for m = 1, 2 as
The subspace H
0
e m (D) := {u ∈ H
e m (D) | u = 0 on ∂D}.
H
0
e m (Ω) where
Since the equation we want to solve has jump conditions, we need subspaces of H
J
,J
1
2
J
,J
(D) as follows:
jump conditions are imposed. We define U 1 2 (D) and U0


∂u
J1 ,J2
2
e
U
(D) := { u ∈ H (D) | [u] = J1 and β
= J2 on Γ}
(2.2)
∂n Γ
U0J1 ,J2 (D) := { u ∈ U J1 ,J2 (D) | u|∂D = 0}.
The following result is given in [36, 37].
Theorem 2.1. Assume that f ∈ L2 (Ω). Then the problem (2.1) has a unique solution u ∈
U J1 ,J2 (Ω) such that for some constant C > 0,
kukHe 2 (Ω) ≤ C(kf kL2 (Ω) + kJ1 kH 3/2 (Γ) + kJ2 kH 1/2 (Γ) ).
2.2. weak formulation with jump conditions. We consider the weak formulation for the
problem (2.1a)-(2.1d). We multiply v ∈ H01 (Ω) on each side of (2.1a) and apply Green’s
theorem to obtain
Z
Z
Z
∂u
−
β s vds +
β s ∇u · ∇vdx =
f vdx, s = + or −,
∂n
∂Ωs
Ωs
Ωs
where n is a unit outward normal vector to Ωs . Adding, we obtain
Z
Z
+
β ∇u · ∇vdx +
β − ∇u · ∇vdx
Ω+
Ω−

Z 
Z
∂u
=
β
vds +
f vdx,
∂nΓ
Γ
Ω
Here, we define the bilinear form a(·, ·) as follows:
Z
Z
a(u, v) :=
β∇u · ∇vdx +
β∇u · ∇vdx,
Ω+

Ω−

∀v ∈ H01 (Ω).

e 1 (Ω).
∀u, v ∈ H

Finally, we can rewrite the problem (2.1) as follows: Find u ∈ U0J1 ,J2 (Ω) satisfying (2.1b) and
a(u, v) =< J2 , v >Γ +(f, v), ∀v ∈ H01 (Ω),

(2.3)

where (·, ·) denotes the L2 (Ω) inner product and < ·, · >Γ denotes the L2 (Γ) inner product.
It can be easily shown that the weak problem (2.3) is equivalent to the original problem (2.1)
(see [33]).
Since the solution of the problem (2.1) belongs to U0J1 ,J2 (Ω) which is not a vector space, we
will subtract a function corresponding to the nonhomogeneous part. There are many choices,
but we will choose a function having a small support. First, we let SΓ be a thin region containing Γ as interior (see Fig. 1, left).
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Figure 1: Example of thin strip SΓ (left) and discretized strip SΓh (right) for a given triangulation.
In practice, assuming a finite element triangulation is given, we will take SΓ to be SΓh which
e 2 (SΓ )
is the union of interface elements (see Fig. 1, right). We choose a bubble function u∗ in H
0
which satisfies jump conditions
[u∗ ]Γ = J1 ,
[β∇u∗ · n]Γ = J2 .
Then we decompose u as follows:
u = u0 + u∗ ,
where u0 ∈ H01 (Ω).
Then we obtain a new problem:
−∇ · β∇u0 = f + ∇ · β∇u∗ ,
0



[u ]Γ = 0,

∂u0
= 0,
β
∂nΓ Γ
u0 = g,

in Ω \ Γ,

on Γ,
on Γ,
on ∂Ω.

Hence, the new variational form is following: Find u0 ∈ H01 (Ω) satisfying
a(u0 , v) =< J2 , v >Γ +(f, v) − a(u∗ , v),

∀v ∈ H01 (Ω).

(2.5)

3. DB-IFEM
From this section on, we assume Ω is a rectangular domain. Let Th be any triangulation of
Ω not necessarily aligned with interface. We define Eh as the set of all edges of elements in
Th . We call T ∈ Th an interface element if T is cut by the interface Γ. Otherwise, we call T
a noninterface element. We define Th∗ be the set of interface elements in Th . We define SΓh to
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Figure 2: An interface element T (left) and the graph of φb on T (right).
be the union of elements in Th∗ (see Fig. 1). We assume that the support of u∗ is SΓh . In this
section, we show how we discretize u0 and u∗ .
3.1. Review of IFEM for homogeneous jumps. First, we review the P1 -conforming based
IFEM investigated in [21, 23, 24, 35, 25] for the case J1 = J2 = 0. Let T be any elements in
Th∗ . We let Sh (T ) be a space of standard linear functions on T with nodal dof. We show how
we modify linear basis functions in Sh (T ). Suppose T is cut through edges e2 and e3 at points
E1 and E2 respectively by Γ (see Fig. 2 (left)). Let T + and T − be two regions of T separated
by ΓTh := E1 E2 .
Given a function φ ∈ Sh (T ), we hlet φb bei the modified piecewise linear
satisfying
h bfunction
i
∂
φ
b i ) = φ(Ai ) for i = 1, 2, 3 and φ(E
b i)
φ(A
= 0 for i = 1, 2 and β
= 0 (see Fig.
∂n ΓT
h

ΓT
h

2 (right)). We denote the space of modified functions by Sbh (T ). For noninterface element T ,
we do not modify. The P1 -conforming based IFEM space Sbh (Ω) are space of all functions
e 2 (T ), we
of Sbh (T ) having vertex continuity and vanishing on boundary nodes. Given u ∈ H
define the interpolation Ih0 u ∈ Sbh (T ) by
Ih0 u(Ai ) = u(Ai ), i = 1, 2, 3.
e 2 (Ω) by (I 0 u)|T = Ih (u|T ) for each element T .
We define Ih0 u for u ∈ H
h
e 1 (Ω) defined
The early version of IFEM used a naive bilinear form on Hh (Ω) := Sbh (Ω) ∪ H
0
by
X Z
e
ah (u, v) =
β∇u · ∇vdx.
T ∈Th

T

However, as shown later by Lin et al. [34], the result was not satisfactory for certain cases.
The reason is that the consistency error is suboptimal. Hence, the bilinear form was enriched
by adding the terms to handle the consistency errors [35, 25]. To handle it, we leave the line
integral terms appearing from the integration by parts. We associate with a unit normal vector

A CONSISTENT DB SCHEME FOR ELLIPTIC PROBLEMS WITH INTERFACE JUMPS

149

ne to each edge. We denote the jumps and averages for v ∈ Hh (Ω) across an edge e ∈ Eh by
[v]e (x) and {v}e (x), respectively. Let
XZ
X Z
{β∇u · ne }e [v]e ds
β∇u · ∇vdx −
ah (u, v) =
T ∈Th

−

T

e∈Eh

XZ
e∈Eh

e

{β∇v · ne }e [u]e ds +

e

X σ Z
[u]e [v]e ds,
|e| e

(3.1)

e∈Eh

where σ is a positive parameter. The optimal error estimates of IFEM with associated bilinear
form in (3.1) was proven in [35, 25].
3.2. DB-IFEM with consistentency terms. Now we consider the case J1 6= 0 and J2 6= 0.
We propose a new DB-IFEM for interface problems. We describe a discontinuous bubble (DB)
function u∗h introduced in [33]. Let T be element in SΓh . We let u∗h be the piecewise linear
polynomial on T + and T − satisfying
u∗h (Ai ) = 0,

β−

∂ φb−
∂nΓT
h

i = 1, 2, 3,

[u∗h (Ei )]ΓT = J1 (Ei ), i = 1, 2,
h
Z
+
b
1
+ ∂φ
−β
= T
J2 ds.
∂nΓT
|Γh | ΓTh
h

(3.2a)
(3.2b)
(3.2c)
(3.2d)

The existence of such function is shown in [33]. Once we have determined u∗h , we discretize
weak form (2.5) using the form (3.1).
We state (consistent) DB-IFEM: Find u0h ∈ Sbh (Ω) such that
Z
0
(3.3)
ah (uh , v) = (f, v) + J2 vds − ah (u∗h , v),
Γ

for all v ∈ Sbh (Ω). The difference between (3.3) and the form in [33] is the presence of
consistent terms and stability terms in (3.1).
We show that this scheme is consistent.
Theorem 3.1. Suppose u is a solution of (2.1a)-(2.1d) and u∗h is the DB function defined in
(3.2) and u0h is the solution of (3.3). Then,
ah (u − u0h − u∗h , φh ) = 0

(3.4)

for all φh ∈ Sbh (Ω).
Proof. In view of (3.3), it is sufficient to show that
ah (u, φh ) = (f, φh )− < J2 , φh >
for all φh ∈ Sbh (Ω).

(3.5)
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We multiply φh ∈ Sbh (Ω) to equation (2.1a). Applying the integration by parts on each
element, and using similar techniques used in Section 2.2, we have
 XZ
Z
X Z
{β∇u · n}e [φh ]e ds
β∇u · ∇φh dx −
β∇u · ∇φh dx +
T ∈Th

T ∩Ω−

T ∩Ω+

e∈Eh

e

= (f, φh )− < J2 , φh > .
R
P
We note that [u]e = 0 for all e ∈ Eh . Thus, by adding − e∈Eh e {β∇φh · n}e [u]e ds (to make
P
σ
the form symmetric) and |e|
e∈Eh [u]e [φh ]e to left side of the equation, we see (3.5) holds.
2

Remark 3.1. We can develop a similar DB scheme for the Crouzeix-Raviart IFEM [25].
4. E RROR A NALYSIS
We need the following norms on space Hh (Ω),
X
X
kuk1,h :=
kukHe 1 (T ) , kukEh :=
kukE,T .
T ∈Th

kuk2E,T

T ∈Th

Z
:=



Z

X 1 Z
β∇u · ∇udx +
β∇u · ∇udx +
[u]2 ds.
|e| e e
T ∩Ω−
T ∩Ω+
e∈∂T

4.1. Approximation property of DB. As shown in [22], we may assume that Γ ∩ T is piecewise linear for each T ∈ Th . We define function spaces X(T ) and XΓ (T ) by
e 2 (T )
X(T ) := H

Z
2
e
XΓ (T ) := u : u ∈ H (T ),
Γ∩T



∂u
β
∂n




ds = 0 .
Γ

Note that functions in X(T ) or XΓ (T ) are in general discontinuous. We also remark that
UΓJ1 ,0 (T ) ⊂ XΓ (T ) (see (2.2)).
For any u ∈ XΓ (T ), we define the following norms:
|u|2X(T ) = |u|2H̃ 2 (T ) ,
kuk2X(T ) = kuk2H̃ 1 (T ) + |u|2X(T ) ,
|||u|||22,T = |u|2X(T ) +

3
X
i=1

|u(Ai )|2 +

2
X

[u(Bi )]2Γ .

i=1

The norm ||| · |||2,T is similar to the one introduced in [24], where the edge dof is replaced by the
vertex dof (i.e., u(Ai )) and jump terms [u(Bi )]Γ are added.
The following results can be proved in a similar fashion to the Lemma 2.4 in [24].
Lemma 4.1. ||| · |||2,T is a norm in the space XΓ (T ) which is equivalent to k · kX(T ) .
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The DB function u∗h defined in (3.2) can be viewed as an interpolation of u∗ when u∗ is a
bubble function supported in SΓh .
Lemma 4.2. Let T be an interface element. Then for any u ∈ U J1 ,J2 (T ), we have
ku − Ih0 u − u∗h km,T ≤ Ch2−m kukH̃ 2 (T ) , m = 0, 1,

(4.1)

where h is the mesh size of T and u∗h is the DB function defined in (3.2).
Proof. Let z = u − Ih0 u − u∗h . By definition,



 


Z
Z
∂u∗h
∂u
∂z
β
ds = J2 − J2 = 0.
ds =
− β
β
∂n Γ
∂n Γ
∂n Γ
Γ∩T
Γ∩T
Thus, z ∈ XΓ (T ). Let Tb be a reference interface element and let ẑ(x̂) := z ◦ F (x̂), û(x̂) :=
c∗ (x̂) := u∗ ◦ F (x̂) where F : T̂ → T is the usual affine mapping. We note the
u ◦ F (x̂) and u
h
h
following equality holds.
|||ẑ|||22,Tb =|ẑ|2H̃ 2 (Tb) +

3
X

|(û − Ih0 û)(Ai )|2 +

i=1

2 h
X

i2
c∗ (Ei )
û(Ei ) − u
h

Γ

i=1

=|û|2H̃ 2 (Tb) ,

(4.2)

c∗ (Ei )]Γ , i = 1, 2, and piecewise H 2 since û(Ai ) = Ih0 û(Ai ), i = 1, 2, 3, [û(Ei )]Γ = [u
h
c∗ vanish. By the scaling argument for
seminorm of the piecewise linear functions Ih0 û and u
h
m = 0, 1, and the norm equivalence of ||| · |||2,T and k · kX(T ) , and by (4.2) we have
c∗ ||| b
c∗ k b ≤ Ch1−m |||û − I 0 û − u
ku − Ih0 u − u∗h km,T ≤ Ch1−m kû − Ih0 û − u
h
h 2,T
h m,T
= Ch1−m |û|H̃ 2 (Tb) ≤ Ch2−m |u|H̃ 2 (T ) .

2


Finally, we obtain the main interpolation estimate.
Theorem 4.1. There exists a constant C > 0 such that
ku − Ih0 u − u∗h kL2 (Ω) + hku − Ih0 u − u∗h k1,h ≤ Ch2 kukHe 2 (Ω) ,
for any u ∈ U J1 ,J2 (Ω).
Also, the interpolation property holds in the k · kEh -norm.
Theorem 4.2. Assume that J1 is piecewise linear on each element. There exists a constant
C > 0 such that
ku − Ih0 u − u∗h kEh ≤ ChkukHe 2 (Ω) ,
for any u ∈ U J1 ,J2 (Ω).

(4.3)
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Proof. We let w = u − Ih0 u − u∗h . By the assumption that J1 is piecewise linear and by the
definition of Ih0 and u∗h , we see that w ∈ H 1 (T ) for each T .
R the2definition of k · kEh , by Theorem 4.1 it suffices to bound
P Recalling
1
e∈Eh |e| e [w] ds. Let e be a common edge of T1 and T2 . By the trace inequality and by
(4.1)),
Z


−1
[w]2 ds ≤ C h−2 kwk2L2 (T1 ) + h−2 kwk2L2 (T2 ) + k∇wk2L2 (T1 ) + k∇wk2L2 (T2 )
h
e

≤ Ch2 (kwk2He 2 (T ) + kwk2He 2 (T ) ).
1

2

By summing over e ∈ Eh , we reach the conclusion.

2



4.2. Energy and L2 -norm error estimates. We need the following Lemma proven in [25].
Lemma 4.3. There exists C0 > 0 such that the following holds,
hkβ∇φ · ne k20,e ≤ C0 kβ∇φk20,T ,

(4.4)

for all φ ∈ Sbh (T ) and for all T ∈ Th and e ∈ ∂T .
Now, show that ah (·, ·) is coercive on Sbh (Ω).
Lemma 4.4. There exists some C1 > 0 such that
C1 kφkEh ≤ ah (φ, φ),
holds for sufficiently large σ > 0,
R
P
Proof. Recalling the definition of ah (·, ·), we need to bound the term e∈Eh e {β∇φ·n}e [φ]e ds.
Suppose e is a common edge of T1 and T2 . By Cauchy’s inequality, (4.4) and Young’s inequality,
Z
{β∇φ · ne }e [φ]e ds
e
−1/2

≤h



1/2

Z
{β∇φ ·

h

ne }2e ds

1/2 Z

e
−1/2 C0

≤h
≤

2

kβ∇φk20,T1

1/2

[φ]2e ds

e

+

kβ∇φk20,T2
C02

δ
kβ∇φk20,T1 + kβ∇φk20,T2 +
2
8δ


1/2

Z



Z

1/2

[φ]2e ds

e

1
|e|

e


[φ]2e ds .
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for any number δ > 0.
X Z

ah (φ, φ) =
−2

XZ

≥ (1 − 3δ)

+ σ−

T+

X σ Z
[φ]2 ds
|e| e e
e∈Eh

Z
β∇φ · ∇φdx
β∇φ · ∇φdx +

{β∇φ · ne }e [φ]e ds +

e

e∈Eh

X Z

T−
T ∈Th

Z
C02 X 1

4δ

We choose δ = 1/6. If σ >

β∇φ · ∇φdx

β∇φ · ∇φdx +

T−

T ∈Th



Z

e∈Eh

|e|

T+

[φ]2e ds.

e

3C02
2 ,

the desired inequality holds with


3C02
1
C1 = min
,σ −
. 2
2
2


Using similar techniques, we can easily show the boundedness of ah (·, ·).
Lemma 4.5. Given σ > 0, there exists some C2 > 0 such that
ah (φ, φ) ≤ C2 kφkEh .
for all φ ∈ Sbh (Ω).
Finally, we give the energy-norm like estimate.
Theorem 4.3. Assume that the jump J1 is piecewise linear. Let u ∈ U J1 ,J2 (Ω) be the solution
3C 2
of (2.1a)-(2.1d) and u0h ∈ Sbh (Ω) be the solution of (3.3). If σ > 2 0 , then the following
estimates holds
ku − u0h − u∗h kEh ≤ Ch(kf kL2 (Ω) + kJ1 kH 3/2 (Γ) + kJ2 kH 1/2 (Γ) ).

(4.5)

Proof. We let w := u0h − Ih0 u ∈ Sbh (Ω). By the coercivity/continuity of ah (·, ·) and by the
consistency of the scheme (3.4),
C1 kwk2Eh ≤ ah (w, w) = ah (w, u0h + u∗h − u) + ah (w, u − Ih0 u − u∗h )
= ah (w, u − Ih0 u − u∗h ) ≤ C2 kwkEh ku − Ih0 u − u∗h kEh .
Thus, we have
kwkEh ≤

C2
ku − Ih0 u − u∗h kEh .
C1
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By the triangle inequality and by Theorem 2.1, we have the conclusion
ku − u0h − u∗h kEh ≤ ku − Ih0 u − u∗h kEh + kwkEh




C2
C2
0
∗
≤ 1+
ku − Ih u − uh kEh ≤ 1 +
CI hkukHe 2 (Ω)
C1
C1
≤ Ch(kf kL2 (Ω) + kJ1 kH 3/2 (Γ) + kJ2 kH 1/2 (Γ) ). 2

Next, we prove the L2 -error estimate.
Theorem 4.4. Under the same assumptions as in Theorem 4.3, we have,
ku − u0h − u∗h kL2 (Ω) ≤ Ch2 (kf kL2 (Ω) + kJ1 kH 3/2 (Γ) + kJ2 kH 1/2 (Γ) ).
Proof. Let eh = u − u0h − u∗h ∈ L2 (Ω). Let ψ ∈ H01 (Ω) be the solution of the following
problem:
−∇ · β∇ψ = eh ,


[ψ]Γ = 0,

∂ψ
β
= 0,
∂nΓ Γ
ψ = 0,

in Ω \ Γ,
on Γ,
on Γ,
on ∂Ω.

By definition of ψ and by the integration by parts, we have
X Z
2
keh kL2 (Ω) =
(−∇ · β∇ψ)eh dx
T ∈Th

=

X Z
T ∈Th

T−

T



Z
β∇ψ · ∇eh dx +

β∇ψ · ∇eh dx −
T+

XZ
e∈Eh

{β∇ψ · n}[eh ]e ds.

e

R
P
Since ψ ∈ H 1 (Ω), we see that [ψ]e = 0. Thus we can add − e∈Eh e {β∇eh · n}e [ψ]e ds and
R
P
σ
e∈Eh |e| e [eh ]e [ψ]e ds to the right hand side, leading to the equality that
keh k2L2 (Ω) = ah (eh , ψ).
However, by the fact that Ih0 ψ ∈ Sbh (Ω) and by the consistency of the scheme (3.4) we see that
ah (eh , ψ) = ah (eh , ψ − Ih0 ψ). Applying Cauchy’s inequality and continuity of ah (·, ·), we
have
keh k2L2 (Ω) = ah (eh , ψ − Ih0 ψ) ≤ Ckeh kEh · kψ − Ih0 ψkEh .
By the energy norm estimate (4.5) and by interpolation property (4.3) and by Theorem 2.1, we
have
keh k2L2 (Ω) ≤ ChkukHe 2 (Ω) · ChkψkHe 2 (Ω) ≤ ChkukHe 2 (Ω) · Chkeh kL2 (Ω) .
Dividing keh kL2 (Ω) , we have the desired estimate.
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Figure 3: Uniform meshes for several shapes of interfaces of Example 5.1 through Example
5.4.
5. N UMERICAL R ESULTS
In this section, we provide some numerical experiments for problems with the nonhomogeneous jumps. The experiment are conducted with various interface Γ and coefficients β. Figure
3 shows the interface shapes.
We name our new version of DB-IFEM as discontinuous bubble-modified immersed finite
element method (DB-MIFEM). We report the L2 -error and piecewise H 1 -errors of the DBMIFEM (see Table 1, Table 3, Table 5, Table 7) and we compare them with those of the early
DB-IFEM in [33] (see Table 2, Table 4, Table 6, Table 8).
We let the domain Ω = [−1, 1]2 and we consider a uniform triangulation Th by right triangles whose size h = 2−k , k = 3, 4, ..., 8. We use the level set function L(x, y) : Ω → R and
level set Γ = {(x, y) | L(x, y) = 0} to represent the interface.
Example 5.1. (Peanut shaped curve) The interface is given by Γ = {(x, y) : x4 /2 − x2 /4 +
y 2 − 0.06 = 0} and the coefficient is β − = 1, β = 10+ . The exact solution is

 (4 − x2 − y 2 )/β − if (x, y) ∈ Ω− ,
u(x, y) =

2cos(x + y)/β +
if (x, y) ∈ Ω+ .
We report the errors of DB-MIFEM in Table 1. We observe that the convergence rates are
both optimal in L2 and H 1 -norms. On the other hand, Table 2 shows that results for the early
DB-IFEM, where the convergence rates are suboptimal. Thus, the DB-MIFEM outperforms
the early version.
Table 2: Example 5.1, DB-IFEM (early
version)

Table 1: Example 5.1, DB-MIFEM
1/h
8
16
32
64
128
256

ku − uh kL2 (Ω)
3.426 × 10−3
8.743 × 10−4
2.150 × 10−4
5.434 × 10−5
1.347 × 10−5
3.448 × 10−6

order
1.970
2.024
1.984
2.013
1.966

ku − uh k1,h
9.276 × 10−2
4.698 × 10−2
2.370 × 10−2
1.191 × 10−2
5.966 × 10−3
2.987 × 10−3

order
0.981
0.987
0.993
0.997
0.998

1/h
8
16
32
64
128
256

ku − uh kL2 (Ω)
5.684 × 10−3
1.467 × 10−3
3.983 × 10−4
1.128 × 10−4
3.417 × 10−5
1.456 × 10−5

order
1.954
1.881
1.819
1.723
1.231

ku − uh k1,h
1.118 × 10−1
5.436 × 10−2
3.262 × 10−2
1.895 × 10−2
1.138 × 10−2
7.691 × 10−3

order
1.040
0.736
0.784
0.736
0.565

156

I. KWON AND G. JO

Example 5.2. (cubic curve) The interface is given by Γ = {(x, y) : y − 3x(x − 0.3)(x − 0.8) −
0.4 = 0} and the coefficient is β − = 10, β + = 1. The exact solution is
 2
if (x, y) ∈ Ω− ,
 x + y 2 /β −
u(x, y) =

2sin(x + y)/β + if (x, y) ∈ Ω+ .
We report the errors of DB-MIFEM in Table 3 and those for early DB-IFEM in Table 4. We
observe that the convergence rates of DB-MIFEM are both optimal in L2 and H 1 -norms. On
the other hand, the early DB-IFEM has suboptimal convergent rates.
Table 4: Example 5.2, DB-IFEM (early
version)

