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A BSTRACT. This paper describes the development of a parallel computational algorithm based
on the finite element tearing and interconnecting (FETI) method that uses a local Lagrange multiplier. In this approach, structural computational domain is decomposed into non-overlapping
sub-domains using local Lagrange multiplier. The local Lagrange multipliers are imposed at
interconnecting nodes. 8-node solid element using extra shape function is adopted by using the
representative volume element (RVE). The parallel computational algorithm is further established based on message passing interface (MPI). Finally, the present FETI-local approach is
implemented on parallel hardware and shows improved performance.

1. I NTRODUCTION
A number of finite element methods based on the domain decomposition technique have
been developed for parallel computation in recent decades. Decomposed domains are allocated
to a number of processors in parallel computation environment. Increased number of decomposed domains computational time and memory use per processor. Most of those techniques
were used to decompose the entire domain into overlappinng or non-overlapping subdomains.
The overlapping methods use iterative algorithms to solve the unknown on interfaces with
Dirichlet boundary conditions. However, the non-overlapping methods use Lagrange multipliers on the interface regions with iterative or direct solvers depending on the number of relevant
constraints. One of the most successful non-overlapping methods is the finite element tearing
and interconnecting (FETI) method, proposed by Farhat et al. [1]. The original FETI method
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was based on a parallel algorithm for plane-stress problems and was further applied to shell
problems. Lagrange multipliers were used to enforce continuity of the transverse displacement
at sub-domain cross-location, i.-e., the corner nodes. Iterative solution methodologies, e. g.,
the preconditioned conjugated projected gradient (PCPG), were preferrably used because rigid
body modes were induced from floating sub-domains. This led to a two-level procedure [2, 3],
and finally a dual-primal FETI (FETI-DP) method that combined many of those FETI methods
in a unified manner [4, 5]. However, those FETI methods still require a good preconditioner to
retain numerically scalable for plane and shell problems, which may degrade efficiency of the
entire solution procedure.
On the other hand, flexible multibody dynamics adopted the finite element approach for
modeling multiple components, as described in Ref. [6]. The kinematic constraints defined
in multibody dynamic problems were enforced via the Lagrange multiplier technique, involving additional degrees of freedom (DOF) than those generally obtained by FETI approaches.
Some literatures suggested preconditioning algorithms to perform numerically scalable and
parallelized simulations for multibody dynamics. The null space formulation with a preconditioned conjugate gradient (PCG) algorithm was adopted for multibody dynamics problems by
Chiou et al. [7]. Quaranta [8] performed parallel simulation of multibody dynamics problems
by using the domain decomposition method based on Schure complement matrix. Recently,
Bauchau [10] suggested using the global and local Lagrange multipliers based on the domain
decomposition method to enforce the compatibility of the displacement field between subdomains. Duplicate nodes were treated as independent interface nodes with the same number
of DOFs as the corresponding boundary nodes. The effectiveness of those imposed nodes was
sufficiently explained by Park et al. [9]. FETI methods with combination of the two different
Lagrange multipliers may be classified as FETI-global, local, and mixed methods [10]. First,
the FETI-global method originates from the brand new FETI method, where all the kinematic
constraints are globalized. However, the sub-domain stiffness matrices should be invertible
by eliminating the DOFs of constraint nodes. Meanwhile the classical FETI methods utilized PCG iterations to solve their interface problem. When all constraints are assumed to be
local, i.e., FETI-local method, the DOFs of boundary nodes are duplicated and can be physically interpreted as springs with a certain stiffness constant. Practical parallel computation of
the FETI-local for the second-order problems was implemented and their characteristics were
compared with those of the FETI-DP method in Refs. [11, 12]. This was further extended to
the fourth-order problems in Ref. [13].
A brand new parallel computation algorithm for the FETI-local method that uses a local
Lagrange multiplier will be presented in this paper. The present parallel computation algorithm will be divided into four steps. First, a software package for partitioning unstructured
graphs, partitioning meshes, and computing fill-reducing orderings of sparse matrices(METIS)
is employed in order for partitioning sub-domains and numbering a set of local Lagrange multipliers. Second, the interface problem is constructed by replacing the sub-domain displacements. Third, the interface problem is solved by eliminating additional constraints. As all
the penalty terms are equally interpreted as spring coefficients for multiplication of local Lagrange multipliers, the interface problem will be naturally conditioned. In other words, the
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Figure 1: Three-dimensional solid element connected by local Lagrange multiplier.

