
J. KSIAM Vol.5, No.2, 1-6, 2001

MULTIPLICITY OF PERIODIC SOLUTIONS FOR SECOND

ORDER NONLINEAR ORDINARY DIFFERENTIAL EQUATIONS*

Wan Se Kim

Abstract. Multiplicity of nonlinear second order nonlinear ordinary differential equa-
tions will be discussed

1. INTRODUCTION

Let R be the set of all real numbers. By Ck[0, 2π] we denote the Banach space of
2π-periodic continuous functions x : [0, 2π] → R whose derivatives up to order k are
continuous. The norm is given by

‖x‖Ck =
k∑

i=1

‖x(i)‖∞,

where ‖y‖∞ = supt∈[0,2π] |y(t)|, the norm in C0[0, 2π].

For multiplicity results of periodic solutions of Lienard equations, we may see in
Hirano and kim[2], and Kim[3]. In this note, we will study the multiple existence of
solutions to the problem

(E) x′′(t) + h(t, x(t), x′(t)) + g(t, x(t)) = e(t),

(B) x(0)− x(2π) = x′(0)− x′(2π) = 0,

where h : [0, 2π]×R×R → R is continuous and satisfies Nagumo-type condition, and
g : [0, 2π]×R → R and e : [0, 2π] → R are continuous functions.

The proof of our result is based on upper-lower solution method and coincidence
degree theory.

1991 Mathematics Subject Classification. 34A34, 34b15, 34c25.
Key words and phrases. existence, multiplicity,nonlinear, ordinary differential equation.
This work was supported by Hanyang University, Korea, made in the program year of 2000

Typeset by AMS-TEX

1



2 WAN SE KIM

Assume
h(t, x, 0) = 0

for every (t, x) ∈ [0, 2π]×R and that there exists some T > 0 such that

g(t, x + T ) = g(t, x)

for every (t, x) ∈ [0, 2π]×R.
We will say that h in problem (E)(B) satisfies Nagumo-type condition on [r, s] if

there exists a constant C > 0 such that for each λ ∈ [0, 1] and each possible solution of

(E′) x′′(t) + λh(t, x(t), x′(t)) + λg(t, x(t)) = λe(t),

(B) x(0)− x(2π) = x′(0)− x′(2π) = 0

satisfying r ≤ x(t) ≤ s, t ∈ [0, 2π], we have

‖x′‖∞ < C.

Examples of admissible h are the following ones:
1) h depends only on x′(see[4]);
2) |h(t, x, y)| ≤ γ(|y|) for (t, x, y) ∈ [0, 2π]× [r, s]×R where γ is positive, continuous

and such that ∫ ∞

0

sds

γ(s)
= +∞,

(see [1]).
Our result contains more general result than that of [6]. Now we have the following

Main Result

THEOREM. Assume, besides the above conditions on h and g there exists there
exists real numbers r1, r2, s1, s2 with r1 < s2 < r2 < s1 and 0 < s1 − r1 < T such that

g(s1) ≤ g(s2), g(r2) ≤ g(r1)

and h satisfies Nagumo type condition on [s1 − T, s]. Then (E)(B) has at least one
solution if, for all t ∈ [0, 2π],

(I1) g(t, s1) ≤ e(t) ≤ g(t, r1),
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and (E)(B) has at least two solutions not differing by a multiple of T if, for all t ∈ [0, 2π],

(I2) g(t, s1) < g(t, s2) ≤ e(t) ≤ g(t, r2) < g(t, r1),

and (E)(B) has at least four solutions not differing by a multiple of T if strict inequal-
ities holds in (I2).

Proof. Suppose (I1). Then, for all t ∈ [0, 2π], we have

e(t)− g(t, r1 + kT )− h(t, r1 + kT, 0) = e(t)− g(t, r1) ≤ 0,

e(t)− g(t, s1 + jT )− h(t, s + jT, 0) = e(t)− g(t, s1) ≥ 0

with strict inequalities if they hold in (I1). Hence, by Mawhin’s classical results(see
[1]), there exists, by taking k = j = 0, at least one solution x1(t) of (E)(B) such that
r1 ≤ x(t) ≤ s1.

Now, suppose the strict inequalities holds; i.e., for all t ∈ [0, 2π],

(I ′1) g(t, s1) < e(t) < g(t, r1).

If we define
L : D(L) ⊆C1[0, 2π] −→ C0[0, 2π],

x 7−→ x′′

where D(L) = C2[0, 2π] and

N : C1[0,2π] −→ C0[0, 2π].

x 7−→ x′′

Then L is a Fredholm mapping of index zero and N is L-completely continuous.
Let

Ωk,j = {x ∈ C1[0, 2π]| r1 + kT < x(t) < s1 + jT for t ∈ [0, 2π] and ‖x′‖∞ < C}.

Then the boundary value problem (E’)(B) becomes

Lx− λNx = 0, λ ∈ [0, 1]

and when the strict inequalities hold in (I1), the following coincidence degree exist and
have the corresponding values, where dB denotes the Brouwer degree, and

DL(L−N, Ω0,0) = dB(Γ, (r1, s1), 0) = +1,

DL(L−N, Ω−1,−1) = dB(Γ, (r1 − T, s1 − T ), 0) = +1,



4 WAN SE KIM

DL(L−N, Ω−1,0) = dB(Γ, (r1 − T, s1), 0) = +1,

where (Γu)(t) = 1
2π

∫ 2π

0
[e(t)− g(t, u(t))]dt. But

Ω0,0 ∩ Ω−1,−1 = ∅

and
Ω0,0 ⊆ Ω−1,0, Ω−1,−1 ⊆ Ω−1,0.

So that the excision property of degree implies

1 = DL(L−N, Ω−1,0) =DL(L−N, Ω−1,−1, 0)

+ DL(L−N, Ω0,0, 0)

+ DL(L−N, Ω−1,0\(Ω̄−1,−1 ∪ Ω̄0,0))

=2 + DL(L−N, Ω−1,0\(Ω̄−1,−1 ∪ Ω̄0,0)).

Hence,
DL(L−N, Ω−1,0\(Ω̄−1,−1 ∪ Ω̄0,0)) = −1.

Hence, there exists a solution x2 such that, for all t ∈ [0, 2π], r1 − T < x2(t) <
s1, x2(τ) > s1 − T for some τ ∈ [0, 2π] and x2(τ ′) < r1 for some τ ′ ∈ [0, 2π].

Consequently, this solution cannot differ from the one in Ω0,0 by a multiple of T .
Hence (E)(B) has at least two solutions not differing by a multiple of T if (I ′1) holds.

Now, suppose (I2). Then, for all t ∈ [0, 2π], we have

e(t)− g(t, s1)− h(t, s1, 0) = e(t)− g(t, s1) > 0,

e(t)− g(t, r2)− h(t, r2, 0) = e(t)− g(t, r2) ≤ 0.

Hence, there exists at least one solution x1(t) of (E)(B) such that r2 ≤ x1(t) ≤ s1 for
all t ∈ [0, 2π]. Again, for all t ∈ [0, 2π], we have

e(t)− g(t, s2)− h(t, s2, 0) = e(t)− g(t, s2) ≥ 0,

e(t)− g(t, r1)− h(t, r1, 0) = e(t)− g(t, r1) < 0.

Therefore, there exists at least one solution x2(t) of (E)(B) such that r1 ≤ x2(t) ≤ s2

for all t ∈ [0, 2π]. Since r1 < s2 < r2 < s1, two solutions are different and moreover
two solutions can not differ from by a multiple of T because 0 < s1 − r1 < T . Since
g(t, s1) < e(t) < g(t, r1),as we did by the coincidence degree, we have a solution x3

such that, for all t ∈ [0, 2π], r1 − T < x3(t) < s1, x3(τ) > s1 − T for some τ ∈ [0, 2π]
and hence x3(τ) > s2−T , and x3(τ ′) < r1 for some τ ′ ∈ [0, 2π] and hence x3(τ ′) < r2.
Therefore the third solution can not differ from x1, x2 in Ω0,0 by a multiple of T .
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Consequently, there exist at least three solutions of (E)(B) not differing by a multiple
of T .

Now, suppose the strict inequalities hold;i.e., for all t ∈ [0, 2π],

(I ′2) g(t, s1) < g(t, s2) < e(t) < g(t, r2) < g(t, r1).

Note that, for all t ∈ [0, 2π], we have

e(t)− g(t, si + kT )− h(t, si + kT, 0) = e(t)− g(t, si) > 0,

e(t)− g(t, ri + jT )− h(t, ri + jT, 0) = e(t)− g(t, ri) < 0, i = 1, 2.

Then clearly (E)(B) has three solutions x1(t), x2(t) and x3(t) such that r1 ≤ x1(t) ≤
s2, s2 ≤ x2(t) ≤ r2 and r2 ≤ x3(t) ≤ s1, for all t ∈ [0, 2π], and they are distinct and
each of them are not differing by a multiple of T . For our fourth solution. Let

Ω<i,j>
k,J = {x ∈ C1[0, 2π]| ri + kT < x(t) < sj + jT, t ∈ [0, 2π], ‖x′‖∞ < C},

Ω[i,j]
k,J = {x ∈ C1[0, 2π]|si + kT < x(t) < rj + jT, t ∈ [0, 2π], ‖x′‖∞ < C}

(k ≤ 1), where C is constant given by Nagumo condition. But Ω1 = Ω<1,2>
−1,−1, Ω2 =

Ω[2,2]
−1,−1, Ω3 = Ω<2,1>

−1,−1, Ω4 = Ω<1,2>
0,0 , Ω5 = Ω[2,2]

0,0 , Ω6 =<2,1>
0,0 are mutually disjoint

subset of Ω<1,1>
−1,0 and

DL(L−N, Ω<1,1>
−1,0 ) = dB(Γ, (r1 − T, s1), 0) = +1,

DL(L−N, Ω1) = dB(Γ, (r1 − T, s2 − T ), 0) = +1,

DL(L−N, Ω2) = dB(Γ, (s2 − T, r2 − T ), 0) = −1,

DL(L−N, Ω3) = dB(Γ, (r2 − T, s1 − T ), 0) = +1,

DL(L−N, Ω4) = dB(Γ, (r1, s2), 0) = +1,

DL(L−N, Ω5) = dB(Γ, (s2, r2), 0) = −1,

DL(L−N, Ω6) = dB(Γ, (r2, s1), 0) = +1.

Hence, by the excision property of degree,

1 = DL(L−N, Ω<1,1>
−1,0 ) = 2 + DL(L−N, Ω<1,1>

−1,0 \ ∪1≤i≤6 Ω̄i).

Therefore
DL(L−N, Ω<1,1>

−1,0 \ ∪1≤i≤6 Ω̄i) = −1.
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Consequently, (E)(B) has a solution x4 in Ω<1,1>
−1,0 \ ∪1≤i≤6 Ω̄i;i.e., a solution such that

r1 − T < x(t) < s1 for all t ∈ [0, 2π], x4(τ1) > s2 − T, x4(τ2) < s2 − T, x4(τ3) >
r2−T, x4(τ4) < r2−T, x4(τ5) > s1−T, x4(τ6) < r1, x4(τ7) > s2, x4(τ8) < s2, x4(τ9) <
r2, x4(τ10) > r2 for some τ1, τ2, · · · , τ10 ∈ [0, 2π]. Thus this solution x4 can not differ
from x1, x2, x3 by a multiple of T .

EXAMPLE. Suppose h is a function satisfying the assumption above and Nagumo
condition on [r1 − 2π, 2π − r1] where r1 is the point at which a sin x + b sin 2x has its
maximum value. Let r2 ∈ [0, 2π] be a point at which a sin x + b sin 2x has it lelative
maximum such that g(r2) < g(r1). Then the boundary value problem

x′′(t) + h(t, x(t), x′(t)) + [a sin x + b sin 2x] = e(t),

x(0)− x(2π) = x′(0)− x′(2π) = 0

has at least one solution if ‖e‖∞ ≤ a sin r1 + b sin 2r1, at least two solutions not
differing by a multiple of 2π if ‖e‖∞ < asin r1 + b sin 2r1, at least three solutions not
differing by a multiple of 2π if ‖e‖∞ ≤ a sin r2 + b sin 2r2 and at least four solutions
not differing by a multiple of 2π if ‖e‖∞ < a sin r2 + b sin 2r2.

REFERENCES

[1] R. E. Gains and J. Mawhin, Coindience degree and nonlinear differential equations,
Lecture Note in Math. Springer, Berlin 568, (1977).

[2] N. Hirano and W. S. Kim, Multiple existence of periodic solutions for Lienard system,
Differential and Integral Equations, 8(7), (1995), 1805-1811.

[3] W. S. Kim, Existence of periodic solutions for nonlinear Lienard system, Internat. J.
Math. Math. Sci., 18(2), (1995), 265-272.

[4] J. Mawhin, Boundary value problem for nonlinear second order vecter differential
equations, J. Diff. Eq., 16, (1974), 257-269.

[5] J. Mawhin, Topological Degree Methods in Nonlinear Boundary Value Problems, CBMS
Regional Conferences in Mathematics, Amer. Math. Soc., Providence R.I.,40,
(1979).

[6] J. Mawhin and M. Willem, Multiple solution of periodic boundary value problem for
some forced pendulum-type equations, J. Diff. Eq., 52(2), (1984), 264-287.

Department of Mathematics
Hanyang University
Seoul 133-791, Korea
e-mail:wanskim@email.hanyang.ac.kr



ì�rZ>��<Æ_þv\� l�ìøÍô�Ç ����o Õüw��6£§ 6£§$í
���d��

ô�Ç ë�H $í


J. KSIAM Vol.5, No.2, 7-16, 2001

³À »ÈÐ

6£§$í
���d�� r�Û¼%7�\� e��#Q"f �&³F� ���©� V,�o� ��6 x÷&�¦ e����H Hidden Markov

Model(HMM)�Ér SX�Ò�¦ �̧4Sq�̀¦ l�ìøÍô�Ç �Ü¼�Ð	כ X<s�'�\� @/ô�Ç :�x>�%�o�\�¦ �<Æ_þvõ�

&ñ
Ü¼�Ð ��¦ e����. ô�Ç²DG#Q ���5Åq Õüw��6£§\� @/ô�Ç 6£§$í
���d���Ér �¦wn� Õüw��6£§ ���d��õ���H

²ú�o� Ø�æì�rô�Ç �<Æ_þvX<s�'�ëß�Ü¼�Ð��H ëß�7á¤½+É ëß�ô�Ç ���õ�\�¦ ��4R�̧t� 3lwô�Ç��. s� �7Hë�H

\�"f��H ���5Åq Õüw��6£§ 6£§$í
���d��\� e��#Q"f q�5pw�>� µ1Ï6£§÷&��H Õüw��6£§õ� °ú �Ér Õüw��\�

@/K� ���ª��>� µ1Ï6£§÷&��H Õüw��6£§\� @/K� HMM_� ô�Ç>�\�¦ ]jr���¦ Õª K����Õþ�Ü¼�Ð

Discriminant �<Æ_þv_� &h�6 x~½ÓZO��̀¦ ]jr�ô�Ç��. ���5Åq Õüw��6£§_� ���d�� r�Û¼%7��̀¦ ½̈�&³�

��HX<e��#Q"f���d��Ò�¦±ú��ÉrÂÒì�r\� Discriminant�<Æ_þv�̀¦&h�6 x�#����d��Ò�¦�̀¦@/;�¤�¾Ó

�©�r���� z�́+«>���õ�\�¦ ]jr�ô�Ç��.

V� 1 â�
 "�Òeµ

q�x9���� ñ, ½̈?/ ����o��� ñ ��1lx������õ� °ú �Ér r�Û¼%7�_� ½̈»¡¤\� e��#Q"f �9�Ãº&h���� ÂÒì�rs�

Õüw��6£§ ���d��s���. ¢̧ô�Ç, �¦wn� Õüw��6£§s� ����� ���5Åq Õüw��6£§_� ���d��r�Û¼%7�_� ½̈»¡¤s� ¹כ��9

���. s��Qô�Ç 6£§$í
���d�� r�Û¼%7��Ér 9\�YUÑ��(ç
 r�Û¼%7�, ÅÒd�� &ñ
�Ð 6£x²ú� r�Û¼%7�õ� °ú �Ér �FK

Ö6x"fq�Û¼\� F�g#3�0A�>� ��6 x÷&�¦ e��Ü¼��, ���d��_� &ñ
SX��̧\� e��#Q"f ��f�� ú́§�Ér >h���s�

¦�&÷̈½¹כ e����.

ô�Ç²DG#Q Õüw��6£§ 6£§$í
_� �â
Äº, ���5Åq&h�Ü¼�Ð µ1Ï6£§���� ��6£§]X����õ� °ú �Ér 6£§î�r�&³�©�s� ��

�����¦, :£¤y� Õüw��6£§_� �â
Äº��H µ1Ï6£§_� U�́s��� y��l� ²ú���"f 6£§$í
���d�� r�Û¼%7� ½̈»¡¤s� B�

Äº #Q�9î�r ¼#�s���.

HMM�Ér Bakerü< IBM_� ���½̈��[þt\� _�K� 6£§$í
���d��\� �̧{9��)a s�A� 6£§$í
���d�� ì�r��

\�"f ���©� $í
/BN&h���� ~½ÓZO�Ü¼�Ð î̈
��~ÃÎ�¦ e����H ~½ÓZO�s���. HMM�Ér SX�Ò�¦ �̧4Sq�̀¦ l�ìøÍÜ¼
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�Ð ô�Ç �<Æ_þv~½ÓZO�Ü¼�Ð J����_� r�çß�»¡¤ &ñ
½+Ë1px 6£§$í
\� &h�½+Ëô�Ç #��Q �©�&h�Ü¼�Ð ���K� V,�o� ��

6 x÷&�¦ e��Ü¼ 9, �&³F���t� ëß�[þt#Q��� 6£§$í
���d�� r�Û¼%7� ×�æ\�"f�̧ ���©� a%~�Ér ���d��Ò�¦�̀¦ ��

��?/�¦ e����.

HMM�Ér 6£§$í
��� ñ\�¦ Markov �©�I�\P�_� ��;s�õ�&ñ
\�"f µ1ÏÒqt���H �Ü¼�Ð	כ �Ð��H SX�Ò�¦

�̧4Sq�̀¦l�ìøÍÜ¼�Ð�#�6£§$í
X<s�'��ÐÂÒ'�ÆÒØ�¦�)a&ñ
�Ð\�¦:�x>��<Æ&h�Ü¼�Ð �̧4Sqa�A���H·ú�

�¦o�7£§s���.��HA�_�6£§$í
���d��r�Û¼%7�[þt�Ér���5Åq6£§$í
�̀¦@/�©�Ü¼�Ð���d���̀¦Ãº'�����H�â
Äº

�� @/ÂÒì�rs���. ����"f 6£§�èéß�0A_� �<Æ_þvõ� ���d�� r�Û¼%7�_� ½̈»¡¤s� ,�t�ëß&÷̈½¹כ s���Ér	כ

ú́§�Ér ���\O�õ� ���d�����H X< >�íß� |¾Ós� ú́§�Ér éß�&h��̀¦ ��t��¦ e����.