Table 3: Example 5.2, DB-MIFEM
1/h
8
16
32
64
128
256

ku − uh kL2 (Ω)
7.780 × 10−4
1.644 × 10−4
3.624 × 10−5
8.407 × 10−6
2.038 × 10−6
5.004 × 10−7

order
2.243
2.182
2.108
2.045
2.026

ku − uh k1,h
5.512 × 10−2
2.750 × 10−2
1.372 × 10−2
6.854 × 10−3
3.425 × 10−3
1.712 × 10−3

order
1.003
1.003
1.001
1.001
1.000

1/h
8
16
32
64
128
256

ku − uh kL2 (Ω)
2.177 × 10−3
5.852 × 10−4
1.818 × 10−4
6.729 × 10−5
2.566 × 10−5
1.126 × 10−5

order
1.895
1.687
1.436
1.391
1.189

ku − uh k1,h
6.147 × 10−2
3.436 × 10−2
1.967 × 10−2
1.226 × 10−2
7.788 × 10−3
5.284 × 10−3

order
0.839
0.805
0.682
0.654
0.560

Example 5.3. (Circle) The interface is given by Γ = {(x, y) : x2 + y 2 = 0.611112 } and the
coefficient is β − = x2 + y 2 , β + = 1. The exact solution is

if (x, y) ∈ Ω− ,
 6x2 + 7y 2
u(x, y) =

sin(3xy) + cos(5x2 y 2 ) if (x, y) ∈ Ω+ .
We report errors of DB-MIFEM in Table 5 and those for early DB-IFEM in Table 6. We observe
the similar behavior as before.
Table 6: Example 5.3, DB-IFEM (early
version)

Table 5: Example 5.3, DB-MIFEM
1/h
8
16
32
64
128
256

ku − uh kL2 (Ω)
1.023 × 10−1
5.268 × 10−3
1.322 × 10−3
3.418 × 10−4
8.412 × 10−5
2.109 × 10−5

order
4.279
1.995
1.951
2.009
2.009

ku − uh k1,h
8.157 × 10−1
2.750 × 10−1
1.372 × 10−1
6.854 × 10−2
3.425 × 10−2
1.712 × 10−2

order
1.129
0.993
0.998
0.999
0.999

1/h
8
16
32
64
128
256

ku − uh kL2 (Ω)
1.046 × 10−1
8.008 × 10−3
2.025 × 10−3
5.200 × 10−4
1.663 × 10−4
7.581 × 10−5

order
3.708
1.983
1.961
1.645
1.133

ku − uh k1,h
8.490 × 10−1
4.030 × 10−1
2.145 × 10−1
1.097 × 10−1
6.123 × 10−2
3.698 × 10−2

order
1.075
0.910
0.966
0.842
0.727

Example 5.4. (Star shaped curve) The interface is given by Γ = {(r, θ) : r − 0.57 −
0.1sin(4θ) = 0} and the coefficient is β − = xy + 3, β + = x2 − y 2 + 3. The exact solution is
 2
 x + y 2 + 2 if (x, y) ∈ Ω− ,
u(x, y) =

1 − x2 − y 2 if (x, y) ∈ Ω+ .
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Table 8: Example 5.4, DB-IFEM (early
version)

Table 7: Example 5.4, DB-MIFEM
1/h
8
16
32
64
128
256

ku − uh kL2 (Ω)
4.513 × 10−2
1.850 × 10−3
4.444 × 10−4
1.091 × 10−4
2.788 × 10−5
6.886 × 10−6

order
4.608
2.058
2.027
1.968
2.017

ku − uh k1,h
8.157 × 10−1
2.750 × 10−1
1.372 × 10−1
6.854 × 10−2
3.425 × 10−2
1.712 × 10−2

157

order
1.129
0.993
0.998
0.999
0.999

1/h
8
16
32
64
128
256

ku − uh kL2 (Ω)
4.563 × 10−2
2.572 × 10−3
6.454 × 10−4
1.621 × 10−4
4.065 × 10−5
1.017 × 10−5

order
4.149
1.994
1.993
1.996
1.999

ku − uh k1,h
2.100 × 10−1
1.011 × 10−1
5.079 × 10−2
2.545 × 10−2
1.275 × 10−2
6.378 × 10−3

order
1.055
0.993
0.997
0.998
0.999

We observe the similar behavior as before.
For all the examples, we see that the DB-MIFEM shows optimal convergence rates in L2
and H 1 -norms. However, for some examples, we see that the early DB-IFEM has suboptimal
convergence rates. Thus, the modification of DB-IFEM via the enrichment of bilinear form
enhances the accuracy for the problems with nonhomogeneous jumps. We show the graphs of
numerical solutions of DB-MIFEM in Fig. 4. For all the examples, we see that the results does
not have any oscillatory phenomena near the interfaces.

Figure 4: Numerical solutions for Example 5.1 (top, left), Example 5.2 (top, right), Example
5.3 (bottom, left) and Example 5.4 (bottom, right).
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6. C ONCLUSION
In this work, we studied a new version of DB-IFEM. We modified DB-IFEM in [33] by
adding consistency terms to enhance the accuracy. We constructed a discontinuous bubble
function which approximates the jump parts and by subtracting it from the bilinear form, we
obtain a problem with homogeneous jump. We then proved the interpolation property of the
DB function. We believe this is a first time to prove Bramble-Hilbert type of lemma for discontinuous functions. Then by showing the coerciveness of the new bilinear form we obtain
the optimal error estimates for the new DB-IFEM.
The new DB-IFEM. clearly shows improvement in convergence rates over the early scheme
for all the examples.
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A BSTRACT. Total variation minimization is standard in mathematical imaging and there have
been numerous researches over the last decades. In order to process large-scale images in
real-time, it is essential to design parallel algorithms that utilize distributed memory computers efficiently. The aim of this paper is to illustrate recent advances of domain decomposition
methods for total variation minimization as parallel algorithms. Domain decomposition methods are suitable for parallel computation since they solve a large-scale problem by dividing it
into smaller problems and treating them in parallel, and they already have been widely used
in structural mechanics. Differently from problems arising in structural mechanics, energy
functionals of total variation minimization problems are in general nonlinear, nonsmooth, and
nonseparable. Hence, designing efficient domain decomposition methods for total variation
minimization is a quite challenging issue. We describe various existing approaches on domain
decomposition methods for total variation minimization in a unified view. We address how the
direction of research on the subject has changed over the past few years, and suggest several
interesting topics for further research.

1. I NTRODUCTION
Along with the development of high-performance computing, there has been arisen a natural
question for how to design numerical methods which make efficient use of distributed memory
computers. Domain decomposition method (DDM) is a clever answer to that question, especially for numerical methods for solving large-scale algebraic systems arisen in discretization
of boundary value problems. In DDM, we solve a boundary value problem by decomposing
its domain into smaller subdomains to produce smaller problems on subdomains. Since such
smaller problems in subdomains can be treated in parallel, DDM is suitable for making efficient
use of distributed memory computers. In addition, DDMs can be regarded as preconditioned
methods [1, Ch. 1]. Due to such advantages, they have been successfully developed over past
decades. For more detailed explanation for DDMs, we refer readers to monographs [1, 2].
Received by the editors March 26 2020; Accepted June 1 2020; Published online June 25 2020.
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Key words and phrases. domain decomposition methods, total variation, mathematical imaging, parallel
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There are two major approaches to design DDMs: Schwarz methods and iterative substructuring methods. In Schwarz methods, we decompose the solution space into a sum of its subspaces, where each subspace consists of functions whose supports are contained in the subdomain. Then, the next iterate is obtained by adding local corrections obtained from the residual
of the previous iterate. Such correction procedure is done by either parallel (additive Schwarz)
or successive (multiplicative Schwarz) manner. Well-known block relaxation schemes such as
the block Jacobi method and the block Gauss–Seidel method belong to this class. There is a
vast literature on the Schwarz methods; see [1, 3] and references therein.
On the other hand, in iterative substructuring methods, we solve a system which is composed of local problems and a global interface problem. The global interface problem comes
from the interface condition such as the continuity of a solution on the subdomain interfaces.
The interface condition is enforced by either primal or dual sense. In primal methods, the interface degrees of freedom (dofs) are shared by adjacent subdomains; for example, see [4, 5].
Alternatively, the interface condition is enforced by the method of Lagrange multipliers in dual
methods [6, 7, 8]. Due to fast speed and scalability, iterative substructuring methods have been
widely used for numerical solutions of linear elliptic PDEs.
The purpose of this paper is to review the recent notable advances in DDMs for total variation minimization. The general total variation minimization problem is given by
min
u∈BV (Ω)

{F (u) + T V (u)} ,

(1.1)

where Ω ⊂ R2 is a bounded rectangular domain, F : BV (Ω) → R is a convex functional,
T V (u) is the total variation of u, which is defined as
Z

1
2
T V (u) = sup
u div p dx : p ∈ (C0 (Ω)) , |p(x)| ≤ 1, x ∈ Ω ,
Ω
1
and BV
R (Ω) is the space of L functions with finite total variation. Note that T V (u) agrees
with Ω |∇u| dx for sufficiently smooth u. After a pioneering work of Rudin et al. [9], total
variation minimization has been used as a standard regularizer in mathematical imaging. One
of the most fundamental example of (1.1) is the Rudin–Osher–Fatemi (ROF) model [9] for
image denoising:

 Z
α
2
min
(u − f ) dx + T V (u) .
(1.2)
2 Ω
u∈BV (Ω)

Here, f R∈ L2 (Ω) is an observed noisy image and α is a positive weight parameter. The fidelity
term α2 Ω (u − f )2 dx in (1.2) measures a distance between the given data f and a solution u.
On the other hand, the regularizer T V (u) enforces some regularity of the solution. Thanks
to the anisotropic diffusion property of the total variation term, the model (1.2) effectively removes Gaussian noise while preserving edges and discontinuities of the image [10]. There
have been numerous approaches to solve (1.2): projected dual gradient method [11], alternating minimization algorithm [12], FISTA [13], split Bregman algorithm [14], and primal-dual
algorithms [15, 16].
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Even though DDMs for linear elliptic PDEs have been successfully developed over the past
decades, there have been relatively modest achievements in total variation minimization problems due to their own difficulties. The total variation term in (1.1) is nonseparable, i.e., it
cannot be expressed as the sum of local energy functionals in subdomains. Consequently, existing convergence results on DDMs for nonlinear problems such as [17, 18, 19] cannot be
applied to (1.1), or even to the easier case (1.2). Even more, the solution space BV (Ω) allows
discontinuities of a solution on the subdomain interfaces, so that it is difficult to impose appropriate boundary conditions to local problems in subdomains. This makes design of iterative
substructuring methods hard.
Overcoming such difficulties, there have been several fruitful research on DDMs for total
variation minimization. Schwarz methods for (1.2) were first considered in [20, 21]. Then they
were generalized to (1.1) with L2 -L1 mixed fidelity in [22]. Due to the nature of total variation
minimization, it is difficult to impose the interface boundary condition to local problems of
Schwarz methods. In [23, 24, 25], various methodologies for the efficient boundary process of
local problems were proposed. While the convergence to a global minimizer is not guaranteed
for Schwarz methods for primal total variation minimization [26], it was shown in [27, 28]
that Schwarz methods for dual total variation minimization converge sublinearly to a global
minimizer; we will state the precise definitions of primal and dual problems in Section 4.
Incorporating with FISTA [13] acceleration, an accelerated block method for the dual ROF
model was proposed in [29]. Iterative substructuring methods for the dual ROF model were
considered in [30], based on finite element discretizations using the pixel grid. Then the primaldual iterative substructuring method in [30] was generalized to general dual total variation
minimization in [31].
This paper is intended to give readers a unified view on the above-mentioned works. In order to accomplish our goal, we present a concise summary on those works with comments. In
Section 2, we review how the total variation minimization works in the field of mathematical
imaging; we especially focus on the ROF model. Several early works on Schwarz methods for
primal total variation minimization are summarized in Section 3. Fenchel–Rockafellar duality,
one of the most important notions for designing DDMs for dual total variation minimization,
is introduced in Section 4 with related Schwarz methods. Iterative substructuring methods
for total variation minimization are presented in Section 5 with their basic finite element discretizations. Numerical comparison of DDMs for the ROF model is presented in Section 6. We
conclude the paper in Section 7. In addition, we summarize several important algorithms for
convex optimization in Appendix A.
We will not cover some interesting works which are not directly related to the above outline.
There are several ‘non-standard’ DDMs for (1.1) in the sense that they do not generalize the
classical methods developed for linear elliptic problems [1]. A DDM based on the method
of Lagrange multipliers was proposed in [32] to solve the convex Chan–Vese model [33], a
convex relaxation of the Chan–Vese model [34] for image segmentation. Even though it looks
similar to the existing FETI method [7] at a first glance, it was proven in [35] that it corresponds
to a particular overlapping domain decomposition in the continuous setting on the contrary to
the claim that the FETI method corresponds to a nonoverlapping domain decomposition [32].
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In addition, it was generalized to general total variation minimization (1.1) in [35]. In [36],
DDMs using dual conversion for the T V -L1 model [37] were proposed. Dual conversion is a
special instance of Fenchel–Rockafellar duality that yields a saddle point problem with parallel
structure which is equivalent to the original problem. We will not discuss in details on those
methods in this paper.
We note that throughout this paper, the meaning of notations vary from section to section.
2. T OTAL VARIATION MINIMIZATION IN MATHEMATICAL IMAGING
A digital image consists of a number of rows and columns of pixels. Each of them has
an integer in [0, 255], which is called the intensity. We denote black and white colors by 0
and 255, respectively. Usually we scale the intensity to the range [0, 1] for the convenience
of calculation. Then a grayscale digital image u of resolution M × N can be considered as a
function
u: {1, 2, . . . , M } × {1, 2, . . . , N } → [0, 1].
In this perspective, it is convenient to treat a digital image as an L∞ function satisfying 0 ≤
u ≤ 1 a.e. on a bounded rectangular domain Ω ⊂ R2 .
Let X and Y be suitable Banach spaces for digital images. We consider the image restoration
problem: for a given deteriorated image f ∈ Y , a solution u ∈ X is a clean image without
corruption obtained from f . We model the image restoration problem as the following linear
inverse problem:
f = Au + η,
(2.1)
where A: X → Y is a linear operator (for instance, convolution by a blur kernel) and η is
an unknown noise. Clearly, the problem (2.1) is ill-posed and we are only able to obtain an
approximated solution of (2.1). An effective way to overcome the ill-posedness of (2.1) is to
add a regularization term; we solve an optimization problem of the form
min {F (Au; f ) + R(u)} ,
u∈X

(2.2)

where F (Au; f ) is a fidelity term that measures a distance between f and Au in a certain sense.
The term R(u) is a regularizer that resolves the ill-posedness of the problem (2.1) by imposing
some desirable properties to the solution.
2.1. The Rudin–Osher–Fatemi model. As an example, we consider additive Gaussian noise
removal. The “Peppers” image displayed in Fig. 2.1 is corrupted by additive Gaussian noise
with variance σ 2 = 0.1. We want to obtain a clean image which looks similar to the original
image. The noise added to f makes the image “rough”, so that the gradient of f becomes
high. Thus, it is natural to consider the following energy functional with the Tikhonov regularizer [38]:

 Z
Z
1
α
2
2
(u − f ) dx +
|∇u| dx ,
(2.3)
min
2 Ω
2 Ω
u∈H 1 (Ω)
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(b) With Gaussian noise (c) Model (2.3), α = 0.1 (d) Model (1.2), α = 10
(PSNR: 19.11)
(PSNR: 22.38)
(PSNR: 24.55)

F IGURE 2.1. Results of image denoising by the Tikhonov regularization (2.3)
and the ROF model (1.2).
where α > 0 is a weight parameter. However, (2.3) does not work well for image denoising.
The Euler–Lagrange equation for (2.3) reads as
1
− ∆u + u = f in Ω,
α
(2.4)
∂u
= 0 on ∂Ω,
∂n
where n is the unit outer normal to ∂Ω. Due to the Laplacian term, a solution of (2.4) is
highly diffusive. Consequently, edges or texture of the image disappear due to oversmoothing.
Figure 2.1(c) shows the result of (2.3) applied to Fig. 2.1(b) with α = 0.1. Therefore, we
should use other regularizers which decrease ∇u but not penalize the discontinuity of u too
much; see [39, Sect. 3.2] for a study on regularizers related to ∇u.
A suitable choice for the regularizer is the total variation, which results in the total variationregularized problem (1.2). Note that the space BV (Ω) is a Banach space equipped
R with the
2
norm kukBV (Ω) = kukL1 (Ω) +T V (u) and BV (Ω) ⊂ L (Ω) [40]. Since T V (u) = Ω |∇u| dx
for smooth u, the total variation regularization penalizes large ∇u. In order to investigate
the effect of the total variation, we consider the following formal Euler–Lagrange equation
for (1.2):


∇u
1
+ u = f in Ω,
− div
α
|∇u|
(2.5)
∂u
= 0 on ∂Ω.
∂n
One can observe that (2.5) has an anisotropic diffusion property so that it preserves edges
and discontinuities in images. More precisely, by a suitable change of variables, the governing
equation of (2.5) is transformed into
−

1 uT T
+u=f
α |∇u|

in Ω,
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where the subscript T denotes tangential differentiation to level lines of u [39]. It means that
diffusion occurs along the tangential direction of level lines so that edges of the image are preserved. On the other hand, (2.5) can be viewed as the stationary equation for a mean curvature
flow; see [41] for details. Figure 2.1(d) shows the result of (1.2) with α = 10. Differently
from Fig. 2.1(c), it does not smooth edges of the image while it successfully removes Gaussian
noise.
Remark 2.1. In Fig. 2.1, we use the peak-signal-to-noise ratio (PSNR) as a measurement of
the quality of denoising, which is defined by


MAX2 · |Ω|
,
PSNR(u) = 10 log10
ku − uorig k22
where MAX is the maximum possible pixel value of the image (MAX = 1 in our case), uorig
is the original clean image, and u is a denoised image. In general, a higher PSNR indicates that
the image restoration is of higher quality.
In order to solve (1.2) numerically, we need to discretize it. A natural discretization of (1.2)
can be done by the first-order finite difference approximation. Since the image domain Ω of
the resolution M × N is given by
Ω = {1, 2, . . . , M } × {1, 2, . . . , N } ,
we regard each pixel in an image as a discrete point. We define the function space V as the set
of all functions from Ω into R and W as the set of all functions from Ω into R2 equipped with
the usual Euclidean inner products
X
hu, viV =
uij vij ,
u, v ∈ V,
(i,j)∈Ω

hp, qiW =

X


1
2
p1ij qij
+ p2ij qij
,

p = (p1 , p2 ), q = (q 1 , q 2 ) ∈ W,

(i,j)∈Ω

respectively. The discrete gradient operator ∇: V → W is defined by using forward finite
differences with the homogeneous Neumann boundary condition:

ui+1,j − uij if i = 1, . . . , M − 1,
1
(∇u)ij =
0
if i = M,

ui,j+1 − uij if j = 1, . . . , N − 1,
(∇u)2ij =
0
if j = N.
It is natural to define the discrete total variation as the 1-norm of ∇u for u ∈ V :
X
k∇uk1 =
|(∇u)ij |p ,
(i,j)∈Ω

where
|(∇u)ij |p =



(∇u)1ij

p

+ (∇u)2ij

p  p1
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for p = 1, 2. The case p = 1 is called the anisotropic total variation and the case p = 2 is called
the isotropic total variation. While some properties in the continuous setting such as the coarea
formula are inherited to only the anisotropic case, the isotropic case has less dependency on
the grid in terms of image restoration [42]. In this paper, we deal with the case p = 2 unless
otherwise stated.
In conclusion, the following discrete ROF model is constructed:
n
o
α
min EpFD (u) := ku − f k22 + k∇uk1 .
(2.6)
u∈V
2
One important question is which algorithm should be used to solve the discretized problem (2.6). Several notable solvers for convex optimization, that can be adopted to solve (2.6)
are summarized in Appendix A. For example, Algorithm A.4 with O(1/n2 ) energy convergence rate can be utilized to solve (2.6).
2.2. General total variation minimization. Now we consider more general cases; we revisit (2.2) with R(u) = T V (u) in the discrete setting:
min {F (Au; f ) + k∇uk1 } ,
u∈V

(2.7)

where A: V → V is a linear operator depending on the type of the problem and f ∈ V is a
given corrupted image. A number of problems in mathematical imaging can be represented in
the form of (2.7).
Recall that the ROF model (2.6) solves the image denoising problem. In order to deal with
other problems of the form (2.1), it is natural to consider the following generalization of (2.6):
o
nα
kAu − f k22 + k∇uk1 .
(2.8)
min
u∈V
2
We simply set A = I for the denoising problem, so that (2.8) reduces to (2.6). For the inpainting problem, A is a block-diagonal matrix whose diagonal entries are 0 for the pixels in the
inpainting region, and 1 elsewhere. For the deconvolution problem, A is defined by the matrix
convolution Au = kA ∗ u with a convolution kernel kA . That is, each pixel value of Au is a
linear combination of nearby pixel values of u. For instance, if kA is the 3 × 3 Gaussian blur
kernel


1 2 1
1 
2 4 2 ,
kA =
16 1 2 1
then each entry of Au is given by
(Au)ij
1
= (ui−1,j−1 +2ui−1,j +ui−1,j+1 +2ui,j−1 +4uij +2ui,j+1 +ui+1,j−1 +2ui+1,j +ui+1,j+1 ),
16
with the convention u0j = uM +1,j = ui0 = ui,N +1 = 0 for 1 ≤ i ≤ M and 1 ≤ j ≤ N .
To implement a numerical algorithm for (2.8) efficiently, it is important to get a sharp bound
for the operator norm of A. For the inpainting problem, it is trivial that kAk = 1. The following
proposition gives a bound for the deblurring problem [36, Proposition 4].
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(a) Original image

(c) α = 1000
(PSNR: 28.22)

(b) 80% missing data

F IGURE 2.2. Results of image inpainting by the T V -L2 model (2.8).

(b) ROF, α = 10
(PSNR: 17.44)

(a) Noisy image
(PSNR: 12.29)

(c) T V -L1 , α = 1
(PSNR: 29.65)

F IGURE 2.3. Results of image denoising by the ROF model (2.6) and the
T V -L1 model (2.9).
Proposition 2.2. Let A: V → V be the linear operator defined by the matrix convolution
Au = kA ∗ u with a deblurring kernel kA . Then, the operator norm of A has a bound kAk ≤ 1.
Figure 2.2 shows the numerical result of image inpainting using the model (2.8). In the
experiment, 80% of the image pixels are missing in the input f . As shown in Fig. 2.2(c), (2.8)
gives a quite good restoration result; the missing part in Fig. 2.2(b) is recovered naturally while
the edges of the original image are preserved.
A well-known drawback of the ROF model is loss of contrast [10, 43]. Using L1 fidelity
instead of L2 fidelity can be a remedy to this problem [37, 44]:
min {αku − f k1 + k∇uk1 } .
u∈V

(2.9)

It is more difficult to deal with the T V -L1 model (2.9) than the ROF model (2.6) by two
reasons. First, the energy functional in (2.9) is convex but not strictly convex, so that solutions
are not unique in general. In addition, both the fidelity term and total variation term lack
smoothness. For more mathematical properties of the T V -L1 model, readers may refer [37].