interface flexilibty matrix becomes invertible for a single computation without iterative procedures. Fourth, the displacement field of each subdomain is solved. An 8-node solid element
along with extra shape function is used to validate displacement and strain that are obtained
by both experiments and existing analysis. Thus, the displacement results are to be compared
while using different number of the sub-domains. Finally, the computational time and memory
usage are evaluated with respect to the number of CPUs used.
2. D OMAIN DECOMPOSITION METHOD
2.1. FETI-local method. Let Ω denote the entire domain of a certain problem, and let Ω(i)
be its Ns non-overlapping i-th subdomain with interface nodes. A set of Lagrange multipliers
are used to reconnect the decomposed sub-domains. The classical Lagrange multiplier technique (λ) leads to a non-unique set of constraint conditions for an interface problem. FETI-DP
method is based on the dual-primal formulation, which eliminates the zero energy modes by
using additional interface nodes at each corner node. Due to the singularity of the floating subdomain where the boundary condition is not applied, PCG algorithm is used for the solution
of that interface problem. The coarse problem is defined by the primal unknowns belonging
to the DOFs of the interface nodes. However, an iterative solver is still required to guarantee
convergence of the coarse problem. Otherwise, the local Lagrange multiplier technique yields
unique constraint construction and non-singularity in floating sub-domains, as suggested by
Park et al. [9]. Furthermore, Bauchau [10] proposed an augmented Lagrangian formulation
(ALF) associated with the classical and local Lagrange multipliers by incorporating a penalty
term. When all the Lagrange multipliers are localized, use of the penalty terms in the constraint
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formulation provides natural conditioning of the interface problem. This is called as FETI-local
method and was investigated previously by the present authors [11, 12, 13].
Finally, the present FETI-local method is described in Fig. 1. Continuity of the displacement
field can be enforced via use of the penalty term by imposing a set of Lagrange multipliers. As
described in Fig. 1, local Lagrange multipliers are denoted as double-headed black arrows.
Three different types of Boolean matrices should be defined in order to extact the internal
(Li ), interface nodes (S i ) and additional constraints nodes (C i ) DOFs of the i-th sub-domain.
li , si , ci , and ui denote arrays of the extracted DOFs from the internal, interface, additional
constraints and sub-domain nodes.
si = S i ui

(2.1a)

li = Li ui

(2.1b)

ci = C i ui

(2.1c)

Eq. 2.1 can be used to construct additional constraints in a compact form as follows.
C l = Su − Cc

(2.2)
In Eq. 2.2, S and C are compact form of internal and additional constraints nodes, respectively.
2.2. Governing equations. The present FETI-local method is developed to solve the two- and
three-dimensional problem by adding the penalty factors to a set of local Lagrange multipliers.
The total potential energy of the entire system Π can be described as
Π = A + Φ + Vc
A is the strain energy of the entire set of subdomains and Φ is the potential of external loads.
A=

Ns
X
i=1

Φ=

Ns
X
i=1

1
Ai = uTi K i ui
2

=−

Ns
X

uTi Qi = −uT Q

i=1

where K i and Qi denote the stiffness matrix and external load vector for the i-th sub-domain,
respectively. The potential of constraint Vc is expressed in terms of the local Lagrange multipliers:
p
Vc = pλT C + C T C
2
Finally, the equations of equilibrium for the entire system based on a set of local Lagrange
multipliers are
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Figure 2: the eight-node solid element

   
K∗
−pS T C pS T
Q
u
−C T S pC T C −pC T   c  =  0 
λ
0
pS
−pC
0


(2.3)