W1 ��o� Õüw�� q�x9���� ñ, ½̈?/ ����o��� ñü< °ú s� z�́[j>�\�"f æ¼s�t�ëß� ����Ér #3�0A\�

"f s�6 x÷&��H ì�r��\� &h�6 x÷&��H 6£§$í
���d���Ér HMM�̀¦ s�6 xô�Ç çß�éß�ô�Ç r�Û¼%7�_� ½̈»¡¤Ü¼�Ð

Ø�æì�ry� ��6 x|̈c Ãº e����. Õª�Q��, HMM�Ér �<Æ_þv r�\� ú́§�Ér �<Æ_þvX<s�'�\�¦ ¹�Ðכ��9 ��¦,

q�5pwô�Ç 6£§$í
 ��� ñ\� @/K�"f��H ���d���̧ÀÓÖ�¦s� Z�}�Ér éß�&h��̀¦ ��t��¦ e����. �¦wn�éß�#Q ����o

6£§$í
\� @/K� HMM�̀¦ s�6 x�l� 0AK� ¹ô�Çכ��9 �<Æ_þvX<s�'���H �ª�s� ÂÒ7á¤���� ���d��Ò�¦s� ±ú�

��. z�́+«>�̀¦ :�xK� ¶ú�(R�Ð��� 1-46£§]X�_� éß�#Q @/K�"f��H ��� 70-100>h &ñ
�̧_� 6£§$í
 X<s�'�

Ãº|9�Ü¼�Ð 95%s��©�_� ���d��Ò�¦�̀¦ ��f���̀¦ ·ú� Ãº e����.

q�5pwô�Çµ1Ï6£§_�6£§$í
��� ñ\�@/ô�Ç%�o�, ú̧�6£§%�o�1px\�V,�o�æ¼s���H~½ÓZO��Ér Discrim-

inant�<Æ_þvs��� [1], [2]. ¢̧ô�Ç Discriminant�<Æ_þv�Ér&h��Ér�<Æ_þvX<s�'����9����&h�����o�����

d��, �o��SX���� ì�r��\��̧ V,�o� &h�6 x÷&#Q t��¦ e���� [5].

���5Åq Õüw��6£§_� µ1Ï6£§�̀¦ ú̧��� HMM�̀¦ s�6 xK� y��y�� �¦wn� Õüw��6£§Ü¼�Ð ���d����¦, ±ú��Ér

���d��Ò�¦�̀¦°ú���HÂÒì�r\�@/K�"f��H Discriminant�<Æ_þv�̀¦&h�6 xô�Ç�����,&h��Érq�6 xõ�>�íß�|¾Ó

Ü¼�Ð ò́õ�&h���� 6£§$í
���d�� r�Û¼%7��̀¦ ½̈»¡¤½+É Ãº e����.

V� 2 â�
 ø5��±�#a ¥o>¢4́ �äº��£�̧�+ ê�>ÐÏ�

���5Åq Õüw��6£§ ���d��\� e��#Q"f ú́§s� ��6 x÷&��H ~½ÓZO��Ér �¦wn�éß�#Q �̧4Sqõ� 6£§�èéß�0A�̧4Sq�̀¦

s�6 x���H �.���s	כ �¦wn�éß�#Q�̧4Sq�Ér ‘_�Õ’, ‘\�’, ‘��h’, · · · õ� °ú s� Õüw��6£§ y��y���̀¦ ���d��éß�0A
�Ð �����H �,s� 9	כ 6£§�èéß�0A�̧4Sq�Ér ‘a�Õ’\� @/K� �-u-� õ� °ú s� [j ��t�_� 6£§�è\�¦ ���d��

éß�0A�Ð �����H �.���s	כ

6£§�èéß�0A �̧4Sq�̀¦ ��6 x½+É �â
Äº, ���d��#Q6f\� q��§&h� 1lqwn�&h���� ���d�� r�Û¼%7�s� |̈c Ãº

e��Ü¼ 9 ÆÒ��&h���� ���d���̧4Sq�̀¦ [O�&ñ
½+É M:\� �̧ 	�Hq�6 xs� \O�s� ��0px���. Õª�Q��, ���d��r�

Û¼%7�_� ½̈»¡¤\� ú́§�Érq�6 xs9 &÷̈½¹כ�,�<Æ_þvX<s�'�\�@/ô�Ç&ñ
SX�ô�Ç segmentation�̀¦�9¹כ�
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�Ð ��¦ e����.

s� �7Hë�H\�"f��H �¦wn�éß�#Q �̧4Sq�̀¦ l�ìøÍÜ¼�Ð ��¦ e����. ����"f, �̧��H Õüw��6£§�̀¦ ���d��

éß�0A�Ð [O�&ñ
½+É ÷�rëß� ��m��� ô�Ç²DG#Q Õüw��6£§s� µ1Ï6£§\� e��#Q"f #��Q ��t� +þAI��Ð ���s���

÷&l� M:ë�H\� s��Qô�Ç µ1Ï6£§�̀¦ �̧¿º ���d��éß�0A�Ð [O�&ñ
��� ô�Ç��.

Õüw��6£§_� �â
Äº °ú �Ér Õüw��\� @/ô�Ç µ1Ï6£§s� Õüw��_� 0Au�\� ����, �o��_� µ1Ï6£§ _þv�'a\�

���� �� �ª��>� µ1Ï6£§�)a��. \V\�¦ [þt#Q,

• ‘_�Õ’_� �â
Äº, {9�ìøÍ&h�Ü¼�Ð��H ’{9�’�Ð µ1Ï6£§÷&��, ’¹¢¤’ ��6£§\� µ1Ï6£§|̈c �â
Äº, ’U�́’�Ð µ1Ï6£§

�)a��. ¢̧ô�Ç s� �â
Äº ’¹¢¤’_� �â
Äº�̧ ’Ä»’�Ð µ1Ï6£§÷&��H �â
�¾Ós� ú́§��. ’{9�’�Ér ’���’ +'\�

µ1Ï6£§|̈c �â
Äº ’x9�’�Ð µ1Ï6£§÷& 9, ’}9�’s��� ’{9�’ +'\� µ1Ï6£§|̈c �â
Äº\���H ’wn=’�Ð µ1Ï6£§�)a

��.

�¦wn�éß�#Q���d��_�l��:r�̀¦��ØÔ�����W1��t�y��y��\�@/ô�Ç�<Æ_þv�̀¦���'����¦,���d�����

õ�\�¦ �̧¿º ‘_�Õ’�Ð %�o�K��� �t�ëß�, ú́§�Ér �<Æ_þv X<s�'��� ¹כ��9��¦, >�íß� |¾Ós� Zþt

#Qèß�����H &h�\�"f ��|ÃÐf���t� ·ú§��. ����"f ‘\�Õ’, ‘_�Õ’, ‘X�Õ’, ‘[�Õ’_� W1 ��t� �<Æ_þv��

«Ñ\�¦ ô�Ç�����\� s�6 xô�Ç HMM�<Æ_þv�̀¦ �¦�9K��� ô�Ç��.

• ‘\�’_� �â
Äº, ’\�’, ’X�’, ’U�’, ’Y�’ 1px ���ª��>� µ1Ï6£§÷& 9, :£¤y�, ’\�\�’ _� �â
Äºü< °ú 

s� °ú �Ér Õüw��6£§s� µ1Ï6£§|̈c �â
Äº, ’\�’ ���t� ’\�\�’ ���t� ���d�����HX< #Q�9¹¡§s� Òqt|��

��.

• ‘��h’_� �â
Äº, ’��h’ ’��h’ ’��’ ’��’ ü< °ú s� µ1Ï6£§�)a��. s���H ‘��h’_� 0Au�\� ����, ·ú¡+'\�

�̧��H Õüw��6£§_� �â
Äº\� ���� µ1Ï6£§÷&��H �â
Äº\�¦ �̧¿º �í�<Êô�Ç �.���s	כ

ô�Ç²DG#Q Õüw��6£§_� �â
Äº q�5pwô�Ç µ1Ï6£§Ü¼�Ð ���K� ���d���̧ÀÓ\�¦ ����?/��H éß�#Q\� @/ô�Ç ���

d��z�́+«>�̀¦ ���'���%i��¦, Discriminant Learning�̀¦ :�xK� ���d��Ò�¦ �¾Ó�©��̀¦ SX�����%i���.

z�́+«>���õ� s��Qô�Ç HMM�<Æ_þv��«Ñ\�¦ l�ìøÍÜ¼�Ð ô�Ç 6£§$í
���d�� r�Û¼%7��Ér ‘_�Õ’\� @/ô�Ç ��

�ª�ô�Ç µ1Ï6£§\� @/K� B�Äº Z�}�Ér ���d��Ò�¦�̀¦ ��f���̀¦ SX�����%i���. Õª�Q�� ‘_�Õ’\� @/K� �-Áº �í

F�c&h�����<Æ_þvs�s�ÀÒ#Q4R ‘a�Õ’\�@/ô�Ç���d��Ò�¦$��\�¦�íA��%i���.7£¤, ‘a�Õ’\�@/ô�Çz�́+«>X<

s�'�[þts� ‘_�Õ’�Ð���d��÷&��H���õ�\�¦±ú¢��¤��.s��Qô�Ç���õ�\�@/ô�Ç>h���Õþ�Ü¼�Ð Discriminant

�<Æ_þv�̀¦ &h�6 x�%i��¦, ‘a�Õ’\� @/ô�Ç ���d��Ò�¦_� �â
Äº F�c3lq½+Éëß�ô�Ç �¾Ó�©��̀¦ ��4RM®o��.

����"f, ���ª��>� µ1Ï6£§÷&��H Õüw��6£§s����̧ HMMõ� Discriminant �<Æ_þv�̀¦ s�6 xK� �

��_� �<Æ_þv��«Ñ�Ð ëß�[þt�¦, beam-search 1px_� ~½ÓZO��̀¦ æ¼��� Ø�æì�ry� Z�}�Ér ���d��Ò�¦�̀¦ �����

6£§$í
���d�� r�Û¼%7��̀¦ ½̈»¡¤½+É Ãº e����.
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V� 3 â�
 HMM£�· �̀Ë£� ø5� £�̧Å]�ê�>ÐÏ�

HMM�̀¦l�ìøÍÜ¼�Ðô�Ç6£§$í
���d��r�Û¼%7��ÉrÕª�ÃÌ�Z4ô�Ç���d��Ò�¦s�s�p����7£x÷&%3���.{9�ìøÍ&h�

Ü¼�Ð HMM�Ér N>h_��©�I�Ãº\�¦����� left-to-right �̧4Sq�Ð ½̈$í
÷& 9,�©�I�Z>��íl�SX�Ò�¦�̀¦

����?/��H Π = {πi : 1 ≤ i ≤ N}, �©�I� ���s� SX�Ò�¦ '��§>= A = {aij : 1 ≤ i, j ≤ N}, �©�I�Z>�
�'a¹1Ï SX�Ò�¦�̀¦ ����?/��H B = {bi : 1 ≤ i ≤ N}�̀¦ ½̈$í
 "é¶�è�Ð ���H  7�'� λ = (Π, A,B)�Ð

�̧4Sq�̀¦ ³ð�&³ô�Ç��.

�:r �7Hë�H\�"f_� HMM �̧4Sq�Ér ��A�_� ÕªaË>õ� °ú s� >hZ>� Õüw��6£§ X<s�'�\� @/K� 3>h

¢̧��H 4>h_� �©�I� Ãº\�¦ ��t��¦, �©�I�Z>� ���s���H 2>h ëß� ��0pxô�Ç left-to-right �̧4Sq�Ð �%i�

��.

1 2 3 4
a12 a23 a34

a11 a22 a33 a44

'��§>= A��H ��6£§õ� °ú s� e��_��Ð ëß�[þt#Q r����ô�Ç��.



0.55 0.45 0 0

0 0.55 0.45 0

0 0 0.55 0.45

0 0 0 1




s�'��§>=�Ér viterbi·ú��¦o�1pu�̀¦s�6 x�#�þj&h�_��©�I�����o\�¦����?/��H'��§>=�ÐÃº§4�ô�Ç��.

s� õ�&ñ
�̀¦ ¶ú�(R�Ð���

(1) �̧��H {9�§4� 7�'�[þt�̀¦ y�� ÒqtI�\� °ú �Ér Ãº�Ð C�&ñ
ô�Ç��.

(2) y�� �©�I�\� �̧���  7�'�[þt\� @/K� K-Means ·ú��¦o�1pu�̀¦ s�6 x�#� ¿º >h_� cluster�Ð

��¾º�¦, y�� cluster\� e����H 6£§$í
 7�'�[þt_� î̈
ç�H 7�'� µijü< ì�ríß� 7�'� σij\�¦ ½̈ô�Ç��.

#�l�\�"f

µij = (µ1
ij , µ

2
ij , · · · , µ26

ij ), 1 ≤ j ≤ 5, i = 1, 2

: �©�I� qj_� cluster i\� \� e����H  7�'�[þt_� î̈
ç�H 7�'�

σij = (σ1
ij , σ

2
ij , · · · , σ26

ij ), 1 ≤ j ≤ 5, i = 1, 2
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: �©�I� qj_� cluster i\� \� e����H  7�'�[þt_� ì�ríß� 7�'�

ü< °ú �Ér 26	�"é¶  7�'�\�¦ �����·p��.

(3) �©�I� qj\�"f �'a8£¤ 7�'� xk\�¦ �'a¹1Ï�>�|̈c SX�Ò�¦ bjk\�¦ ½̈ô�Ç��. bjk��H ���5Åq SX�Ò�¦x9��̧

�<ÊÃº\�¦ ��6 x�#�

bjk =
2∑

i=1

Cji
1√

2π
26

σ1
jiσ

2
ji · · ·σ26

ji

exp

(
−1

2

26∏

s=1

(xs
k − µs

ji)
2

σs
ji

)

s�ü<°ú �Érõ�&ñ
�̀¦ìøÍ4�¤�<ÊÜ¼�Ð+�ÅÒ#Q���6£§$í
 7�'� X = (x1, x2, . . . , xTf
)\�@/K� Viterbi

·ú��¦o�7£§\� _�ô�Ç þj&h� �©�I�����o�� qq = (q0, q1, . . . , qTf
)����� maximum likelihood °úכ�Ér

L(X) =
∑

qq

πq0

Tf∏

t=1

aqt−1qtbqt(xt)

�Ð >�íß�ô�Ç��. #�l�\�"f bqt(xt)��H �©�I� j\�"f xt\�¦ �'a¹1Ï�>� |̈c SX�Ò�¦�̀¦ ����?/ 9, �©�I�

Z>��Ð �̧��� 7�'�[þt�̀¦ clusteringô�ÇÊê, clusterZ>��Ð î̈
ç�Hõ�ì�ríß��̀¦s�6 xô�Ç&ñ
½©ì�r�í�Ð>�

íß��)a��. HMM�Ér �Ð:�x maximum likelihood °ú̀�כ¦ >�íß� �<ÊÜ¼�Ð+� 6£§$í
 J�����̀¦ ¹1Ô������H

:�x>�&h���� �̧4Sq�Ð :£¤fç
 t�Ö�¦ Ãº e����. Õª�Q�� HMM�Ér ú́§�Ér �<Æ_þv��«Ñ\�¦ ¹�Ðכ��9 ô�Ç����H

éß�&h��̀¦ t������.

V� 4 â�
 HMM£�· e�ð5�ø5� Discriminant Áþ�¢æ¹

Discriminant �<Æ_þv�Ér q�5pwô�Ç µ1Ï6£§ 1pxÜ¼�Ð ���d���̧ÀÓ_� ��0px$í
s� e����H ���Ér 6£§$í
�̧4Sq�̀¦

�<Êa� �¦�9���H �<Æ_þvr�Û¼%7�Ü¼�Ð"f MCE(Minimum Classification Error)\�¦ l�ìøÍÜ¼�Ð ô�Ç

��. MCE\�¦ þj�è�Ð ���H ~½Ó�¾ÓÜ¼�Ð HMM �<Æ_þv ���õ�\�¦ >h���r�v���H Discriminant �<Æ_þv

Ü¼�Ð

(1) �o��SX����, �o�����d��1px\� F�g#3�0A�>� &h�6 x÷&�¦ e��Ü¼ 9,

(2) Ô�¦Ø�æì�rô�Ç �<Æ_þv��«Ñ\�¦ ��6 xô�Ç HMM�<Æ_þv���õ��Ð �íA�÷&��H ���d��Ò�¦ $��\�¦ >h���

�̀¦ l�@/½+É Ãº e����.

K>h_� HMM�<Æ_þv ��«Ñ\�¦ Λ = {λk, 1 ≤ K ≤}�Ð ³ðr���¦, y��y��_� 6£§$í
 J���� Xi

(1 ≤ i ≤ XT )��H K>h_� 6£§$í
 9þtA�Û¼ Ck, (1 ≤ k ≤ K) ×�æ ���\� �í�<Ê�)a��. #�l�\�"f
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XT��H {9�§4� X<s�'�_� Ãº\�¦ �����·p��. HMM\� l�ìøÍô�Ç Discriminant �<Æ_þv�Ér Viterbi ·ú�

�¦o�7£§\� _�ô�Ç log likelihood_� °ú̀�כ¦ Discriminant �<ÊÃº�Ð ��6 xô�Ç��. HMM �<Æ_þv_� >h

����Ér GPD(Generalized Probabilistic Descent)~½ÓZO��̀¦��6 x�#�ìøÍ4�¤&h�Ü¼�Ð MCE\�¦þj

�è�or�v���H �<Æ_þv���õ�\�¦ ëß�[þt#Q�·p��.

HMM\� l�ìøÍô�Ç GPD��H ��6£§õ� °ú �Ér [j ��t� �<ÊÃº\�¦ ½̈$í
¹�è�Ðכ ô�Ç��.

(a) Discriminant Áþ�ÊÁ gk(Xi; Λ) : 6£§$í
 J���� Xi�� 9þtA�Û¼ Ck\� @/ô�Ç HMM likeli-

hood °úכ

gk(Xi; Λ) = log [Lk(Xi)]

�̀¦ Discriminant �<ÊÃº�Ð ��6 xô�Ç��. ����"f 6£§$í
 J����Xi��H Viterbi ·ú��¦o�7£§\� _�

ô�Ç likelihood °úכs� þj@/��� 9þtA�Û¼ Ck\� 5Åq���H �Ü¼�Ð	כ ���d���)a��.

Xi ∈ Cj if gj(Xi; Λ) = max
k

gk(Xi; Λ)

(b) Misclassification Measure dk(Xi; Λ) :

dk(Xi; Λ) = −gk(Xi; Λ) + Gk(Xi; Λ)

#�l�\�"f Gk(Xi; Λ)��H 9þtA�Û¼ Ck\� [þt#Q���� ½+É {9�§4�X<s�'� Xi�� ���Ér 9þtA�Û¼

\�[þt#Q����H �̧��H�â
Äº\�¦_�p�� 9��6£§õ�°ú s����Ér9þtA�Û¼[þt_� likelihood°úכ[þt

_� l��î̈
ç�H_� log°úכÜ¼�Ð >�íß�ô�Ç��.

Gk(Xi; Λ) = log


 1

K − 1

∑

i,j 6=k

exp [ηgj(Xi; Λ)]




1/η

.

{9�ìøÍ&h�Ü¼�Ð η = 1�Ð Z�~��H��. dk(Xi; Λ)_� &ñ
_��ÐÂÒ'� {9�§4� X<s�'� Xk�� �̀¦��ØÔ

>� ���d��÷&%3������ dk_� °úכs� 6£§_� °ú̀�כ¦, ú̧�3lw ���d���)a �â
Äº��H �ª�_� °ú̀�כ¦ ��f���̀¦ ·ú�

Ãº e����.