DOMAIN DECOMPOSITION METHODS FOR TOTAL VARIATION MINIMIZATION

169

In the case of image restoration, (2.9) has remarkable characteristics. Unlike (2.6), the
fidelity term in (2.9) is expressed in the L1 norm, so that it penalizes less outliers than the L2
norm. Thus, it performs better than the ROF model for removing noise with many outliers [44],
for instance, salt-and-pepper noise. In Fig. 2.3(a), the input image is corrupted by 20% saltand-pepper noise. Figures 2.3(b)-2.3(c) show the results of image denoising by (2.6) and (2.9),
respectively. It is clear that the T V -L1 model performs better than the ROF model in this case.
Moreover, it was proven in [37] that the T V -L1 model is contrast invariant.
Similarly to (2.8), one can generalize (2.9) to solve various imaging problems other than
image denoising as follows:
min {αkAu − f k1 + k∇uk1 } .
u∈V

(2.10)

Various numerical results for problems of the form (2.10) can be found in, e.g., [42].
3. S CHWARZ METHODS FOR THE PRIMAL PROBLEM
A natural attempt to design DDMs for total variation minimization is to apply existing
Schwarz methods directly. In this section, we provide a survey on how the concept of Schwarz
methods developed for problems in structural mechanics has been applied to the total variation
minimization (2.7). The first target is (2.6), which is a typical case of (2.7). We call (2.6)
the primal ROF model; a reason will be explained in Section 4. In [20, 21], overlapping and
nonoverlapping Schwarz methods for (2.6) were proposed, respectively. Here, we present a
unified framework for them.
For simplicity, we consider the two-subdomain case. Let Ω1 and Ω2 be subsets of Ω defined
by
Ω1 = {1, . . . , M } × {1, . . . , N1 } ,
Ω2 = {1, . . . , M } × {N2 , . . . , N } .
The above decomposition is overlapping if N1 > N2 −1 and is nonoverlapping if N1 = N2 −1.
The subdomain interface Γp is defined by
Γp = {1, . . . , M } × {N2 − 1} .
For k = 1, 2, the local function space Vk is defined as
Vk = {u ∈ V : supp(u) ⊂ Ωk } .
The restriction operator Rk : V → Vk is naturally defined. Note that the adjoint Rk∗ : Vk → V
becomes the natural prolongation operator. Then it is straightforward that
V = R1∗ V1 + R2∗ V2 .
We construct a discrete partition of unity {D1 , D2 } which satisfies
R1∗ D1 R1 + R2∗ D2 R2 = I.
The operator Dk is diagonal in its matrix representation so that its computational cost is almost
negligible. We write
ek = Dk Rk .
R
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Note that Dk is the identity operator on Vk if and only if the domain decomposition is
nonoverlapping. Multiplicative and additive Schwarz methods for (2.6) are presented in Algorithms 3.1 and 3.2, respectively.
Algorithm 3.1 Multiplicative Schwarz method for the primal ROF model (2.6)
Let u(0) ∈ V .
for n = 0, 1, 2, . . .
(n+1)
e2 u(n) )
u1
= arg min EpFD (R1∗ u1 + R2∗ R
u1 ∈V1

(n+1)
u2

(n+1)

= arg min EpFD (R1∗ u1

u(n+1) =
end

u2 ∈V2
(n+1)
R1∗ u1

+ R2∗ u2 )

(n+1)

+ R2∗ u2

Algorithm 3.2 Additive Schwarz method for the primal ROF model (2.6)
Choose τ ∈ (0, 1/2]. Let u(0) ∈ V .
for n = 0, 1, 2, . . .
(n+1)
∗
e3−k u(n) ),
uk
= arg min EpFD (Rk∗ uk + R3−k
R

k = 1, 2

uk ∈Vk

(n+1)

u(n+1) = (1 − τ )u(n) + τ (R1∗ u1
end

(n+1)

+ R2∗ u2

)

One can show the energy decreasing property of Algorithms 3.1 and 3.2 without any difficulty; see, e.g., [25].
Theorem 3.1. Let {u(n) } be the sequence generated by either Algorithm 3.1 or 3.2. Then we
have
EpFD (u(n+1) ) ≤ EpFD (u(n) ),

n = 0, 1, 2, . . . .

3.1. Boundary processing for local problems. Differently from the case of linear elliptic
problems, it is not quite straightforward to deal with the boundary condition on the subdomain
interfaces of local problems. To be more precise, we observe that local problems of Algorithms 3.1 and 3.2 in Ω1 have the following general form:
o
nα
ku1 − R1 f k22,V1 + k∇1 u1 + g1 k1,W1
(3.1)
min
u1 ∈V1 2
for some g1 ∈ W1 , where
W1 = {p ∈ W : supp(p) ⊂ Ω1 }
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and the local gradient operator ∇1 : V1 → W1 in Ω1 is given by

ui+1,j − uij if i = 1, . . . , M − 1,
1
(∇1 u)ij =
0
if i = M,

ui,j+1 − uij if j = 1, . . . , N1 − 1,
(∇1 u)2ij =
−uij
if j = N1 .
Note that ∇1 has the Dirichlet boundary condition on the interface ∂Ω1 \ ∂Ω, while ∇ has
the Neumann boundary condition on the whole boundary of Ω. Due to such a difference, it is
difficult to adopt existing solvers for the ROF model directly to (3.1). Moreover, one should
clarify how to deal with g1 in (3.1).
On the other hand, local problems in Ω2 have the general form
o
nα
ku2 − R2 f k22,V2 + k∇2 u2 + g2 k1,W2
min
u2 ∈V2 2
for some g2 ∈ W2 , where
W2 = {p ∈ W : supp(p) ⊂ Ω2 ∪ Γp }
and the local gradient operator ∇2 : V2 → W2 in Ω2 is given by

ui+1,j − uij if i = 1, . . . , M − 1,
(∇2 u)1ij =
0
if i = M,

ui,j+1
if j = N2 − 1

2
ui,j+1 − uij if j = N2 , . . . , N − 1,
(∇2 u)ij =

0
if j = N.
One can readily observe that local problems in Ω2 bear similar difficulties as ones in Ω1 .
Various methodologies to efficiently impose the interface boundary condition to local problems had been proposed: oblique thresholding [20, 21], graph cuts [23], Bregmanized operator
splitting [24], augmented Lagrangian method [22], and primal-dual stitching [25]. We will not
present these methods in detail in this paper because it was unfortunately shown in [26, Example 6.1] that Algorithms 3.1 and 3.2 may not converge to the global minimizer of (2.6). In the
following, we present a counterexample for convergence.
Example 3.2 (counterexample). In (2.6), let f = 1 in Ω and u(0) = 0. It is clear that the
solution of (2.6) is given by u∗ = 1. However, one can show that u(n) = 0 for all n ≥ 0 if
α > 0 is sufficiently small. Therefore, the sequence {u(n) } does not converge to u∗ as n tends
to infinity.
4. S CHWARZ METHODS FOR THE DUAL PROBLEM
As we observed in Section 3, the primal ROF model is not adequate for applying the Schwarz
methods. Such inadequacy is due to the nonseparability of the total variation; it cannot be
expressed as the sum of the local energy functionals in the subdomains. Since Schwarz methods
work for separable nonsmooth terms (see [18, Eq. (7)]), it would be good if we were able to
obtain an equivalent formulation to (2.6), whose nonsmooth term is separable. Fortunately, the
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notion of Fenchel–Rockafellar duality gives us such an equivalent formulation, so called the
dual ROF model. Recently, there have been a few notable works on the Schwarz methods for
the dual ROF model [27, 28, 29]. In this section, we review those works in a unified view.
4.1. Fenchel–Rockafellar duality. For the sake of completeness, we present key features of
the Fenchel–Rockafellar duality; see also [42, 45]. Let X and Y be Euclidean spaces. For a
convex functional F : X → R, the effective domain dom F of F is defined by
dom F = {x ∈ X : F (x) < ∞} .
For a convex subset C of X, the relative interior of C, denoted by ri C, is defined as the interior
of C when C is regarded as a subset of its affine hull, i.e.,
ri C = {x ∈ C : ∃ > 0, B (x) ∩ aff C ⊂ C} ,
where B (x) is the open ball of radius  centered at x and aff C is the affine hull of C. The
Legendre–Fenchel conjugate F ∗ : X → R of F : X → R is defined by
F ∗ (x) = sup {hx, x̄i − F (x̄)} ,

x ∈ X.

x̄∈X

We consider the minimization problem
min {F (Kx) + G(x)} ,
x∈X

(4.1)

where K: X → Y is a linear operator and F : Y → R, G: X → R are proper, convex, lower
semicontinuous functionals. We assume that a solution x∗ ∈ X of (4.1) exists. Under appropriate conditions, one can have several equivalent problems to (4.1) with different structures.
Proposition 4.1. In (4.1), assume that there exists x0 ∈ X such that Kx0 ∈ ri dom F and
x0 ∈ ri dom G. Then it satisfies that
min {F (Kx) + G(x)} = min sup {hKx, yi + G(x) − F ∗ (y)}
x∈X

x∈X y∈Y

= max inf {hKx, yi + G(x) − F ∗ (y)}

(4.2a)

= max {−F ∗ (y) − G(−K ∗ y)} .

(4.2b)

y∈Y x∈X
y∈Y

In addition, (4.2b) admits a solution y ∗ ∈ Y , and (x∗ , y ∗ ) is a solution of the saddle point
problem (4.2a).
Proof. See [45, Corollary 31.2.1].



We call the problem (4.1) the primal formulation. The saddle point problem (4.2a) is called
the primal-dual formulation of (4.1), and the maximization problem in (4.2b) is called the dual
formulation of (4.1). It is obvious that (4.2b) is the same as the minimization problem
min {F ∗ (y) + G(−K ∗ y)} .
y∈Y

We will solve either (4.2a) or (4.2b) instead of (4.1) because in many cases, either the primaldual or dual formulation is easier to solve than the primal formulation.
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Remark 4.2. Under suitable conditions on F and G, Proposition 4.1 holds even if either X or
Y is infinite-dimensional; one may refer [46].
Now, we apply the Fenchel–Rockafellar duality to the general total variation minimization
problem (1.1). By the definition of T V (u), (1.1) is rewritten as
min

sup

{− hu, div pi + F (u)} ,

u∈BV (Ω) p∈(C 1 (Ω))2 ,
0

|p|≤1

p
where |p| denotes the pointwise absolute value of p, i.e., |p(x)| = (p1 (x))2 + (p2 (x))2 for
p = (p1 , p2 ) and x ∈ Ω. Formally, we have a dual counterpart of the above formulation
min

F ∗ (div p),

p∈H0 (div;Ω)
|p|≤1 a.e.

(4.3)

where H0 (div; Ω) is a Hilbert space defined by

H(div; Ω) = p ∈ (L2 (Ω))2 : div p ∈ L2 (Ω) ,
H0 (div; Ω) = {p ∈ H(div; Ω) : p · n = 0 on ∂Ω} .
Note that, in (4.3), we use the appropriate Hilbert space H0 (div; Ω) instead of (C01 (Ω))2 which
is not complete. Rigorous statements on the relation between (1.1) and (4.3) can be found
in [47, 48].
In particular, the dual ROF model is written as
Z
1
min
(div p + αf )2 dx.
(4.4)
p∈H0 (div;Ω) 2 Ω
|p|≤1 a.e.

The dual problem (4.4) is a constrained optimization problem with the pointwise constraint
|p| ≤ 1 a.e. As Schwarz methods work well for variational inequalities with pointwise constraints [49, 50], we may expect that (4.4) is more suitable for Schwarz methods than the primal
problem.
Similarly to (2.6), one can discretize (4.4) by the first-order finite difference approximation.
The discrete divergence operator div: W → V is defined as the minus adjoint of ∇, i.e.,

1

if i = 1,
pij
1
1
(div p)ij =
pij − pi−1,j if i = 2, . . . , M − 1,

 1
−pi−1,j
if i = M

2

if j = 1,
pij
+ p2ij − p2i,j−1 if j = 2, . . . , N − 1,

 2
−pi,j−1
if j = N.
Let C be the subset of W given by
C = {p ∈ W : |(p)ij | ≤ 1, (i, j) ∈ Ω} .
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Clearly, C is closed and convex. A discrete dual ROF model is given by


1
FD
2
min Ed (p) := k div p + αf k .
p∈C
2

(4.5)

Since EdFD (p) is not strictly convex, a solution of (4.5) is not unique in general. Using Proposition 4.1, it is straightforward to verify the equivalence between the primal problem (2.6) with
the isotropic total variation and the dual one (4.5). From a solution p∗ ∈ W of (4.5), one can
recover a solution u∗ ∈ V of (2.6) by
1
div p∗ .
α
The problem (4.5) can be efficiently solved by, e.g., Algorithm A.2.
u∗ = f +

4.2. Schwarz methods for the dual ROF model. Now, we present Schwarz methods for the
dual ROF model and their convergence results [27, 28, 29]. We partition the image domain Ω
into N = Ms × Ns rectangular subdomains {Ωs }N
s=1 . Let δ ≥ 0 be the overlapping width
parameter, which is 0 in the nonoverlapping case. All subdomains can be classified into Nc
colors by the usual coloring technique [1, Sect. 2.5.1]. We denote the union of all subdomains
fk in Sk by
with color k, 1 ≤ k ≤ Nc , by Sk . We define the local function space W
fk = {p ∈ W : supp(p) ⊂ Sk } .
W
fk , Dk : W
fk → W
fk , and R
ek : W → W
fk ,
Similarly to Section 3, we set the operators Rk : W → W
so that
Nc
Nc
X
X
∗f
ek = I.
e
Rk∗ R
Rk Wk , Rk = Dk Rk ,
W =
k=1

k=1

In order to deal with the pointwise constraint C in each subdomain, we adopt an idea of conc
straint decomposition [27, 50]; with the discrete partition of unity {Dk }N
k=1 , one can construct
fk on Sk such that
a pointwise constraint Ck ⊂ W
C=

Nc
X

Rk∗ Ck .

k=1

ek C satisfies the above equation [27, ProposiIndeed, one can show that a choice Ck = R
c
tion 2.1]. In particular, if the decomposition {Sk }N
k=1 is nonoverlapping, then we have
C=

Nc
X
k=1

Rk∗ Ck =

Nc
M

Ck .

k=1

In this setting, multiplicative and additive Schwarz methods for (4.5) are presented in Algorithms 4.1 and 4.2. In the case of nonoverlapping domain decomposition, Algorithms 4.1
and 4.2 reduce to the nonlinear block Gauss–Seidel and Jacobi methods, respectively.
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Algorithm 4.1 Multiplicative Schwarz method for the dual ROF model (4.5)
Let p(0) ∈ C.
for n = 0, 1, 2, . . .
for k = 1, 2, . . . , Nc
(n+1)

pk





∈ arg min EdFD Rk∗ pk +
pk ∈Ck

end
p(n+1) =

Nc
X

X

(n+1)

Rj∗ pj

+

j<k

X

ej p(n) 
Rj∗ R

j>k

(n+1)

Rk∗ pk

k=1

end
Algorithm 4.2 Additive Schwarz method for the dual ROF model (4.5)
Choose τ ∈ (0, 1/Nc ]. Let p(0) ∈ C.
for n = 0, 1, 2, . . .

(n+1)

pk
p

(n+1)

∈ arg min EdFD Rk∗ pk +
pk ∈Ck

= (1 − τ )p


X

ej p(n)  ,
Rj∗ R

1 ≤ k ≤ Nc

j6=k
(n)

+τ

Nc
X

(n+1)

Rk∗ pk

k=1

end
Note that local problems of Algorithms 4.1 and 4.2 may admit nonunique minimizers. In
implementation, we just choose any one among them and it does not vary the convergence
behavior of algorithms.
Differently from the primal ROF model, convergence of Schwarz methods to a minimizer
is always guaranteed for the dual ROF model. Global convergence results for Algorithms 4.1
and 4.2 are summarized in Theorem 4.3.
Theorem 4.3. Let {p(n) } be the sequence generated by either Algorithm 4.1 or 4.2. Then
{p(n) } ⊂ C and we have
c
EdFD (p(n) ) − EdFD (p∗ ) ≤ , n ≥ 1,
n
where c is a positive constant depending on τ (for Algorithm 4.2 only), p(0) , Ω, and its domain
decomposition {Ωs }N
s=1 .
Proof. Proofs for both Algorithms 4.1 and 4.2 in the overlapping case can be found in [27].
Meanwhile, in the nonoverlapping case, one can observe that Algorithm 4.1 is the proximal
alternating minimization method [51] applied to the dual ROF model (4.5). Therefore, its
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O(1/n) energy convergence is guaranteed; see, e.g., [52, 53]. Algorithm 4.2 in the nonoverlapping case was shown to converge at O(1/n) rate in [29].

We have additional remarks on the relaxed block Jacobi method, a special case of Algorithm 4.2 when the domain decomposition is nonoverlapping. In [29], it was observed that the
relaxed block Jacobi method has a similar but not the exactly same structure as the forwardbackward splitting algorithm (see Algorithm A.1; one may compare [29, Lemma 3.2] with [13,
Lemma 2.3]. Motivated by this fact, the authors modified the relaxed block Jacobi method to
have the same structure as forward-backward splitting. Then FISTA acceleration (see Algorithm A.2) was successfully applied and an accelerated method was obtained. We summarize
the accelerated method called the Fast prerelaxed block Jacobi method in Algorithm 4.3.
Algorithm 4.3 Fast prerelaxed block Jacobi method for the dual ROF model (4.5)
Choose τ ∈ (0, 1/Nc ]. Let p(0) = q(0) ∈ C and t0 = 1.
for n = 0, 1, 2, . . .





 X
1
1
(n+1)
ek q(n) +
ej q(n) ,
pk
∈ arg min EdFD Rk∗
pk −
−1 R
Rj∗ R
τ
τ
pk ∈Ck
j6=k

1 ≤ k ≤ Nc
Nc
X

(n+1)

Rk∗ pk
k=1
p
1 + 1 + 4t2n
tn+1 =
2
tn − 1 (n+1)
q(n+1) = p(n+1) +
(p
− p(n) )
tn+1
end
p(n+1) =

Local problems of Algorithm 4.3 have a slightly different form from ones of Algorithm 4.2;
the term pk in Algorithm 4.2 is replaced by the relaxed term τ −1 pk −(τ −1 −1)Rk q(n) in Algorithm 4.3. Note that their computational costs are the same. On the other hand, Algorithm 4.3
(n+1)
does not have the relaxation step in computation of p(n+1) from pk
on the contrary to
Algorithm 4.2. In this sense, we say that Algorithm 4.3 is prerelaxed. In Algorithm 4.3, computational costs for tn+1 and q(n+1) are negligible compared to that of p(n+1) .
One can prove that a map q(n) 7→ p(n+1) in Algorithm 4.3 is in fact a proximal descent
step with respect to a certain pseudometric; see [29, Lemma 3.10]. Consequently, we obtain
O(1/n2 ) energy convergence of Algorithm 4.3 as a simple corollary of Theorem A.2.
Theorem 4.4. Let {p(n) } be the sequence generated by Algorithm 4.3. Then {p(n) } ⊂ C and
we have
c
, n ≥ 1,
EdFD (p(n) ) − EdFD (p∗ ) ≤
(n + 1)2
where c is a positive constant depending on τ , p(0) , Ω, and its domain decomposition {Ωs }N
s=1 .
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We note that a similar acceleration technique for the block Gauss–Seidel method (Algorithm 4.1 with a nonoverlapping domain decomposition) with Nc = 2 was presented in [52,
53], but we omit details.
Remark 4.5. In Algorithm 4.2, it was shown in [27] that τ = 1/Nc is optimal in both theoretical and practical senses. One can verify without major difficulty that the same applies to
Algorithm 4.3.
4.3. Schwarz methods for the primal problem based on dual decompositions. As shown
in Section 3, Schwarz methods for the primal ROF model have troubles in the convergence to
the minimizer. Lee and Nam [26] proposed nonoverlapping Schwarz methods for the primal
ROF model based on the dual formulation which are guaranteed to converge to the minimizer.
Recently, Langer and Gaspoz [54] generalized the work [26] to overlapping domain decomposition. Here, we present the Schwarz methods for the primal ROF model based on dual
decompositions proposed in [26, 54]. For simplicity, we only consider the nonoverlapping
case with two subdomains.
The discrete primal ROF model (2.6) is revisited:
o
n
α
min EpFD (u; f ) := ku − f k22 + k∇uk1 .
u∈V
2
Let {Ω1 , Ω2 } be a nonoverlapping domain decomposition of Ω, i.e.,
Ω1 = {1, . . . , M } × {1, . . . , N1 } ,
Ω2 = {1, . . . , M } × {N1 + 1, . . . , N } ,
for some N1 . Let Γd be the subdomain interface
Γd = {1, . . . , M } × {N1 + 1} .
Note that Γd is different from Γp given in Section 3. The local primal spaces Ve1 , Ve2 and local
dual spaces W1 , W2 are defined by
Ve1 = {u ∈ V : supp(u) ⊂ Ω1 ∪ Γd } ,
Ve2 = {u ∈ V : supp(u) ⊂ Ω2 } ,
W1 = {p ∈ W : supp(p) ⊂ Ω1 } ,
W2 = {p ∈ W : supp(p) ⊂ Ω2 } .
The restriction operator onto Vek , k = 1, 2, is denoted by Rk : V → Vek . While the dual
decomposition W = W1 ⊕ W2 is nonoverlapping, one line of pixels is overlapped in the
primal decomposition V = R1∗ Ve1 + R2∗ Ve2 [26, Remark 3.1].
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One can observe that div pk ∈ Vek for all pk ∈ Wk . Consequently, the local gradient
˜ k : Vek → Wk can be defined as the minus adjoint of div: Wk → Ṽk , i.e.,
operator ∇

ũi+1,j − ũij if i = 1, . . . , M − 1,
1
˜
(∇1 ũ)ij =
0
if i = M,

ũi,j+1 − ũij if j = 1, . . . , N1 ,
˜ 1 ũ)2ij =
(∇
0
if j = N1 + 1,

ũi+1,j − ũij if i = 1, . . . , M − 1,
˜ 2 ũ)1ij =
(∇
0
if i = M,

ũi,j+1 − ũij if j = N1 + 1, . . . , N − 1,
˜ 2 ũ)2 =
(∇
ij
0
if j = N.
˜ k has the same form as the global gradient operator ∇: V → W with the
In this case, ∇
homogeneous Neumann boundary condition. Note that it is different from the local gradient
operator ∇k in Section 3.
Now, we present the relaxed block Jacobi method proposed in [26] based on the decomposition V = R1∗ Ve1 +R2∗ Ve2 in Algorithm 4.4. For the sake of simplicity, we omit the corresponding
block Gauss–Seidel method; see [26] for the method. Global convergence theorems for Algorithm 4.4 can be found in [26, 54].
Algorithm 4.4 Relaxed block Jacobi method for the primal ROF model (2.6) based on dual
decomposition
(0)
(0)
Choose τ ∈ (0, 1/2]. Let ṽ1 ∈ Ve1 and ṽ2 ∈ Ve2 .
for n = 0, 1, 2, . . .
(n+1)
(n)
∗
f˜k
= Rk (−R3−k
ṽ
+ f ), k = 1, 2
n α 3−k
o
(n+1)
(n+1) 2
˜ k ũk k1,W ,
ũk
= arg min
kũk − f˜k
k2,Ve + k∇
k
k
2
ũ ∈Ve
k

k = 1, 2

k

(n+1)
(n)
(n+1)
(n+1)
ṽk
= (1 − τ )ṽk + τ (−ũk
+ f˜k
),
(n+1)
∗ (n+1)
∗ (n+1)
u
= −R1 ṽ1
− R2 ṽ2
+f
end

k = 1, 2

One of the advantages of Algorithm 4.4 is that it can be easily generalized to the general
T V -L2 model
o
nα
2
min
kAu − f k2 + k∇uk1 .
(4.6)
u∈V
2
Here A: V → V is a linear operator which satisfies kAk ≤ 1. This assumption is not too
restrictive for imaging problems; see Proposition 2.2. In addition, we assume that ker A does
not contain constant functions, so that the energy functional of (4.6) is coercive.
The main idea is to combine Algorithm 4.4 and a forward-backward splitting algorithm (see
Algorithm A.1) for (4.6) with inexact proximity operators. Since the fidelity term α2 kAu − f k22
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in (4.6) is smooth and has the Lipschitz continuous gradient A∗ (Au−f ), the following forwardbackward splitting iteration for (4.6) is available:
u(n+1) = arg min EpFD (u; f − A∗ (Au(n) − f )).
u∈V

The above minimization problem can be solved by Algorithm 4.4, but in order to reduce the
computation time, the minimization problem is solved approximately; see Algorithm 4.5.
Algorithm 4.5 Relaxed block Jacobi method for the T V -L2 model (4.6) based on dual decomposition
(0)
(0)
Choose τ ∈ (0, 1/2]. Let u(0) ∈ V , ṽ1 ∈ Ve1 , and ṽ2 ∈ Ve2 .
for n = 0, 1, 2, . . .
f (n+1) = u(n) − A∗ (Au(n) − f )
(n,0)
(n)
ṽk
= ṽk ,
k = 1, 2
for j = 0, 1, 2, . . .
(n,j+1)
(n,j)
∗
f˜k
= Rk (−R3−k
ṽ
+ f (n+1) ), k = 1, 2
n α 3−k
o
(n,j+1)
(n,j+1) 2
˜ k ũk k1,W ,
ũk
= arg min
kũk − f˜k
k2,Ve + k∇
k
k
2
ũ ∈Ve
k

k = 1, 2

k

(n,j+1)
(n,j)
(n,j+1)
(n,j+1)
ṽk
= (1 − τ )ṽk
+ τ (−ũk
+ f˜k
), k = 1, 2

(n,j+1)
(n,j+1)
∗
∗
(n+1)
end until Eden (−R1 ṽ1
− R2 ṽ2
+f
; f (n+1) ) ≤ Eden u(n) ; f (n+1)
(n+1)

(n,j+1)