P s
T
where K ∗ = N
i=1 K i + pS S and p denotes the penalty term. If the penalty coefficients
goes to infinity, the condition number of the matrix will become unity. This suggests that
iterative methods will converge within a single interation, e.g., by a direct inverse method. The
effect of the penalty terms is numerically and physically explained in Refs. [10, 12].
2.3. 8 node solid element along with extra shape function. In three-dimensional structural
analysis by parallel computation, 8-node hexahedral solid element is employed along with extra
shape functions as depicted in Fig. 2. In addition to the DOFs at each node with iso-parametric
bilinear shape functions, three auxiliary DOFs are adopted with extra shap functions proposed
by Wilson et al. [14]. Locking effect is prevented by enhancing versatility of the elements. The
nodal displacement
  is defined as

T
du
= u1 , v1 , w1 , ..., u8 , v8 , w8 , |ua1 , va1 , wa1 , ..., ua3 , va3 , wa3
du
where du and da are a nodal and auxiliary displacement, respectively. Finally, stiffness
matrix of each subdomains are defined as

   
K uu K ua du
f
=
T
d
0
K ua K aa
a
where K uu , K ua , and K aa are standard, coupling and auxiliary stiffness matrices, respectively, By using static condensation, the element equation is reformulated as
(K uu − K ua K −1
K Tua )du = f
aa
Finally, the stiffness matrices of i-th subdomain are defined as


K uu K ua
Ki =
K Tua K aa
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3. C OMPUTATIONAL PROCEDURES FOR FETI- LOCAL METHOD
The four steps in the parallel computing strategy (Sections 3.1 to 3.4) for the present FETIlocal method are described in this section. First, the number of elements assigned to each
sub-domain is balanced by using a serial software package (METIS) [15]. Second, the interface
problem is constructed by using direct solver (LAPACK). Third, the interface problem is solved
by using sparse direct solver (PARDISO). Fourth, the displacement field of each subdomain is
solved by using PARDISO as well.
3.1. Partitioning of the subdomains (Step I). Step I is to distribute balanced number of
elements for each subdomain in order to minimize the size of stiffness matrices. Based on the
edge − cutting partitioned subdomain, node and element connectivities are re-ordered. The
internal nodes (Li ) and interface nodes (S i ) are defined at each subdomain as well. Additional
constraints nodes (C i ) are also numbered by counting overlapped nodes along the edge −
cutting interface nodes. Boundary conditions and external forces are re-defined in accordance
with the partitioned subdomains.
3.2. Construction of the interface problem (Step II). From Eq. (2.3), a set of local Lagrange
multipliers (λi ) and sub-domain nodes (ui ) are combined into a single array, ûTi = (uTi , uTLi ).
"

#   
Q̂
K̂
−Ŝ C û
=
T
0
−C Ŝ pC T C c
T

(3.1)

where

K i + pS Ti S i pS Ti
K̂ i =
0
pS i
 T 
Q̂ = Q , 0


(3.2a)
(3.2b)

K̂ i and Q̂i are the stiffness matrix and external load of a unified DOFs (ûi ) at i-th subdomain. In Eqs. (3.1)-(3.2), the penalty coefficients are added to the stiffness matrices of
subdomains and Boolean matrices of the interface nodes. This provides ideal preconditioning
when the magnitude of the penalty coefficient is sufficiently large. Each stiffness matrix of
subdomains and Boolean matrix of the interface nodes are obtained by each processor. Thus,
it is possible to conduct parallel computation in Step II.
3.3. Solution of the interface problem (Step III). Then, the interface problem is obtained by
solving the first equation for the sub-domain DOFs, û in Eq. (3.1):
K̂ c c = Q̂c
where
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Figure 3: Solution procedure for the present FETI-local method.

K̂ c =

N
X

−1 T

C Ti (p − Ŝ i K̂ i Ŝ i )

(3.3a)

i=1

Q̂ =
c

N
X

−1

C Ti Ŝ i K̂ i Q̂i

(3.3b)

i=1
−1

In Step III, inverted stiffness matrices (K̂ c ) are assembled into the interface stiffness matrix
i

(K̂ c ). In a similar manner, each external load vector (Q̂i ) is also combined into the interface
external load vector (Q̂c ).
3.4. Solution of the displacement field of subdomain (Step IV). Finally, the displacement
field of each sub-domain can be obtained as follows:
−1

T

ûi = K̂ i (Q̂i + pŜ i c)