(c) LossÁþ�ÊÁ lk(Xi; Λ) : GPD~½ÓZO��Érp�ì�r�̀¦s�6 xK�����p�'� Λ\�¦ìøÍ4�¤&h�Ü¼�Ð�Ð&ñ


K�����H ~½ÓZO�s���. ����"f Loss �<ÊÃº��H ��6£§õ� °ú s� 0-1��s�_� °ú̀�כ¦ °ú���H sigmoid

�<ÊÃº�Ð &ñ
_��)a��. s� sigmoid �<ÊÃº��H éß��̧7£x��s� 9 p�ì�r��0pxô�Ç �<ÊÃºs���.

lk(Xi; Λ) = `(dk) =
1

1 + exp[−a(dk + b)]
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#�l�\�"f a(> 0)��H �©�Ãºs��¦, dk + b ÂÒ��H\�"f sigmoid �<ÊÃº_� l�Ö�¦l�\�¦ �����·p

��. ¢̧ô�Ç &h�{©�ô�Ç b°úכ_� [O�&ñ
�Ér sigmoid �<ÊÃº_� p�ì�r °úכs� 0�̀¦ °ú�>� ÷&��H �¦̀�	כ ~½Ó

t�K� ����p�'� Λ_� ����o\�¦ ��0px�>� ô�Ç��. {9�ìøÍ&h�Ü¼�Ð, GPD\� _�ô�Ç ����p�'�

Λ_� ����o��H misclassification measure dk_� °úכs� −b_� ��H%�\� e���̀¦ M:, ���&ñ
&h�Ü¼

�Ð {9�#Q��>� �)a��. ����"f ò́Ö�¦&h���� GPD ·ú��¦o�7£§�̀¦ ½̈�&³�l� 0AK�"f��H

b = dmin = − max
1≤i≤XT ,1≤k≤K

[−dk(Xi; Λ)] χ(Xi ∈ Cl)

�Ð [O�&ñ
���H ��s	כ a%~��. s� M:, χ��H ��6£§õ� °ú s� &ñ
_��)a��.

χ(W ) =





1, W�� �ÃÐ{9� M:,

0, W�� ��f±	{9� M:.

s�ü< °ú �Ér [j ��t� ½̈$í
¦�\¹�èכ ����� GPD~½ÓZO�\� _�K�

Λt+1 = Λt − εt∇`(Xt, Λ) |Λ=Λt

\�¦ ���� Ãº§4����H ����p�'� Λ\�¦ ½̈���H �Ü¼�Ð"f	כ ���²DG, GPD\� _�ô�Ç Discriminant �<Æ

_þv�Ér ��6£§õ� °ú �Ér î̈
ç�H�̧	�Ö�¦(everage error rate)�̀¦ þj�è�Ð ���H ����p�'� Λ\�¦ ¹1Ô����

��H ~½ÓZO�s���.

L(Λ) =
1
N

XT∑

i=1

K∑

k=1

lk(Xi; Λ)χ(Xi ∈ Ck).

#�l�\�"f εt�Ér B�Äº ����Ér Ãº�Ð"f s� �7Hë�H_� z�́+«>\�"f��H εt = 1− t/75\�¦ ��6 x�%i���.

9þtA�Û¼ Cj , (1 ≤ j ≤ K)_� HMM ����p�'�\� @/ô�Ç p�ì�r ∇lk(X; λ)��H

∇Λj lk(X; λ) =
∂`k

∂dk

∂dk

∂gj
· ∇Λj [gj(X; Λ)]

�Ð Ä»�̧÷& 9, y��y��_� ¼#�p�ì�r�Ér

∂`k

∂dk
= a · `k(1− `k), (1)

∂dk

∂gj
=




−1 j = k{9� M:,

exp[ηgj(X,Λ)P
n,n6=k exp[ηgn(X,Λ)] j 6= k{9� M:
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s���. HMM ����p�'�\� @/ô�Ç ∇Λj [gj(X; Λ)]��H 9þtA�Û¼ j\�"f ���s�SX�Ò�¦ '��§>=_� "é¶�è

aqt,qt+1 , 1 ≤ t ≤ N\�@/ô�Ç¼#�p�ì�rõ��©�I�Z>��'a¹1ÏSX�Ò�¦ bq(X)_�>�íß�\��9¹כ�ô�Ç î̈
ç�H(µ),

ì�ríß�(σ), cluster >�Ãº c@/ô�Ç ¼#�p�ì�rÜ¼�Ð ����èß��� [2], [5].

d�� (1)\�"f dk�� b\�"f �̧�FKëß� b��#Q4R e��#Q�̧ ∂`k
∂dk
_� °úכ�Ér exp �<ÊÃº_� :£¤$í
Ü¼�Ð ���

K� 0\� ����î�r °ú̀�כ¦ °ú�>��)a��. ����"f b°ú̀�כ¦ [O�&ñ
�>� ô�Ç {9�§4� X<s�'� Xü< �FGy� ]jô�Ç

�)aÃº_�{9�§4�X<s�'�\�¦]jü@��¦��H GPD\�_�ô�Ç����p�'��Ð&ñ
\�%ò
�¾Ó�̀¦ÅÒt�3lwô�Ç��.

V� 5 â�
 ��
��@ ��� Úr
ø�

ô�Ç²DG#Q ���5Åq Õüw��6£§ 6£§$í
���d�� z�́+«>�̀¦ 0AK� 1000#�"î
_� �o���� ‘_�Õ’, ‘\�’, · · · , ‘��’, ‘+hÙ’,

‘Îáº’_� Õüw��6£§Ü¼�Ð s�ÀÒ#Q��� ���5Åq Õüw��6£§�̀¦ ����o\�¦ :�xK� µ1Ï6£§�>� �#� �<Æ_þv X<s�'��Ð

��6 x�%i���. ���d�� éß�0A��H ��6£§õ� °ú s�

_�Õ, [�Õ, X�Õ, \�Õ, \�, X�, U�, Y�, ��h, ��h, ��, ��, | , x¤,

u�, y , Õkæ, Ñ�æ, �£, �§, a�Õ, �̂, ��, Â�g, ��, Îáº, Üכº, +hÙ, �dÙ

�̧��H Õüw��6£§ µ1Ï6£§õ� Õª Õüw��6£§s� µ1Ï6£§ 0Au�, 6£§î�r�&³�©�\� ���� ����o�)a µ1Ï6£§�̀¦ �̧¿º ���

d��éß�0A�Ð [O�&ñ
�%i���. ���d�� z�́+«>�̀¦ 0Aô�Ç X<s�'���H °ú �Ér Õüw��6£§�̀¦ 100���s� ����o�Ð µ1Ï

6£§ô�Ç �¦̀�	כ ��6 x�%i���. 6£§$í
 ���d��\� ¹ô�Çכ��9 feature��H 15msec_� ½̈çß�Ü¼�Ð ú̧��� 12-	�

"é¶ cepstrumõ� power, 12-	�"é¶ delta-cepstrumõ� power_� 26 	�"é¶  7�'��Ð ÆÒØ�¦�%i� ��.

y�� Õüw��6£§\� @/K�"f ‘_�Õ’, ‘��h’õ� °ú s� ~ÃÎgË>s� e����H Õüw��6£§�Ér 4>h_� �©�I�\�¦ ����� �̧

4Sq�Ð, ‘\�’, ‘| ’ü< °ú s� ~ÃÎgË>s� \O���H Õüw��6£§�Ér 3>h_� �©�I�\�¦ ����� �̧4Sq�Ð [O�&ñ
�%i���.

k-means ·ú��¦o�7£§[3]�̀¦ s�6 x�#� �©�I�Z>��Ð cluster_� Ãº��H �̧¿º 3>h�Ð �%i�Ü¼ 9, HMM

�̧4Sq�Ér���5Åq+þA left-to-right �̧4Sq�Ð[O�&ñ
�%i���. covariance matrix�Ð��H diagonal+þA�̀¦G�

6 x�%i���.

z�́+«>���õ� HMM ·ú��¦o�7£§_� ò́Ö�¦$í
s� Ø�æì�ry� ×¼�Q�� �¦wn� Õüw��6£§_� �â
Äº �̧¿º

95%s��©�_� Z�}�Ér ���d��Ò�¦�̀¦ ����?/%3���. Õª�Q��, ���5Åq Õüw��6£§_� �â
Äº\���H ‘a�Õ’_� ���d��Ò�¦

s� B�Äº $��̧�%i���. µ1Ï6£§s� q�5pwô�Ç ‘_�Õ’, ‘\�’, ‘a�Õ’[j Õüw��6£§\� ²DGô�Çô�Ç ���d��Ò�¦�Ér ��6£§

³ð1õ� °ú ��.

Õüw��6£§ ‘_�Õ’ ‘\�’ ‘a�Õ’

z�́+«> X<s�'�_� Ãº 56 56 56

���d��Ò�¦ 100% 100% 78.57%
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[�¡1] : HMMÕlé Jº%ÕxíU[� Ô�ì��¢²· ôcÓ*�Ò��é.

³ð1\�"fü< °ú s� ‘a�Õ’\� @/ô�Ç ���d��Ò�¦s� $��̧ô�Ç ��Ér	כ ‘a�Õ’_� µ1Ï6£§s� ‘_�Õ’�Ð ���d��÷&�¦

e��l� M:ë�Hs���. s���H ‘_�Õ’\� @/ô�Ç HMM �<Æ_þvs� ‘_�Õ’, ‘\�Õ’, ‘X�Õ’, ‘\�Õ’�̀¦ �í�<Ê��̧2�¤ B�Äº

;�¤V,�>� s�ÀÒ#Q&��l� M:ë�Hs��� Òqty���)a��.

‘a�Õ’\� @/ô�Ç ±ú��Ér ���d��Ò�¦�̀¦ Z�}s�l� 0AK� Discriminant �<Æ_þv�̀¦ s�6 x�%i���. Discrim-

inant �<Æ_þv\� ��6 xô�Ç X<s�'���H ‘_�Õ’�Ð ���d��÷&��H ‘a�Õ’_� µ1Ï6£§ ��î�rX< dk_� °úכs� ����¦(s�

��H ¿º µ1Ï6£§s� q�5pw�#� Maximum likelihood °úכ_� 	�s��� ���>� ����z���̀¦ _�p�), �̧��H

‘a�Õ’\� @/ô�Ç 6£§$í
s� °ú���H Maximum likelihood °úכ_� î̈
ç�H\� ����î�r �¦̀�	כ 2>h &ñ
�̧�Ð Ø�æ

ì�r�%i���. Discriminant �<Æ_þv�̀¦ s�6 xô�Ç HMM ����p�'�_� �Ð&ñ
�̀¦ ��6 x�#� ��r� ���d��

Ò�¦�̀¦ z�́+«>ô�Ç ���õ���H ��6£§ ³ð2ü< °ú ��.

Õüw��6£§ ‘_�Õ’ ‘\�’ ‘a�Õ’

z�́+«> X<s�'�_� Ãº 56 56 56

���d��Ò�¦ 100% 100% 98.21%

[�¡2] : Discriminant �É��lëÕlé Jº%ÕxíU[� Ô�ì��¢²· ôcÓ*�Ò��é.

z�́+«> ���õ� ‘a�Õ’\� @/ô�Ç ���d��Ò�¦�Ér ��� 20%�¾Ó�©��)a �Ü¼�Ð	כ ����z�¤��.

���5Åq Õüw��6£§_� ���d���Ér c��"fu� ·ú��¦o�7£§�̀¦ s�6 x�%i���. s���H r�çß�_� ����o\� ����

HMM �©�I�_� ���s� ÷�r ��m��� y��y��_� r�çß�\�"f ���Ér Õüw��6£§Ü¼�Ð_� ���s�\�¦ �<Êa� �¦�9

���H ~½ÓZO�Ü¼�Ð 6£§$í
���d��\� e��#Q ���©� V,�o� æ¼s���H ~½ÓZO�s���. ¿º ��o� Õüw��6£§\� @/ô�Ç

���d���Ér 'Í	 ���P: Õüw��6£§_� ���d��\� s�#Q ¿º ���P: Õüw��6£§_� ���d���̀¦ �������#� Maximum

likelihood _� °úכs� ���©� ���õ�\�¦ Ø�¦§4��<ÊÜ¼�Ð+� ��0px���.

Õüw��6£§ ‘_�Õ’s� +'\� µ1Ï6£§÷&��H �â
Äº, ·ú¡\� µ1Ï6£§�)a Õüw��6£§\� ���� ‘\�Õ’, ‘[�Õ’, ‘X�Õ’, ‘_�Õ’

1px_� W1 ��t��Ð µ1Ï6£§s� ÷& 9, s���Ér	כ ‘Y�’, ‘X�’, ‘U�’, ‘\�’ 1px_� W1 ��t��Ð µ1Ï6£§÷&��H ‘\�’

ü< ���d��_� �D¥êøÍ�̀¦ ��4R�̀¦ �Ü¼�Ð	כ \V�©��%i���. Õª�Q��, z�́]j ���d��\� e��#Q"f��H {9�_� ��

�ª�ô�Ç µ1Ï6£§s� �̧y��9 ‘a�Õ’õ� �D¥êøÍ�̀¦ ��4RM®o��. s��Ð ���ô�Ç ���d��Ò�¦_� $����H Discriminant

�<Æ_þvÜ¼�ÐØ�æì�ry�K�����%i���. ¢̧ô�Ç ‘��h’õ���’_��â
Äº��H�¦wn�Õüw��6£§\�@/K�"f��H HMM

�<Æ_þvÜ¼�Ð Ø�æì�ry� Z�}�Ér ���d��Ò�¦�̀¦ ����?/t�ëß� ¿º Õüw��6£§s� ¿º ��o� ���5Åq Õüw��6£§_� ·ú¡ 6£§

]X�\� µ1Ï6£§�)a �â
Äº\� ���d��_� �D¥êøÍ�̀¦ ��4R�:r��. \V\�¦ [þt#Q 35ü< 45_� �â
Äº��H y��y�� ‘��h| ’
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ü< ‘��| ’�Ð µ1Ï6£§÷&#Q ���d��\� e��#Q ë�H]j�� \O�t�ëß� 32 ü< 42 _� �â
Äº��H ‘��Y�ü< ‘��\�’�Ð

µ1Ï6£§÷&#Q ���d��\� e��#Q �D¥êøÍ�̀¦ ��4R�:r��. s�\� @/ô�Ç K����Õþ�Ü¼�Ð�̧ Discriminant �<Æ_þvs�

]jr�|̈c Ãº e��Ü¼ 9 z�́+«>���õ� ���d��Ò�¦_� �¾Ó�©��̀¦ ��4RM®o��. 31, 32, 35 1pxõ� °ú s� ‘��h’_� µ1Ï

6£§s� ‘��’ü< q�5pw�>� µ1Ï6£§÷&��H z�́+«>��«Ñ\� @/K� Õüw��6£§ ‘��h’\� @/K� ��6£§õ� °ú �Ér ���d��

Ò�¦ �¾Ó�©��̀¦ �Ð%i���.

‘��h’ HMM �<Æ_þv���õ� Discriminant �<Æ_þv���õ�

31 78.4% 86.8%

32 80.2% 85.7%

35 71.2% 81.8%

[�¡3] : ô�ÓÔÁæ Ô�ì��¢²· ‘��h’4É ôcÓ*�Ò��é �¶¢�Ék

s� z�́+«>�̀¦ :�xK� HMM �<Æ_þv_� ÄºÃºô�Ç ���d��Ò�¦�̀¦ SX�����%i�Ü¼ 9, HMM �<Æ_þvÜ¼�Ð ���

d��Ò�¦s�±ú��Ér�â
Äº,7£¤q�5pwô�Çµ1Ï6£§Ü¼�Ð���K����d��Ò�¦_�$��������������,�íF�c&h�����<Æ

_þvÜ¼�Ð ����#� ���d��Ò�¦s� ±ú��Ér �â
Äº\� Discriminant �<Æ_þvÜ¼�Ð B�Äº Z�}�Ér ���d��Ò�¦_� �¾Ó�©�

�̀¦ ��4R�̀¦ Ãº e��%3���.

¢̧ô�Ç, HMM �<Æ_þv�̀¦ 0AK�"f��H Ø�æì�rô�Ç �ª�_� �<Æ_þv X<s�'��� ,>¹ô�ÇXכ��9 0A_� �¦wn� Õüw

��6£§_� �â
Äº &h��Ér Ãº_� X<s�'�\�¦ ��6 xÙþ¡�̀¦ �â
Äº, ���d��Ò�¦s� ±ú���. s�\� @/ô�Ç K����Õþ�Ü¼

�Ð Discriminant �<Æ_þvs� &h�6 x|̈c Ãº e��Ü¼ 9, z�́+«>�̀¦ :�xK� s� �â
Äº\��̧ Z�}�Ér ���d��Ò�¦ �¾Ó�©�

�̀¦ ��4RM®o��.
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PERTURBATION ANALYSIS OF DEFLATION TECHNIQUE FOR
SYMMETRIC EIGENVALUE PROBLEM

HO-JONG JANG

J. KSIAM Vol.5, No.2, 17-23, 2001

Abstract. The evaluation of a few of the smallest eigenpairs of large symmetric
eigenvalue problem is of great interest in many physical and engineering applications.
A deflation-preconditioned conjugate gradient(PCG) scheme for a such problem has
been shown to be very efficient. In the present paper we provide the numerical
stability of a deflation-PCG with partial shifts.

1. Introduction

In this paper, we are concerned with the perturbation analysis of the deflation-
PCG scheme with partial shifts for computing a few of the smallest eigenvalues and
their corresponding eigenvectors of the generalized eigenvalue problem. The partial
eigenanalysis of large sparse symmetric matrices is a common task in many scientific
applications, e.g. structural mechanics [1], hydrodynamics [5], and plasma physics [12].

Several techniques have been developed for the solution of the partial eigenproblem,
including subspace iteration [1], Lanczos scheme [3], and multigrid [8]. A precondi-
tioned conjugate gradient(PCG) method based on the optimization of successive de-
flated Rayleigh quotients also works well for such a problem [5,7,12], and proves to
be competitive with respect to other more commonly used schemes, in particular with
respect to the Lanczos algorithm when the dimension of the eigenproblem is large [6].

Two different types of deflation techniques, which employ a PCG method to min-
imized the Rayleigh quotient, are typically used for computing a few of the smallest
eigenpairs. Those are deflation-PCG with partial shifts [5,13,14] and an orthogonal
deflation-PCG [7].

In [13], Schwartz proposed the numerical stability of the deflation-PCG with partial
shifts. Here we continue this study for general updating procedures.

2. Minimization of Rayleigh Quotients via PCG Scheme

Consider the generalized eigenvalue problem

(1) Ax = λBx,

Key words: symmetric eigenproblem, preconditioned conjugate gradients, deflation
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where A and B are large sparse symmetric positive definite matrices of dimension n.
Let

0 < λ1 < λ2 ≤ λ3 ≤ · · · ≤ λn

be the eigenvalues (1), and let z1, z2, · · · , zn be the corresponding eigenvectors, which
satisfy

Azi = λiBzi, zi
T Bzi = 1, i = 1, 2, · · · , n.

The eigenvectors of (1) are the stationary points of the Rayleigh quotient

(2) R(x) =
xT Ax

xT Bx
,

and the gradient of R(x) is given by

g(x) =
2

xT Bx
[Ax−R(x)Bx].

For an iterate x(k), the gradient of R(x(k)),

∇R(x(k)) = g(k) = g(x(k)) =
2

x(k)T Bx(k)

[
Ax(k) −R(x(k))Bx(k)

]
,

is used to fix the direction of descent p(k+1) in which R(x) is minimized. These directions
of descent are defined by

p(1) = −g(0), p(k+1) = −g(k) + β(k)p(k), k = 1, 2, · · · ,

where β(k) =
g(k)T g(k)

g(k−1)T g(k−1)
[11]. The subsequent iterate x(k+1) along p(k+1) through

x(k) is written as
x(k+1) = x(k) + α(k+1)p(k+1), k = 0, 1, · · · ,

where α(k+1) is obtained by minimizing R(x(k+1)) [9],

R(x(k+1)) =
x(k)T Ax(k) + 2α(k+1)p(k+1)T Ax(k) + α(k+1)2p(k+1)T Ap(k+1)

x(k)T Bx(k) + 2α(k+1)p(k+1)T Bx(k) + α(k+1)2p(k+1)T Bp(k+1)
.