ṽk
= ṽk
,
k = 1, 2
(n+1)
(n+1)
(n+1)
∗ (n+1)
u
=f
− R1 ṽ1
− R2∗ ṽ2
end
Since inner denoising problems are solved inexactly, Theorem A.1 cannot be directly applied
to Algorithm 4.5. That is, the convergence of the algorithm is nontrivial. Rigorous convergence
analysis for Algorithm 4.5 can be found in [26].
5. I TERATIVE SUBSTRUCTURING METHODS FOR THE DUAL PROBLEM
In this section, we cover iterative substructuring methods, another pillar of DDMs, for total variation minimization. While iterative substructuring methods are popular in DDMs for
problems arising in structural mechanics (see e.g., [4, 6, 8]), relatively little achievement has
been made on mathematical imaging problems. Due to the grid structure of images, it seems
natural to employ finite difference discretizations which use image pixels as discrete points;
see Section 2. Such discretizations do not have interface dofs, so that designing iterative substructuring methods is not straightforward. However, iterative substructuring methods have an
advantage as DDMs for dual total variation minimization compared to overlapping Schwarz
methods; since the constraint |p| ≤ 1 in (4.3) is fully separable into subdomains, treating the
constraint |p| ≤ 1 in iterative substructuring methods is as easy as doing in full-dimension
problems.
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Earlier in this section, we present finite element discretizations of dual total variation minimization (4.3) proposed in [30, 31]. Based on these discretizations, we describe primal and
primal-dual iterative substructuring methods for the dual ROF model (4.4). Each method has its
own merits; the primal method is easily accelerated by FISTA acceleration (see Algorithm A.2),
and the primal-dual method can be generalized to more general total variation minimization
problems of the form (4.3).
We mention that there are other approaches for total variation minimization using finite
elements [55, 56]. However, we will not give details on them in this paper.
5.1. Finite element discretizations. In finite element discretizations of (4.3) proposed in [30,
31], each pixel in the image domain Ω is regarded as a square finite element with side length 1.
Let T be the collection of all elements in Ω and let E be the collection of all interior element
edges. We define the space X by

X = u ∈ L2 (Ω) : u|T is constant, T ∈ T .
Dofs for X are values on the elements; for u ∈ Xh , T ∈ T , and xT ∈ T , we write
(u)T = u(xT ). We also define the space Y as the lowest order Raviart–Thomas finite element space [57] on Ω with the pure essential boundary condition, i.e.,
Y = {p ∈ H0 (div; Ω) : p|T ∈ RT 0 (T ), T ∈ T } ,
where RT 0 (T ) is the collection of vector functions q: T → R2 of the form


a + b1 x1
q(x1 , x2 ) = 1
a2 + b2 x2
for a1 , a2 , b1 , b2 ∈ R. Dofs for Y are values of the normal components over the interior element
edges. We denote the dof of p ∈ Y associated to an edge e ∈ E by (p)e . It is straightforward
to observe that div Y ⊂ X.
We equip spaces X and Y by the Euclidean inner products of dofs, i.e.,
X
hu, viX =
(u)T (v)T , u, v ∈ X,
T ∈T

hp, qiY

=

X

(p)e (q)e ,

p, q ∈ Y,

e∈E

and their induced norms k·kX and k·kY . One can verify that h·, ·iX agrees with the L2 (Ω)-inner
product and h·, ·iY is spectrally equivalent to the (L2 (Ω))2 -inner product [30, Remark 2.2]. In
the sequel, we may drop subscripts X and Y if there is no ambiguity.
In order to treat the constraint |p| ≤ 1 in (4.3), we define the convex subset C of Y as
C = {p ∈ Y : |(p)e | ≤ 1, e ∈ E} .
Then the finite element discretization of (4.3) with Y ⊂ H0 (div; Ω) is given by

min E FE (p) := F ∗ (div p) .
p∈C

(5.1)
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Application of Proposition 4.1 yields that a solution of the primal problem
min {αF (u) + T V (u)}
u∈X

(5.2)

can be recovered from a solution of the dual problem (5.1) by the following equation:
0 ∈ − div p + α∂F (u).
In a special case of the ROF model, i.e., when (5.1) becomes


1
FE
2
min Ed (p) := k div p + αf k ,
p∈C
2

(5.3)

(5.4)

the equation (5.3) reduces to the following:
1
div p.
α
It was shown in [31, Proposition 3.4] that a finite element solution of (5.2) is indeed a finite
difference solution (2.6) with the anisotropic total variation.
u=f+

5.2. Primal iterative substructuring methods. We present the primal iterative substructuring method for the dual ROF model (5.4) proposed in [30]. Primal iterative substructuring
methods are based on nonoverlapping domain decomposition. The interior dofs of the subdomains are eliminated so that only the interface dofs remain. Then the resulting equivalent
problem with respect to the interface dofs is solved by a suitable iterative solver.
The image domain Ω is decomposed into N disjoint rectangular subdomains. Assume that
each subdomain is a union of elements in T . In the sequel, let the indices s and t (s < t) run
from 1 to N . We denote the subdomain interface between two adjacent subdomains
Ωs and Ωt
S
by Γst . We also define the union of all subdomain interfaces by Γ, i.e., Γ = s<t Γst .
Let Ts be the collection of all elements of T in Ωs . The local function space Ys is given by
Ys = {ps ∈ H0 (div; Ωs ) : ps |T ∈ RT 0 (T ), T ∈ Ts } .
In addition, we set YI by
YI =

N
M

Ys .

s=1

The interface function space YΓ is given by YΓ = Y /YI . That is, for p ∈ Y , there exists a
unique decomposition
!
N
M
p = pI ⊕ pΓ =
ps ⊕ pΓ
s=1

for some p ∈ Ys and pΓ ∈ YΓ . In order to deal with inequality constraints in (4.3), let Cs be
the subset of Ys such that
Cs = {ps ∈ Ys : |(ps )e | ≤ 1, e ∈ Es } ,
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where Es is the collection of interior element edges of Ωs . Similarly, we set
)
(
N
[
CΓ = pΓ ∈ YΓ : |(pΓ )e | ≤ 1, e ∈ E \
Es .
s=1

For fixed pΓ ∈ CΓ , we define HI pΓ ∈ CI by a solution of the minimization problem
min EdFE (pI ⊕ pΓ ).

pI ∈CI

Note that HI pΓ is the direct sum of {ps }N
s=1 , where ps ∈ Ys is a solution of the minimization
problem
Z
1
min
(div(ps + pΓ |Ωs ) + αf )2 dx.
ps ∈Cs 2 Ωs
Since each ps can be solved independently in each subdomain, evaluating HI pΓ is suitable for
parallel computation. Elimination of pI in (5.4) by using HI produces the following:

min EΓ (pΓ ) := EdFE (HI pΓ ⊕ pΓ ) .
(5.5)
pΓ ∈CΓ

It is interesting to note that the functional EΓ in (5.5) is well-defined even though the value of
HI pΓ is nonunique in general; see [30] for details. The following proposition summarizes a
relation between (5.4) and (5.5).
Proposition 5.1. If p∗ ∈ Y is a solution of (5.4), then p∗Γ = p∗ |YΓ is a solution of (5.5).
Conversely, if p∗Γ ∈ YΓ is a solution of (5.5), then p∗ = HI p∗Γ ⊕ p∗Γ is a solution of (5.4).


Proof. See [30, Proposition 3.1].

Thanks to Proposition 5.1, it suffices to solve (5.5) in order to obtain a solution of (5.4).
A surprising fact on (5.5) is that, nevertheless the nonlinearity and nonuniqueness of HI , the
functional EΓ is differentiable with the Lipschitz continuous derivative [30, Corollary 3.4].
Therefore, one may adopt Algorithm A.2 to solve (5.5) and it automatically yields an O(1/n2 )
energy convergent iterative substructuring method for the dual ROF model. We present the
resulting algorithm in Algorithm 5.1.
Algorithm 5.1 Primal iterative substructuring method for the dual ROF model (5.4)
(0)

(0)

Choose τ ∈ (0, 1/4]. Let qΓ = pΓ ∈ CΓ and t0 = 1.
for n = 0, 1, 2, . . . 


(n+1)
(n)
(n)
(n)
pΓ
= projCΓ qΓ − τ div∗ div(HI qΓ ⊕ qΓ ) + αf
p
1 + 1 + 4t2n
tn+1 =
2
tn − 1 (n+1)
(n+1)
(n+1)
(n)
qΓ
= pΓ
+
(pΓ
− pΓ )
tn+1
end


YΓ
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We have the following convergence theorem of Algorithm 5.1 as a direct consequence of
Theorem A.2.
(n)

Theorem 5.2. Let {pΓ } be the sequence generated by Algorithm 5.1, and let p∗Γ ∈ YΓ be a
solution of (5.5). Then we have
c
(n)
, n ≥ 1,
EΓ (pΓ ) − EΓ (p∗Γ ) ≤
(n + 1)2
(0)

where c is a positive constant depending on τ , pΓ , Ω, and its domain decomposition {Ωs }N
s=1 .
As a historical remark, we mention that Algorithm 5.1 is the first DDM that yields the
O(1/n2 ) convergence rate for total variation minimization. Later, the idea of FISTA acceleration was successfully implanted to block Jacobi methods in order to obtain an O(1/n2 )
convergent block method, Algorithm 4.3.
5.3. Primal-dual iterative substructuring methods. Unlike the primal iterative substructuring method, the continuity of a solution on the subdomain can be imposed by the method of
Lagrange multipliers; see [6, 7]. This results a saddle point problem of p and Lagrange multiplier λ.
First, we consider the primal-dual iterative substructuring method for the dual ROF model (5.4)
proposed in [30]. We begin with the same nonoverlapping domain decomposition setting
{Ωs }N
s=1 as the primal method. Let ns denotes the unit outer normal to ∂Ωs . In the primal-dual
method, we use a different local function space Yes defined by
Yes = {p̃s ∈ H(div; Ωs ) : p̃s · ns = 0 on ∂Ωs \ Γ, p̃s |T ∈ RT 0 (T ), T ∈ Ts } .
Differently from the local space Ys in Section 5.2, the essential boundary condition is not
imposed on Γ ⊂ ∂Ωs to the functions in Yes . In other words, Yes has dofs on ∂Ωs ∩ Γ. Let Ẽs be
the collection of element edges inside Ωs and on ∂Ωs ∩ Γ. The inequality-constrained subset
es of Yes is defined by
C
n
o
es = p̃s ∈ Yes : |(p̃s )e | ≤ 1, e ∈ Ẽs .
C
We write
Ye =

N
M
s=1

Yes ,

e=
C

N
M

es .
C

s=1

By definition, functions in Ye have discontinuities on the subdomain interfaces Γ in general.
If we define the jump operator B: Ye → R|EΓ | by
B p̃|Γst = p̃s · ns + p̃t · nt , s < t,
where p̃s = p̃|Ωs , it is clear that p̃ ∈ Ye is continuous along Γ if and only if p̃ ∈ ker B.
Therefore, the continuity on the subdomain interfaces can be imposed by the constraint B p̃ = 0
using the method of Lagrange multipliers. Then we have the following saddle point problem:
n
o
e FE (p̃) + hB p̃, λi ,
min max L(p̃, λ) := E
(5.6)
d
e λ∈R|EΓ |
p∈C
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where
e FE (p̃) =
E
d

Z
N
X
1
s=1

2

Ωs

(div p̃s + αf )2 dx,

p̃ =

N
M

p̃s ∈ Ye .

s=1

An equivalence relation between (5.4) and (5.6) can be found in [30, Proposition 4.2]. We
observe that (5.6) is suitable for the primal-dual algorithm (see Algorithm A.3). Application
of Algorithm A.3 to (5.6) yields the proposed primal-dual iterative substructuring method; see
Algorithm 5.2.
Algorithm 5.2 Primal-dual iterative substructuring method for the dual ROF model (5.4)
Choose τ, σ > 0 with τ σ ≤ 1/2. Let p̃(0) = p̃(−1) ∈ Ye and λ(0) ∈ R|EΓ | .
for n = 0, 1, 2, . . .
λ(n+1) = λ(n) + σB(2p̃(n) − p̃(n−1) )
p̂(n+1) = p̃(n) − τ
B ∗ λ(n+1)

e FE (p̃) + 1 kp̃ − p̂(n+1) k2
p̃(n+1) ∈ arg min E
d
2τ
e
p̃∈C
end
As a direct consequence of Theorem A.3, we get the following O(1/n) ergodic convergence
theorem for Algorithm 5.2.
Theorem 5.3. Let {(p̃(n) , λ(n) )} be the sequence generated by Algorithm 5.2. Then, it converges to a saddle point of (5.6) and satisfies that
!
!


n
n
1 X (k)
1 X (k)
1 1
1
(0) 2
(0) 2
p̃ , λ − L p̃,
λ
≤
kp̃ − p̃ k2,Ye + kλ − λ k2,R|EΓ |
L
n
n
n τ
σ
k=1

k=1

for any p̃ ∈ Y and λ ∈ R|EΓ | .
Even though the convergence rate of Algorithm 5.2 is slower than that of Algorithm 5.1, it
has several advantages. First, we observe that local problems of Algorithm 5.2 has the general
form


1
1
min
k div p̃s + αf k2 + kp̃s − p̂s k2
(5.7)
2τ
es 2
p̃s ∈C
1
for p̂s ∈ Yes . Thanks to the strongly convex term 2τ
kp̃s − p̂s k2 in (5.7), one can adopt linearly
convergent algorithms such as Algorithm A.5 for (5.7) while existing standard solvers (see
Algorithms A.2 and A.4) are only O(1/n2 ) convergent. Improvement of performance due to
this fact can be found in [30, Sect. 5].
Next, we note that Algorithm 5.2 does not utilize the differentiability of the dual ROF functional at all. It means that Algorithm 5.2 can be generalized to general total variation minimization (5.1) without major modification [31]. We assume that the functional F ∗ in (5.1) is
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separable, i.e, there exists convex functionals Fs∗ : div Yes → R such that
F ∗ (div p̃) =

N
X

Fs∗ (div p̃|Ωs ),

p̃ ∈ Ye .

s=1

Many problems arising from mathematical imaging satisfy the above assumption; see [31]. We
write
N
X
FE
E (p̃) =
Fs∗ (div p̃|Ωs ), p̃ ∈ Ye .
s=1

Then for τ > 0 and p̂ ∈ Ye , a solution of the minimization problem


1
FE
2
min E (p̃) + kp̃ − p̂k
2τ
e
p̃∈C
can be assembled from solutions of local problems


1
∗
2
min Fs (div p̃s ) + kp̃s − p̂|Ωs k .
2τ
es
p̃s ∈C
In summary, we state a generalization of Algorithm 5.2 for general total variation minimization (5.1) in Algorithm 5.3. Algorithm 5.3 shares the same convergence theorem as Algorithm 5.2 [31, Theorem 4.3].
Algorithm 5.3 Primal-dual iterative substructuring method for general total variation minimization (5.1)
Choose τ, σ > 0 with τ σ ≤ 1/2. Let p̃(0) = p̃(−1) ∈ Ye and λ(0) ∈ R|EΓ | .
for n = 0, 1, 2, . . .
λ(n+1) = λ(n) + σB(2p̃(n) − p̃(n−1) )
p̂(n+1) = p̃(n) − τ B ∗ λ(n+1)
for s = 1, . . . , N in parallel


1
(n+1)
2
(n+1)
∗
p̃s
∈ arg min Fs (p̃s ) + kp̃s − p̂
|Ωs k
2τ
es
p̃s ∈C
end
N
M
(n+1)
p̃
=
p̃(n+1)
s
s=1

end
6. N UMERICAL COMPARISON
Until now, we have discussed on various approaches on designing DDMs for total variation
minimization: Schwarz methods for the dual problem, Schwarz methods for the primal problem
based on dual decompositions, primal iterative substructuring methods for the dual problem,
and primal-dual iterative substructuring methods for the dual problem. In order to verify that
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all of those approaches produce DDMs that are efficient parallel solvers, we provide numerical
comparison of Algorithms 4.3, 4.4, 5.1, and 5.2 on distributed memory computers. Note that
Algorithms 4.3, 4.4, 5.1, and 5.2 belong to dual Schwarz methods, primal Schwarz methods
with dual decompositions, primal iterative substructuring methods, and primal-dual iterative
substructuring methods, respectively. The characteristics of these algorithms are summarized
in Table 6.1.
We performed our computations on a computer cluster composed of seven nodes; each node
possesses two Intel Xeon SP-6148 CPUs (2.4GHz, 20 cores) and 192GB RAM. The operating
system for the cluster is CentOS 7.4 64bit. All algorithms were programmed in ANSI C with
OpenMPI, and then compiled by Intel C Compiler.
Two test images “Peppers 512 × 512”, “Cameraman 2048 × 2048” were used in our experiments. Figure 6.1 shows original clean images and noisy images corrupted by additive
Gaussian noise with mean 0 and variance 0.05. The weight parameter α in (1.2) was chosen as
10 heuristically.
At each iteration of DDMs, we have to solve local problems in subdomains. In our experiments, we used the same number of cores as subdomains, and each subdomain is assigned to a
core one by one. Consequently, all local problems were solved simultaneously by the optimally
accelerated primal-dual algorithms, i.e., Algorithm A.4 was adopted as the local solver for Algorithms 4.3, 4.4, and 5.1, while Algorithm A.5 was used for local problems of Algorithm 5.2.
The stop condition for local problems is
(n)

(n−1)

kus − us

k2

(n)
kus k2

< 10−7

or n = 100,

TABLE 6.1. Characteristics of Algorithms 4.3, 4.4, 5.1, and 5.2.
Algorithm 4.3
Algorithm 4.4 Algorithm 5.1 Algorithm 5.2
Problem
dual
primal
dual
dual
Discretization
finite difference finite difference finite element finite element
Convergence rate
O(1/n2 )
not shown
O(1/n2 )
O(1/n)
Local solver
sublinear
sublinear
sublinear
linear

(a) Peppers 512 × 512

(b) Noisy image
(PSNR: 19.11)

(c) Cameraman 2048 ×
2048

(d) Noisy image
(PSNR: 19.17)

F IGURE 6.1. Test images for numerical experiments.
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where us is the nth iterate for the local primal variable in the subdomain Ωs , 1 ≤ s ≤ N . In
order to reduce the time elapsed in solving local problems, the local solutions from the previous
iteration were chosen as initial guesses for the local problems at each iteration.
TABLE 6.2. Performance of Algorithms 4.3 and 4.4 with respect to various
numbers of subdomains.
Algorithm 4.3
wall-clock
PSNR iter
time (sec)
1
24.55
6.91
2×2
24.55 39
4.94
Peppers
4×4
24.55 48
1.41
512 × 512
8×8
24.55 62
0.68
16 × 16 24.55 69
0.46
1
25.38
254.83
2×2
25.38 34
160.62
Cameraman
4×4
25.38 41
46.97
2048 × 2048 8 × 8
25.38 50
14.47
16 × 16 25.38 58
6.40
Test image

N

Algorithm 4.4
wall-clock
PSNR iter
time (sec)
24.55
6.91
24.55 45
5.08
24.55 58
1.72
24.55 67
0.71
24.55 80
0.47
25.38
254.83
25.38 30
123.49
25.38 42
44.97
25.38 53
14.77
25.38 64
6.07

(a) N = 1
(PSNR: 24.55)

(b) Algorithm 4.3,
(PSNR: 24.55)

(c) Algorithm 4.4,
(PSNR: 24.55)

(d) N = 1
(PSNR: 25.38)

(e) Algorithm 4.3,
(PSNR: 25.38)

(f ) Algorithm 4.4,
(PSNR: 25.38)

F IGURE 6.2. Results of Algorithms 4.3 and 4.4 with N = 16 × 16 for each
finite difference model (4.5) and (2.6).
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TABLE 6.3. Performance of Algorithms 5.1 and 5.2 with respect to various
numbers of subdomains.
Algorithm 5.1
wall-clock
PSNR iter
time (sec)
1
24.41
4.31
2×2
24.41 46
3.14
Peppers
4×4
24.41 57
0.91
512 × 512
8×8
24.41 69
0.40
16 × 16 24.41 82
0.28
1
25.35
182.57
2×2
25.35 34
73.48
Cameraman
4×4
25.35 46
34.69
2048 × 2048 8 × 8
25.35 58
11.40
16 × 16 25.35 71
2.18
Test image

N

Algorithm 5.2
wall-clock
PSNR iter
time (sec)
24.41
4.31
24.41 105
3.01
24.41 113
0.73
24.41 123
0.32
24.41 139
0.26
25.35
182.57
25.35 103
107.80
25.35 107
34.56
25.35 113
9.83
25.35 119
1.42

(a) N = 1
(PSNR: 24.41)

(b) Algorithm 5.1,
(PSNR: 24.41)

(c) Algorithm 5.2,
(PSNR: 24.41)

(d) N = 1
(PSNR: 25.35)

(e) Algorithm 5.1
(PSNR: 25.35)

(f ) Algorithm 5.2
(PSNR: 25.35)

F IGURE 6.3. Results of Algorithms 5.1 and 5.2 with N = 16 × 16 for the
finite element model (5.4).
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Table 6.2 and Fig. 6.2 show the numerical results of Algorithms 4.3 and 4.4 for the finite
difference ROF model (4.5) and (2.6), respectively, with respect to various numbers of subdomains, while Table 6.3 and Fig. 6.3 are for the results of the finite element ROF model (5.4).
We used the following stop condition for all algorithms:
ku(n) − u(n−1) k2
< 10−5 ,
ku(n) k2

(6.1)

where
u(n) = f +

1
div p(n)
α

(6.2)

for Algorithms 4.3 and 5.2 and
u(n) = f +

1
(n)
(n)
div(HI pΓ ⊕ pΓ )
α

for Algorithm 5.1. The case N = 1 denotes Algorithm A.4 for the full-dimension problems.
Since Algorithms 4.3 and 4.4 are based on the finite difference discretizations (4.5) and (2.6),
respectively, while Algorithms 5.1 and 5.2 are based on the finite element discretization (5.4),
they produce different results.
As shown in Figures 6.2 and 6.3, the results of the full-dimension problems and DDMs are
not visually distinguishable. The resulting images of DDMs show no trace of the subdomain
interfaces. In addition, in Tables 6.2 and 6.3, since PSNRs are constant regardless of the number
of subdomains, we can say that the results of DDMs agree with those of the full-dimension
problems.
In Table 6.2, the wall-clock time of Algorithm 4.3 is comparable to that of Algorithm 4.4
despite the less number of iterations. Since Algorithm 4.3 produces a seqence of dual variables
{p(n) }, one have to recover its primal counterpart by (6.2) in each iteration in order to check
whether the stop condition (6.1) is satisfied. On the other hand, Algorithm 4.4 produces a
primal sequence {u(n) } so that no additional computation is required to check (6.1). Therefore,
even though the computational cost for each iteration of Algorithm 4.3 is slightly lower than
Algorithm 4.4, both algorithms show the similar performance.
In Table 6.3, we observe that the number of iterations of Algorithm 5.1 is less than Algorithm 5.2. This verifies the superior convergence property of Algorithm 5.1 shown in Theorem 5.2. However, the wall-clock time of Algorithm 5.2 is smaller than Algorithm 5.1. This is
because Algorithm 5.2 utilized the linearly convergence local solver Algorithm A.5.
For all algorithms, we observe that the number of iterations increases as the number of
subdomain increases. Indeed, it was proven in [29, Corollary 3.8] that the convergence rate of
Algorithm 4.3 deteriorates as the total length of the subdomain interfaces increases. Similar
discussions can be made for other DDMs.
Finally, for all DDMs presented in this section, we can see that the wall-clock time is decreasing as the number of subdomains N increases. This verifies the worth of DDMs as parallel
solvers for total variation minimization.
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7. C ONCLUDING REMARKS
In this paper, we presented a brief review of DDM’s various approaches to total variation
minimization developed over the past decade. The earliest attempts were direct applications
of Schwarz methods to the primal total variation minimization (1.1). However, we noted that
they were shown to have a counterexample to their global convergence. Almost all of recent
works on DDM dealt with the dual total variation minimization (4.3) instead of the primal
one. We introduced three approaches to design DDMs for (4.3): Schwarz methods for the dual
problem, Schwarz methods for the primal problem based on dual decompositions, and iterative
substructuring methods. We also provided numerical results that verify the efficiency of those
DDMs as parallel solvers on distributed memory computers.
There is a great deal of future research topics related to DDMs for the total variation minimization. Even though two-level method design is one of the most important topics in DDMs (see,
e.g., [1, Chapter 3]), to the best of our knowledge, there have been no successful two-level
methods for total variation minimization and even for the ROF model. In order to get the scalability of DDMs, designing two-level methods is necessary and should be considered in future
works.
Acceleration of DDMs for total variation minimization is also an interesting topic. We
presented several accelerated nonoverlapping DDMs for the ROF model in this paper; see
Algorithms 4.3 and 5.1. However, those acceleration schemes are not directly applicable to
the overlapping domain decomposition. Future tasks will need to design acceleration schemes
suitable for overlapping DDMs.
Other interesting topics may arise in the generalization of DDMs to nonsmooth optimization
problems. For example, supervised machine learning with a neural network is modelled as a
nonsmooth optimization problem of the following form [58]:
min {J(θ; x, y) + R(θ)} ,
θ