(3.4)

3.5. Strategy for parallel computation. Figure 3 shows the use of a message passing interface (MPI) for parallel computation in the present FETI-local method. As described in Sections 3.2 and 3.4, it is possible to conduct parallel computation in Steps II and IV. First, METIS
is used to provide re-ordered information for each sub-domain. MPI-INIT function is called
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to secure the number of CPUs corresponding to the number of decomposed sub-domains. The
stiffness matrices, Boolean matrices and external force vectors are assembled in each processor.
In Step II, the direct solver library (LAPACK) is employed in order to conduct complete inverse
−1
computation for stiffness matrix of a unified DOFs (K̂ i ). Although nodes and element for
each sub-domains are balanced, MPI-BARRIER function is used to wait until all terms have
terminated from each CPU. Before Step III, MPI-REDUCE function is used to construct the
interface stiffness matrix (K̂ c ) and external load vector (Q̂i ). Hence, those terms are collected
by a single processor. In Step III, the sparse direct solver library (PARDISO) is used to solve
the interface problem with a single processor. After the computation is finished, MPI-BCAST
function will allocate a certain portion of the additional constraints (c) into the corresponding
sub-domains. Finally, the displacement field in each subdomain (ui ) can be obtained using
Eq. (3.4). In particular, the size of the matrix will increase in proportion to the square of the
total number of DOFs. It is expected that the computational cost in Step II will dramatically
decrease in proportional to the number of CPUs used while that in Step III will increase due
to the additional constraints. Step IV will also decrease in linear proportion of the number of
CPUs used.
3.6. Strategy for the memory usage alleviation. From Step II to III, MPI-REDUCE function
is employed in order to obtain the sum of the interface stiffness matrices at each sub-domain.
The size of the interface stiffness matrix is the squared sum of DOFs of internal nodes and
the additional constraints. As the number of additional constraints increases, the size of the
interface stiffness matrix will increase in proportional to the number of DOFs of additional
constraints. If the sum of DOFs of internal nodes and the additional constraints is 100,000,
eighty gigabytes will be needed to store all the values of the interface nodes stiffness matrix
based on the use of double precision. Therefore, it is common to use compressed row storage
(CRS) format in a structural analysis based on the finite element. CRS format is the one of
the effective storage techniques in which a fully-populated matrix can be represented by three
vectors. As described in Section 3.5, the stiffness matrices of partitioned subdomains and interface nodes are inherently sparse and band-limited. Unfortunately, the inverse of a band-limited
matrix is a fully-populated matrix in general. Furthermore, there exists no MPI library to obtain the sum of stiffness matrices defined by CRS format. In the present FETI-local parallel
computation, Intel Math Kernel Library (MKL) CSRADD function is employed recursively.
−1
Instead of adopting MPI-REDUCE function, inverted stiffness matrices (K̂ c ) are stored in
i
data file as CRS format, i.e., three vectors.
3.6.1. Recursive MKL CSRADD function. Although the use of MPI-REDUCE function gives
a single computation and requires large amount of memory storage, it is possible to obtain the
sum of the interface stiffness matrices by using stored result file and MKL CSRADD function.
Populated inverse stiffness matrices of the interface nodes from Step II can be stored in data
file as CRS format, row(IA), column(JA) and values(AA), respectively in data file.
First, MKL CSRADD is called in order to find the length of rows of inverse stiffness matrix.
Then, column and values are calculated in the second MKL CSRADD function. Final row(IA),
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Algorithm 1 Recursive MKL CSRADD
1: for i ← 1 to numSubdomains do
2:
open data file stored in Step2
Allocate (IA-temp, JA-temp and AA-temp)
Read (IA, JA and AA) into (IA-temp, JA-temp and AA-temp)
3:
call MKL DCSRADD
4:
call MKL DCSRADD
Deallocate (IA-temp, JA-temp and AA-temp)
5: end for
column(JA) and values(AA) are the total sum of inverse stiffness matrix . This suggests that
total sum of the interfaces stiffness matrices can be efficiently added without allocating large
size of memory storage due to the use of MPI-REDUCE function. Computational time and
memory usage will be compared in Section 4.
4. N UMERICAL RESULTS
This section describes application of the present FETI-local method to static three-dimensional
problems using 8-node solid element. The results obtained with the present FETI-local method
are presented in the following order. In Section 4.1, the representative volume element (RVE)
is used to obtain strain and displacement. The numerical results are compared with those obtained by the commercial program ANSYS Mechanical and previous experimental results in
Ref. [17]. The scalability is presented in terms of computational time and memory usage in
Section 4.2. By comparing the use of MKL-REDUCE and MKL CSRADD functions, the use
of recursive routine shows decreasing trend in memory usage, but computational time is rather
increased.
4.1. Validation. Figure 4 shows a configuration of a composite structure composed of fiber
and matrix and its partitioned subdomains. Properties of fiber (AS4) and matrix (3501-6 epoxy)
are summarized in Table 1. To obtain flat displacement at the top of the composite structures,
dummy structures and boundary conditions are applied. First, highly stiffened dummy structures are added into the top of composite structures in order to prevent irregular displacement
field of the top surface. Second, only z-directional free boundary conditions are applied to all
the surfaces except top surface. Fixed boundary condition is applied to the bottom surface.
Table 1: Properties of the fiber and matrix.
Young’s modulus[GPa] poisson ratio
Fiber(AS4)
225
0.2
Matrix(3501-6 epoxy)
4.2
0.34
Dummy structure
22500
0
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Figure 4: Configuration of the composite structure and its partitioned subdomains.