The performance of the CG scheme can be improved by using a preconditioner [2,4].
The idea behind the PCG is to apply the “regular” CG scheme to the transformed
system

Ãx̃ = λB̃x̃,

where Ã = C−1AC−1, B̃ = C−1BC−1, x̃ = Cx, and C is nonsingular symmetric
matrix. By substituting x = C−1x̃ into (2), we obtain

(3) R(x̃) =
x̃T C−1AC−1x̃

x̃T C−1BC−1x̃
=

x̃T Ãx̃

x̃T B̃x̃
,

where the matrices Ã and B̃ are symmetric positive definite. The transformation (3)
leaves the stationary values of (2) unchanged, which are eigenvalues of (1), while the
corresponding stationary points are obtained from x̃j = Czj , j = 1, 2, · · · , n.
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3. Perturbation Analysis of Higher Eigenvalue Computation

3.1. Deflation-PCG with partial shifts. In most applications not only the smallest
but some of the smallest stationary values of the Rayleigh quotient are wanted. The
PCG scheme in §2 can be modified using a deflation based on a partial shift of the
spectrum, so that the next higher eigenvalues can be computed by essentially the same
process.

When the first r− 1 eigenpairs are approximately known, the next eigenpair (λr, zr)
could be obtained by minimizing the Rayleigh quotient R(x) of the modified eigenprob-
lem Arx = λBx, where Ar is defined by

(4) Ar = A +
r−1∑

k=1

σk(Bzk)(Bzk)T ,

with σk is the shift that satisfies σk > 0 and λk + σk > λr, k = 1, 2, · · · , r − 1.
It is clear that the eigenvalues and eigenvectors of Arx = λBx satisfy, because of the

B-orthonormality of the zj ,

Arzj = Azj +
r−1∑

k=1

σk(Bzk)(Bzk)T zj

=

{
(λj + σj)Bzj , j = 1, 2, · · · , r − 1;

λjBzj , j = r, r + 1, · · · , n.

The eigenpair (λr, zr) could then be determined from the PCG in §2 by replacing A by
Ar.

In the proposed method we assume that the shifts σi are chosen properly. Some
ways of deterimining the shifts σi are reported in [14].

If the preconditioner M is kept fixed for minimizing the Rayleigh quotient of the
modified eigenproblem Arx = λBx, the preconditioning effect is lost for increasing r
in general. Thus it is necessary to use an equivalent preconditioner for the matrix Ar

that takes into account the deflation steps [13].

3.2. Numerical stability. In this section we present a numerical stability of the de-
flation process (4). We first cite the theorem in [10]. It provides a error bound on Ritz
value which approximates a eigenvalue of the symmetric eigenvalue problem.

Lemma 3.1. Let A be a symmetric matrix with eigenpairs (λi, zi). Let y be a 2-
normalized vector with θ = yT Ay and residual r(y) = Ay− θy. Let λ be the eigenvalue
of A closest to θ, let z be its 2-normalized eigenvector, and let ψ = ∠(y, z). Then

| sinψ| = ‖r(y)‖2

d
and |θ − λ| ≤ ‖r(y)‖2

2

d
,

where d = min |λi − λ| over all λi 6= λ.
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The straightforward extention of Lemma 3.1, with the appropriate pair of vector
norms ‖x‖B =

√
xT Bx and ‖x‖−1

B =
√

xT B−1x, to the generalized eigenvalue problem
yields the following theorem [13].

Theorem 3.2. Let A and B be symmetric matrices and B positive definite and
(λi, zi) be the eigenpairs of Ax = λBx. Let x be a B-normalized vector with θ = xT Ax
and the residual r(x) = Ax − θBx. Let λ be the eigenvalue of the matrix pair (A,B)
closest to θ, let z be its B-normalized eigenvector, and let ψ = ∠(x, z). Then

(5) | sinψ| = ‖r(x)‖B−1

d
and |θ − λ| ≤ ‖r(x)‖2

B−1

d
,

where d = min |λi − λ| over all λi 6= λ.

For the assumption that an approximation ẑk of the eigenvector zk has been deter-
mined with a relative accuracy εk and being B-normalized, the approximations ẑk can
be expressed as

(6) ẑk = ck
(k)zk + εk

n∑

i=1
i6=k

ci
(k)zi with ‖

n∑

i=1
i6=k

ci
(k)zi ‖B = 1, k = 1, · · · , r − 1.

Here the coefficients ck
(k) satisfy

ck
(k)2 + ε2

k(
n∑

i=1
i6=k

ci
(k)2) = ck

(k)2 + ε2
k = 1 and ck

(k) ∼= 1− 1
2ε2

k.

To make the statements below neatly, we define ε and cr as

(7) |ε| = max
1≤k≤r−1

|εk|, |cr| = max
1≤k≤r−1

|c(k)
r |.

We now show the influence of the approximations ẑk, k = 1, · · · , r − 1, to the next
higher eigenvalue λr.

Theorem 3.3. Let (λr, zr) be the eigenpair of the matrix Ar in (4), and let ẑk be
the approximations of the eigenvectors zk, for k = 1, · · · , r − 1, as in (6). And let λ̂r

be the computed eigenvalue of Âr = A +
r−1∑

k=1

σk(Bẑk)(Bẑk)T with the same shifts σk in

(4). Let ε and cr be defined as in (7). Then

(8) |λ̂r − λr| ≤ 1
dr

ε2c2
r

r−1∑

k=1

σ2
k,
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where dr = min
i6=r

|λ̂r − λ̂i| and λ̂is are all eigenvalues computed from Âr.

Proof. We have

Âr = A +
r−1∑

k=1

σk(Bẑk)(Bẑk)T

= A +
r−1∑

k=1

σk(ck
(k)Bzk + εk

n∑

i=1
i6=k

ci
(k)Bzi)(ck

(k)Bzk + εk

n∑

j=1
j 6=k

cj
(k)Bzj)T

= A +
r−1∑

k=1

σkck
(k)2(Bzk)(Bzk)T

+
r−1∑

k=1

σkεkc
(k)
k




n∑

i=1
i6=k

ci
(k)

{
(Bzk)(Bzi)T + (Bzi)(Bzk)T

}



+
r−1∑

k=1

σkεk
2




n∑

i=1
i 6=k

n∑

j=1
j 6=k

ci
(k)cj

(k)(Bzi)(Bzj)T




= A +
r−1∑

k=1

σk(1− εk
2)(Bzk)(Bzk)T

+
r−1∑

k=1

σkεkc
(k)
k




n∑

i=1
i6=k

ci
(k)

{
(Bzk)(Bzi)T + (Bzi)(Bzk)T

}



+
r−1∑

k=1

σkεk
2




n∑

i=1
i 6=k

n∑

j=1
j 6=k

ci
(k)cj

(k)(Bzi)(Bzj)T




= Ar +
r−1∑

k=1

σkεk




n∑

i=1
i6=k

ci
(k)

{
(Bzk)(Bzi)T + (Bzi)(Bzk)T

}

 + O(ε2)
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Now, we get the Ritz value θr = zT
r Ârzr and the residual r(zr) = Ârzr − θBzr by

applying Theorem 3.2 with A = Âr and x = zr. We first consider

Ârzr = Arzr +
r−1∑

k=1

σkεk




n∑

i=1
i6=k

ci
(k)

{
(Bzk)(Bzi)T + (Bzi)(Bzk)T

}

 zr + O(ε2)

= Arzr +
r−1∑

k=1

σkεkcr
(k)(Bzk) + O(ε2),

and get

θr = zr
T Ârzr = zr

T Arzr + zr
T {

r−1∑

k=1

σkεkcr
(k)(Bzk)}+ O(ε2)

= λr + O(ε2).

We have

r(zr) = Ârzr − θrBzr

= Arzr +
r−1∑

k=1

σkεkcr
(k)(Bzk)− λrBzr + O(ε2)

=
r−1∑

k=1

σkεkcr
(k)(Bzk) + O(ε2)

and

‖r(zr)‖2
B−1 = {

r−1∑

k=1

σkεkcr
(k)(Bzk)}T B−1{

r−1∑

k=1

σkεkcr
(k)(Bzk)}

=
r−1∑

k=1

σk
2εk

2cr
(k)2.

Now from (5), it follows that

|λ̂r − λr| ≤
‖r(zr)‖2

B−1

dr
=

1
dr

r−1∑

k=1

σk
2εk

2cr
(k)2 ≤ 1

dr
ε2c2

r

r−1∑

k=1

σ2
k,

where dr = min
i6=r

|λ̂r − λ̂i|. ¤
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In [13] they considered the bounds of λ̂k, k ≥ 2, based only on the Â2 while the
bound we obtained in (8) concerns for general updating procedure. Furthermore, we
only need to focus on the bound of λ̂r, which is the smallest eigenvalue of Âr, rather
than the bounds of eigenvalues λ̂k, k > 2, of Â2 as in [13].
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MAX-NORM ERROR ESTIMATES FOR FINITE ELEMENT
METHODS FOR NONLINEAR SOBOLEV EQUATIONS

SO-HSIANG CHOU AND QIAN LI
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Abstract. We consider the finite element method applied to nonlinear Sobolev
equation with smooth data and demonstrate for arbitrary order (k ≥ 2) finite el-
ement spaces the optimal rate of convergence in L∞

�
W 1,∞(Ω)

�
and L∞(L∞(Ω))

(quasi–optimal for k = 1). In other words, the nonlinear Sobolev equation can be
approximated equally well as its linear counterpart. Furthermore, we also obtain su-
perconvergence results in L∞(W 1,∞(Ω)) for the difference between the approximate
solution and the generalized elliptic projection of the exact solution.

1. Introduction

Consider the nonlinear Sobolev equation on a bounded smooth domain Ω ⊂ R2

ut = ∇ · {a(x, u)∇ut + b(x, u)∇u}+ f(x, u), (x, t) ∈ Ω× [0, T ],
u(x, 0) = u0(x), x ∈ Ω,

(1.1)
u(x, t) = 0, (x, t) ∈ ∂Ω× [0, T ],

where ut = ∂u/∂t, the functions a, b, f, u0 are smooth enough for the ensuing analysis
to be valid, and the function a(x, u) is bounded below and above:

(1.2) 0 < a∗ ≤ a(x, u) ≤ M, x ∈ Ω, u ∈ R.

Since we shall show that the approximate solution is uniformly convergent to the exact
solution of (1.1), assumption (1.2) needs hold only in a neighborhood of the exact
solution. Problems of form (1.1) arise in many physical applications such as the flow
of fluids through fissured rock [2] and dispersive waves [3]. For more detail the reader
is referred to [1, 5] and the references therein.

We shall use Wm,p(Ω) to denote the usual Sobolev spaces and ‖ · ‖m,p the corre-
sponding norms. When p = 2 we write Hm(Ω) for Wm,p(Ω) with ‖ · ‖m,2 = ‖ · ‖m, and
‖ · ‖0,2 = ‖ · ‖. Let X be a Banach space with norm ‖ · ‖X . For φ : [0, T ] → X, define

‖φ‖p
Lp(X) :=

∫ T

0
‖φ(t)‖p

Xdt, 1 ≤ p < ∞, ‖φ‖L∞(X) = sup
0≤t≤T

‖φ(t)‖X .

AMS(MOS) subject classifications. 65M60, 65M15.
Key words: superconvergence, Sobolev equations, maximum norm error estimates.
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We use (·, ·) to denote L2(Ω) or L2(Ω)2 inner product. The symbol C will be used as a
generic constant independent of the triangulation mesh gauge h and may have different
values at different places.

Let Sh be a finite-dimensional subspace of⊂ H1
0 (Ω)∩W 1,∞(Ω) such that the following

standard approximation and inverse properties hold:

inf
χ∈Sh

{||φ− χ||0,p + h||φ− χ||1,p ≤ C||φ||r,phr, φ ∈ H1
0 (Ω) ∩W r,p,

1 ≤ r ≤ k + 1, 2 ≤ p ≤ ∞,(1.3)

and

||χ||0,∞ ≤ C| ln h|1/2||χ||1, χ ∈ Sh.(1.4)

Throughout the paper we shall refer to the integer k as the order of the approximation
space.

Problem (1.1) has the following semidiscrete approximation:
Find U(·, t) ∈ Sh, t ∈ [0, T ] such that

(Ut, χ) + (a(U)∇Ut + b(U)∇U,∇χ) = (f(U), χ), χ ∈ Sh,

(1.5)
U(0) = Rhu0, x ∈ Ω,

where a(U) = a(x,U), b(U) = b(x, U), f(U) = f(x,U), U(0) = U(x, 0) and Rh is the
generalized elliptic projection operator satisfying Rhu(·, t) ∈ Sh, t ∈ [0, T ] such that for
all χ ∈ Sh

(1.6)(
a(u)∇(u−Rhu) +

∫ t

0
[b(u(τ))− au(u(τ))ut(τ)]∇(u(τ)−Rhu(τ))dτ,∇χ

)
= 0.

Differentiating (1.6) leads to

(1.7) (a(u)∇(u−Rhu)t + b(u)∇(u−Rhu),∇χ) = 0, χ ∈ Sh,

and now setting t = 0 gives

(1.8) (a(u(0))∇(u(0)−Rhu(0)),∇χ) = 0.

Note that (1.7)-(1.8) is equivalent to (1.6). From (1.8), it is clear that Rh is the general-
ization of the usual elliptic projector [16] associated with the error analysis of parabolic
problems. The projector Rh was first introduced in [4, 11] for integrodifferential equa-
tions to unify and obtain optimal error analysis of the associated Galerkin method. In
this context, the partial derivative term au is not needed. Although the Sobolev equa-
tion (1.1) cannot be put into the general integrodifferential form studied in [4, 9, 11],
Lin et al. [14, 15] introduced (1.6) above by including the partial derivative term.

Galerkin finite element methods for the linear and nonlinear Sobolev equations have
been studied in [1, 5, 6, 10, 14, 15]. See also [4, 7, 11] for closely related integrodiffer-
ential equations. In [1, 10, 11] some optimal order H1 and L2 estimates were shown
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in special cases. In addition, One can find in [15] the quasi-optimal order L∞ estimate
for the linear element for (1.1). Some extensive results in one dimension case can be
found in [12]. Up to now it is unclear if the higher order elements possess optimal
L∞ estimate for (1.1). We show in this paper that the answer is positive and demon-
strate the optimal rate of convergence in L∞(W 1,∞(Ω)) and L∞(L∞(Ω)) for arbitrary
order (k ≥ 2) finite element spaces. (Of course for k = 1 one still has quasi-optimal.)
In other words, the nonlinear Sobolev equation can be approximated equally well as
its linear counterpart. Furthermore, we also obtain superconvergence results in the
L∞(W 1,∞(Ω)) norm for the approximate spaces. The rest of this paper is organized as
follows. In section 2 we derive some preliminary lemmas. In section 3 we demonstrate
the main results of this paper. Max-norm error estimates in W 1,∞(Ω) and L∞ and
superconvergence are given in Thms 3.1, 3.2 and 3.3 respectively. The main tool we
used is the Green’s functions method.

2. Preliminary Lemmas

In the remaining section we shall use u,U and Rhu to denote, respectively, the
solutions of (1.1), (1.5), and (1.6). Let

η = u−Rhu, ξ = U −Rhu.

The following lemma is contained in [4]

Lemma 2.1. Assume that u, ut, utt ∈ L1(Hk+1(Ω)). Then

‖η(t)|| + ||ηt(t)‖+ ‖ηtt(t)‖
(2.1)

≤ Chk+1
2∑

j=0

[‖∂ju

∂tj
(t)||k+1 +

∫ t

0
||∂

ju

∂tj
(τ)||k+1dτ ]

The above lemma combined with the inverse properties and the interpolation theory
give at once the following lemma.

Lemma 2.2. Assume that u, ut, utt ∈ L1(Hk+1(Ω)). Then

(2.2)
2∑

j=0

‖ ∂j

∂tj
Rhu‖L∞(W 1,∞(Ω)) ≤ C.

Applying Lemmas 2.1 and 2.2, we can prove the superconvergence estimates of ξ and
ξt in H1.

Lemma 2.3. If u(0), ut(0) ∈ Hk+1(Ω), u, ut, utt ∈ L2(Hk+1(Ω)) then the following
superconvergence result holds:

(2.3) ‖ξ(t)‖1 + ‖ξt(t)‖1 ≤ Chk+1.
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Proof. From (1.1), (1.5) and (1.7),

(ξt, χ) + (a(U)∇ξt,∇χ) + (b(U)∇ξ,∇χ)
= (f(U)− f(u)− ηt, χ)− ((a(U)− a(u))∇Rhut,∇χ)

−(((b(U)− b(u))∇Rhut,∇χ), χ ∈ Sh.(2.4)

Differentiate the above with respect to t to obtain

(ξtt, χ) + (a(U)∇ξtt,∇χ) +
1
2
(au(U))Ut∇ξt,∇χ)

= (fu(U)Ut − fu(u)ut − ηtt, χ)− 1
2
(au(U)Ut∇ξt,∇χ)

−(au(U)Ut − au(u)ut)∇Rhut,∇χ)− ((a(U)− a(u))∇Rhutt,∇χ)
−((bu(U)Ut − bu(u)ut)∇Rhu,∇χ)− ((b(U)− b(u))∇Rhutt,∇χ)
−(bu(U)Ut∇ξ,∇χ)− (b(U)∇ξt,∇χ)

:= I1 + . . . + I8(2.5)

Set χ = ξt in (2.5) and proceed to estimate Ij ’s. First note that the left hand-side of
(2.5)

(ξtt, ξt) + (a(U)∇ξtt,∇ξt) +
1
2
(au(U)Ut∇ξt,∇ξt)

=
1
2

d

dt
[||ξt||2 + (a(U)∇ξt,∇ξt)].

It is easy to estimate Ij ’s using (2.1) and (2.2):

|I1| = ((fu(U)(ξt + ηt) + (fu(U)− fu(u))ut − ηtt, ξt)
≤ C[||ξt||2 + ||ηt||2 + ||ξ||2 + ||η||2 + ||ηtt||2]
≤ C[h2k+2 + ||ξ||2 + ||ξt||2],

|I2| = |1
2
(au(U)(ξt + Rhut)∇ξt,∇ξt)|

≤ C(||ξt||L∞(L∞(Ω)) + ||Rhut||L∞(L∞(Ω)))||∇ξt||2
≤ C(||ξt||L∞(L∞(Ω)) + 1)||∇ξt||2,

|I3| = |(au(U)(ξt + ηt) + (au(U)− (au(u)))∇Rhut,∇ξt)
≤ C

(||∇Rhut||L∞(L∞(Ω)) + 1
)
[||ξt||2 + ||ηt||2 + ||ξ||2 + ||η||2 + ||∇ξt||2]

≤ C[h2k+2 + ||ξ||2 + ||ξt||21].
Similarly,

|I4 + I5 + I6 + I8| ≤ C[h2k+2 + ||ξ||2 + ||ξt||21],
|I7| ≤ C(||ξt||L∞(L∞(Ω)) + 1)[||∇ξ||2 + ||∇ξt||2].
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Substitute the above into (2.5) to obtain

d

dt
[ ||ξt||2 + (a(U)∇ξt,∇ξt)]

≤ C(||ξt||L∞(L∞(Ω)) + 1)[h2k+2 + ||ξ||21 + ||ξt||21].(2.6)

From the inverse property (1.4) and the known estimate of ξt (see [14])

||ξt||L∞(L∞(Ω)) ≤ Ch−1||ξt||L∞(L2(Ω)) ≤ Chk ≤ C

and hence from (2.6)

||ξt(t)||21 = ||ξt(t)||2 + ||∇ξt(t)||2

≤ C

[
||ξt(0)||21 + h2k+2 +

∫ t

0
(||ξ(τ)||21 + ||ξt(τ)||21)dτ

]
.(2.7)

Since U(0) = Rhu(0) then ξ(0) = 0. Hence set t = 0 in (2.4) to obtain that for all
χ ∈ Sh

(ξt(0), χ) + (a(Rhu(0))∇ξt(0),∇χ) = −(ηt(0), χ)
+ ([f(Rhu(0))− f(u(0)], χ)− ([a(Rhu(0))− a(u(0)]∇Rhut(0),∇χ)

−([b(Rh(u(0))− b(u(0)]∇Rhut(0),∇χ).