(7.1)

where J(θ; x, y) is a loss function depending on the structure of the neural network, θ is a
vector of parameters, (x, y) is a supervised training dataset, and R(θ) is a regularizer for
parameters. Due to the huge size of the datasets, machine learning problems are large in general. Consequently, construction of fast and efficient parallel algorithms for problems of the
form (7.1) is one of the active research topics in the field of machine learning. Since (7.1) has
a similar structure to (2.2), we expect that the ideas and theories developed for DDMs on total
variation minimization will be useful in designing DDMs for (7.1). Indeed, block coordinate
descent algorithms [59] which are broadly used in machine learning can be regarded as particular forms of DDMs (see [3]), so that there are extensive possibilities of improvement using
the theories of DDMs.
A PPENDIX A. C ONVEX OPTIMIZATION ALGORITHMS
This appendix covers representative algorithms for solving convex optimization problems.
Throughout this chapter, X and Y denote Euclidean spaces equipped with the inner product
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h·, ·i and its induced norm k · k. The two most popular algorithms are forward-backward splitting algorithms [13, 60] and primal-dual algorithms [15]. For other state-of-the-art algorithms
to solve convex optimization, one may refer a monograph [42] and references therein.
For a proper, convex, lower semicontinuous functional F : X → R, the proximal operator
proxF : X → X is defined as


1
2
proxF (x̄) = arg min F (x) + kx − x̄k , x̄ ∈ X.
2
x∈X
It is easy to check that the proximal operation generalizes the implicit gradient descent with
the unit step size [42].
A.1. Forward-backward splitting algorithms. We consider the following general convex
optimization problem:
min {E(x) := F (x) + G(x)} ,
x∈X

(A.1)

where F : X → R and G: X → R are proper, convex, and lower semicontinuous. We assume
that F has the Lipschitz continuous gradient ∇F with a Lipschitz constant M > 0, i.e., it
satisfies
k∇F (x) − ∇F (y)k ≤ M kx − yk,

x, y ∈ X,

while G is possibly nonsmooth. In addition, we assume that a solution x∗ ∈ X of (A.1) exists.
The forward-backward splitting scheme for (A.1) is a combination of an explicit gradient descent for the smooth part F (x) and an (formal) implicit gradient descent for the nonsmooth part
G(x). The forward-backward splitting algorithm with fixed step size is given in Algorithm A.1.
Algorithm A.1 Forward-backward splitting algorithm
Choose τ > 0 with τ ≤ 1/M . Let x(0) ∈ X.
for n = 0, 1, 2, . . .
x(n+1) = proxτ G (x(n) − τ ∇F (x(n) ))
end
If G = 0, then Algorithm A.1 reduces to the gradient descent method with fixed step. Thus,
it can be regarded as a generalization of the gradient descent method to nonsmooth convex
optimization. The following sublinear convergence of Algorithm A.1 can be proven.
Theorem A.1. Let {x(n) } be the sequence generated by Algorithm A.1. Then for any n ≥ 1, it
satisfies
1
E(x(n) ) − E(x∗ ) ≤
kx(0) − x∗ k2 .
2τ n
Proof. See [13, Theorem 3.1].
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Algorithm A.1 can be accelerated by an appropriate over-relaxation technique called the
Nesterov’s momentum [61]. The accelerated method is called FISTA (Fast Iterative ShrinkageThresholding Algorithm) and was first proposed in [13]; see Algorithm A.2. Note that Algorithm A.2 requires only a single gradient evaluation at each iteration, so that its computational
cost per iteration is almost equal to Algorithm A.1.
Algorithm A.2 FISTA
Choose τ > 0 with τ ≤ 1/M . Let y (0) = x(0) ∈ X and t0 = 1.
for n = 0, 1, 2, . . .
(n)
(n)
x(n+1) = prox
pτ G (y − τ ∇F (y ))
1 + 1 + 4t2n
tn+1 =
2
tn − 1 (n+1)
(n+1)
(n+1)
(x
− x(n) )
y
=x
+
tn+1
end
The following theorem states the O(1/n2 ) convergence rate of Algorithm A.2.
Theorem A.2. Let {x(n) } be the sequence generated by Algorithm A.2. Then for any n ≥ 1, it
satisfies
2
E(x(n) ) − E(x∗ ) ≤
kx(0) − x∗ k2 .
τ (n + 1)2


Proof. See [13, Theorem 4.4].

We note that if E(x) is strongly convex, it can be shown that the forward-backward splitting
algorithm is linearly convergent [42]. However, we omit details here.
A.2. Primal-dual algorithms. Primal-dual algorithms are intended to solve problems of the
following form:
min {F (Kx) + G(x)} ,
(A.2)
x∈X

where K: X → Y is a continuous linear operator and F : Y → R, G: X → R are proper,
convex, lower semicontinuous functionals. By Proposition 4.1, we may solve the following
primal-dual formulation of (A.2) to obtain a solution of (A.2):
min max {L(x, y) := hKx, yi + G(x) − F ∗ (y)} .
x∈X y∈Y

(A.3)

The primal-dual scheme for (A.3) is a combination of partial forward-backward steps for x and
y with suitable step sizes. That is, primal-dual algorithms consist of the following building
blocks:
x̂ = proxτ G (x̄ − τ K ∗ ỹ) ,
ŷ = proxσF ∗ (ȳ + σK x̃) ,
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where x̂, x̄, x̃ ∈ X, ŷ, ȳ, ỹ ∈ Y , and τ, σ > 0. Thus, primal-dual algorithms are useful when
the proximal operators for both F and G can be computed efficiently. In addition, suitable overrelaxation steps should be accompanied in the algorithm to ensure convergence [62, Sect. 3].
In summary, the primal-dual algorithm to solve (A.3) is presented in Algorithm A.3 [15].
Algorithm A.3 Primal-dual algorithm
Choose τ, σ > 0 with τ σ ≤ 1/kKk2 . Let x(0) = x(−1) ∈ X and y (0) ∈ Y .
for n = 0, 1, 2, . . .
y (n+1) = proxσF ∗ (y (n) + σK(2x(n) − x(n−1) ))
x(n+1) = proxτ G (x(n) − τ K ∗ y (n+1) )
end
In [63], it was shown that Algorithm A.3 is in fact equivalent to a preconditioned proximal
point algorithm [64] applied to a monotone inclusion problem. The following ergodic convergence rate of Algorithm A.3 was proven in [65, Theorem 1].
Theorem A.3. Let {x(n) } and {y (n) } be the sequences generated by Algorithm A.3. Then for
any (x, y) ∈ X × Y and n ≥ 1, it satisfies
!
!


n
n
1 X (i)
1 1
1
1 X (i)
(0) 2
(0) 2
≤
x , y − L x,
y
kx − x k + ky − y k .
L
n
n
n τ
σ
i=1

i=1

Similarly to FISTA, Algorithm A.3 can be accelerated under additional assumptions. First,
we assume that either G or F ∗ is strongly convex. By symmetry, it suffices to deal with the
case when G is µG -strongly convex for some µG > 0. Algorithm A.4 shows an accelerated
primal-dual algorithm adapted in this case [65]. There are several alternative choices on the
selection of step sizes; see, e.g., [15, Algorithm 2].
Algorithm A.4 O(1/n2 )-convergent accelerated primal-dual algorithm
Choose τ0 , σ0 > 0 with τ0 σ0 ≤ 1/kKk2 and θ0 = 0. Let x(0) = x(−1) ∈ X and y (0) ∈ Y .
for n = 0, 1, 2, . . .
y (n+1) = proxσF ∗ (y (n) + σK[(1 + θn )x(n) − θn x(n−1) ])
(n)
∗ (n+1)
x(n+1) = prox
)
p τ G (x − τ K y
θn+1 = 1/ 1 + µG τn , τn+1 = θn+1 τn , σn+1 = σn /θn+1
end
The convergence result for Algorithm A.4 is given in the following.
Theorem A.4. Let {x(n) } and {y (n) } be the sequences generated by Algorithm A.4. Also, we
define
n
X
σn−1
tn =
, Tn =
ti , n ≥ 1.
σ0
i=1
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Then for any (x, y) ∈ X × Y and n ≥ 1, it satisfies
!
!


n
n
1 X (i)
1
1 X (i)
1
1
(0) 2
(0) 2
L
ti x , y − L x,
ti y
≤
kx − x k + ky − y k .
Tn
Tn
2Tn τ
σ
i=1

i=1

Proof. See [65, Theorem 4]. In this case, we have 1/Tn = O(1/n2 ) [15].



F∗

Next, we consider the case when both G and
are strongly convex; say G is µG -strongly
∗
∗
convex and F is µF -strongly convex. Note that F ∗ is µF ∗ -strongly convex if and only if
F is continuously differentiable and ∇F is Lipschitz continuous with a Lipschitz constant
1/µF ∗ . We present a particular choice of step sizes which was given in [42]. For the sake of
convenience, let
s
!
µG µF ∗
4kKk2
−1 .
γ=
1+
2kKk2
µG µF ∗
It is clear that 0 < γ < 1. Algorithm A.5 shows a linearly convergent primal-dual algorithm
for this case.
Algorithm A.5 Linearly convergent accelerated primal-dual algorithm
γ
γ
Choose τ = µG (1−γ)
, σ = µ ∗ (1−γ)
, and θ = 1 − γ. Let x(0) = x(−1) ∈ X and y (0) ∈ Y .
F
for n = 0, 1, 2, . . .
y (n+1) = proxσF ∗ (y (n) + σK[(1 + θ)x(n) − θx(n−1) ])
x(n+1) = proxτ G (x(n) − τ K ∗ y (n+1) )
end

The following ergodic convergence result for Algorithm A.5 is available.
Theorem A.5. Let {x(n) } and {y (n) } be the sequences generated by Algorithm A.5. Also, we
define
n
X
tn = θ1−n , Tn =
ti , n ≥ 1.
i=1

Then for any (x, y) ∈ X × Y and n ≥ 1, it satisfies
!
!


n
n
1 X (i)
1
1
1 X (i)
1
ti x , y − L x,
ti y
≤
kx − x(0) k2 + ky − y (0) k2 .
L
Tn
Tn
2Tn τ
σ
i=1

i=1

Proof. See [65, Theorem 5]. In this case, we have 1/Tn = O(θn ).
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A BSTRACT. This paper describes the development of a parallel computational algorithm based
on the finite element tearing and interconnecting (FETI) method that uses a local Lagrange multiplier. In this approach, structural computational domain is decomposed into non-overlapping
sub-domains using local Lagrange multiplier. The local Lagrange multipliers are imposed at
interconnecting nodes. 8-node solid element using extra shape function is adopted by using the
representative volume element (RVE). The parallel computational algorithm is further established based on message passing interface (MPI). Finally, the present FETI-local approach is
implemented on parallel hardware and shows improved performance.

1. I NTRODUCTION
A number of finite element methods based on the domain decomposition technique have
been developed for parallel computation in recent decades. Decomposed domains are allocated
to a number of processors in parallel computation environment. Increased number of decomposed domains computational time and memory use per processor. Most of those techniques
were used to decompose the entire domain into overlappinng or non-overlapping subdomains.
The overlapping methods use iterative algorithms to solve the unknown on interfaces with
Dirichlet boundary conditions. However, the non-overlapping methods use Lagrange multipliers on the interface regions with iterative or direct solvers depending on the number of relevant
constraints. One of the most successful non-overlapping methods is the finite element tearing
and interconnecting (FETI) method, proposed by Farhat et al. [1]. The original FETI method
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was based on a parallel algorithm for plane-stress problems and was further applied to shell
problems. Lagrange multipliers were used to enforce continuity of the transverse displacement
at sub-domain cross-location, i.-e., the corner nodes. Iterative solution methodologies, e. g.,
the preconditioned conjugated projected gradient (PCPG), were preferrably used because rigid
body modes were induced from floating sub-domains. This led to a two-level procedure [2, 3],
and finally a dual-primal FETI (FETI-DP) method that combined many of those FETI methods
in a unified manner [4, 5]. However, those FETI methods still require a good preconditioner to
retain numerically scalable for plane and shell problems, which may degrade efficiency of the
entire solution procedure.
On the other hand, flexible multibody dynamics adopted the finite element approach for
modeling multiple components, as described in Ref. [6]. The kinematic constraints defined
in multibody dynamic problems were enforced via the Lagrange multiplier technique, involving additional degrees of freedom (DOF) than those generally obtained by FETI approaches.
Some literatures suggested preconditioning algorithms to perform numerically scalable and
parallelized simulations for multibody dynamics. The null space formulation with a preconditioned conjugate gradient (PCG) algorithm was adopted for multibody dynamics problems by
Chiou et al. [7]. Quaranta [8] performed parallel simulation of multibody dynamics problems
by using the domain decomposition method based on Schure complement matrix. Recently,
Bauchau [10] suggested using the global and local Lagrange multipliers based on the domain
decomposition method to enforce the compatibility of the displacement field between subdomains. Duplicate nodes were treated as independent interface nodes with the same number
of DOFs as the corresponding boundary nodes. The effectiveness of those imposed nodes was
sufficiently explained by Park et al. [9]. FETI methods with combination of the two different
Lagrange multipliers may be classified as FETI-global, local, and mixed methods [10]. First,
the FETI-global method originates from the brand new FETI method, where all the kinematic
constraints are globalized. However, the sub-domain stiffness matrices should be invertible
by eliminating the DOFs of constraint nodes. Meanwhile the classical FETI methods utilized PCG iterations to solve their interface problem. When all constraints are assumed to be
local, i.e., FETI-local method, the DOFs of boundary nodes are duplicated and can be physically interpreted as springs with a certain stiffness constant. Practical parallel computation of
the FETI-local for the second-order problems was implemented and their characteristics were
compared with those of the FETI-DP method in Refs. [11, 12]. This was further extended to
the fourth-order problems in Ref. [13].
A brand new parallel computation algorithm for the FETI-local method that uses a local
Lagrange multiplier will be presented in this paper. The present parallel computation algorithm will be divided into four steps. First, a software package for partitioning unstructured
graphs, partitioning meshes, and computing fill-reducing orderings of sparse matrices(METIS)
is employed in order for partitioning sub-domains and numbering a set of local Lagrange multipliers. Second, the interface problem is constructed by replacing the sub-domain displacements. Third, the interface problem is solved by eliminating additional constraints. As all
the penalty terms are equally interpreted as spring coefficients for multiplication of local Lagrange multipliers, the interface problem will be naturally conditioned. In other words, the
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Figure 1: Three-dimensional solid element connected by local Lagrange multiplier.

interface flexilibty matrix becomes invertible for a single computation without iterative procedures. Fourth, the displacement field of each subdomain is solved. An 8-node solid element
along with extra shape function is used to validate displacement and strain that are obtained
by both experiments and existing analysis. Thus, the displacement results are to be compared
while using different number of the sub-domains. Finally, the computational time and memory
usage are evaluated with respect to the number of CPUs used.
2. D OMAIN DECOMPOSITION METHOD
2.1. FETI-local method. Let Ω denote the entire domain of a certain problem, and let Ω(i)
be its Ns non-overlapping i-th subdomain with interface nodes. A set of Lagrange multipliers
are used to reconnect the decomposed sub-domains. The classical Lagrange multiplier technique (λ) leads to a non-unique set of constraint conditions for an interface problem. FETI-DP
method is based on the dual-primal formulation, which eliminates the zero energy modes by
using additional interface nodes at each corner node. Due to the singularity of the floating subdomain where the boundary condition is not applied, PCG algorithm is used for the solution
of that interface problem. The coarse problem is defined by the primal unknowns belonging
to the DOFs of the interface nodes. However, an iterative solver is still required to guarantee
convergence of the coarse problem. Otherwise, the local Lagrange multiplier technique yields
unique constraint construction and non-singularity in floating sub-domains, as suggested by
Park et al. [9]. Furthermore, Bauchau [10] proposed an augmented Lagrangian formulation
(ALF) associated with the classical and local Lagrange multipliers by incorporating a penalty
term. When all the Lagrange multipliers are localized, use of the penalty terms in the constraint
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formulation provides natural conditioning of the interface problem. This is called as FETI-local
method and was investigated previously by the present authors [11, 12, 13].
Finally, the present FETI-local method is described in Fig. 1. Continuity of the displacement
field can be enforced via use of the penalty term by imposing a set of Lagrange multipliers. As
described in Fig. 1, local Lagrange multipliers are denoted as double-headed black arrows.
Three different types of Boolean matrices should be defined in order to extact the internal
(Li ), interface nodes (S i ) and additional constraints nodes (C i ) DOFs of the i-th sub-domain.
li , si , ci , and ui denote arrays of the extracted DOFs from the internal, interface, additional
constraints and sub-domain nodes.
si = S i ui

(2.1a)

li = Li ui

(2.1b)

ci = C i ui

(2.1c)

Eq. 2.1 can be used to construct additional constraints in a compact form as follows.
C l = Su − Cc

(2.2)
In Eq. 2.2, S and C are compact form of internal and additional constraints nodes, respectively.
2.2. Governing equations. The present FETI-local method is developed to solve the two- and
three-dimensional problem by adding the penalty factors to a set of local Lagrange multipliers.
The total potential energy of the entire system Π can be described as
Π = A + Φ + Vc
A is the strain energy of the entire set of subdomains and Φ is the potential of external loads.
A=

Ns
X
i=1

Φ=

Ns
X
i=1

1
Ai = uTi K i ui
2

=−

Ns
X

uTi Qi = −uT Q

i=1

where K i and Qi denote the stiffness matrix and external load vector for the i-th sub-domain,
respectively. The potential of constraint Vc is expressed in terms of the local Lagrange multipliers:
p
Vc = pλT C + C T C
2
Finally, the equations of equilibrium for the entire system based on a set of local Lagrange
multipliers are
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Figure 2: the eight-node solid element

   
K∗
−pS T C pS T
Q
u
−C T S pC T C −pC T   c  =  0 
λ
0
pS
−pC
0


(2.3)

P s
T
where K ∗ = N
i=1 K i + pS S and p denotes the penalty term. If the penalty coefficients
goes to infinity, the condition number of the matrix will become unity. This suggests that
iterative methods will converge within a single interation, e.g., by a direct inverse method. The
effect of the penalty terms is numerically and physically explained in Refs. [10, 12].
2.3. 8 node solid element along with extra shape function. In three-dimensional structural
analysis by parallel computation, 8-node hexahedral solid element is employed along with extra
shape functions as depicted in Fig. 2. In addition to the DOFs at each node with iso-parametric
bilinear shape functions, three auxiliary DOFs are adopted with extra shap functions proposed
by Wilson et al. [14]. Locking effect is prevented by enhancing versatility of the elements. The
nodal displacement
  is defined as

T
du
= u1 , v1 , w1 , ..., u8 , v8 , w8 , |ua1 , va1 , wa1 , ..., ua3 , va3 , wa3
du
where du and da are a nodal and auxiliary displacement, respectively. Finally, stiffness
matrix of each subdomains are defined as

   
K uu K ua du
f
=
T
d
0
K ua K aa
a
where K uu , K ua , and K aa are standard, coupling and auxiliary stiffness matrices, respectively, By using static condensation, the element equation is reformulated as
(K uu − K ua K −1
K Tua )du = f
aa
Finally, the stiffness matrices of i-th subdomain are defined as


K uu K ua
Ki =
K Tua K aa
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3. C OMPUTATIONAL PROCEDURES FOR FETI- LOCAL METHOD
The four steps in the parallel computing strategy (Sections 3.1 to 3.4) for the present FETIlocal method are described in this section. First, the number of elements assigned to each
sub-domain is balanced by using a serial software package (METIS) [15]. Second, the interface
problem is constructed by using direct solver (LAPACK). Third, the interface problem is solved
by using sparse direct solver (PARDISO). Fourth, the displacement field of each subdomain is
solved by using PARDISO as well.
3.1. Partitioning of the subdomains (Step I). Step I is to distribute balanced number of
elements for each subdomain in order to minimize the size of stiffness matrices. Based on the
edge − cutting partitioned subdomain, node and element connectivities are re-ordered. The
internal nodes (Li ) and interface nodes (S i ) are defined at each subdomain as well. Additional
constraints nodes (C i ) are also numbered by counting overlapped nodes along the edge −
cutting interface nodes. Boundary conditions and external forces are re-defined in accordance
with the partitioned subdomains.
3.2. Construction of the interface problem (Step II). From Eq. (2.3), a set of local Lagrange
multipliers (λi ) and sub-domain nodes (ui ) are combined into a single array, ûTi = (uTi , uTLi ).
"

#   
Q̂
K̂
−Ŝ C û
=
T
0
−C Ŝ pC T C c
T

(3.1)

where

K i + pS Ti S i pS Ti
K̂ i =
0
pS i
 T 
Q̂ = Q , 0


(3.2a)
(3.2b)

K̂ i and Q̂i are the stiffness matrix and external load of a unified DOFs (ûi ) at i-th subdomain. In Eqs. (3.1)-(3.2), the penalty coefficients are added to the stiffness matrices of
subdomains and Boolean matrices of the interface nodes. This provides ideal preconditioning
when the magnitude of the penalty coefficient is sufficiently large. Each stiffness matrix of
subdomains and Boolean matrix of the interface nodes are obtained by each processor. Thus,
it is possible to conduct parallel computation in Step II.
3.3. Solution of the interface problem (Step III). Then, the interface problem is obtained by
solving the first equation for the sub-domain DOFs, û in Eq. (3.1):
K̂ c c = Q̂c
where
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Figure 3: Solution procedure for the present FETI-local method.