Figure 5: Comparison of the longitudinal tensile stress strain curve.

In Fig. 4, entire composite structure is divided into 8 subdomains. As the magnitude of
stress increases, the magnitude of strain increases shown in Fig. 5. Table 2 shows that the
discrepancy is smaller than 5%. Figure 6 shows the displacement, strain and stress along the
z-axis, respectively.
Table 2: Variation of stress and strain
XXX
XXStress[MPa]
XXX
Strain
XX
X

PRESENT
Experiment
ANSYS

200

400

600

800

1000

0.1458 0.2916 0.4374 0.5832 0.729
0.157 0.312 0.463
0.61 0.754
0.146 0.292 0.438 0.586 0.732
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Figure 6: displacement, strain and stress along z-axis.

Figure 7: Various configurations of the partitioned subdomains

4.2. Scalability. The present FETI-local analysis is conducted using parallel hardware. The
number of subdomains increases from 4 to 64. The total number of DOFs is constant to be
104,742. However, as the number of subdomains increases, the additional constraints are increases from 1,774 to 12,048. Figure 7 shows partitioned subdomains by using METIS. Total DOFs of the structural problem are constant while additional constraints(local Lagrange
multipliers) vary. Table 3 summarizes the DOFs of the present problem and the additional
constraints.
The time required to execute the three steps(Steps II to IV) is the total computational time.
Figure 8 shows the decreasing trend in the computational time and memory usage as the number
of CPUs varies from 4 to 24. The computational time and its distribution (in %) are presented
in Table 4. Memory usage is described in Table 5 as well. The present trend of the total
computational time and memory usage shows benign scalability characteristics. Among the
three steps, the computational time in Step II shows that the largest portion of computation
of the inverted stiffness matrices is included in order to construct the interface problem in
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Figure 8: Scalability in terms of the computational time and memory usage

Eq. (3.3). This trend is effective only in Step II. On the contrary, the computational time for
Step 3 shows an increasing trend. This arises because the number of DOFs required to define
the interface problem increases only when the domain partitioning technique is decomposed,
as illustrated in Figure 7. The rest of the computational time is node-to-node communication
time. The computational time in Steps II and IV is the maximum computational time consumed
in parallel hardware. In the similar maner, memory usage considers the maximized allocation
memory as well.
Table 3: DOFs of the problem including additional constraints
No. subdomain
4
8
16
24
32
48
64
DOFs of the subdomains
104,742 104,742 104,742 104,742 104,742 104,742 104,742
DOFs of the additional constraints 5,322
12,195 18,738 23,040 25,155 33,162 36,144
Total DOFs
110,064 116,937 123,480 127,782 129,897 137,904 140,886