Set χ = ξt(0) and use ab ≤ εa2 + 1
4εb

2 to derive

||ξt(0)||21 ≤ C[||ηt(0)||2 + ||η(0)||2] + ε||ξt(0)||21
and so that by Lemma 2.1

(2.8) ||ξt(0)||1 ≤ Chk+1.

On the other hand,

(2.9) ||ξ(t)||21 ≤ C||∇ξ(t)||2 ≤ C

∫ t

0
||ξt(τ)||21dτ

Add (2.9) to (2.7) and use (2.8) to obtain

||ξ(t)||21 + ||ξt(t)||21 ≤ C[h2k+2 +
∫ t

0
(||ξ(τ)||21 + ||ξt(τ)||21) dτ ].

Now applying the Gronwall’s inequality completes the proof of (2.3). ¤
We will use the Green’s function method [17, 18] to derive max-norm error estimates.

Let us introduce a discrete delta function: for a fixed z in Ω̄, define the discrete delta
function δh

z ∈ Sh by
(δh

z , χ) = χ(z), χ ∈ Sh.

If w = w(x) ∈ W 1,∞(Ω) then a(w) ∈ W 1,∞(Ω). Given a z ∈ Ω̄, a function Gh
z ∈ Sh is

called a discrete Green’s function if

(2.10) (a(w)∇Gh
z ,∇χ) = χ(z) = (δh

z , χ), χ ∈ Sh.
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A function G∗
z ∈ H1

0 (Ω) is called a pre-Green’s function if

(2.11) (a(w)∇G∗
z,∇v) = (δh

z , v) = Phv(z), v ∈ H1
0 (Ω),

where Ph : L2(Ω) → Sh is the L2 projection. A function Gz ∈ W 1,p
0 (Ω) is called a

Green’s function if

(2.12) (a(w)∇Gz,∇v) = v(z), v ∈ W 1,p′(Ω),

where 1
p + 1

p′ = 1, 1 ≤ p < 2.

We shall also need the discrete Green’s functions associated with the max-norm
estimates of the partial derivatives. Given a fixed unit vector e, we define the directional
derivative Dz,e of F : Ω → R as

(2.13) Dz,eF := lim
t→0

F (z + te)− F (z)
t

.

In this paper, the direction vector e will be taken as one of the unit coordinate
vectors, i.e., e = e1 = (1, 0)t or e = e2 = (0, 1)t, and so when there is no danger of
confusion, we will simply write Dz,e = ∂z. It is easy to see that

∂z(a(w)∇Gh
z ,∇χ) = (a(w)∇∂zG

h
z ,∇χ), χ ∈ Sh

and

∂z(δh
z , χ) = (∂zδ

h
z , χ), χ ∈ Sh.

Thus from (2.10) we have

(a(w)∇∂zG
h
z ,∇χ) = (∂zδ

h
z , χ), χ ∈ Sh.

(Note that the above equation is valid only for z in the interior of elements.) Alterna-
tively, one can simply define ∂zG

h
z = Dz,eG

h
z as the function gz

h,i (here e = ei, i = 1, or
2) satisfying the equation

(a(w)∇gz
h,i,∇χ) =

∂

∂xi
χ(z) χ ∈ Sh.

This is done in [13]. In other words, in terms of our notation ∂zG
h
z = gz

h,i. Similar
comments can be made about ∂zG

∗
z once one interprets (2.13) in the weak sense. Hence

(a(w)∇∂zG
∗
z,∇v) = Ph∂zv(z), v ∈ H1

0 (Ω),
(2.14)

(a(w)∇(∂zG
∗
z − ∂zG

h
z ),∇χ) = 0, χ ∈ Sh.

The following lemma is contained in [18] (see also [13]; bearing the above notation
convention in mind).
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Lemma 2.4. The following properties hold:

||Gz||1,1 + ||G∗
z||1,1 + ||∂zG

∗
z − ∂zG

h
z ||1,1 + h||∂zG

∗
z||2,1 ≤ C,

(2.15)
||∂zG

∗
z||1,1 ≤ C| ln h|.

The next lemma concerns the stability of Rh.

Lemma 2.5. Suppose that v, vt ∈ H1
0 (Ω)∩W 1,∞(Ω)∩L1(W 1,∞(Ω)). Then the gener-

alized elliptic projection of (1.7) has the following stability property:

(2.16) ||Rhvt(t)||1,∞ ≤ C[||v(0)||1,∞ + ||vt(t)||1,∞ +
∫ t

0
||vt(τ)||1,∞dτ.]

Proof.
Set w = v in the definition of the Green’s function and let ζ = v − Rhv. From (2.14)1
and (2.14)2

Ph∂zζt(z, t) = (a(v)∇ζt,∇∂zG
∗
z)

= (a(v)∇ζt,∇(∂zG
∗
z − ∂zG

h
z )) + (b(v)∇ζ,∇(∂zG

∗
z − ∂zG

h
z ))

−(b(v)∇ζ,∇∂zG
∗
z)

= (a(v)∇vt,∇(∂zG
∗
z − ∂zG

h
z )) + (b(v)∇(v − Phv),∇(∂zG

∗
z − ∂zG

h
z ))

+(b(v)∇Phζ,∇(∂zG
∗
z − ∂zG

h
z ))− (b(v)∇Phζ,∇∂zG

∗
z)

−(b(v)∇(v − Phv),∇∂zG
∗
z) = Q1 + . . . + Q5.(2.17)

Use (2.15)1 to obtain

|Q1| ≤ C||vt||1,∞||∂zG
∗
z − ∂zG

h
z ||1,1 ≤ C||vt(t)||1,∞.

From the property of Ph and bounds of the form (1.2) for b(v) and its derivative, we
have

|Q2| ≤ C||v(t)− Phv(t)||1,∞||∂zG
∗
z − ∂zG

h
z ||1,1

≤ C||v(t)||1,∞ ≤ C[||v(0)||1,∞ + ||
∫ t

0
vt(τ)dτ ||1,∞],

|Q3| ≤ C||Phζ(t)||1,∞||∂zG
∗
z − ∂zG

h
z ||1,1 ≤ C[||Phζ(0)||1,∞ +

∫ t

0
||Phζt(τ)||1,∞dτ ].
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For Q4 use Green’s identity, (2.14)1, and (2.15)2 to obtain

|Q4| = |(a(v)∇(
b(v)
a(v)

Phζ),∇∂zG
∗
z)− (a(v)Phζ∇(

b(v)
a(v)

),∇∂zG
∗
z)|

≤
∣∣∣∣Ph∂z

(
b(z, v(z, t))
a(z, v(z, t))

Phζ(z, t)
)∣∣∣∣ +

∣∣∣∣
(
∇ · (a(v)Phζ∇(

b(v)
a(v)

)), ∂zG
∗
z

)∣∣∣∣
≤ C||Phζ(t)||1,∞(1 + ||∂zG

∗
z||1,1)

≤ C[||Phζ(0)||1,∞ +
∫ t

0
||Phζt(τ)||1,∞dτ ].

Use v − Phv for the ζ in Q4 to have

|Q5| ≤ C[||v(0)− Phv(0)||1,∞ +
∫ t

0
||vt(τ)− Phvt(τ)||1,∞dτ ]

≤ C[||v(0)||1,∞ +
∫ t

0
||vt(τ)||1,∞dτ ].

By Thm. 1 of [14],

||Rhv(t)||1,∞ ≤ C[||v(t)||1,∞ +
∫ t

0
||v(τ)||1,∞] dτ

and so that

(2.18) ||Phζ(0)||1,∞ ≤ ||Phv(0)||1,∞ + ||Rhv(0)||1,∞ ≤ C||v(0)||1,∞.

Substitute the estimates for Q1–Q5 into (2.17) and combine (2.18) to derive

||Phζt(t)||1,∞ ≤ C[||v(0)||1,∞ + ||vt(t)||1,∞ +
∫ t

0
||vt(τ)||1,∞dτ +

∫ t

0
||Phζt(τ)||1,∞dτ ].

Use Gronwall’s inequality to obtain

(2.19) ||Phζt(t)||1,∞ ≤ C[||v(0)||1,∞ + ||vt(t)||1,∞ +
∫ t

0
||vt(τ)||1,∞dτ ].

Hence by the triangle inequality and the stability of Ph we have

||Rhvt(t)||1,∞ ≤ ||Phζt(t)||1,∞ + ||Phvt(t)||1,∞
≤ ||Phζt(t)||1,∞ + ||vt(t)||1,∞.

Combining this with (2.19) completes the proof. ¤
We now show the max-norm estimates of η.

Lemma 2.6. Suppose that u(0) ∈ W k+1,∞, u(t), ut(t) ∈ W k+1,∞(Ω)∩L1(W k+1,∞(Ω)).
Then the following estimates hold. For k ≥ 1,

||η(t)||1,∞ + ||ηt(t)||1,∞(2.20)

≤ Chk[||u(0)||k+1,∞ + ||ut(t)||k+1,∞ +
∫ t

0
||ut(τ)||k+1,∞dτ ],
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||η(t)||0,∞ + ||ηt(t)||0,∞(2.21)

≤ Chk+1

[
| ln h|r̄||u(0)||k+1,∞ + ||u(t)||k+1,∞ + ||ut(t)||k+1,∞ +

∫ t

0
||ut(τ)||k+1,∞dτ

]
,

r̄ = 1, if k = 1; r̄ = 0 if k ≥ 2.

Proof.

Let Πhu be the usual interpolant of u in Sh. By Lemma 2.5 and the interpolation
property we have

||ηt(t)||1,∞ ≤ ||ut −Πhut||1,∞ + ||Rh(ut −Πhut)||
≤ ||ut −Πhut||1,∞

+C[||u(0)−Πhu(0)||1,∞ + ||ut(t)−Πhut(t)||1,∞ +
∫ t

0
||ut(τ)−Πhut(τ)||1,∞dτ ]

≤ Chk[||u(0)||k+1,∞ + ||ut(t)||k+1,∞ +
∫ t

0
||ut(τ)||k+1,∞dτ ].(2.22)

Observe that

(2.23) ||η(t)||r,∞ ≤ ||η(0)||r,∞ +
∫ t

0
||ηt(τ)||r,∞dτ r = 0, 1.

Noting that when t = 0, the generalized elliptic projection operator Rh is the same
as the Ritz projection operator, we have

(2.24) ||η(0)||1,∞ ≤ Chk||u(0)||k+1,∞

and

(2.25) ||η(0)||0,∞ ≤ Chk+1| ln h|r̄||u(0)||k+1,∞.

Combining (2.22), (2.24), with (2.23), we derive the assertion (2.20).
As for the second assertion of the theorem, the case of k = 1 has been demonstrated

in [14]. Let us show the case k ≥ 2. Set w = u in the definitions of Gz and Gh
z to

obtain from (1.7)

ηt(z, t) = (a(u)∇ηt,∇Gz)

= (a(u)∇ηt,∇(Gz −Gh
z )) + (b(u)∇η,∇(Gz −Gh

z ))
−(b(u)∇(u− Phu),∇Gz)− (b(u)∇Phη,∇Gz)

= J1 + J2 + J3 + J4.(2.26)
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Use (2.15) and the property of Ph to get

|J1| ≤ C||ηt||1,∞||Gz −Gh
z ||1,1 ≤ Ch||ηt||1,∞,

|J2| ≤ C||η||1,∞||Gz −Gh
z ||1,1 ≤ Ch||η||1,∞,

|J3| = |(a(u)∇(
b(u)
a(u)

(u− Phu)),∇Gz)− (a(u)(u− Phu)∇(
b(u)
a(u)

),∇Gz)|

= | b(u)
a(u)

(u− Phu)|+ ||u− Phu||0,∞||Gz||1,1

≤ C||u− Phu||0,∞(1 + ||Gz||1,1) ≤ C||u− Phu||0,∞
≤ Chk+1||u(t)||k+1,∞.

Substitute Phη for u− Phu in the above inequality and use (2.23) to obtain

|J4| ≤ C||Phη(t)||0,∞ ≤ ||η||0,∞ ≤ C[||η(0)||0,∞ +
∫ t

0
||ηt(τ)||0,∞dτ ].

Substituting the estimates for J1–J4 into (2.26) to derive
(2.27)

||ηt(t)||0,∞ ≤ C{hk+1||u(t)||k+1,∞+||η(0)||0,∞+h[||η(t)||1,∞+||ηt(t)||1,∞]+
∫ t

0
||ηt(τ)||0,∞dτ}.

Finally the proof is complete by applying the Gronwall’s inequality to (2.27) and com-
bining (2.20), (2.25), and the property of Ph. ¤

3. Main Theorem

In this section, we will employ lemmas given in the previous section to derive the
main theorems of this paper. Our first result deals with the error estimates of U − u
in W 1,∞.

Theorem 3.1. Suppose that u, ut ∈ L∞(W k+1,∞(Ω)), utt ∈ L2(Hk+1(Ω)) then the
following estimate holds

(3.1) ||U − u||L∞(W 1,∞(Ω)) + ||(U − u)t||L∞(W 1,∞(Ω)) ≤ Chk.

Proof.
¿From the inverse property, (2.2) and (2.3) we derive

||U ||L∞(W 1,∞(Ω)) ≤ ||Rhu||L∞(W 1,∞(Ω)) + ||ξ||L∞(W 1,∞(Ω))

≤ ||Rhu||L∞(W 1,∞(Ω)) + ch−1||ξ||L∞(H1(Ω))

≤ ||Rhu||L∞(W 1,∞(Ω)) + Chk ≤ C
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Since U ∈ L∞(W 1,∞(Ω)), a(U) ∈ L∞(W 1,∞(Ω)). We can set w = U in the definition
of the Green’s function and derive from (2.14)1 and (2.4) that

∂zξt(z, t) = (a(U)∇ξt,∇∂zG
∗
z)

= ((f(U)− f(u)− ξt − ηt, ∂zG
∗
z)− ((a(U)− a(u))∇Rhut,∇∂zG

∗
z)

(3.2)
−((b(U)− b(u))∇Rhu,∇∂zG

∗
z)− (b(U)∇ξ,∇∂zG

∗
z)

Estimate the above equation by (2.1)-(2.3), imbedding theorem, and (2.15)1 to obtain

||ξt(t)||1,∞ ≤ C(||∇Rhu||L∞(L∞(Ω)) + 1)[||ξ||1 + ||η||+ ||ξt||+ ||ηt||]||∂zG
∗
z||1

(3.3)

≤ Chk+1||∂zG
∗
z||2,1 ≤ Chk

On the other hand,

(3.4) ||ξ(t)||1,∞ ≤
∫ t

0
||ξt(τ)||1,∞dτ.

Combining (3.3), (3.4), and (2.20) completes the proof. ¤
Our next theorem is to derive the max-norm estimates of U − u in L∞.

Theorem 3.2. Suppose the hypotheses of Thm. 3.1 hold. Then

||U − u||L∞(L∞(Ω)) + ||(U − u)t||L∞(L∞(Ω)) ≤ Chk+1| lnh|r̄,
(3.5)

r̄ = 1 if k = 1, r̄ = 0 if k ≥ 2.

Proof.
¿From (2.22) and the previous arguments, it suffices to show that

(3.6) ||ξt||L∞(L∞(Ω)) ≤ Chk+1| ln h|r̄.

Similar to (3.2), we have

ξt(z, t) = (a(U)∇ξt,∇G∗
z)

= (f(U)− f(u)− ξt − ηt, G
∗
z)− ((a(U)− a(u))∇Rhut,∇G∗

z)
−((b(U)− b(u))∇Rhu,∇G∗

z)− (b(U)∇ξ,∇G∗
z)
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and hence

||ξt(t)||0,∞ ≤ C(||ξ||+ ||η||+ ||ξt||+ ||ηt||) ||G∗
z||1,1

+(||∇Rhut||L∞(L∞(Ω)) + ||∇Rhu||L∞(L∞(Ω)))(||ξ||0,∞ + ||η||0,∞)||G∗
z||1,1

+|(a(U)∇(
b(U)
a(U)

ξ),∇G∗
z)− (a(U)ξ∇(

b(U)
a(U)

),∇G∗
z)|

≤ C[hk+1| ln h|r̄ + ||ξ||0,∞ + |Ph(
b(U)
a(U)

ξ)|
+||ξ||0,∞||G∗

z||1,1]

≤ C[hk+1| ln h|r̄ +
∫ t

0
||ξt(τ)||0,∞dτ ].

Now applying the Gronwall’s inequality completes the proof. ¤
Finally we turn to the superconvergence.

Theorem 3.3. Suppose the hypotheses of Thm. 3.1 hold. Then the following super-
convergence results hold:

||U −Rhu||L∞(W 1,∞(Ω)) + ||(U −Rhu)t||L∞(W 1,∞(Ω)) ≤ Chk+1| ln h|r̄+1,

(3.7)
r̄ = 1 if k = 1, r̄ = 0 if k ≥ 2.

Proof. By (2.15), (2.16), and (3.4), we derive from (3.2) that

||ξt(t)||1,∞ ≤ C[||ξ||+ ||η||+ ||ξt||+ ||ηt||) ||∂zG
∗
z||1,1 + ||U − u||0,∞||∂zG

∗
z||1,1]

+
∣∣∣∣
(
∇ · (a(U)ξ∇ b(U)

a(U)
), ∂zG

∗
z

)∣∣∣∣

≤ C[hk+1| ln h|r̄+1 + |Ph∂z(
b(U)
a(U)

ξ)|+ ||ξ||1,∞|(1 + |∂zG
∗
z)||1,1]

≤ C[hk+1| ln h|r̄+1 + ||ξ(t)||1,∞ + ||∇ξ|| | ln h|]

≤ C[hk+1| ln h|r̄+1 +
∫ t

0
||ξt(τ)||1,∞dτ ].

where in the last step we have used Lemma 2.3. Applying the Gronwall’s inequality
completes the proof. ¤
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BOUNDARY ELEMENT TECHNIQUE IN TORSION PROBLEMS OF
BEAMS WITH MULTIPLY CONNECTED CROSS-SECTIONS

Y. M. TEMIS AND V. V. KARABAN1

J. KSIAM Vol.5, No.2, 39-51, 2001

Abstract. This paper shows how boundary element method can be used to calcu-
late torsion geometrical stiffness of cross-sections of various beams and airfoil profiles.
Using the BEM direct formulation, the technique for determining bending and tor-
sional geometrical characteristics of arbitrary multiply connected cross-sections is
presented. The application limits of several well-known formulae on some test prob-
lems have been demonstrated and discused.

Beam theory is widely applied to dynamics and strength problems of various struc-
tures. Being developed for calculation of naturally pre-twisted beams with non-symmet-
ric alternating cross-section [1, 2], it has taken certain place in analysis of turbine and
compressor blades of gas turbine engines. Furthermore, an important phase in prepar-
ing the initial data for calculation is to determine geometrical characteristics of blade
cross-sections, since the obtained results validity depends on accuracy of these charac-
teristics calculation. Separate problem is to determine geometrical torsion stiffness. At
present, there are several methods of determining this geometrical characteristic of the
elastic homogeneous beams with arbitrary cross-section.