K̂ c =

N
X

−1 T

C Ti (p − Ŝ i K̂ i Ŝ i )

(3.3a)

i=1

Q̂ =
c

N
X

−1

C Ti Ŝ i K̂ i Q̂i

(3.3b)

i=1
−1

In Step III, inverted stiffness matrices (K̂ c ) are assembled into the interface stiffness matrix
i

(K̂ c ). In a similar manner, each external load vector (Q̂i ) is also combined into the interface
external load vector (Q̂c ).
3.4. Solution of the displacement field of subdomain (Step IV). Finally, the displacement
field of each sub-domain can be obtained as follows:
−1

T

ûi = K̂ i (Q̂i + pŜ i c)

(3.4)

3.5. Strategy for parallel computation. Figure 3 shows the use of a message passing interface (MPI) for parallel computation in the present FETI-local method. As described in Sections 3.2 and 3.4, it is possible to conduct parallel computation in Steps II and IV. First, METIS
is used to provide re-ordered information for each sub-domain. MPI-INIT function is called
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to secure the number of CPUs corresponding to the number of decomposed sub-domains. The
stiffness matrices, Boolean matrices and external force vectors are assembled in each processor.
In Step II, the direct solver library (LAPACK) is employed in order to conduct complete inverse
−1
computation for stiffness matrix of a unified DOFs (K̂ i ). Although nodes and element for
each sub-domains are balanced, MPI-BARRIER function is used to wait until all terms have
terminated from each CPU. Before Step III, MPI-REDUCE function is used to construct the
interface stiffness matrix (K̂ c ) and external load vector (Q̂i ). Hence, those terms are collected
by a single processor. In Step III, the sparse direct solver library (PARDISO) is used to solve
the interface problem with a single processor. After the computation is finished, MPI-BCAST
function will allocate a certain portion of the additional constraints (c) into the corresponding
sub-domains. Finally, the displacement field in each subdomain (ui ) can be obtained using
Eq. (3.4). In particular, the size of the matrix will increase in proportion to the square of the
total number of DOFs. It is expected that the computational cost in Step II will dramatically
decrease in proportional to the number of CPUs used while that in Step III will increase due
to the additional constraints. Step IV will also decrease in linear proportion of the number of
CPUs used.
3.6. Strategy for the memory usage alleviation. From Step II to III, MPI-REDUCE function
is employed in order to obtain the sum of the interface stiffness matrices at each sub-domain.
The size of the interface stiffness matrix is the squared sum of DOFs of internal nodes and
the additional constraints. As the number of additional constraints increases, the size of the
interface stiffness matrix will increase in proportional to the number of DOFs of additional
constraints. If the sum of DOFs of internal nodes and the additional constraints is 100,000,
eighty gigabytes will be needed to store all the values of the interface nodes stiffness matrix
based on the use of double precision. Therefore, it is common to use compressed row storage
(CRS) format in a structural analysis based on the finite element. CRS format is the one of
the effective storage techniques in which a fully-populated matrix can be represented by three
vectors. As described in Section 3.5, the stiffness matrices of partitioned subdomains and interface nodes are inherently sparse and band-limited. Unfortunately, the inverse of a band-limited
matrix is a fully-populated matrix in general. Furthermore, there exists no MPI library to obtain the sum of stiffness matrices defined by CRS format. In the present FETI-local parallel
computation, Intel Math Kernel Library (MKL) CSRADD function is employed recursively.
−1
Instead of adopting MPI-REDUCE function, inverted stiffness matrices (K̂ c ) are stored in
i
data file as CRS format, i.e., three vectors.
3.6.1. Recursive MKL CSRADD function. Although the use of MPI-REDUCE function gives
a single computation and requires large amount of memory storage, it is possible to obtain the
sum of the interface stiffness matrices by using stored result file and MKL CSRADD function.
Populated inverse stiffness matrices of the interface nodes from Step II can be stored in data
file as CRS format, row(IA), column(JA) and values(AA), respectively in data file.
First, MKL CSRADD is called in order to find the length of rows of inverse stiffness matrix.
Then, column and values are calculated in the second MKL CSRADD function. Final row(IA),
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Algorithm 1 Recursive MKL CSRADD
1: for i ← 1 to numSubdomains do
2:
open data file stored in Step2
Allocate (IA-temp, JA-temp and AA-temp)
Read (IA, JA and AA) into (IA-temp, JA-temp and AA-temp)
3:
call MKL DCSRADD
4:
call MKL DCSRADD
Deallocate (IA-temp, JA-temp and AA-temp)
5: end for
column(JA) and values(AA) are the total sum of inverse stiffness matrix . This suggests that
total sum of the interfaces stiffness matrices can be efficiently added without allocating large
size of memory storage due to the use of MPI-REDUCE function. Computational time and
memory usage will be compared in Section 4.
4. N UMERICAL RESULTS
This section describes application of the present FETI-local method to static three-dimensional
problems using 8-node solid element. The results obtained with the present FETI-local method
are presented in the following order. In Section 4.1, the representative volume element (RVE)
is used to obtain strain and displacement. The numerical results are compared with those obtained by the commercial program ANSYS Mechanical and previous experimental results in
Ref. [17]. The scalability is presented in terms of computational time and memory usage in
Section 4.2. By comparing the use of MKL-REDUCE and MKL CSRADD functions, the use
of recursive routine shows decreasing trend in memory usage, but computational time is rather
increased.
4.1. Validation. Figure 4 shows a configuration of a composite structure composed of fiber
and matrix and its partitioned subdomains. Properties of fiber (AS4) and matrix (3501-6 epoxy)
are summarized in Table 1. To obtain flat displacement at the top of the composite structures,
dummy structures and boundary conditions are applied. First, highly stiffened dummy structures are added into the top of composite structures in order to prevent irregular displacement
field of the top surface. Second, only z-directional free boundary conditions are applied to all
the surfaces except top surface. Fixed boundary condition is applied to the bottom surface.
Table 1: Properties of the fiber and matrix.
Young’s modulus[GPa] poisson ratio
Fiber(AS4)
225
0.2
Matrix(3501-6 epoxy)
4.2
0.34
Dummy structure
22500
0
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Figure 4: Configuration of the composite structure and its partitioned subdomains.

Figure 5: Comparison of the longitudinal tensile stress strain curve.

In Fig. 4, entire composite structure is divided into 8 subdomains. As the magnitude of
stress increases, the magnitude of strain increases shown in Fig. 5. Table 2 shows that the
discrepancy is smaller than 5%. Figure 6 shows the displacement, strain and stress along the
z-axis, respectively.
Table 2: Variation of stress and strain
XXX
XXStress[MPa]
XXX
Strain
XX
X

PRESENT
Experiment
ANSYS

200

400

600

800

1000

0.1458 0.2916 0.4374 0.5832 0.729
0.157 0.312 0.463
0.61 0.754
0.146 0.292 0.438 0.586 0.732
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Figure 6: displacement, strain and stress along z-axis.

Figure 7: Various configurations of the partitioned subdomains

4.2. Scalability. The present FETI-local analysis is conducted using parallel hardware. The
number of subdomains increases from 4 to 64. The total number of DOFs is constant to be
104,742. However, as the number of subdomains increases, the additional constraints are increases from 1,774 to 12,048. Figure 7 shows partitioned subdomains by using METIS. Total DOFs of the structural problem are constant while additional constraints(local Lagrange
multipliers) vary. Table 3 summarizes the DOFs of the present problem and the additional
constraints.
The time required to execute the three steps(Steps II to IV) is the total computational time.
Figure 8 shows the decreasing trend in the computational time and memory usage as the number
of CPUs varies from 4 to 24. The computational time and its distribution (in %) are presented
in Table 4. Memory usage is described in Table 5 as well. The present trend of the total
computational time and memory usage shows benign scalability characteristics. Among the
three steps, the computational time in Step II shows that the largest portion of computation
of the inverted stiffness matrices is included in order to construct the interface problem in
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Figure 8: Scalability in terms of the computational time and memory usage

Eq. (3.3). This trend is effective only in Step II. On the contrary, the computational time for
Step 3 shows an increasing trend. This arises because the number of DOFs required to define
the interface problem increases only when the domain partitioning technique is decomposed,
as illustrated in Figure 7. The rest of the computational time is node-to-node communication
time. The computational time in Steps II and IV is the maximum computational time consumed
in parallel hardware. In the similar maner, memory usage considers the maximized allocation
memory as well.
Table 3: DOFs of the problem including additional constraints
No. subdomain
4
8
16
24
32
48
64
DOFs of the subdomains
104,742 104,742 104,742 104,742 104,742 104,742 104,742
DOFs of the additional constraints 5,322
12,195 18,738 23,040 25,155 33,162 36,144
Total DOFs
110,064 116,937 123,480 127,782 129,897 137,904 140,886

Table 4: Comparison of the computational time
CPUs
4
8
16
24

Values
Step II Step III Step IV The rest
Total
Time (s)
12652.83
3.83
842.05 1864.53 15360.24
Distribution(%)
82.38
0.02
5.48
12.12
Time (s)
2345.13
34.86
198.77
507.19
3085.95
Distribution(%)
75.99
1.13
6.44
16.44
Time (s)
526.16
124.43
61.49
172.48
884.56
Distribution(%)
59.48
14.07
6.95
19.50
Time (s)
277.07
243.89
34.42
89.72
645.1
Distribution(%)
42.95
37.81
5.34
13.90
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Figure 9: Total computational time between two different functions

−1

As discussed in Sections 3.5 and 3.6, inverted stiffness matrices of a unified DOFs (K̂ i ) in
each processor are transfered from Steps II to III by using MKL-REDUCE. During this computation, the use of MKL-REDUCE function will require large size of memory as the number
of the processors used increase. Aforementioned the structural problem cannot be analyzed
as the number of subdomains is increased due to excessive memory usage via MPI-REDUCE
−1
function. To relieve the memory usage, inverted stiffness matrices of a unified DOFs (K̂ i )
are stored in data file as CRS format before executing Step III. Due to the sparse properties of
the inverted stiffness matrices, it may be possible to conduct more partitioned subdomains by
adopting MKL CSRADD function. Figure 9 shows comparison of the total computational time
between MPI-REDUCE function and MKL-CSRADD function. Total computational times are
Table 5: Comparison of the memory usage
CPUs
4
8
16
24

Values
Step II/CPU Step III Step IV/CPU
Usage[GB]
7.29
0.23
7.29
Distribution(%)
49.81
0.38
49.81
Usage[GB]
2.54
1.19
2.54
Distribution(%)
48.58
2.84
48.58
Usage[GB]
0.84
2.81
2.54
Distribution(%)
45.28
9.44
45.28
Usage[GB]
0.45
5.06
0.45
Distribution(%)
41.72
16.56
41.72

Total
58.51
41.88
29.78
25.66
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Figure 10: Speed-up result

to be compared in Table 6. Scalability was measured by the speed-up, estimated as ”CPU
time for serial processing” divided by ”CPU time for parallel processing,” and Fig. 10 shows
the good scalability characteristics. For 8 to 24 subdomains, total computational time shows
decreasing trend. Furthermore, total computational time is further decreased in case of 36
partitioned subdomains. However, total computational time is re-increased as the number of
additional constraints is increased. The computational time for Step III is linearly increased
due to the increased number of additional constraints. This indicates that using an excessive
number of Lagrange multipliers may degrade the efficiency of the present FETI-local method.
Hence, the partitioning technique should be carefully selected to minimize the number of local
lagrange multipliers

Table 6: Comparison of the computational time
CPUs
8
16
24
32
48
64

Values MPI-REDUCE MKL CSRADD Discrepancy
Time (s)
3085.95
3243
+157.05
Time (s)
884.56
918.69
+34.13
Time (s)
645.1
618.4
-26.7
Time (s)
406.7
Time (s)
494.17
Time (s)
672.17
-
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5. C ONCLUSION
A brand new domain decomposition method based on the local Lagrange multipliers is developed by including the penalty terms in this paper. The accuracy of the present FETI-locald
method is compared with that obtained by commercial software and experiments. The computational procedures are implemented in parallel by using MPI libraries. The method can be parallelized using a three-step parallel algorithm and used to solve the displacement and stress field
in each subdomain. The size of the corresponding subdomain matrices decreases as the number
of subdomains (CPUs) increases. This suggests that the scalability shows benign characteristics
in terms of both computational time and memory usage. Finally, the computational time and
memory usage dramatically decreases by 98% for the three-dimensional solid structure. However, it is found that re-increasing trends of the computational time occur when the number
of Lagrange multipliers becomes excessive. The presently improved approach cannot be used
to increase scalability, but ensures to analyze furthere partitioned subdomains. In the future,
the present approach will be further improved by adopting parallelized libraries(SCALAPACK
and parallel PARDISO) in order to decrease computational time for complete inverse.
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A BSTRACT. A new multiscale finite element method for elliptic problems with highly oscillating coefficients are introduced. A hybridization yields a locally flux-conserving numerical scheme for multiscale problems. Our approach naturally induces a homogenized equation which facilitates error analysis. Complete convergence analysis is given and numerical examples are presented to validate our
analysis.

1. I NTRODUCTION
In this paper we consider the following elliptic problem:
L (u ) = −∇ · (a ∇u ) = f
u = 0

on Ω,
on ∂Ω.

(1.1)

Here, and in what follows, we assume a (x) = a(y) for a 1-periodic, positive definite and symmetric
tensor a and y = x . The domain Ω is a convex polygonal domain.
Many problems in material science, chemistry, fluid dynamics and biology are governed by multiscale problems with highly oscillatory coefficients [1, 2, 3, 4]. For example, the properties of a
composite material or the heterogeneity of porous media has oscillatory nature. It is well known that
standard finite element methods do not yield good numerical approximations for such problems with
rapidly oscillating coefficients when the mesh size is h > . To obtain computationally feasible system, multiscale approach is essential for (1.1). For example, the multiscale finite element methods
(MsFEM) [5, 6, 7, 8] use oversampling to construct basis functions adapted to oscillation in solutions. Variational multiscale methods (VMS) [3] or the residual-free bubble function methods (RFB)
[9, 10] use enhanced trial/test spaces to resolve fine scale nature of the problem. The heterogeneous
multiscale method (HMM) is a methodology for designing sublinear scaling algorithms by exploiting
scale separation and the other features of the problem [11, 12]. The generalized FEM for homogenization problems is proposed in [13]. The multiscale domain decomposition approach can be found
in [14, 15, 16, 17], where the flux continuity is imposed via a mortar finite element space on a coarse
grid scale, while the equations in the coarse elements (or subdomains) are discretized on a fine grid
scale.
The numerical method proposed in this paper is related to cell boundary element methods (CBE)
[18, 19, 20, 21, 22] and hybridization [23, 24, 25, 26]. The CBE method can be interpreted as a finite
Received by the editors June 5 2020; Accepted June 16 2020; Published online June 25 2020.
2010 Mathematics Subject Classification. 65N30, 35B27, 74Q15.
Key words and phrases. cell boundary element, homogenization, variational multiscale, multiscale finite element, hybridization, mass conservation.
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element version of the finite volume method (FVM). The CBE method is defined on the finite element
mesh and preserves flux in each local cell. Moreover, global flux conservation holds for a class of
CBE methods. The flux preserving property of numerical methods is very desirable for transport
problems. For example in underground flow problems it is shown that the multiscale finite volume
method, which is a flux preserving method, produces well approximating numerical solutions [27].
See also [1, 5, 23] for locally conservative multiscale methods based on the mixed finite element and
discontinuous Galerkin method.
In this paper, we introduce a new multiscale method based on a hybridization of flux-continuity
across cell interfaces. From here on we call it as locally conservative multiscale finite element (LCMsFE) method. The LC-MsFE method is a multiscale realization of the cell boundary element methods. More precisely, the method is composed of the following processes. Suppose K is any triangle
of a triangulation Th and Kh is the skeleton of Th (see (3.1)).
: Step 1. Set u = v + gf , where v and gf are solutions of elliptic equations:
−∇ · (a ∇v ) = 0 in K,
−∇ · (a ∇gf ) = f in K,

v = λ on ∂K,
gf = 0 on ∂K

(1.2)
(1.3)

with λ = u |Kh .
: Step 2. Use jump of normal flux at cell interfaces being zero,
[[a ∇v ]] = −[[a ∇gf ]] on each edge e ⊂ Kh ,
to obtain a global coarse system in unknowns λ only.
The Eq. (1.2) can be solved by using the oversampling technique [7] to capture oscillatory boundary condition v = λ on ∂K as in [18]. In the oversampling method the Eq. (1.2) is solved in
an oversampling domain K 0 , K ⊂ K 0 , for each basis of P1 (∂K 0 ) := P1 (K 0 )|∂K 0 with a numerical
solver. Then, restrictions of the solutions to K form a basis for approximation of v which captures the
oscillatory
p nature of solutions very well. However, the cost for solving (1.2) can be costly if the scale
ratio, |K 0 |/, is very large. In this paper, to treat problems of a large scale ratio more efficiently,
we take a variational multiscale approach in solution procedure for the Eq. (1.2). In the variational
multiscale approach we further decompose v as v = v0 + v1 , where v0 is a coarse scale solution
and v1 is a highly oscillatory part (fine scale resolution) of v with vanishing average. Indeed, v1 will
be determined by v0 and then v is determined by v0 . Therefore, Step 2 induces a square system with
v0 |Kh as only unknowns. Moreover, the Eq. (1.3) can be replaced in our new approach with a coarse
scale solution: for example,
Z
−∇ · (a∇g0 ) = f in K,
g0 ds = 0 on e ⊂ ∂K,
e

where a = |Y1 | Y a(y)dy and Y = [0, 1]2 with its volume |Y |. This will reduce computational cost
additionally without losing accuracy of the method.
The rest of the paper is organized as follows. In §2 the homogenization theory in a periodic
setting is reviewed. In §3 localization and solution decomposition are introduced. In §4 we introduce
multiscale basis functions for the LC-MsFE method. Simple calculation yields that our method can
be viewed as a finite element method for the homogenized equation. Also we note that the LC-MsFE
method preserves flux locally. Optimal, resonance free convergence analysis is provided for the LCMsFE method. In the last section we provide numerical experiments of our method. We consider
two kinds of fine scale resolvers, the spectral and the oversampling approaches. Some computational
issues such as -interference in error and phase-shift error are covered.
R
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2. H OMOGENIZATION
In this section we review the well known homogenization theory [2, 28]. Consider a power series
expansions:
u (x) = u0 (x, y) + u1 (x, y) + 2 u2 (x, y) + · · ·

(2.1)

2

p (x) = p0 (x, y) + p1 (x, y) +  p2 (x, y) + · · ·
where p = a ∇u and y =
obtains

x


from here on. From the relations, p = a ∇u and −∇ · p = f one

1
p0 + p1 + 2 p2 · · · = a (∇x u0 + ∇y u0 + ∇x u1 + ∇y u1 + 2 ∇x u2 + · · · )

1
f = −(∇x · p0 + ∇y · p0 + ∇x · p1 + ∇y · p1 + · · · )

Collecting terms with the same power of  from (2.1), one has
O(−1 ) :
−1

O(

a ∇y u0 = 0,
−∇y · p0 = 0,

):

0

O( ) :

a ∇y u1 + a ∇x u0 = p0 ,

O(0 ) :

−∇y · p1 − ∇x · p0 = f

and so on. Then the homogenized solution u0 satisfies
L0 (u0 ) = −∇ · (a0 ∇u0 ) = f
u0 = 0
where

1
a0 =
|Y |
Here, χ = (χ1 , χ2 ) is a periodic solution of

in Ω,
on ∂Ω,

Z
a(I + ∇y χ)dy.
Y

−∇y · (a(y)∇y χ) = ∇y · a(y)
with

R
Y

(2.2)

(2.3)

χdy = 0. Moreover, we have
u1 (x, y) = χ(y)∇u0 (x).

From here and on, differential operators are applied column-wise so that ∇χ := (∇χ1 , ∇χ2 ) for
χ = (χ1 , χ2 ) and ∇ · a := (∇ · a1 , ∇ · a2 ) for matrix a with column vectors a1 and a2 .
Since u0 (x)+u1 (x, y) 6= u (x) on ∂Ω, due to the periodicity of u1 , one can introduce a correction
θ which satisfies
−∇ · a ∇θ = 0
θ = −u1

in Ω,
on ∂Ω.

Summarizing the above results, we have an expansion of u as follows:
u (x) = u0 (x) + u1 (x, y) + θ(x, y) + r(x, y).

(2.4)

Moreover, the following estimates hold by the Calderon-Zygmund inequality and by results from [28]
and [6]:
ku0 k2,Ω . kf k0,Ω ,
√
k∇θk0,Ω .
(ku0 k2,Ω + ku0 k1,∞,Ω ),
krk1,Ω . ku0 k2,Ω

(2.5)
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and
ku − u0 k0,Ω . ku0 k2,Ω .

(2.6)

Here, k · kk,Ω denotes the usual Sobolev space norm and A . B denotes A ≤ cB for some positive
constant c, independent of h and .
3. L OCALIZATION AND SOLUTION DECOMPOSITIONS
We begin with introducing some mathematical notations. The family Th is shape-regular triangulation of Ω into triangles with h = maxK∈Th hK , where hK denotes the diameter of K ∈ Th . Let
Eh denote the set of edges e of the triangulation Th and Vh the set of the midpoint of each edge.
Therefore, for each p ∈ Vh there exists an associated edge ep ∈ Eh . We set the skeleton of the mesh
Th as
(3.1)
Kh = ∪K∈Th ∂K.
Now, let us introduce function spaces. The space Lp (D) is the usual Lp space with the norm
k · kLp (D) for 1 ≤ p ≤ ∞. The space Wps (D) is the standard Sobolev space with the norm k · ks,p,D
s (D) denotes the space of functions with vanishing traces. We employ the
and its subspace Wp,0
s (D) with norms and seminorms k · k
abbreviations H s (D) for W2s (D), H0s (D) for W2,0
s,D and | · |s,D
for k · ks,2,D and | · |s,2,D , respectively.
In order to derive the multiscale FE method we consider the following localized problem: for each
cell K ∈ Th ,
−∇ · a ∇u = f
[[a ∇u ]] = 0

in K,
on e = ∂K ∩ ∂K 0 .

(3.2)

Here,
[[a ∇u ]] = (a ∇u ) · ν + (a ∇u ) · ν 0
denotes jumps of normal fluxes across intercell boundaries. The continuity of normal fluxes in (3.2)
can be weakened as follows:
Z
[[a ∇u ]]wds = 0 for w ∈ H01 (Ω).
(3.3)
Kh

Consider a local solution decomposition:
u = v + gf ,

(3.4)

where v and gf satisfy
−∇ · a ∇v = 0
v = u

in K,
on ∂K

(3.5)

−∇ · a ∇gf = f
gf = 0

in K,
on ∂K,

(3.6)

and

respectively.
Invoking (3.3), v and gf satisfy
Z
Z
[[a ∇v ]]wds = −
Kh

Kh

[[a ∇gf ]]wds

for w ∈ H01 (Ω).
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This is the motivation of the hybridized finite element method. In the authors’ previous work [18], the
Eq. (3.5) is solved by a numerical method adopting the oversampling technique in [7]. The motivation
of the oversampling technique is to catch the oscillating property of u on ∂K.
We take a different approach, a variational multiscale technique. For this, we consider another
solution decomposition for v . As mentioned before, we find that we do not need an accurate approximation of gf and this is another advantage of this method.
Let
v = v0 + v1 ,
(3.7)
where v0 and v1 satisfy
−∇ · (a∇v0 ) = 0
v0 = u0

in K,
on ∂K

(3.8)

−∇ · (a ∇v1 ) = ∇ · ((a − a)∇v0 )
in K,
(3.9)
v1 = u − u0
on ∂K,
R
respectively. Here, a = |Y1 | Y a(y)dy, u0 is a coarse scale homogenized solution so that u − u0 (≈
χ∇u0 ) is dominated by a periodic function with vanishing averages. The solution v0 is called a
coarse scale solution and v1 is a fine scale resolution. In our numerical method the Eq. (3.8) is
automatically satisfied since we take a P1 approximation for v0 and the Eq. (3.9) is solved by a
spectral method on the space of -periodic functions with sufficiently large degrees of freedom.
Remark 3.1.
• By (2.4) v1 in (3.9) has a representation v1 (x, y) = χ(y)∇u0 (x) + θ(x, y) +
r(x, y) on each ∂K. The finite element space for approximation of v1 will be designed to best
approximate χ(y)∇u0 (x) in K, ignoring the other terms.
• To solve v1 in (3.9) we can apply the oversampling technique in [6, 7] as follows.
−∇ · (a ∇γ) = ∇ · ((a − a)∇v0 )
γ=0

in K 0 ,
on ∂K 0 ,

with the oversampling domain K 0 of K. Then v1 = γ|K − c with c =

(3.10)
1
|∂K|

R
∂K

γds.

Instead of solving the Eq. (3.6) we even substitute gf with a coarse scale solution g0 satisfying
Z
g0 ds = 0 on e ⊂ ∂K,
−∇ · (a∇g0 ) = f in K,
e

Indeed, it is easy to see that g0 can be obtained analytically on each K in the following form.
f 2
(x + y 2 ) + (c0 + c1 x + c2 y).
4a
Using the theory of interpolation, we can easily obtain the following estimates for g0 whose proof
is omitted here.
g0 (x, y) = −

Lemma 3.2. It holds
k∇g0 k0,K
kg0 k0,K

. hkf k0,K ,
. h2 kf k0,K .

Then, instead of (3.4) we consider the approximate formula for u and its flux as follows:
∇u ≈ ∇vh ,
a ∇u ≈

a ∇vh

(3.11)
+ a∇g0 .
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4. A MULTISCALE FINITE ELEMENT METHOD
In this section we introduce a locally conservative method and its numerical analysis.
Let Vh ⊂ H01 (Ω) be the space of the conforming P1 elements for a triangulation Th , which is the
finite element space for v0 and let
Z
Qh := {ψ : -periodic,

ψdx = 0}
[0,]×[0,]

be the function space for approximation of v1 . We assume that the dimension of Qh is taken as large
as we want so that χ in (2.3) will be found almost exactly within Qh . In view of (3.7), set
vh = v0h + v1h ,

v0h ∈ Vh , v1h ∈ Qh .

Then, v0h ∈ Vh satisfies the Eq. (3.8) automatically. Using that ∇v0h is a constant vector, the Eq. (3.9)
is reduced to find χ ∈ Qh such that
1
(a ∇χ, ∇µ)Y = (∇ · a , µ)Y ,


µ ∈ Qh

(4.1)

for Y = [0, ] × [0, ], and
v1h = χ∇v0h .
Note that the Eq. (4.1) is an -scaled version of (2.3). Then,
vh = v0h + χ∇v0h

(4.2)

∇ · (a ∇vh ) = ∇ · (a (I + ∇χ)∇v0 ) = 0.