Table 4: Comparison of the computational time
CPUs
4
8
16
24

Values
Step II Step III Step IV The rest
Total
Time (s)
12652.83
3.83
842.05 1864.53 15360.24
Distribution(%)
82.38
0.02
5.48
12.12
Time (s)
2345.13
34.86
198.77
507.19
3085.95
Distribution(%)
75.99
1.13
6.44
16.44
Time (s)
526.16
124.43
61.49
172.48
884.56
Distribution(%)
59.48
14.07
6.95
19.50
Time (s)
277.07
243.89
34.42
89.72
645.1
Distribution(%)
42.95
37.81
5.34
13.90
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Figure 9: Total computational time between two different functions

−1

As discussed in Sections 3.5 and 3.6, inverted stiffness matrices of a unified DOFs (K̂ i ) in
each processor are transfered from Steps II to III by using MKL-REDUCE. During this computation, the use of MKL-REDUCE function will require large size of memory as the number
of the processors used increase. Aforementioned the structural problem cannot be analyzed
as the number of subdomains is increased due to excessive memory usage via MPI-REDUCE
−1
function. To relieve the memory usage, inverted stiffness matrices of a unified DOFs (K̂ i )
are stored in data file as CRS format before executing Step III. Due to the sparse properties of
the inverted stiffness matrices, it may be possible to conduct more partitioned subdomains by
adopting MKL CSRADD function. Figure 9 shows comparison of the total computational time
between MPI-REDUCE function and MKL-CSRADD function. Total computational times are
Table 5: Comparison of the memory usage
CPUs
4
8
16
24

Values
Step II/CPU Step III Step IV/CPU
Usage[GB]
7.29
0.23
7.29
Distribution(%)
49.81
0.38
49.81
Usage[GB]
2.54
1.19
2.54
Distribution(%)
48.58
2.84
48.58
Usage[GB]
0.84
2.81
2.54
Distribution(%)
45.28
9.44
45.28
Usage[GB]
0.45
5.06
0.45
Distribution(%)
41.72
16.56
41.72

Total
58.51
41.88
29.78
25.66
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Figure 10: Speed-up result

to be compared in Table 6. Scalability was measured by the speed-up, estimated as ”CPU
time for serial processing” divided by ”CPU time for parallel processing,” and Fig. 10 shows
the good scalability characteristics. For 8 to 24 subdomains, total computational time shows
decreasing trend. Furthermore, total computational time is further decreased in case of 36
partitioned subdomains. However, total computational time is re-increased as the number of
additional constraints is increased. The computational time for Step III is linearly increased
due to the increased number of additional constraints. This indicates that using an excessive
number of Lagrange multipliers may degrade the efficiency of the present FETI-local method.
Hence, the partitioning technique should be carefully selected to minimize the number of local
lagrange multipliers

Table 6: Comparison of the computational time
CPUs
8
16
24
32
48
64

Values MPI-REDUCE MKL CSRADD Discrepancy
Time (s)
3085.95
3243
+157.05
Time (s)
884.56
918.69
+34.13
Time (s)
645.1
618.4
-26.7
Time (s)
406.7
Time (s)
494.17
Time (s)
672.17
-
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5. C ONCLUSION
A brand new domain decomposition method based on the local Lagrange multipliers is developed by including the penalty terms in this paper. The accuracy of the present FETI-locald
method is compared with that obtained by commercial software and experiments. The computational procedures are implemented in parallel by using MPI libraries. The method can be parallelized using a three-step parallel algorithm and used to solve the displacement and stress field
in each subdomain. The size of the corresponding subdomain matrices decreases as the number
of subdomains (CPUs) increases. This suggests that the scalability shows benign characteristics
in terms of both computational time and memory usage. Finally, the computational time and
memory usage dramatically decreases by 98% for the three-dimensional solid structure. However, it is found that re-increasing trends of the computational time occur when the number
of Lagrange multipliers becomes excessive. The presently improved approach cannot be used
to increase scalability, but ensures to analyze furthere partitioned subdomains. In the future,
the present approach will be further improved by adopting parallelized libraries(SCALAPACK
and parallel PARDISO) in order to decrease computational time for complete inverse.
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