First of all, a whole series of analogies between the elastic beam torsion problems and
hydrodynamics, electrostatics and some other mechanics problems given by Greenhill,
Heaveside, Prandtl et al [3] should be named. Having opened new applications of direct
methods, particularly variational methods, in numerous problems of prismatic beam
torsion, the membrane analogy proposed by Prandtl has played a significant role.

Of all experimental papers, the researches conducted by Weber, Schmieden and
Föppl [3, 4, 5] are worth of special attention. In these investigations the sum of rigidi-
ties of all rectangles composing the profile under consideration is taken as an initial
expression for the determination of the profile torsion stiffness. Then, using experi-
ments, either a correction factor or an additional summand dependant on the profile
dimensions are determined and added to the initial value of stiffness.

A significant role in solving problems of prismatic beam torsion is played by the vari-
ational methods of the elasticity theory. Among them, the methods of Kantorovich,
Trefftz, Ritz and Galerkin are applied most widely. Ref [3] deserves special attention of
all papers on this subject. In this paper, to determine the stress function in the torsion
problem for beams with polygonal cross-section, in particular for rolled sections (chan-
nel, I-beam, etc.), the authors have used the method, which essence is in reducing the

39
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problem of stress function definition to solving the completely regular infinite systems
of linear equations by means of ancillary functions expanding in series, with structure
determined by the homogeneous boundary conditions. One can also note Ref [6] where
the authors have applied the variational method with R-functions as approximation
functions to solve the torsion problems.

Some substantial results for beams with cross-sections bounded by functions with
piecewise continuous derivatives to n-th order inclusively have been obtained by con-
formal map method. The theory of complex variable functions has found application
for solving the problems of elastic beam torsion in papers of Muskhelishvili [7]. He
has shown that the problem of elastic beam torsion can be solved if the function map-
ping the cross-section domain into the circle in case of continuous beam, and in case
of hollow beam – into the circular ring, is known. Development of this method with
illustrations of many particular problems is given by Weber and Günter [8].

To estimate the torsion stiffness the approximate relationships are usually applied,
among them the Vlasov’s formula [1] and the formulae of Bredt and Griffits-Prescott
for thin-walled section [3] are worth of most attention. The finite difference method,
the relaxation method, which is a certain derivation of the Zeidel’s iterative scheme,
and the finite element method (FEM) are the most widely applied of all numerical
methods whose results are sufficiently accurate for the practical use. For instance,
Ref [9] contains the FEM solution of the torsion problem for the beams with hollow
square cross-section. One should also note Ref [10] where errors of geometrical torsion
stiffness calculation by various approximate formulae are estimated versus specific blade
geometrical parameters, and Ref [11] where the extent of influence of the internal
canal form in cooled blades on their geometrical characteristics is estimated. For more
detailed review of literature dedicated to elastic beam torsion problems see Ref [3].

Present paper has an aim to demonstrate the capacities of the boundary element
method (BEM) as an alternative to the mentioned above techniques of determining the
geometrical torsion stiffness. This approach is implemented in the designed by authors
automatic system of geometrical characteristics determining for the arbitrary one- and
multiply connected cross-sections [12].

As it is known, the prismatic beam torsion problem is reduced to the problem of the
equation integration [13]

∂τxz

∂x
+

∂τyz

∂y
= 0,

∂τxz

∂y
− ∂τyz

∂x
= −2GΘ, (1)

where τxz and τyz are the shear stresses in the beam section (Fig. 1), Θ is the angle of
twist per length, it is constant for all fibers parallel to the axis Z of the twisted beam,
G is the shear modulus of the beam material.

Assume the solution of (1) in the form

τxz = GΘ
∂Φ
∂y

, τyz = −GΘ
∂Φ
∂x

, (2)
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Figure 1. Boundary con-
ditions on the beam edge
surface.

Figure 2. The go round
rule of the multiply con-
nected cross-section.

where Φ(x, y) is to be defined function of coordinates x and y, it is called the stress
torsion function or the Prandtl’s function. In the cross-section domain of the twisted
beam, this function must satisfy the Poisson’s equation

∂2Φ
∂x2

+
∂2Φ
∂y2

= ∇2Φ(x, y) = −2. (3)

For the one connected domain the stress function must satisfy the following boundary
condition

Φ(x, y) = 0 ∀x, y ∈ Γ0. (4)
The relationship for the torsion moment in the arbitrary multiply connected cross-

section may be presented in the following way

Mt = GΘJt, (5)

where
Jt = 2

∫

Ω
Φ(x, y) dΩ. (6)

Value Jt is called the geometrical torsion stiffness of the homogeneous beam, and as
well as the stress function Φ(x, y) it is the function of the beam cross-section coordi-
nates.

For the multiply connected cross-section (Fig. 2) the stress function Φ(x, y) keeps
values C0, C1, C2, C3, . . . Cn constant at each of the contours Γ0, Γ1, Γ2, Γ3, . . . Γn.
Meanwhile, only one of those constants can be chosen arbitrary (C0 = 0) and then

Φ = 0 ∀x, y ∈ Γ0, Φ = Ck ∀x, y ∈ Γk, where k = 1, n. (7)

Let Φ0(x, y) denote the solution of the differential equation (3) in the domain Ω
with the boundary conditions Φ0 = 0 ∀x, y ∈ Γ0, Γ1, Γ2, Γ3, . . . Γn. Let also Φk(x, y)
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denote functions that are harmonic in the domain Ω, i.e.

∇2Φk = 0, (8)

and satisfy the boundary conditions Φk = 0 ∀x, y ∈ Γ0, . . . Γk−1, Γk+1, . . . Γn;
Φk = 1 ∀x, y ∈ Γk.

Then, the stress function may be presented in the form [14]

Φ(x, y) = Φ0(x, y) +
n∑

k=1

CkΦk(x, y). (9)

The unknown constants Ck are determined by the Bredt’s theorem about shear stress
circulation [3] ∮

Γi

∂Φ
∂n

ds = 2Fi, (10)

here Fi is the area of the i-th contour.
Using condition (10) for every internal contour, we obtain the system of linear equa-

tions that in the matrix form can be represented in the following way

[A]{C} = {Y }, (11)

where Aij =
∮

Γi

∂Φj

∂n
ds, Yi = 2Fi −

∮

Γi

∂Φ0

∂n
ds.

For the multiply connected cross-section, formula for Jt has a little more complicated
form

Jt = 2
∫

Ω
Φ(x, y) dΩ + 2

n∑

i=1

CiFi. (12)

Let us find the solution of (3) and (8) using the boundary element method (BEM).
The essence of this method is in reducing the partial differential equation that describes
the unknown function behavior within the domain and on its boundary to the integral
equation that defines only the boundary values, the next step being to take the numer-
ical solution of this equation. Therefore, it is possible to use less unknown values and
the problem order decreases by one, because all approximations due to the numerical
calculation are related only to the boundary, and there are no unknowns within the
domain.

Let use the method of weighted residuals to establish the integral relationships of
the BEM. For the domain under consideration and its boundary the residual functions
in (8) may be defined as

R0 = ∇2Φk 6= 0 ∀x, y ∈ Ω,

Ri = Φk − Φi 6= 0 ∀x, y ∈ Γi, (13)
where Φj = 0 if i 6= k and Φi = 1 if i = k.

Our aim is to minimize the residual functions on the boundary Γ as well as in the
domain Ω. It can be proposed to minimize these functions by making their average
values go to zero [15].Assume now that the unknown function Φk satisfies all boundary
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conditions Ri = 0, except one (R0 6= 0). Furthermore, assume that the residual function
is distributed within the domain Ω according to the form of the weighting function
w [16]. Thus, using function w, one can consider the domain-averaged value of the
residual function R ∫

Ω
Rw dΩ =

∫

Ω

(∇2Φk

)
w dΩ = 0. (14)

For further transformations we need to use the second Green’s formula∫

Ω

(
w∇2Φk − Φk∇2w

)
dΩ =

∮

Γ

(
w

∂Φk

∂n
− Φk

∂w

∂n

)
dΓ, (15)

where n is the exterior normal to the contour Γ which bounds the domain Ω and which
is gone round anti-clockwise.

Then, taking into account (14) expression (15) can be rewritten in the form∫

Ω

(∇2w
)
Φk dΩ =

∮

Γ
Φk

∂w

∂n
dΓ−

∮

Γ
w

∂Φk

∂n
dΓ. (16)

If the system of basis functions, which makes the domain integrals go to zero, is
chosen as the weighting function, there are only the contour integrals in (16).

According to BEM, the fundamental solution corresponding to the concentrated
potential given at a point is usually taken as the weighting function w. For instance,
for the Laplace’s equation the fundamental solution has the form [15]

Φ∗ =
1
2π

ln
(

1
r

)
, (17)

where r =
√

(x− xi)2 + (y − yi)2, and it is the solution of the equation

∇2Φ∗ = −δi, (18)

here δi is the delta function.
It should be noted that Φ∗ is the function of two points: one point is (xi, yi), where

the considered delta function has a singularity, the other point (x, y) is the point of
observation, it is an independent variable in equation under investigation.

Therefore, using (18), left side of (16) may be transformed as∫

Ω

(∇2Φ∗Φk

)
dΩ = −

∫

Ω
δiΦk dΩ = −Φk(xi, yi). (19)

Expression (16) may be now rewritten in the following form

Φk(xi, yi) +
∮

Γ
ΦkQ

∗ dΓ =
∮

Γ
Φ∗Qk dΓ, (20)

where Q∗ = ∂Φ∗/∂n and Qk = ∂Φk/∂n.
Expression (20) is correct if point (xi, yi) is in the domain Ω, but to formulate the

problem using the contour integrals point (xi, yi) must lie on the contour Γ. The merit of
this formulation is in moderation of smoothness limitations (in the sense of Lyapounov)
of the domain boundary, therefore, this formulation is applicable for more general form
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of regular boundaries including boundaries with corners [15]. Thus, considering point
(xi, yi) on the boundary and taking into account the integral sudden in the left side
of (20), we have the following boundary integral equation

ζiΦk(xi, yi) +
∮

Γ
ΦkQ

∗ dΓ =
∮

Γ
Φ∗Qk dΓ. (21)

The value ζi is equal to the interior boundary angle at the point (xi, yi) (in radians) per
value of 2π. Eq. (21) is also known as the basic equation of the BEM direct formulation
for the problem (8). It provides functional constraint between functions Φk and Qk on
the boundary Γ, this fact itself proves their values match on the boundary. Since for
our case a Dirichlet’s problem is to be solved and the function values are given on the
boundary, we obtain Fredholm’s equation of the first kind for determining unknown
values of function normal derivatives Qk on the boundary.

Consider now the Poisson’s equation (3) from which the function Φ0 should be de-
fined. The initial relationship of the weighted residual method for this equation has
the form ∫

Ω

(∇2Φ0 + 2
)
w dΩ = 0. (22)

Performing transformations analogous to those conducted earlier for the Laplace’s
equation and choosing the fundamental solution in the form of (17) we get the equation
of the BEM direct formulation for Poisson’s problem (3)

ζiΦ0(xi, yi) +
∮

Γ
Φ0Q

∗ dΓ− 2
∫

Ω
Φ∗ dΩ =

∮

Γ
Φ∗Q0 dΓ. (23)

where Q0 = ∂Φ0/∂n.
The left side of (23) contains the domain integral of the function Φ∗. In the general

case, it can be evaluated by dividing the domain into finite triangular or quadrilateral
elements and applying to them numerical integration formulae. However, alternative
and more effective method to transform the domain integral into the equivalent contour
integral using second Green’s formula (15) can be suggested. Indeed, if there is a
function V ∗ such that

∇2V ∗ = Φ∗, (24)

then, using expressions (15) and (24), we have from (23)
∫

Ω
Φ∗ dΩ =

∫

Ω

(∇2V ∗) dΩ =
∮

Γ

∂V ∗

∂n
dΓ. (25)

One of these functions V ∗ is presented in Ref [15] in the form

V ∗ =
r2

8π

(
ln

1
r

+ 1
)

. (26)
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Hence, expression (23) may be presented in the following form, which contains only
the contour integrals

ζiΦ0(xi, yi) +
∮

Γ
Φ0Q

∗ dΓ− 2
∮

Γ

∂V ∗

∂n
dΓ =

∮

Γ
Φ∗Q0 dΓ. (27)

Taking into account the boundary conditions for function Φ0, which goes to zero on
all contours, we have definitive form of (27)

−2
∮

Γ

∂V ∗

∂n
dΓ =

∮

Γ
Φ∗Q0 dΓ. (28)

For the particular case of the beam cross-section geometry, it is necessary to reduce
the initial integral equation (21) or (28) to the algebraic system of equations in order
to use further the numerical approach. To do that the following stages should be
performed.

(1) The boundary Γ is divided into the elements, within these elements the function
Φ0 or Φk and its normal derivative vary according to the chosen interpolation
functions. Line segments with the linear distribution law for named functions
within each of them are considered below as these elements.

(2) According to the collocation method, the discrete form of the equation connect-
ing the function and its normal derivative values in each node is written down
for isolated nodal point distributed within the element.

(3) The integrals around each element are calculated using the standard formulae
of the non-dimensional Gauss quadratures.

(4) By imposing the boundary conditions, one gets the system of linear algebraic
equations, which can be solved using the direct or iteration method and then
the unknown values of the function normal derivative in the nodal points can
be determined.

(5) At last, the values of the function Φ0 or Φk in the arbitrary interior point may
be determined by the known values of the function and its normal derivative
on the boundary using numerical integration of (20) or (27).

As it was shown, the geometrical torsion stiffness Jt of the beam multiply connected
section can be calculated by the well-known formula (12). The integral around the
domain Ω in (12) may be reduced to the integral around the boundary Γ by the second
Green’s formula using function U , such that

∇2U = 1. (29)

For instance,

U =
1
4

(
x2 + y2

)
. (30)

If the origin of the coordinate system XY is placed in the mass center of the beam
section, then, taking into account (29) and (30), formula (12) is easily reduced to the
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following form

Jt = −2
∮

Γ
U

∂Φ(x, y)
∂n

dΓ− Jp = −2
∮

Γ
U

(
Q0 +

n∑

k=1

CkQk

)
dΓ− Jp, (31)

here n is the number of the interior contours, Jp is the section polar moment of inertia,
its value is equal to the sum of the axial moments of inertia

Jp = Jx + Jy, Jx =
∫

Ω
y2 dΩ, Jy =

∫

Ω
x2 dΩ. (32)

To transform the integrals around domain in expression (32) to the contour integrals
we may use the Green’s formula for the plane domain

∫

Ω

(
∂Q

∂x
− ∂P

∂y

)
dΩ =

∮

Γ
P dx + Q dy. (33)

Thus, geometrical bending characteristics of the section could be defined, for exam-
ple, as

Jx = −1
3

∮

Γ
y3 dx, Jy = −

∮

Γ
x2y dx. (34)

Numerical Examples

Circle. Geometrical torsion stiffness is defined as Jt = Jp = πd4/32 = 0.09817d4 [13].
Table 1 contains the results obtained by BEM versus the number of boundary elements.

Table 1
Number of elements 4 10 20 30 50 70 100 200 300

J
(p)
t × 10−2/d4 4.528 8.745 9.543 9.695 9.774 9.795 9.807 9.815 9.816

Equal-side angle. The geometrical torsion stiffness formula proposed by Arutunyan
and Abramyan [3] has the form

J
(1)
t =

2
3
bd3

(
1− 0.942

d

b

)
at

b

d
> 2. (35)

Formulae offered by Weber and Schmieden for the equal-side angle have the following
forms respectively

J
(2)
t =

2
3
bd3

(
1− 0.8

d

b

)
(36)

J
(3)
t =

2
3
bd3

(
1− 0.2166

d

b

)
(37)

Table 2 presents the dependency of non-dimensional value J
(p)
t /d4 on the boundary

element number used for BEM calculation and the condensation of elements to the base
line ends for the case b/d = 4.
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Table 2
Number of elements 15 20 30 50 70 100 200 300

Without condensation 1.960 2.018 2.103 2.158 2.176 2.185 2.193 2.194

With condensation 1.942 2.033 2.151 2.168 2.186 2.185 2.193 2.195

The results obtained by approximate formulae (35)-(37) for different values of di-
mension ratio b/d and the BEM results are presented in Fig. 3.

Figure 3. The relationship between the section geometrical torsion
stiffness and the dimension ratio b/d for the equal-side angle: 1 — by
formula (35), 2 — by formula (36), 3 — by formula (37), 4 — calculation
by BEM.

Hollow square. Table 3 contains the calculation results for Jt/d4 by the known FEM
program ANSYS [9] using linear quadrilateral isoparametric finite element. Because of
the symmetry only a quarter of the profile was considered. The finite element number
decreased with increase of ratio b/d (where b is a half of the side length and d is the wall
thickness) from 128 elements for b/d = 1.5 to 32 elements for b/d = 12. The geometrical
torsion stiffness was calculated using numerical integration around the finite element
mesh. Table 3 presents also the BEM results versus the node number and condensation
of elements to the base line ends. It should be noted that the results obtained by FEM
and BEM show excellent agreement. It is also important that BEM application gives
sufficiently accurate result even with a very small element number (20 nodes) over all
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range of values b/d. This problem evidently shows the advantages of BEM over other
numerical methods and in this case over FEM.

Table 3
b/d 12 6 4 3 2.4 2 1.7 1.5 1

Calculation by FEM [9] 11968 1408 362.2 140.8 64.02 32.95 18.47 11.15 2.243

Calculation by BEM

20 nodes 11630 1440 372.4 144.4 65.41 33.38 18.73 11.31 2.248

Without 50 nodes 11740 1383 365.5 140.4 63.94 32.95 18.49 11.17 2.248

condensation 100 nodes 11940 1401 367.9 141.0 64.12 33.01 18.52 11.18 2.25

200 nodes 12060 1406 368.8 141.2 64.20 33.04 18.53 11.19 2.25

20 nodes 11670 1444 381.9 145.2 65.69 33.73 18.89 11.40 2.262

With 50 nodes 11940 1398 367.7 141.2 64.32 33.13 18.58 11.22 2.251

condensation 100 nodes 12050 1406 368.8 141.3 64.23 33.06 18.55 11.20 2.25

200 nodes 12090 1408 369.2 141.3 64.24 33.06 18.54 11.19 2.25

Compressor blade. The compressor blade cross-section (Fig. 4) has the chord b =
76.417mm and the maximal profile thickness cmax = 4.586mm.

Figure 4. Isolines of the stress function Φ(x, y) for the compressor blade.

To define the approximate upper bound for the geometrical torsion stiffness the
Vlasov’s formula [1] is used

J
(1)
t =

4J
(pr)
1 J

(pr)
2

J
(pr)
1 + J

(pr)
2

, (38)

where J
(pr)
1 and J

(pr)
2 are the principal axial moments of inertia, for the given profile

J
(pr)
1 = 415.9mm4 and J

(pr)
2 = 8.759× 104 mm4.



BOUNDARY ELEMENT TECHNIQUE IN TORSION PROBLEMS 49

The particular case of the Griffits-Prescott’s formula obtained by Labensone [2] is
also often used for the compressor blades

J
(2)
t = 0.162bc3

max. (39)

The results obtained by formulae (38) and (39) and using the BEM technique (100
elements) are presented in Table 4. It should be noted that the Vlasov’s formula (38)
sets off the excess of the considered value of 21.8%, while the formula (39) sets off the
result less of 8.3%.