(4.3)

and it satisfies

Let us introduce the multiscale element space:
Vh = {v : v = v0 + χ∇v0 , v0 ∈ Vh }.
A construction of homogenization-based finite element basis is also considered in [29, 1].
In view of the flux formula (3.11), we consider an approximate flux representation:
a ∇uh = a ∇vh + a∇g0 .
Then our hybrid multiscale finite element method is to find vh ∈ Vh (equivalently, find v0 ∈ Vh )
such that
Z
Z
h
[[a ∇v ]]wds = −
[[a ∇g0 ]]wds for w ∈ Vh .
(4.4)
Kh

Kh
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Implementation of (4.4) is done as follows:
: Step1: Let
v0h =

N
X

cj φj (x) ∈ Vh ,

j=1

where {φj } is a basis for Vh .
: Step2: Construct multiscale basis φj = φj + χ∇φj as in (4.2). Then
vh =

N
X

cj φj ∈ Vh .

j=1

: Step3: Solve for {cj }N
j=1 the linear system,
Z
Z
N
X
[[a ∇φj ]]φi ds = −
cj
j=1

Kh

[[a ∇g0 ]]φi ds,

i = 1 : N.

Kh

Therefore, it is a square system and ellipticity and convergence analysis follow.
By using the Eq. (4.3) and the integration by parts, the left hand side of (4.4) satisfies
Z
X
[[a ∇vh ]]wds =
h(a ∇vh ) · ν, wi∂K , w ∈ Vh
Kh

K∈Th

= (a ∇vh , ∇w)h
= (a (I + ∇χ)∇v0h , ∇w)h
= (a0 ∇v0h , ∇w).
Using

R

e g0 ds

= 0 on e ⊂ ∂K and ∇ · (a∇w) = 0 on K for w ∈ Vh , we have
(a∇g0 , ∇w)K = −(g0 , ∇ · (a∇w))K + hg0 , (a∇w) · νi∂K = 0.

Therefore, the right hand side of (4.4) satisfies
Z
[[a∇g0 ]]wds = (∇ · (a∇g0 ), w)Ω + (a∇g0 , ∇w)h ,

w ∈ Vh

Kh

= −(f , w)Ω .
The LC-MsFE method (4.4) can be rewritten in the following variational form: Find v0h ∈ V h such
that
(a0 ∇v0h , ∇w)h = (f , w)Ω ,

w ∈ Vh ,

(4.5)

which corresponds to a finite element method for a homogenized Eq. (2.2). The following error
estimate is a standard, well-known result in the theory of finite elements.
Theorem 4.1. Suppose u0 ∈ H 2 (Ω) be the solution of the homogenized Eq. (2.2) and v0h be the
solution of (4.5). Then,
k∇(u0 − v0h )k0,Ω . hkf k0,Ω ,
ku0 − v0h k0,Ω . h2 kf k1,Ω .
Proof. It is easy to see that
(a0 ∇v0h , ∇w)h = (a0 ∇u0 , ∇w)h + (f − f, w)Ω .
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Simple calculation yields that
(a0 ∇(v0h − ψ), ∇w)h = (a0 ∇(u0 − ψ), ∇w)h − (f, w − w)Ω ,

ψ ∈ Vh .

Then, the energy norm estimate follows immediately by choosing ψ suitably and by an elliptic regularity estimate ku0 k2,Ω . kf k0,Ω
Next, for the L2 estimate, employ a duality argument. Let eh = u0 − v0h and consider w such that
−∇ · (a0 ∇w) = eh on Ω and w = 0 on ∂Ω. Then,
(eh , eh )Ω = (a0 ∇eh , ∇w)Ω
= (a0 ∇eh , ∇(w − ψ))Ω + (a0 ∇eh , ∇ψ)Ω ,

ψ ∈ Vh

= (a0 ∇eh , ∇(w − ψ))Ω + (f − f , w)Ω
= (a0 ∇eh , ∇(w − ψ))Ω + (f − f , w − w)Ω
By choosing an optimal ψ, we have
keh k20,Ω . (hk∇eh k0,Ω + h2 kf k1,Ω )kwk2,Ω .
With an elliptic regularity estimate kwk2,Ω . keh k0,Ω we obtain
keh k0,Ω . (hk∇eh k0,Ω + h2 kf k1,Ω ).
The desired L2 estimate follows from the help of the energy norm estimate.



Let us introduce a multiscale interpolation: for u = u0 + χ∇u0 + θ + r (see (2.4)), define
Ih u = u0,I + χ∇u0,I ∈ Vh ,
where u0,I ∈ Vh is the standard P1 interpolation of u0 in Vh .
1 (Ω), the multiscale
Theorem 4.2. For u = u0 + χ · ∇u0 + θ + r with u0 ∈ H 2 (Ω) ∩ W∞
interpolation Ih has the following error estimates.

(h2 + )ku0 k2,Ω ,
j = 0,

ku − Ih u kj .
√

(h + )(ku0 k2,Ω + ku0 k1,∞,Ω ), j = 1.

Proof. Note that
u − Ih u = (u0 − u0,I ) + χ∇(u0 − u0,I ) + θ + r.
Hence, using the standard error estimate of (u0 − u0,I ) and the estimate (2.6),
ku − Ih u k0,Ω . ku0 − u0,I k0,Ω + k∇(u0 − u0,I )k0,Ω + kθ + rk0,Ω
. (h2 + h + )ku0 k2,Ω
Note that
∇(u − Ih u ) = ∇(u0 − u0,I ) + (∇χ)∇(u0 − u0,I ) + χ∆u0 + ∇θ + ∇r.
The estimates (2.5) yield
k∇(u − Ih u )k0,Ω . (h +  +

√

)(ku0 k2,Ω + ku0 k1,∞,Ω ).


Theorem 4.3. Let v = v0h + χ∇v0h ∈ Vh be the solution of (4.4) and u be the exact solution of
1 (Ω). Then,
(1.1) with u0 ∈ H 2 (Ω) ∩ W∞

(h2 + )kf k0,Ω ,
j = 0,

ku − v kj,h .
√

(h + )(kf k0,Ω + ku0 k1,∞,Ω ), j = 1.
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Figure 1: The solutions of the Eq. (3.10) without the oversampling (left) and with the oversampling
(right).
Proof. Simple calculation yields that
v − Ih u = (v0h − u0,I ) + χ∇(v0h − u0,I ),
∇(v − Ih u ) = ∇(v0h − u0,I ) + (∇χ) · ∇(v0h − u0,I ).
Using the estimates in Theorem 4.1,
kv − Ih u k0,Ω . (h2 + h)kf k0,Ω ,
kv − Ih u k0,Ω . hkf k0,Ω .
The triangle inequality with estimates in Theorem 4.2 yields the desired estimate.



5. N UMERICAL EXPERIMENTS
In this section we concentrate on numerical experiments for the LC-MsFE method. We consider
two different ways of the fine scale resolution construction: the spectral approach by solving the Eq.
Table 1: The L2 and H 1 convergence: -interference.

N
8
16
32
64

 = 1/3200
L2
α
H1
α
4.759e-3
1.563e-1
1.158e-3 2.04 7.644e-2 1.03
2.858e-4 2.02 3.778e-2 1.02
7.155e-5 2.00 1.878e-2 1.01

 = 1/64
L2
α
H1
α
4.761e-3
1.563e-1
1.271e-3 1.91 7.644e-2 1.03
5.788e-4 1.13 3.778e-2 1.02
5.122e-4 0.18 2.062e-2 0.87

Table 2: The L2 and H 1 convergence: the h- resonance with h = .
N
8
16
32
64

L2
α
H1
α
5.928e-3
1.707e-1
2.289e-3 1.37 8.370e-2 1.03
1.049e-3 1.13 4.144e-2 1.01
5.122e-4 1.03 2.062e-2 1.01
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(4.1) in a periodic function space (Tables 1-3) and the oversampling approach by solving (3.10) in a
finite element space (Table 4), see Fig. 1.
Example: We consider the following (quasi-two-dimensional) model problem [30]:
−∇ · (a ∇u ) = f
u |ΓD = 0
ν · (a ∇u )|ΓN = 0

in Ω = (0, 1)2 ,
on ΓD := {x1 = 0} ∪ {x1 = 1},
on ΓN := ∂Ω \ ΓD ,

where

1
, y = (y1 , y2 ) ∈ Y = [0, 1]2 ,
2 + cos2πy1
and f (x) = 1. The exact solution is known analytically as follows:
a(y) =

u (x1 , x2 ) = −x21 −


2πx1
2πx1
2

2πx1
x1 sin(
) − 2 (cos(
) − 1) + x1 +
sin(
).
2π

4π

4π


The computational domain Ω := (0, 1)2 is divided into a uniform mesh so that the vertices are
given as xi1 = ih and xj2 = jh, h = 1/N for 0 ≤ i, j ≤ N and the triangular mesh is then generated
by bisecting each rectangle by a diagonal line. The computational meshes are composed of 2N 2 triangles with N = 8, 16, 32, 64. The local resolution χ in (4.1) is solved in the space of -periodic
functions of degrees up to two for numerical results in Tables 1-3.
Through numerical tests the following important issues on our numerical scheme are addressed;
: 1. the effect of -interference and -h resonance,
: 2. the effect of phase shift when the size of a triangle is not an integer multiple of .
In Tables 1, 2 and 4, the L2 and H 1 errors represent
L2 := ku − vh k0,Ω

and

H 1 := k∇u − ∇vh k0,h ,

and α denotes convergence orders.
The cost of computation is mostly involved in solving the coarse system and it does not depend on
the size of .
Table 3: The L2 and H 1 convergence of the effective solution: phase-shift interference.

N
8
16
32
64

L2
4.755e-3
1.159e-3
2.873e-4
7.821e-5

 = 1/1019
α
H1
α
5.413e-2
2.04 2.708e-2 1.00
2.01 1.357e-2 1.00
1.88 6.840e-3 0.99

L2
5.681e-3
1.363e-3
4.304e-4
2.858e-4

 = 1/121
α
H1
α
5.467e-2
2.06 2.917e-2 0.91
1.66 1.782e-2 0.71
0.59 1.358e-2 0.39

Table 4: The L2 and H 1 convergence of the oversampling local solver

N
8
16
32
64

 = 1/128
L2
α
H1
α
1.232 e-2
1.030 e-1
3.491 e-3 1.82 4.801 e-2 1.10
1.182 e-3 1.56 2.359 e-2 1.03
6.236 e-4 0.92 4.207 e-3 2.49

 = 1/256
L2
α
H1
α
4.76 6e-2
2.044 e-1
1.037 e-2 2.20 6.354 e-2 1.69
2.985 e-3 1.80 2.564 e-2 1.31
1.055 e-3 1.50 1.203 e-2 1.09
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Tables 1 & 2 address the effect of -interference. According to numerical analysis we expect the
following convergence:
√
ku − vh k0,Ω = O(h2 + ), ku − vh k1,h = O(h + ).
(5.1)
√
Therefore, there can be interference of  when the mesh size h gets close to . As expected, Table
1 shows that there is no interference of  when 0 <  << h and there begins to appear -interference
when  ≈ h. The  interference must be distinguished from the so called -h resonance in [7, 8].
The -h resonance means that approximate solutions may not converge when the ratio, /h is kept
constant. Table 2 shows that our method is independent from the -h resonance. We may expect the
rates of convergence:
√
ku − vh k0,Ω = O(h), ku − vh k1,h = O( h)
for  = h from (5.1). The L2 -error shows the expected rate of convergence, however the H 1 -error
performs better than the above expectation.
Table 3 shows the effect of phase shift in numerical solutions. If h is not an integer multiple of
, there can be different shift for each triangle in the periodic part (local fine resolution) of solutions
according to the location of a triangle K in the domain Ω. Our numerical scheme ignores these shifts
to avoid algorithmic complication. Therefore, the fine scale error (u − vh ) must contain a lot of shift
errors. However, the effect of phase shift can be ignored if one looks at coarse scale errors. In Table
3 coarse scale errors are measured in the coarse L2 and H 1 -norms, that is,
L2 = kPh (u − vh )k0,Ω

and

H 1 = k∇u − ∇vh k0,h ,

where Ph (u ) ∈ Xh represents the usual piecewise P1 interpolation and u represents the cell average
of u for each K. It shows a regular convergence behavior in a coarse scale when /h is small. As /h
approaches 1, convergence deteriorates. Compared with Table 2, the irregular convergence behavior
seems to be mainly due to the -interference.
When the conductivity coefficient a is non-periodic the oversampling technique introduce by Hou
and Wu [7] is inevitable. Therefore, we introduce the LC-MsFE combined the oversampling method
and provide related numerical results in Table 4. In this case the Eq. (3.10) is solved for γ by
a numerical method and we use the non-conforming cell boundary element method [19] since the
accurate flux information is important.
In conclusion, computational cost is mainly involved in solving the coarse scale problem with
the spectral local solver. With the oversampling approach the local basis construction can be very
expensive when  is very small and the most of the computing time can be taken for this process.
Therefore, the oversampling approach may not be feasible for an extremely small , however, it can
be applied to the problems with a more general type of conductivity. Our method has a power of
resolving fine scale resolutions when the mesh size is an integer multiple of . When the mesh size
is not an integer multiple of , a postprocessing with proper phase shift will reproduce fine scale
resolution on cells wanted. We close this section with a remark that one can apply the adaptive
variational multiscale method [31] which makes use of multiscale-type a posteriori error estimators
to adapt the coarse and fine scale meshsizes as well as the fine-problem patch-sizes.
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A BSTRACT. Functional fractional differential inclusions with impulse effects in general Banach spaces are studied. We discuss the situation when the semigroup generated by the linear
part is equicontinuous and the multifunction is Caratheodory. First, we define the PC-mild solutions for functional fractional semilinear impulsive differential inclusions. We then prove the
existence of PC-mild solutions for such inclusions by using the fixed point theorem, multivalued properties and applications of NCHM (noncompactness Hausdorff measure). Eventually,
we enhance the acquired results by giving an example.

1. I NTRODUCTION
Impulsive differential equations and impulsive differential inclusions have captured tremendous attention in modeling impulsive problems in various areas; physics, technology, optimal
control, et cetera. The interest in such equations and inclusions arises essentially from their efficiency in phenomena that cannot be modeled using classical schemes. For instance, processes
which change thier state rapidly at certain moments. One can find some applications in [1, 2, 3].
With regard to the basic of general theory on the topic as well as applied developments, see the
Benchohra’s et al. [4] and the papers [5, 6, 7, 8, 9, 10, 11].
On the other hand, semilinear differential problems with nonlocal conditions are often motivated by empirical problems, for instance see [12] and [13]. The abstarct work of such problems was initiated by Byszewski [13]. Nonlocal problems have been received much concern
after it was demonstrated that nonlocal problems can be more descriptive with preferable effects compared to classical ones in applications, see for example [14]. However, handling the
operator of solution at zero is considered to be the main obstacle of nonlocal conditions problems in case of studying its compactness. Various techniques and methods have been used by
many authors in this direction. For further details, we suggest [6, 7, 8, 9, 10, 11, 15, 16, 17, 18].
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Published online June 25 2020.
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In particularly, Wang et.al. [17] gave a new definition to mild solutions for nonlocal impulsive
fractional semilinear differential equations. They investigated the case when the single-valued
function is either satisfying Lipschitz condition or a continuous function that takes bounded
sets to bounded sets, and addition compactness of the semigroup is assumed in this case. Using NCHM, Li [10] obtained results for nonlocal fractional semilinear differential equations,
where the nonlocal term and semigroup are compact and equicontinuous respectivley. Futhermore, Ibrahim and Alsarori [8] determined conditions suffice to guarantee the existence results
for the nonlocal impulsive fractional semilinear differential inclusions with delay in case of
compactness of the semigroup. Recently, Lian et al. [19] discussed the results of mild solutions existence for nonlocal fractional semilinear inclusions when the operator semigroup is
not necessarily compact.
This paper focuses mainly on extending the results of Lian in [19] when the impulse effects
and delay are involved. Indeed, under the assumptions that the semigroup and the multivalued
function are equicontinuous and Caratheodory respectively we examine the following model:

c α

 Dt x(t) ∈ Ax(t) + F (t, τ (t)x), t ∈ J = [0, b], t 6= ti ,
(Pψ ) ∆x(ti ) = Ii (x(t−
i )), i = 1, ..., m,


x(t) + g(x) = ψ(t), t ∈ [−r, 0],
where c Dα denotes the Caputo derivative (0 < α < 1), A is the infinitesimal generator of the
C0 −semigroup {T (t), t ≥ 0} on E where E is real separable Banach space, F : J × Θ → 2E ,
−
ψ : [−r, 0] → E, for every 1 ≤ i ≤ m, Ii : E → E, g : Λ → E, and ∆x(ti ) = x(t+
i ) − x(ti ),
+
−
x(ti ) = lims→t+ x(s), x(ti ) = lims→t− x(s). For any t ∈ J, τ (t) : Λ → Θ, τ (t)x(θ) =
i
i
x(t + θ), θ ∈ [−r, 0], x ∈ Λ.
2. P RELIMINARIES AND N OTATIONS
During this section, we state some previous known results so that we can use them later
throughout this paper. By C(J, E) we denote the Banach space of all continuous functions on
J with kxk = sup{kx(t)k, t ∈ J}, L1 (J, E) is Bochner integrable functions space on J.
Let Pb (E) denote the families of all nonemtpy subsets of E which are bounded, Pk (E) denote
the families of all nonemtpy subsets of E which are compact and Pck (E) denote the families of
all nonemtpy subsets of E which are convex and compact. Also, conv(B) denote the convex
closed hull in E of subset B.
Definition 2.1. ([20]). NCHM (noncompactness Hausdorff measure) on E, χ : Pb (E) →
[0, +∞) is defined by
χ(B) = inf {ε > 0 : B ⊆ ∪nj=1 Bj and radius(Bj ) ≤ ε}.
Lemma 2.1. ([20]). Let χ as defined above then for any B1 , B2 ∈ Pb (E)
1. If B1 ⊂ B2 then χ(B1 ) ≤ χ(B2 );
2. χ({a} ∪ B1 ) = χ(B1 ), for every a ∈ E;
3. For any compact subset K ⊂ E, χ(B1 ∪ K) = χ(B1 );
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χ(B1 + B2 ) ≤ χ(B1 ) + χ(B2 ),
χ(B1 ) = 0 iff B1 is relatively compact;
χ(tB1 ) =| t | χ(B1 ), t ∈ R;
χ(L(B1 )) ≤ kLkχ(B1 ), where L is a bounded linear operator on E.

Let {t0 , t1 , · · · , tm , tm+1 } be a partition on [0, b]. Let J0 = [0, t1 ], Ji =]ti , ti+1 ],
i = 1, · · · , m, define
−
P C(J, E) = {x : J → E and x|J ∈ C(Ji , E), x(t+
i ) and x(ti ) exist, 0 ≤ i ≤ m}.
i

Θ = {ψ : [−r, 0] → E : ψ is continuous everywhere except for a finite number of points t
at which ψ(t− ) and ψ(t+ )exist and ψ(t) = ψ(t− )},
and
−
Λ = {x : [−r, b] → E : x|[−r,0] ∈ Θ, x|J ∈ C(Ji , E), and x(t+
i ) and x(ti ) exist, 0 ≤ i ≤ m}.
i

Obviously, P C(J, E), Θ and Λ are Banach spaces with norms kxkP C(J,E) , kψkΘ and kxkΛ .
∀x ∈ Λ and t ∈ J, τ (t)x, x ∈ Θ defined as
τ (t)x(θ) = x(t + θ), ∀θ ∈ [−r, 0].
τ (t)x represents the history of the state time t − r up the present time t.
For any subset B ⊆ Λ and for any i = 0, 1, 2, · · · , m, we define
B| J = {x∗ : Ji −→ E : x∗ (t) = x(t), t ∈ Ji , x∗ (ti ) = x(t+
i ), x ∈ B, }.
i

Also, let us consider the map χΛ : Pb (Λ) → [0, ∞[ defined by
χΛ (B) = χΘ (B|[−r,0] ) + χP C (B) = χΘ (B|[−r,0] ) +

max

i=0,1,··· ,m

χi (B|J ), B ∈ Pb (Λ),
i

where χi is NCHM on C(Ji , E). It is easy to see that χΛ is the NCHM on Λ.
Definition 2.2. We called x ∈ Λ is a mild solution of (Pψ ) if


ψ(t) − g(x), t ∈ [−r, 0],
R
x(t) = Tα (t)(ψ(0) − g(x)) + 0t (t − s)α−1 Sα (t − s)f (s)ds, t ∈ J0 ,

Rt
P

α−1 S (t − s)f (s)ds, t ∈ J ,
Tα (t)(ψ(0) − g(x)) + i=m
α
i
i=1 Tα (t − ti )yi + 0 (t − s)
where yi R= Ii (x(t−
is an integrable selection for F (·, τ (·)x),
i )), i = 1, 2, ..., m , f R
∞
∞
Tα (t) = 0 ξα (θ)T (tα θ)dθ, Sα (t) = α 0 θξα (θ)T (tα θ)dθ,
P
−1
1
n−1 θ −αn−1 Γ(nα+1) sin(nπα), θ ∈
ξα (θ) = α1 θ−1− α $α (θ α ) ≥ 0, $α (θ) = π1 ∞
n=1 (−1)
R n!
∞
(0, ∞) and ξ is a probability density function defined on (0, ∞), that is 0 ξα (θ)dθ = 1.
Lemma 2.2. ([6]) Assume that (Wn )n≥1 is a sequence of nonempty bounded and closed subsets of E which is decreasing, then ∩∞
n=1 Wn is compact nonempty subset of E provided that
χ(Wn ) → 0 as n → ∞.
Lemma 2.3. ([21]). χ(W (t)) is continuous function and χ(W ) = supt∈J χ(W (t)), where
W be bounded and equicontinuous subset of C(J, E).
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Lemma 2.4. ([22]). Let {un }∞
a sequence of uniformly integrable functions in L1 (J, E),
n=1 be
R
Rt
t
∞
∞
χ({un (t)}∞
n=1 ) is measurable, χ({ 0 un (s)ds}n=1 ) ≤ 2 0 χ({un (s)}n=1 )ds.
Lemma 2.5. ([23]). If B is a bounded subset of E, then ∀  > 0, ∃ {un }∞
n=1 in B with
χ(B) ≤ 2χ({un }∞
)
+
.
n=1
Lemma 2.6. ([24]). Let E be separable Banach space and W ∈ Pk (E). If (Wn )n≥1 ⊂ W .
Then
conv(lim supn→∞ Wn ) = ∩N >0 conv(∪n≥N Wn ).
Definition 2.3. ([20, 22]). If X , Y are topological spaces. F : X → P (Y ) is called:
1. Upper semicontinuous (u.s.c) if for any open set V ⊆ Y , F −1 (V ) ⊆ is an open.
2. Completely continuous if ∀ bounded set B ⊂ X, F (B) is relatively compact.
3. Closed in case when its graph is closed in the topological space X × Y .
4. F is said to have a fixed point if there is x ∈ X such that x ∈ F (x).
Remark 2.1. For any closed subset U in X, if , F (x) is closed ∀x ∈ U , and F (U ) is compact.
Then F is u.s.c. iff F is closed.
Definition 2.4. The multivalued map F : J × E → P (E) is said to be Caratheodory if
(1) t → F (t, x) is measurable for each x ∈ E.
(2) x → F (t, x) is upper semicontinuous.
Definition 2.5. If W = {fn : n ∈ N} ⊂ L1 (J, E), then W is semi-compact if:
(i) W is integrably bounded.
(ii) W is relatively compact.
Lemma 2.7. ([20]). If W = {fn : n ∈ N} is semi-compact in L1 (J, E), then W is weakly
compact in L1 (J, E).
Theorem 2.1. ([25]). Let G : M → 2M be u. s. c., ∀x ∈ M, G(x) is a nonempty, convex
closed subset of M where M is nonempty bounded, convex, closed and compact subset of E.
Then ∃ x ∈ M such that x ∈ G(x).
3. M AIN RESULTS
Now we will use the NCHM and multivalued fixed point theorem to prove the existence of
mild solutions for our problem Pψ .
Theorem 3.1. Suppose the following hypotheses:
(HA) A : D(A) ⊂ E → E generates an equicontinuous C0 -semigroup {T (t) : t ≥ 0}. Also,
∃ M such that supt∈J kT (t)k ≤ M , where M is a positive constant.
(HF) F : J × Θ → Pck (E) is a multifunction satisfies:
(1) F is Caratheodory and for each fixed x ∈ Λ the set SF1 (·,τ (·)x) = {f ∈ L1 (J, E) :
f (t) ∈ F (t, τ (t)x), a.e.} =
6 ∅.
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1

(2) If q ∈ (0, α), there exists ς ∈ L q (J, R+ ) , with for any x ∈ Θ, kF (t, x)k ≤
ς(t)(1 + kx(0)k) for a.e. t ∈ J.
4M Lbα
(3) There exists a constant L > 0 with
< 1 such that for any bounded subset B
Γ(1 + α)
of Θ, we have χ(F (t, B)) ≤ Lχ(B) for a.e. t ∈ J.
(Hg) Let g : Λ → E be continuous, compact function and there exists a constant β > 0 such
that kg(x)k ≤ β for all x ∈ Λ.
(HI) For every i = 1, 2 · · · , m, let Ii : E → E be continuous and compact function with
kIi (x)k ≤ hi kxk ∀ x ∈ E where hi is a positive constant.
(Hr) There is a positive constant r such that
(M + 1)[kψk + β] + M [h(r + kψk] + γ(1 + kψk + r)kςk

1

Lq

]≤r

(3.1)

([0,t],R+ )

Where h =

Pm

i=1 hi , γ =

M bα−q
α−1
and ω =
1−q
Γ(1 + α)(ω + 1)
1−q

Then Pψ has at least one mild solution.
Proof. Let G : Λ → 2Λ , such that: y ∈ G(x) iff

ψ(t) − g(x), t ∈ [−r, 0],



T (t)(ψ(0) − g(x)) + R t (t − s)α−1 S (t − s)f (s)ds, t ∈ J ,
α
0
α
0
P
y(t) =
k=i
−

T
(t)(ψ(0)
−
g(x))
+
T
(t
−
t
)I
(x(t
))
α
k k

k=1 α
k

 Rt
+ 0 (t − s)α−1 Sα (t − s)f (s)ds, t ∈ Ji .