Table 4
Profile Calculation by BEM Formula (38) Formula (39)

Fig. 4 1294 1656 1194

Fig. 5a 1623 5814 3865

Fig. 5b 2498 6060 3865

a) b)

Figure 5. Isolines of the stress function Φ(x, y) for the a) two-
connected and b) three-connected profiles of the turbine blade.

Turbine blades.
Fig. 5a presents the turbine blade cross-section with chord b = 37.9mm and the

maximal profile thickness cmax = 8.57mm. The profile principal axial moments of
inertia are J

(pr)
1 = 1635mm4 and J

(pr)
2 = 1.314× 104 mm4.
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Figure 6. Isolines of the stress function Φ(x, y) for the turbine blade
cross-section of complex form.

Comparison between the results obtained by the numerical formulae and the BEM
technique shows that the formulae (38) and (39) are not applicable to the definition of
geometrical torsion stiffness in the case of the multiply connected blade profile.

Fig. 5b presents another cross-section of the same turbine blade with the same prin-
cipal geometrical dimensions. For the BEM calculation 250 elements were used.

It should be noted that the blade cross-section geometry in Fig. 5b has only negligible
variations in comparison with the profile shown in Fig. 5a. The bending stiffness of
the profile didn’t almost change (J (pr)

1 = 1693mm4 and J
(pr)
2 = 1.44 × 104 mm4). At

the same time, the geometrical torsion stiffness increased of more than half (53.3%)
because of the transformation of the cross-section from the two connected domain into
the three connected domain. Thus, in the calculation of the natural frequencies and
mode shapes of such blade, the effect of section connectivity changing owing to the
presence of the varying along the blade length spaces doesn’t affect much the bending
frequencies and mode shapes, but influences greatly on the torsion frequencies and
mode shapes. Therefore, the geometrical torsion stiffness should be calculated with
high accuracy by the methods taking into account the blade cross-section details of
construction.

The turbine blade cross-section shown in Fig. 6 was chosen as an another example
to determine geometrical characteristics of complex form cross-sections [17]. The BEM
technique gives the following values of the bending and torsion stiffnesses: J

(pr)
1 =

1712mm4, J
(pr)
2 = 1.487× 104 mm4 and J

(p)
t = 1954mm4.

Fig. 4-6 also present the stress function isolines for all profiles under consideration.
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As it is seen from the results presented above, for airfoil profiles ranging from com-
pressor blades to cooled turbine blades, BEM has been alternative and efficient tech-
nique for calculating geometrical torsion stiffness.
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SUMS AND JOINS OF FUZZY FINITE STATE MACHINES

Sung-Jin Cho

Abstract: We introduce sums and joins of fuzzy finite state machines and investi-
gate their algebraic structures.

1. INTRODUCTION

Since Wee [9] in 1967 introduced the concept of fuzzy automata following Zadeh [10],
fuzzy automata theory has been developed by many researchers. Recently Malik et al.
[5-8] introduced the concepts of fuzzy finite state machines and fuzzy transformation
semigroups based on Wee’s concept [9] of fuzzy automata and related concepts and
applied algebraic technique. Cho et al. [2,4] introduced the notion of a T -fuzzy finite
state machine that is an extension of a fuzzy finite state machine. Even if T = ∧, our
notion is different from the notion of Malik et al. [6,7]. In this paper, we introduce
sums and joins of fuzzy finite state machines that are generalizations of crisp concepts
in algebraic automata theory and investigate their algebraic structures.

For the terminology in (crisp) algebraic automata theory, we refer to [3].

2. PRELIMINARIES

Definition 2.1 [1,4]. A triple M = (Q,X, τ) where Q and X are finite nonempty
sets and τ is a fuzzy subset of Q×X×Q, i.e., τ is a function from Q×X×Q to [0, 1],
is called a fuzzy finite state machine if

∑
q∈Q τ(p, a, q) ≤ 1 for all p ∈ Q and a ∈ X.

1991 Mathematics Subject Classification. 68.
Key words and phrases. Fuzzy finite state machine, covering, cascade product, wreath product,

sums and joins..
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Definition 2.2 [4]. Let M1 = (Q1, X1, τ1) and M2 = (Q2, X2, τ2) be fuzzy finite
state machines. Let α : Q1 −→ Q2 and β : X1 −→ X2 be mappings. Then the pair
(α, β) is called a fuzzy finite state machine homomorphism (which is written by (α, β))
if

τ1(p, a, q) ≤ τ2(α(p), β(a), α(q)), p, q ∈ Q1, a ∈ X1

The homomorphism (α, β) : M1 −→ M2 is called isomorphism if α and β are
bijective respectively.

Definition 2.3 [1,4]. Let M1 = (Q1, X1, τ1) and M2 = (Q2, X2, τ2) be fuzzy finite
state machines. If ξ : X1 −→ X2 is a function and η : Q2 −→ Q1 is a surjective partial
function such that τ1(η(p), a, η(q)) ≤ τ2(p, ξ(a), q) for all p, q in the domain of η and
a ∈ X1, then we say that (η, ξ) is a covering of M1 by M2 and that M2 covers M1

and denote by M1 ≤ M2. Moreover, if the inequality always turns out equality, then
we say that (η, ξ) is a complete covering of M1 by M2 and that M2 completely covers
M1 and denote by M1 ≤c M2.

Example 2.4. Let M = (Q,X, τ) be a fuzzy finite state machine. Define an equiv-
alence relation ∼ on X by a ∼ b if and only if τ(p, a, q) = τ(p, b, q) for all p, q ∈ Q.
Construct a fuzzy finite state machine M1 = (Q,X/ ∼, τ∼) by defining τ∼(p, [a], q) =
τ(p, a, q). Now define ξ : X −→ X/ ∼ by ξ(a) = [a] and η = 1Q. Then (η, ξ) is a
complete covering of M by M1 clearly.

Proposition 2.5. Let M1, M2 and M3 be fuzzy finite state machines. If M1 ≤M2

[resp. M1 ≤c M2] and M2 ≤M3 [M2 ≤c M3], then M1 ≤M3 [M1 ≤c M3].

Proof. It is straightforward.

3. SEVERAL PRODUCTS OF FUZZY FINITE STATE MACHINES

Several products of finite state machines are in [3]. Some of these products have
been fuzzified in [1], [4] and [6]. In this section we introduce sums and joins of fuzzy
finite state machines.

Definition 3.1 [1,6]. Let M1 = (Q1, X1, τ1) and M2 = (Q2, X2, τ2) be fuzzy finite
state machines. The cascade product M1ωM2 of M1 and M2 with respect to ω :
Q2 ×X2 −→ X1 is the fuzzy finite state machine (Q1 ×Q2, X2, τ1ωτ2) with

(τ1ωτ2)((p1, p2), b, (q1, q2)) = ∧(τ1(p1, ω(p2, b), q1), τ2(p2, b, q2)).
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Definition 3.2 [1,6]. Let M1 = (Q1, X1, τ1) and M2 = (Q2, X2, τ2) be fuzzy finite
state machines. The wreath product M1 ◦M2 of M1 and M2 is the fuzzy finite state
machine (Q1 ×Q2, X

Q2
1 ×X2, τ1 ◦ τ2) with

(τ1 ◦ τ2)((p1, p2), (f, b), (q1, q2)) = ∧(τ1(p1, f(p2), q1), τ2(p2, b, q2)).

Now we introduce sums and joins of fuzzy finite state machines.

Definition 3.3. Let M1 = (Q1, X1, τ1) and M2 = (Q2, X2, τ2) be fuzzy finite state
machines, where Q1 ∩Q2 = ∅ and X1 ∩X2 = ∅. The join M1 ∨M2 of M1 and M2

is the fuzzy finite state machine (Q1 ∪Q2, X1 ∪X2, τ1 ∨ τ2) with

(τ1 ∨ τ2)(p, a, q) =





τ1(p, a, q) if (p, a, q) ∈ Q1 ×X1 ×Q1

τ2(p, a, q) if (p, a, q) ∈ Q2 ×X2 ×Q2

0, otherwise

Definition 3.4. Let M1 = (Q1, X1, τ1) and M2 = (Q2, X2, τ2) be fuzzy finite state
machines, where Q1 ∩Q2 = ∅ and X1 ∩X2 = ∅. The join∗ M1 ∨∗M2 of M1 and M2

is the fuzzy finite state machine (Q1 ∪Q2, X1 ∪X2, τ1 ∨∗ τ2) with

(τ1 ∨∗ τ2)(p, a, q) =





τ1(p, a, q) if (p, a, q) ∈ Q1 ×X1 ×Q1

τ2(p, a, q) if (p, a, q) ∈ Q2 ×X2 ×Q2

1 if (p, a, q) ∈ (Q1 ×X1 ×Q2) ∪ (Q2 ×X2 ×Q1)
0, otherwise

Definition 3.5. Let M1 = (Q1, X1, τ1) and M2 = (Q2, X2, τ2) be fuzzy finite state
machines, where Q1 ∩Q2 = ∅. The sum M1 +M2 of M1 and M2 is the fuzzy finite
state machine (Q1 ∪Q2, X1 ×X2, τ1 + τ2) with

(τ1 + τ2)(p, (a, b), q) =





τ1(p, a, q) if p, q ∈ Q1

τ2(p, b, q) if p, q ∈ Q2

0, otherwise

4. ASSOCIATIVE PROPERTIES

The following proposition is in [4].
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Proposition 4.1. Let M1,M2 and M3 be fuzzy finite state machines. Then the
following are hold:

(i) (M1 ∧M2) ∧M3 = M1 ∧ (M2 ∧M3).
(ii) (M1 ×M2)×M3 = M1 × (M2 ×M3).

Now we prove that wreath product, join and sum of fuzzy finite state machines are
associative.

Theorem 4.2. Let M1 = (Q1, X1, τ1), M2 = (Q2, X2, τ2) and M3 = (Q3, X3, τ3) be
fuzzy finite state machines. Then the following are hold:

(i) (M1 ◦M2) ◦M3
∼= M1 ◦ (M2 ◦M3)

(ii) (M1∨M2)∨M3
∼= M1∨(M2∨M3), where Q1∩Q2∩Q3 = ∅ and X1∩X2∩X3 =

∅
(iii) (M1 +M2) +M3

∼= M1 + (M2 +M3), where Q1 ∩Q2 ∩Q3 = ∅
Proof. (i) Let α : (Q1×Q2)×Q3 −→ Q1× (Q2×Q3) be the natural mapping. Then α

is a bijective mapping. Let g1 : XQ2
1 ×X2 −→ XQ2

1 and g2 : XQ2
1 ×X2 −→ X2 be the

natural projection mappings. Define a mapping f : Q3 −→ XQ2
1 ×X2 by f(p3) = (s, b2)

and let f1 = g1◦f and f2 = g2◦f . Define β : (XQ2
1 ×X2)Q3×X3 −→ XQ2×Q3

1 ×(XQ3
2 ×

X3) by β((f, b3)) = (h, (f2, b3)), where h : Q2×Q3 −→ X1 by h((p2, p3)) = f1(p3)(p2).
We can easily show that β is injective. Let (w, (v, b3)) ∈ XQ2×Q3

1 × (XQ3
2 ×X3) and

define u : Q3 −→ XQ2×Q3
1 by u(p3) = (vp3 , w(p3)) where vp3(p2) = v(p2, p3). Then

β((u, b3)) = (w, (v, b3)) and thus β is surjective. Now

(τ1 ◦ (τ2 ◦ τ3))(α(((p1, p2), p3), β((f, b3)), α(((q1, q2), q3)))

=(τ1 ◦ (τ2 ◦ τ3))(α(((p1, p2), p3), (h, (f2, b3)), α(((q1, q2), q3)))

= ∧ (τ1(p1, h(p2, p3), q1), (τ2 ◦ τ3)((p2, p3), (f2, b3), (q2, q3)))

= ∧ (τ1(p1, h(p2, p3), q1),∧(τ2(p2, f2(p3), q2), τ3(p3, b3, q3)))

= ∧ (∧(τ1(p1, h(p2, p3), q1), τ2(p2, f2(p3), q2)), τ3(p3, b3, q3)))

= ∧ (∧(τ1(p1, f1(p3)(p2), q1), τ2(p2, f2(p3), q2)), τ3(p3, b3, q3)))

= ∧ ((τ1 ◦ τ2)((p1, p2), (f1(p3), f2(p3)), (q1, q2)), , τ3(p3, b3, q3)))

= ∧ ((τ1 ◦ τ2)((p1, p2), (s, b2), (q1, q2)), τ3(p3, b3, q3))) where f(p3) = (s, b2)

= ∧ ((τ1 ◦ τ2)((p1, p2), f(p3), (q1, q2)), τ3(p3, b3, q3)))

=((τ1 ◦ τ2) ◦ τ3)(((p1, p2), p3), (f, b3), ((q1, q2), q3)))

(ii) Let α be an identity mapping on Q1 ∪ Q2 ∪ Q3 and β be an identity mapping
on X1 ∪X2 ∪X3. Then (α, β) be a required isomorphism.

(iii) Let α be an identity mapping on Q1 ∪ Q2 ∪ Q3 and β : (X1 × X2) × X3 −→
X1 × (X2 ×X3) be the natural mapping. Then (α, β) be a required isomorphism.
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Remark. ∨∗ is not an associative operation.

5. COVERINGS

The following proposition is in [1,4].

Proposition 5.1. Let M1 = (Q1, X1, τ1) and M2 = (Q2, X2, τ2) be fuzzy finite state
machines. Then

(i) M1 ∧M2 ≤c M1 ×M2 where X1 = X2.
(ii) M1ωM2 ≤c M1 ◦M2.

Proposition 5.2. Let M1 = (Q1, X1, τ1) and M2 = (Q2, X2, τ2) be fuzzy finite state
machines such that Q1 ∩Q2 = ∅ and X1 ∩X2 = ∅. Then

(i) M1 ≤M1 ∨M2

(ii) M1 ≤M1 ∨∗M2

Proof. We only prove (i).
(i) Let η : Q1 ∪ Q2 −→ Q1 be a partial surjective function defined by η(p1) = p1,

where p1 ∈ Q1. And ξ : X1 −→ X1 ∪ X2 be the natural projection. Then (η, ξ) is a
required covering of M1 by M1 ∨M2.

Theorem 5.3. Let M1 = (Q1, X, τ1) and M2 = (Q2, X, τ2) be fuzzy finite state
machines. Then

(i) M1 ∨M2 ≤M1 ∨∗M2.
(ii) M1 +M2 ≤M1 +∗M2.

Proof. (i) Let η and ξ identity mappings on Q1 ∪Q2 and X1 ∪X2 respectively.
Case (a): If (p, a, q) ∈ Q1 × X1 × Q1, then (τ1 ∨ τ2)(η(p), a, η(q)) = τ1(p, a, q) =

(τ1 ∨∗ τ2)(p, ξ(a), q).
Case (b): If (p, a, q) ∈ Q2 × X2 × Q2, then (τ1 ∨ τ2)(η(p), a, η(q)) = τ2(p, a, q) =

(τ1 ∨∗ τ2)(p, ξ(a), q).
Case (c): If (p, a, q) ∈ (Q1×X1×Q2)∪(Q2×X2×Q1), then (τ1∨τ2)(η(p), a, η(q)) =

(τ1 ∨ τ2)(p, a, q) = 0 ≤ 1 = (τ1 ∨∗ τ2)(p, ξ(a), q).
(ii) The proof is similar to the proof of (i).
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Theorem 5.4. Let M1 = (Q1, X1, τ1), M2 = (Q2, X2, τ2) and M3 = (Q3, X3, τ3) be
fuzzy finite state machines such that M1 ≤M2. Then

(i) M1 ∨M3 ≤M2 ∨M3.
(ii) M1 ∨∗M3 ≤M2 ∨∗M3.
(iii) M1 +M3 ≤M2 +M3.

Proof. We only show that (i) is hold. Since M1 ≤M2, there exist a partial surjective
mapping η : Q2 −→ Q1 and a mapping ξ : X1 −→ X2 such that τ1(η(p), a, η(q)) ≤
τ2(p, ξ(a), q). Define η′ : Q2 ∪ Q3 −→ Q1 ∪ Q3 by η′(p) =

{
p if p ∈ Q3

η(p) if p ∈ Q2

and

ξ′ : X1∪X3 −→ X2∪X3 by ξ′(a) =
{

a if a ∈ X3

ξ(a) if p ∈ X1

. Then η′ is a partial surjective

mapping and ξ′ is a mapping. Show that (τ1∨τ2)(η′(p), a, η′(q)) ≤ (τ2∨τ3)(p, ξ′(a), q),
where p, q ∈ Q2 ∪Q3 and a ∈ X1 ∪X3.

(i) If p, q ∈ Q2 and a ∈ X1, then

(τ1 ∨ τ3)(η′(p), a, η′(q) = τ1(η(p), a, η(q))

≤ τ2(p, ξ(a), q)

= (τ2 ∨ τ3)(p, ξ′(a), q)

(ii) If p, q ∈ Q3 and a ∈ X3, then

(τ1 ∨ τ3)(η′(p), a, η′(q) = τ3(p, a, q)

= τ3(p, ξ′(a), q)

= (τ2 ∨ τ3)(p, ξ′(a), q)

(iii) In all other cases

(τ1 ∨ τ3)(η′(p), a, η′(q)) = 0

≤ (τ2 ∨ τ3)(p, ξ′(a), q)

This completes the proof.

Theorem 5.5. Let M1 = (Q1, X1, τ1), M2 = (Q2, X2, τ2) and M3 = (Q3, X3, τ3) be
fuzzy finite state machines such that M1 ≤M2. Then

(i) M1 ◦M3 ≤M2 ◦M3.
(ii) M3 ◦M1 ≤M3 ◦M2.

Proof. Since M1 ≤ M2, there exist η : Q2 −→ Q1 and ξ : X1 −→ X2 such that
τ1(η(p2), a1, η(q2)) ≤ τ2(p2, ξ(a1), q2).
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(i) Define η′ : Q2 × Q3 −→ Q1 × Q3 by η′((p2, p3)) = (η(p2), p3) and define ξ′ :
XQ3

1 ×X3 −→ XQ3
2 ×X3 by ξ′((f, a3)) = (ξ ◦ f, a3). Then

(τ1 ◦ τ3)(η′(p2, p3), (f, a3), η′(q2, q3))

=(τ1 ◦ τ3)((η(p2), p3), (f, a3), (η(q2), q3))

= ∧ (τ1(η(p2), f(p3), η(q2)), τ3(p3, a3, q3))

≤ ∧ (τ2(p2, (ξ ◦ f)(p3), q2), τ3(p3, a3, q3))

=(τ2 ◦ τ3)((p2, p3), ξ′((f, a3)), (q2, q3))

(ii) Define η′ : Q3 × Q2 −→ Q3 × Q1 by η′((p3, p2)) = (p3, η(p2)) and define ξ′ :
XQ1

3 ×X1 −→ XQ1
3 ×X2 by ξ′((f, a1)) = (f ◦ η, ξ(a1)). Then

(τ3 ◦ τ1)(η′(p3, p2), (f, a1), η′(q3, q2))

=(τ3 ◦ τ1)((p3, η(p2)), (f, a1), (q3, η(q2)))

= ∧ (τ3(p3, f(η(p2)), q3), τ1(η(p2), a1, η(q2)))

≤ ∧ (τ3(p3, (f ◦ η)(p2), q3), τ2(p2, ξ(a1), q2))

=(τ3 ◦ τ2)((p3, p2), ξ′((f, a1)), (q3, q2))

This completes the proof.