(3.2)

Where f ∈ SF1 (·,τ (·)x) and 1 ≤ i ≤ m. Clearly, any fixed point of G is a mild solution for Pψ .
Hence, our aim is to show that G has fixed point by using Theorem 2.1.
Firstly, We show that G(x) ⊂ Λ are convex in Λ. Let x ∈ Λ, y1 , y2 ∈ G(x) and λ ∈ (0, 1)
and let t ∈ [−r, 0] from (3.2) we have
λy1 (t) + (1 − λ)y2 (t) = ψ(t) − g(x).
Thus, λy1 (t) + (1 − λ)y2 (t) ∈ G(x), t ∈ [−r, 0]. If t ∈ J0 , from (3.2) we have
Z t
(t − s)α−1 Sα (t − s)[λf1 (s) + (1 − λ)f2 (s)]ds,
λy1 (t) + (1 − λ)y2 (t) = Tα (t)g(x) +
0

SF1 (.,τ (.)x) .

where f1 , f2 ∈
Easily, one can see that SF1 (.,τ (.)x) is convex because the values of F
are convex. Then, [λf1 + (1 − λ)f2 ] ∈ SF1 (.,τ (.)x) . Thus, λy1 (t) + (1 − λ)y2 (t) ∈ G(x), t ∈ J0 .
Similarly, we can show that λy1 (t) + (1 − λ)y2 (t) ∈ G(x) for t ∈ Ji , i = 1, 2, · · · , m. Which
means that G(x) is convex for each x ∈ Λ.
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Next we show that G has closed value for every x ∈ Λ.
Suppose that {zn }∞
n=1 is a sequence in G(x) such that zn → z as n → ∞. We need to
1
prove that z ∈ G(x). From (3.2), there exists a sequence {fn }∞
n=1 ⊂ SF (.,τ (.)x) such that for
i = 1, · · · , m

ψ(t) − g(x), t ∈ [−r, 0],



T (t)(ψ(0) − g(x)) + R t (t − s)α−1 S (t − s)f (s)ds, t ∈ J ,
α
α
n
0
0
P
zn (t) =
(3.3)
k=i
−

T
(t
−
t
)I
(x(t
))
T
(t)(ψ(0)
−
g(x))
+
α
α
k
k

k=1
k

 Rt
+ 0 (t − s)α−1 Sα (t − s)fn (s)ds, t ∈ Ji .
By (HF)(3.2) we have ∀n ≥ 1 and a.e. t ∈ J, kfn (t)k ≤ ς(t)(1 + kx(t)k) ≤ ς(t)(1 + kxkΛ ).
So, {fn : n ≥ 1} is integrable bounded. Also, since {fn (t) : n ≥ 1} ⊂ F (·, τ (·)x), {fn : n ≥
1} is relatively compact in E for a.e. t ∈ J. Then, the set {fn : n ≥ 1} semicompact. So,
it is weakly compact in L1 (J, E). We suppose that the sequence (fn )n≥1 converges weakly
to f ∈ L1 (J, E).Thus, there is a sequence ( Mazur’s Lemma) {vn }∞
n=1 ⊆ conv{fn : n ≥ 1}
such that vn converges strongly to f . As F is u. s. c. with convex and compact values, then by
using Lemma 2.7 we get
f (t) ∈ ∩k≥1 {vn : n ≥ k}
⊆ ∩k≥1 conv{fn (t) : n ≥ k} ⊆ F (t, τ (t)x)
Therefore, f ∈ SF1 (t,τ (t)x) .
Also, by using Holder inequality it can be shown that for all t ∈ J, s ∈ (0, t] and ∀n ≥ 1 we
have
Mα
k(t − s)α−1 Sα (t − s)fn (s)k ≤ |t − s|α−1
ς(s)(1 + kxkΛ ) ∈ L1 (J, R+ ).
Γ(α + 1)
Therefore, by the Lebesgue dominated convergence theorem, if we take n → ∞ on both sides
of (3.3), we will get

ψ(t) − g(x), t ∈ [−r, 0],



T (t)(ψ(0) − g(x)) + R t (t − s)α−1 S (t − s)f (s)ds, t ∈ J ,
α
α
0
0
P
z(t) =
k=i
−

Tα (t)(ψ(0) − g(x)) + k=1 Tα (t − tk )Ik (x(tk ))


 Rt
+ 0 (t − s)α−1 Sα (t − s)f (s)ds, t ∈ Ji , 1 ≤ i ≤ m.
Which means that z(t) ∈ G(x).
Now, let us set B0 = {x ∈ Λ : kx − x0 k ≤ r, t ∈ J}. Where
(
ψ(t), t ∈ [−r, 0],
x0 (t) =
ψ(0), t ∈ J.
Clearly, B0 is a bounded subset of Λ. Moreover, B0 is closed and convex. We need to prove
that G(B0 ) ⊂ B0 . For fixed y ∈ G(B0 ), let x ∈ B0 such that y ∈ G(x) and t ∈ J. If
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t ∈ [−r, 0], then by using (Hg) and (3.1) we have
ky(t) − x0 (t)k ≤ kg(x)k ≤ β ≤ r
By using Lemma 2.2, (HF)(3.2), (Hg), (3.1) and Holder’s inequality we have for t ∈ J0
Z t
M
ky(t) − x0 (t)k ≤ kψ(0)k + M (kψ(0)k + β +
(1 + kxkΛ ) (t − s)α−1 ς(s)ds
Γ(α)
0

≤ kψk + M (kψk + β) +

bα−q M (1 + kψk + r)
kςk 1q
L (J,R+ )
Γ(α)($ + 1)1−q

≤ kψk + M (kψk + β) + γ(1 + kψk + r)kςk

1

L q (J,R+ )

≤ r.

Similarly, for t ∈ Ji , i = 1, · · · , m, by using (HI) in addition we get
ky(t) − x0 (t)k ≤ kψk + M (kψk + β) + h(r + kψk) + γ(1 + kψk + r)kςk

1

L q (J,R+ )

≤ r.

Which follows that y ∈ B0 . Then, G(B0 ) ⊂ B0 .
In this step we show that G(B0 )|J is equicontinuous, i = 0, 1, · · · , m where
i

G(B0 )|J = {y ∗ ∈ C(Ji , E) : y ∗ (t) = y(t), t ∈ Ji = (ti , ti+1 ], y ∗ (ti ) = y(t+
i ), y ∈
i
G(B0 )}.
Let y ∈ G(B0 ). Then there exist x ∈ B0 with y ∈ G(x). Form (3.2), there exist f ∈
such that

ψ(t) − g(x), t ∈ [−r, 0],



T (t)(ψ(0) − g(x)) + R t (t − s)α−1 S (t − s)f (s)ds, t ∈ J ,
α
0
α
0
P
y(t) =
k=i
−

))
T
(t)(ψ(0)
−
g(x))
+
T
(t
−
t
)I
(x(t
α
k k

k=1 α
k

 Rt
+ 0 (t − s)α−1 Sα (t − s)f (s)ds, t ∈ Ji , 1 ≤ i ≤ m.

SF1 (.,τ (.)x)

By the continuity of ψ, one can see easily that if t, t + σ ∈ [−r, 0], then
lim ky ∗ (t + σ) − y ∗ (t)k = 0.

σ→0

(3.4)

Now, we prove G(B0 ) is equicontinuous on J, to show that it is enough to verify the equicontinuity of G(B0 )|J ∀i = 0, 1, · · · , m. We study two cases:
i
Case 1. if i = 0.
1. Let t = 0 and σ > 0 such that t + σ ∈ (0, t1 ]. By using Holder’s inequality, (HA) and
Lemma 2.2(vi), we get
ky ∗ (t + σ) − y ∗ (t)k = ky(σ) − y(0)k ≤ kTα (σ)(ψ(0) − g(x)) − Tα (0)(ψ(0) − g(x))k
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Z

σ

(σ − s)α−1 Sα (σ − s)f (s)dsk

+k
0

≤ kTα (σ)−Tα (0)kkψ(0)−g(x)k+

M (1 + kψk + r)
σ α−q
→ 0 as σ → 0.
kςk 1q
L (J,R+ ) ($ + 1)1−q
Γ(α)

Therefore,
lim ky ∗ (t + σ) − y ∗ (t)k = 0,

(3.5)

σ→0

not dependent on x.
2. Let t ∈ (0, t1 ) and σ > 0 such that t + σ ∈ (0, t1 ), then
ky ∗ (t + σ) − y ∗ (t)k = ky(t + σ) − y(t)k ≤ kTα (t + σ)(ψ(0) − g(x)) − Tα (t)(ψ(0) − g(x))k
Z t+σ
Z t
α−1
+k
(t + σ − s)
Sα (t + σ − s)f (s)ds −
(t − s)α−1 Sα (t − s)f (s)dsk
0

0

≤ G1 + G2 + G 3 + G4 ,
where
G1 = kTα (t + σ)(ψ(0) − g(x)) − Tα (t)(ψ(0) − g(x))k,
Rt
G2 = k 0 [(t + σ − s)α−1 − (t − s)α−1 ]Sα (t + σ − s)f (s)dsk,
Rt
G3 = k 0 (t − s)α−1 [Sα (t + σ − s) − Sα (t − s)]f (s)dsk,
R t+σ
G4 = k t (t + σ − s)α−1 Sα (t + σ − s)f (s)dsk.
We need show that Gi → 0 as σ → o ∀i = 1, 2, 3, 4. By arguing as in Step 4 in the proof of
Theorem 2 of [26] and Step 3 in the proof of Theorem 4 of [8] we obtain
lim ky ∗ (t + σ) − y ∗ (t)k = 0.

(3.6)

σ→0

3. When t = t1 . Let σ > 0 and δ > 0 such that t1 + σ ∈ J1 and t1 < δ < t1 + σ ≤ t2 , then
we have
ky ∗ (t1 + σ) − y ∗ (t1 )k = lim ky(t1 + σ) − y(δ)k.
δ→t+
1

From the definition of G, we obtain
ky(t1 + σ) − y(δ)k ≤ kTα (t1 + σ)(ψ(0) − g(x)) − Tα (δ)(ψ(0) − g(x))k
+

k=i
X

−
kTα (t1 + σ − tk )Ik (x(t−
k )) − Tα (δ − tk )Ik (x(tk ))k

k=1

Z
+k
0

t1 +σ

(t1 + σ − s)α−1 Sα (t1 + σ − s)f (s)ds −

Z
0

δ

(δ − s)α−1 Sα (δ − s)f (s)dsk.
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With similar argument as in the previous way, we have
lim ky(t1 + σ) − y(δ)k = 0.

(3.7)

σ→0
δ→t+
1

Case 2. If i = 1, 2, · · · , m. With similar argument as in the case 1 we can prove that
lim ky ∗ (t + σ) − y ∗ (t)k = 0.

(3.8)

σ→0

From (3.5) to (3.8) we get G(B0 )|J is equicontinuous ∀i = 0, 1, · · · , m, and from (3.4) to
i
(3.8) we conclude that G(B0 ) is equicontinuous.
Now, we define a sequence Bn = convG(Bn−1 ), n ≥ 1. From the previous, we have that
Bn is nonempty, convex and closed in Λ. Moreover, B1 = convG(B0 ) ⊂ B0 . By induction,
(Bn )n≥1 is decreasing sequence of bounded, closed, convex and equicontinuous subsets of Λ.
Put B = ∩∞
n=1 Bn . So, B is a bounded, closed, convex and equicontinuous subset of Λ and
G(B) ⊂ B. We want to prove that B is nonempty and compact in Λ. By light of Lemma 2.2,
we need only to show that limn→∞ χΛ (Bn ) = 0, where χΛ is the NCHM on Λ. By Lemma
2.5, for arbitrary  > 0 there exist sequence {yk }∞
k=1 in G(Bn−1 ) such that
χΛ (Bn ) = χΛ G(Bn−1 ) ≤ 2χΛ {yk : k ≥ 1}+ ≤ 2χΘ {yk : k ≥ 1}+2χP C {yk : k ≥ 1}+.
From the definition of χP C , χΛ (Bn ) ≤ 2χΘ (v|[−r,0] ) + 2 max0≤i≤m χi (v|J ) + ε, where v =
i

{yk : k ≥ 1} and χi is the NCHM on C(Ji , E). By using the equicontinuity Bn |J , i =
i
0, 1, · · · , m, by using Lemma 2.3 we get
χi (v|J ) = sup χ(v(t)),
i

t∈Ji

where χ is NCHM on E. Thus, by using the nonsinglarity of χ we get
χΛ (Bn ) ≤ 2χΘ (v|[−r,0] )+2

max [sup χ(v(t))]+ε = 2 sup χ(v(t))+2 sup χ(v(t))+.

i=0,1,··· ,m

t∈[−r,0]

t∈Ji

t∈J

Then,
χΛ (Bn ) ≤ 2 sup χ(v(t)) + 2 sup χ{yk : k ≥ 1} + .
t∈[−r,0]

(3.9)

t∈J

Since yk ∈ G(Bn−1 ), k ≥ 1 there is xk ∈ Bn−1 such that yk ∈ G(xk ), k ≥ 1. From the
definition of G, there exist fk ∈ SF1 (·,τ (·)xk (·)) . So, we can rewrite (3.9) as


χ(ψ(t) − g(xk )), t ∈ [−r, 0],




χ(TαR(t)(ψ(0) − g(xk )))
χΛ (Bn ) ≤ 2 sup χ{yk : k ≥ 1} ≤ +χ( 0t (t − s)α−1 Sα (t − s)fk (s)ds), t ∈ J0 ,

P
t∈J

−

χ(Tα (t)(ψ(0) − g(xk ))) + r=i

r=1 χ(Tα (t − tr )Ir (xk (tr )))

R

t
+χ( (t − s)α−1 S (t − s)f (s)ds), t ∈ J , 1 ≤ i ≤ m.
α
i
k
0
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Since, g and Ii for every i = 1, 2, · · · , m are compact, by Lemma 2.1 we get ∀t ∈ [−r, 0]
and k ≥ 1
χ{Tα (t)(ψ(t) − g(xk )) : k ≥ 1} = 0.

(3.10)

χ{Tα (t)(ψ(0) − g(xk )) : k ≥ 1} = 0,

(3.11)

χ{Tα (t − tr )Ir (xk (t−
r )) : k ≥ 1} = 0.

(3.12)

Moreover, ∀t ∈ J

Hence, by (3.10), (3.11) and (3.12) for every t ∈ J we have
Z t
χΛ (Bn ) ≤ ε + 2 sup χ{ (t − s)α−1 Sα (t − s)fk (s)ds : k ≥ 1}.
t∈J

0

Rt
Now, we will estimate χ{ 0 (t − s)α−1 Sα (t − s)fk (s)ds : k ≥ 1}. By using Lemma 2.1,
Lemma 2.4 and (HF)(3.3), we get
Z t
χΛ (Bn ) ≤ 4 (t − s)α−1 χ{Sα (t − s)fk (s) : k ≥ 1}ds + ε
0

4αM
≤
Γ(1 + α)

Z

t

(t − s)α−1 χ(F (s, Bn−1 (s)))ds + ε

0

4αM L
≤
Γ(1 + α)

Z

4αM L
≤
Γ(1 + α)

Z

t

(t − s)α−1 χ(Bn−1 (s))ds + ε

0
t

(t − s)α−1 χP C (Bn−1 )ds + ε

0

Z t
4αM L
≤
χP C (Bn−1 ) (t − s)α−1 ds + ε
Γ(1 + α)
0
4M Lbα
χP C (Bn−1 ) + ε.
≤
Γ(1 + α)
Since ε is arbitrary, we find
χΛ (Bn ) ≤ δχP C (Bn−1 ),
4M L
where δ =
< 1.
Γ(1 + α)
Clearly, by means of finite number of steps we can write
0 ≤ χΛ (Bn ) ≤ δ n−1 χP C (B1 ).
By using (HF)(3.3), if we take the limit as n → ∞, we get
lim χΛ (Bn ) = 0.

n→∞

Thus, B = ∩∞
n=1 Bn is nonempty and compact by Lemma 2.3.
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Now, our aim to prove that G|B : B → 2B has closed graph. Let {xn }∞
n=1 in B, xn → x
as n → ∞, yn ∈ G(xn ) and yn → y as n → ∞. We need to prove that y ∈ G(x). Because,
yn ∈ G(xn ), for any n ≥ 1 there exists fn ∈ SF1 (·,τ (·)xn ) such that

ψ(t) − g(xn ), t ∈ [−r, 0],



T (t)(ψ(0) − g(x )) + R t (t − s)α−1 S (t − s)f (s)ds, t ∈ J ,
α
n
α
n
0
0
P
yn (t) =
k=i
−

Tα (t)(ψ(0) − g(xn )) + k=1 Tα (t − tk )Ik (xn (tk ))


 Rt
+ 0 (t − s)α−1 Sα (t − s)fn (s)ds, t ∈ Ji .
Since, xn → x uniformly, we have for any t ∈ J
lim kτ (t)xn − τ (t)xkΘ = 0.

n→∞

We know that ∀n ≥ 1, kfn (t)k ≤ ς(t)(1 + kτ xn (0)k) ≤ ς(t)(1 + kxn kΛ ) ≤ ς(t)(1 + r + kψk)
for a.e. t ∈ J. This show that {fn : n ≥ 1} is integrably bounded. Moreover, (HF)(3.3) and
convergence of {xn }∞
n=1 implies that
χ{fn : n ≥ 1} ≤ χ(F (t, {xn (t) : n ≥ 1}) ≤ Lχ{xn (t) : n ≥ 1} = 0.
This means that the sequence {fn : n ≥ 1} is relatively compact in E for a.e. t ∈ J. So,
the sequence {fn : n ≥ 1} is semicompact and by using Lemma 2.7 it is weakly compact in
L1 (J, E). We can suppose that fn → f ∈ L1 (J, E) weakly. Then from Mazur’s Lemma, there
is a sequence {un }∞
n=1 ⊆ conv{fn : n ≥ 1} such that un converges strongly to f . Since F is
u.s.c. and has compact and convex values, so by using Lemma 2.6 we get
f (t) ∈ ∩k≥1 {un (t) : n ≤ k} ⊆ ∩k≥1 conv{fn : n ≥ k}
⊆ ∩k≥1 conv{∪n≥k F (t, τ (t)xn )} = conv lim sup F (t, τ (t)xn ) ⊆ F (t, τ (t)x).
n→∞

Then, by continuity of ψ, g, Tα , Sα , Ii (i = 1, · · · , m) and by the same arguments used when
proving G is closed, we get

ψ(t) − g(x), t ∈ [−r, 0],



T (t)(ψ(0) − g(x)) + R t (t − s)α−1 S (t − s)f (s)ds, t ∈ J ,
α
α
0
0
P
y(t) =
k=i
−

T
(t)(ψ(0)
−
g(x))
+
T
(t
−
t
)I
(x(t
))
α
α
k
k

k=1
k

 Rt
+ 0 (t − s)α−1 Sα (t − s)f (s)ds, t ∈ Ji , 1 ≤ i ≤ m.
Hence, y ∈ G(x). This means that G|B has closed graph.
Finally, we prove that G is u.s.c. on B.
From the above, we have that B is closed and G(x) is closed ∀x ∈ B. Moreover, G is closed
and the set G(B) ⊆ B is compact. Therefore, by Remark 2.1, we conclude that G is u.s.c..
At the end, by Theorem 2.1, G has at least one point x such that x ∈ G(x) which is mild
solution for the problem Pψ .
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4. E XAMPLE
We study the following system :
 α
∂t y(t, z) ∈ ∂z2 y(t, z) + R(t, τ (t, z)y), t ∈ [0, 1], t 6= ti , z ∈ [0, 1]




y(t, 0) = y(t, 1) = 0,
i
1
i

)+ , z) = y(
, z) + i , i = 1, · · · , m, z ∈ [01],
y((



 m + 1Pj=q R 1 m + 1 −1 2
y(t, z) = j=0 0 kj (z, v)tan (y(sj , v))dv, z ∈ [0, 1],

(4.1)

where 0 < s0 < s1 < · · · < sq < 1, kj ∈ C([0, 1] × [0, 1], R), j = 0, 1, · · · , q, ∂tα is the
Caputo fractional partial derivative of order α, where 0 < α < 1 and R : [0, 1] × E → P (E).
To rewrite (4.1) in the abstract form, we set E = L2 ([−1, 1], R), and A is the Laplace op∂2
erator, i.e. A =
on the domain D(A) = {x ∈ E : x, x0 are absolutely continuous, and
2
∂z
x00 ∈ E, x(0) = x(1) = 0}. From [27], A is the infinitesimal generator of an analytic and
compact semigroup {T (t)}t≥0 in E. This leads to that A satisfies the assumption (HA).
For every i = 1, · · · , m define Ii : E → E by
Ii (x)(z) =

1
, z ∈ [0, 1].
2i

Note that the assumption (HI) is satisfied.
For every j = 0, 1, · · · , q, define Hj : E → E as
Z
(Hj (x))(z) =

1

kj (z, v)tan−1 (x(v))dv, z ∈ [0, 1].

0

Now take g : P C([0, 1], E) → E as
g(x) =

j=q
X

Hj (x(sj )).

j=0

Finally, let F (t, x)(z) = R(t, x(z)) and x(t)(z) = x(t, z), where z ∈ [0, 1]. Then, the system
(4.1) takes the form :

c α

 D x(t) ∈ Ax(t) + F (t, τ (t)x), t ∈ J = [0, 1], t 6= ti , i = 1, ..., m,
−
x(t+
i ) = x(ti ) + Ii (x(ti )), i = 1, ..., m,


x(t) = g(x), t ∈ [−1, 0].
If we put some conditions on F as in Theorem 3.1, then (4.1) has at least one mild solution on
[−1, 1].
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C ONCLUSION
The present article discussed the necessary conditions to ensure the existence of mild solutions for nonlocal differential inclusions with impulse effects and delay in Banach space. We
investigated the case when the linear part generates a semigroup not required to be compact
and the multifunction is Caratheodory. We first defined the PC-mild solutions for functional
fractional semilinear impulsive differential inclusions. Then, methods and results of NCHM,
multivalued functions and fixed point theorems were used to prove the results. Our results
given in this paper developed and extended some previous studies. In the end, an example was
presented to support the main findings.
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