Theorem 5.6. Let M1 = (Q1, X1, τ1), M2 = (Q2, X2, τ2) and M3 = (Q3, X3, τ3) be
fuzzy finite state machines such that Q2 ∩Q3 = ∅. Then

(i) M1 ◦ (M2 ∨M3) ≤c (M1 ◦M2) ∨ (M1 ◦M3) where X2 ∩X3 = ∅
(ii) M1 ◦ (M2 ∨∗M3) ≤ (M1 ◦M2) ∨∗ (M1 ◦M3) where X2 ∩X3 = ∅
(iii) M1 ◦ (M2 +M3) ≤c (M1 ◦M2) + (M1 ◦M3)

Proof. We only prove (i) and (iii).
(i) Recall M1 ◦ (M2 ∨M3) = (Q1 × (Q2 ∪Q3), X

Q2∪Q3
1 × (X2 ∪X3), τ1 ◦ (τ2 ∨ τ3))

and (M1 ◦M2)∨ (M1 ◦M3) = ((Q1×Q2)∪ (Q1×Q3), (X
Q2
1 ×X2)∪ (XQ3

1 ×X3), (τ1 ◦
τ2)∨(τ1◦τ3)). Define η : (Q1×Q2)∪(Q1×Q3) −→ Q1×(Q2∪Q3) by η((p, q)) = (p, q).
And define ξ : XQ2∪Q3

1 × (X2 ∪X3) −→ (XQ2
1 ×X2) ∪ (XQ3

1 ×X3) by

ξ((f, b)) =
{

(f |Q2 , b) if b ∈ X2

(f |Q3 , b) if b ∈ X3
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Then

τ1 ◦ (τ2 ∨ τ3)(η(p, p′), (f, b), η(q, q′))

=τ1 ◦ (τ2 ∨ τ3)((p, p′), (f, b), (q, q′))

= ∧ (τ1(p, f(p′), q), (τ2 ∨ τ3)(p′, b, q′))

=





∧(τ1(p, f(p′), q), τ2(p′, b, q′)), (p′, b, q′) ∈ Q2 ×X2 ×Q2

∧(τ1(p, f(p′), q), τ3(p′, b, q′)), (p′, b, q′) ∈ Q3 ×X3 ×Q3

0, otherwise

=





(τ1 ◦ τ2)((p, p′), (f |Q2 , b), (q, q
′)), (p′, b, q′) ∈ Q2 ×X2 ×Q2

(τ1 ◦ τ3)((p, p′), (f |Q3 , b), (q, q
′)), (p′, b, q′) ∈ Q3 ×X3 ×Q3

0, otherwise

=((τ1 ◦ τ2) ∨ (τ1 ◦ τ3))((p, p′), ξ(f, b), (q, q′))

(iii) Recall M1 ◦ (M2 +M3) = (Q1× (Q2∪Q3), X
Q2∪Q3
1 × (X2×X3), τ1 ◦ (τ2 + τ3))

and (M1 ◦ M2) + (M1 ◦ M3) = ((Q1 × Q2) ∪ (Q1 × Q3), (X
Q2
1 × X2) × (XQ3

1 ×
X3), (τ1 ◦ τ2) + (τ1 ◦ τ3)). Define η : (Q1 × Q2) ∪ (Q1 × Q3) −→ Q1 × (Q2 ∪ Q3) by
η((p, q)) = (p, q). And define ξ : XQ2∪Q3

1 × (X2 ×X3) −→ (XQ2
1 ×X2)× (XQ3

1 ×X3)
by ξ((f, (b2, b3))) = ((f |Q2 , b2), (f |Q3 , b3)) Then

τ1 ◦ (τ2 + τ3)(η(p, p′), (f, (b2, b3)), η(q, q′))

=τ1 ◦ (τ2 + τ3)((p, p′), (f, (b2, b3)), (q, q′))

= ∧ (τ1(p, f(p′), q), (τ2 + τ3)(p′, (b2, b3), q′))

=





∧(τ1(p, f(p′), q), τ2(p′, b2, q
′)), p′, q′ ∈ Q2

∧(τ1(p, f(p′), q), τ3(p′, b3, q
′)), p′, q′ ∈ Q3

0, otherwise

=





(τ1 ◦ τ2)((p, p′), (f |Q2 , b2), (q, q′)), p′, q′ ∈ Q2

(τ1 ◦ τ3)((p, p′), (f |Q3 , b3), (q, q′)), p′, q′ ∈ Q3

0, otherwise

=((τ1 ◦ τ2) + (τ1 ◦ τ3))((p, p′), ((f |Q2 , b2), (f |Q3 , b3)), (q, q′))

=((τ1 ◦ τ2) + (τ1 ◦ τ3))((p, p′), ξ(f, (b2, b3)), (q, q′))

This completes the proof.
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A PARALLEL PRECONDITIONER FOR GENERALIZED
EIGENVALUE PROBLEMS BY CG-TYPE METHOD

SANGBACK MA AND HO-JONG JANG

J. KSIAM Vol.5, No.2, 63-69, 2001

Abstract. In this study, we shall be concerned with computing in parallel a few of
the smallest eigenvalues and their corresponding eigenvectors of the eigenvalue prob-
lem, Ax = λBx, where A is symmetric, and B is symmetric positive definite. Both A
and B are large and sparse. Recently iterative algorithms based on the optimization
of the Rayleigh quotient have been developed, and CG scheme for the optimization
of the Rayleigh quotient has been proven a very attractive and promising technique
for large sparse eigenproblems for small extreme eigenvalues. As in the case of a
system of linear equations, successful application of the CG scheme to eigenproblems
depends also upon the preconditioning techniques. A proper choice of the precondi-
tioner significantly improves the convergence of the CG scheme. The idea underlying
the present work is a parallel computation of the Multi-Color Block SSOR precon-
ditioning for the CG optimization of the Rayleigh quotient together with deflation
techniques. Multi-Coloring is a simple technique to obatin the parallelism of order n,
where n is the dimension of the matrix. Block SSOR is a symmetric preconditioner
which is expected to minimize the interprocessor communication due to the blocking.
We implemented the results on the CRAY-T3E with 128 nodes. The MPI(Message
Passing Interface) library was adopted for the interprocessor communications. The
test problems were drawn from the discretizations of partial differential equations by
finite difference methods.

1. Introduction

Recently, there has been many efforts to find the small extreme eigenvalues of the
generalized eigenproblem by iterative Rayleigh-quotient minimization methods by CG-
type methods[2,4,5,12]. Such applications arise in many cases, such as in structural
mechanics or computational chemistry, to name a few. In this paper we propose a par-
allel version of the same method with incomplete Cholesky factorization preconditioner
on the CRAY-T3E. After the smallest eigenvalue is found, the PCG scheme together
with deflation technique is used to compute the next eigenvalues. We offer a simple
technique called the orthogonal deflation[6].

Iterative solution of eigenvalue problems or linear systems requires a preconditioning
to accelerate the convergence. Incomplete Cholesky factorization is one of the most
popular technique.

Key words: Generalized Eigenvalue Problem, CG, Preconditioning, Parallel, Multi-Color Block
SSOR.
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Parallel processing is a simple way to increase the speed. But incomplete Cholesky
factorization is inherently serial. In this paper we use a block-type parallel precon-
ditioner, Multi-Color Block SSOR(Symmetric Successive OverRelaxarion) precondi-
tioner.

The CRAY-T3E computer in ETRI, Korea is a massively parallel message-passing
machine with the 136 individual processing node(PE)s interconnected in a 3D-Torus
structure. Each PE, a DEC Alpha EV5.6 chip, is capable of delivering up tp 900
Megaflops,amounting to 115 GigaFlops in total. Each PE has 128 MBs of core memory.

We present results from our numerical experiments drawn from the FDM discretiza-
tions of the elliptic partial differential equations.

2. Computation of the leftmost eigenpairs

Let A and B be sparse symmetric positive definite matrices of dimension n. Consider
the generalized eigenvalue problem

(1) Ax = λBx.

Denote by 0 < λ1 < λ2 ≤ · · · ≤ λn and z1, z2, · · · , zn the eigenvalues and the corre-
sponding eigenvectors.

We recall that the eigenvectors of (1) are the stationary points of the Rayleigh
quotient

(2) R(x) =
xT Ax

xT Bx
,

and the gradient of R(x) is given by

g(x) =
2

xT Bx
[Ax−R(x)Bx].

To simplify the notation we set g(k) = g(x(k)) = 2r(k)/xT Bx, r(k) being the residual
vector. To compute a number of the leftmost eigenpairs of (1), the PCG with par-
tial deflation was first proposed [12]. This scheme evaluates one eigenpair at a time
by a deflation procedure requiring the assessment of a shifting parameter, which is
problem dependent. Later, the PCG with orthogonal deflation has been developed [6],
allowing for the simultaneous evaluation of the leftmost eigenpairs of (1). PCG with
orthogonal deflation does not need any acceleratioin parameter, and is more suited to
parallelization.

The basic idea underlying PCG with orthogonal deflation is as follows. Assume that
the eigenpairs (λi, zi), i = 1, · · · , r − 1, have been computed. To avoid convergence
toward one of the computed eigenvectors zi, i = 1, · · · , r − 1, the next initial vector
x̃

(0)
r is chosen to be B-orthogonal to Zr−1 = span{zi | i = 1, · · · , r − 1}. And the

direction vector p̃
(k)
r is evaluated by B-orthogonalizing p

(k)
r with respect to Zr−1. Also

the new approximation vector x̃
(k)
r is evaluated by B-normalizing x

(k)
r . Now from the
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characterization of the eigenvectors [8]

R(zr) = min
x⊥B

Zr−1

R(x),

x̃
(k)
r converges toward zr as k increases. That is, after zi, i = 1, · · · , r − 1 have been

evaluated, zr can be determined by minimizing R(x) over the vector space which is the
B-orthogonal complement to Zr−1.

The minimization is performed by the PCG scheme. In present work, a Multi-Color
Block SSOR preconditioner M , which will be discussed in §3, is used with parallel
computation aspect.

To achieve convergence, usually a recurring ‘restart’ operation is used [6]. Alter-
natively an appropriate choice of the β parameter in the PCG scheme may avoid the
restart. Following [9],

(3) β(k) =
g(k)T g(k)

g(k−1)T g(k−1)

is set.
The PCG scheme with orthogonal deflation consists of the following steps:

Step 1. Compute the preconditioner M .
Step 2. Give an initial vector x(0) such that ZT Bx(0) = 0 (i.e. x(0) is taken to be
B-orthgonal to Z. Choose a tolerance value and the allowed maximum number of
iterations NMAX. Set k = 0 (iteration index).
Step 3. Construct the initial gradient direction g(0).

Set p(0) = −g(0) and Mh(0) = g(0).

Step 4. If k = 0 then set β(k) = 0, otherwise evaluate

Mh(k) = g(k) and β(k) by (3).

Step 5. Compute p̃(k+1) = h(k) + β(k)p(k).
Step 6. Evaluate p(k) by B-orthogonalizing p̃(k) with respect to Z.
Step 7. Compute α(k+1) by minimizing R(x(k+1)) [7].
Step 8. Evaluate x̃(k+1) = x(k) + α(k+1)p(k+1).
Step 9. The new approximation x(k+1) is evaluated by B-normalizing x̃(k+1).
Step 10. Test on convergence.

3. Multi-Color Block SSOR preconditioning

Multi-Coloring is a way to achieve parallelism of order N , where N is the order of the
matrix. For example, it is known that for 5-point Laplacian we can order the matrix in
2-colors so that the nodes are not adjacent with the nodes with the same color. This
is known as Red/Black ordering. For planar graphs maximum four colors are needed.
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Blocked methods are useful in that they minimize the interprocessor communica-
tions, and increases the convergence rate as compared to point methods. SSOR is
a symmetric preconditioner that is expected to perform as efficiently as Incomplete
Cholesky factorization combined with blocking. Instead we need to invert the diagonal
block. In this paper we used the MA48 package from the Harwell library, which is a
direct method using reordering strategy to reduce the fill-ins. Since MA48 type employ
some form of pivoting strategy, this is expected to perform better for ill-conditioned
matrices than Incomplete Cholesky factorization, which does not adopt any type of
pivoting strategy.

SSOR needs a ω parameter for overrelaxation. However, it is known that the con-
vergence rate is not so sensitive to the ω parameter.

Let the domain be divided into L blocks. Suppose that we apply a multi-coloring
technique, such as a greedy algorithm described in [10], to these blocks so that a block of
one color has no coupling with a block of the same color. Let Dj be the coupling within
the block j, and color(j) be the color of the j-th block. We denote by Uj,k, k = 1, q, j < k
and Lj,k, k < j the couplings between the j-th color block and the k-th block.

Then, we can describe the Multi-Color Block SSOR as follows.

Algorithm 3.1. Multi-Color Block SSOR
Let q be the total number of colors, and color(i), i=1, L, be the array of the color for
each block.

1. Choose u0, and ω > 0.
2. For i > 0 Until Convergence Do
3. For kolor = 1, q Do
4. For j = 1, L Do
5. if(color(j) == kolor) then

6.(ui+1/2)j
= Dj

−1(b− ω ∗∑k=q
k 6=kolor Lj,kui+1/2).

7. endif
8. Endfor
9. For kolor = 1, q Do
10. For j = 1, L Do
11. if(color(j) == kolor) then

12. (ui+1)j = Dj
−1(ui+1/2 − ω ∗∑k=q

k 6=kolor Uj,kui+1).
13. endif
14. Endfor
15. Endfor
16. Endfor

Note that the innermost loop in line six and seven can be executed in parallel.
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4. Test problems

• Problem 1 Poisson Equation on a Square

−4u = f, Ω = (0, 1)× (0, 1)
u = 0 on δΩ
f = x(1− x) + y(1− y)

• Problem 2[3] Elman’s problem

−(bux)x − (cuy)y + (du)x + dux + (eu)y + euy + fu = g(4)

Ω = (0, 1)× (0, 1)
u = 0 on δΩ

where b = exp (−xy), c = exp (xy), d = β(x + y),
e = γ(x + y), f = 1

(1+xy) ,
and g is such that exact solution u = x exp (xy) sin (πx) sin (πy)

5. Results

Tables 1 - 3 contain the timings for the cases without preconditioning and with
Multi-Color Block SSOR preconditioning. All of our test problems assume B=I. We
used MPI(Message Passing Machine) library for the interprocessor communications.
For the first two problems we used the Block-Row mapping for the graph partitioning
of the matrix. For the third problem we have used the Metis code developed by V.
Kumar of the University of Minnesota. The number of colors needed is two for the first
two problems and reaches 6 for the three dimensional problem of problem three. For
the multi-coloring we have used the greedy heuristic as described in [10].

For the first problem the matrix is derogatory but not defective, i.e, the matrix has N
linearly independent eigenvectors, but the matrix has two eigenvectors for some eigen-
values. With the orthogonal deflation strategy the convergence is very slow, especially
with the second eigenvector for the eigenvalue with two eigenvectors. For this problem
the timing gets worse with the preconditioning. For the second problem we get a normal
acceleration with the preconditioning. The third problem is very ill-conditioned, com-
ing from Cylinder Shell problem of Harwell/Boeing collection. The condition numbers
of ‘s1rmq4m1’ is 1.86, while that of ‘s3dkq4m2’ is 1.911. It is reported in [2] that for
the third problem Incomplete Cholesky Factorization preconditioning does not achieve
the convergence. But our preconditioner does achieve the convergence. As for the ω
parameter we set ω to be 1.

For the inversion of diagonal blocks in Block SSOR method, we have used the MA48
routine of the Harwell library, which adopts direct methods for sparse matrices with
the reordering strategy reducing fill-ins. The cost of the MA48 is roughly proportional
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to L2, where L is the size of the matrix. Since L is roughly N/p, we expect a quadratic
decrease with the increasing number of processors.

Table 1. Problem 1, with FDM

p = 4 p = 8 p = 16 p = 32 p = 64
No Preconditioning/MC-BSSOR Preconditioning

N=1282 14.4/21.2 78.2/8.29 13.1/13.8 17.8/18.3 33.3/31.0
N=2562 146/446 107/64.8 47.0/53.4 357/607 113/134
N=5122 5500/ 841 172/ 1049 138/8164

Table 2. Problem 2 with FDM

p = 4 p = 8 p = 16 p = 32 p = 64
Cpu time/Iterations

N=1282 29.4/19.0 21.2/9.7 21.6/10.0 22.8/5.13 33.4/6.63
N=2562 191/139 107/61.7 75.8/56.6 64.7/19.6 77.4/15.1
N=5122 376/225 242/117 211/66.9

Table 3. Cylinder Shell problem from the Harwell/Boeing Collection

p = 4 p = 8 p = 16 p = 32 p = 64
Cpu time/Iterations

s1rmq4m1 SL/102 SL/52.1 SL/SL SL/SL SL/SL
s3dkq4m2 SL/6043 SL/2977

6. Conclusions

• Except for the first derogatory matrix, our preconditioner shows a normal be-
haviour even for the ill-conditioned matrices of the third problem.

• For the first problem our algorithm needs an improvement.
• Due to the nature of MA48 library, we expect our preconditioner to be scalable

with the increasing number of processors.
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Abstract. The model and analytical method for solving the problem of coupled fluid
flow in the reservoir/well system is presented. The 3-D drainage area is composed
of three connected media: the tubing, the annuli as a super conducting collector,
and the reservoir itself. To couple these three types of fluid flows a non-overlapping
Dirichlet-Neumann domain decomposition method is developed. The method allows
us to apply an analytical hybrid simulator for accurate evaluation of the impact of
main geometrical and hydrodynamic parameters of the 3-D system on the pressure
drop along the horizontal well and its production index.

1. Introduction

The modern technology in oil and gas recovery requires new models and computa-
tional methods and techniques which take into account geometrical and hydrodynamics
parameters of “small” perturbation. Mostly, this issue reflects the increasing under-
standing of the reservoir’s structure and geometry which make effective the usage so
called ”smart” technology [17]. Many presentations in the recent conference “Horizon-
tal Technology” [28] showed that the technological progress of horizontal well drilling
has been recognized by the petroleum industry as a most efficient technique for reservoir
development and characterization. A distinct property of horizontal wells is a bounded
perforation with significant length in productive layer. At the same time, it is clear
that a high span of perforation of the horizontal well may result in a significant pressure
drop along the well-bore [2, 10, 16, 20, 21, 22, 23, 24, 25, 30]. The mechanics of pres-
sure drop is very complex and is due to various factors, such as completion of the well,
operation conditions (e.g. sand factor), the character of fluid flow inside the horizontal
well and in the reservoir, geometry of the reservoir, hydrodynamic characteristic of the
porous media, etc. These factors may lead to substantial decrease of well/reservoir
conductivity ratio. The pressure drop results in stabilization of the well productivity;
that is, beginning with a certain critical value, further extenuation of the wellbore’s
length does not cause any increase of productivity [8, 10, 24, 25]. It has been noted
[2, 19, 21, 22, 23, 25] that for an accurate evaluation of the pressure drop along the
well a coupled well-bore/reservoir flow model has to be considered. It has been shown
[2] that in a 3-D unbounded reservoir with permeability less than 1-Darcy and laminar
well flow the pressure drop along the well-bore is insignificant. This fact is related to
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the assumption that the well conductivity in case of Poisel’s flow is much higher than
the conductivity in the reservoir and therefore, the pressure along the well changes
weakly. At the same time, the data observed in multiple operating horizontal wells
showed that productivity of these wells does not increase proportionally to the length.
In recent papers (see, e.g. [21, 22, 23, 25]) this effect has been estimated by friction of
the wall and acceleration terms in balance equation. In the present paper a model of a
reservoir/well system composed of a tube of small radius with extremely high (infinite)
conductivity, a intermediate annular zone with high but finite permeability, and the
reservoir itself with low (less than 1 Darcy) permeability (see, Figure 1) is studied. In
the physical sense the model we use takes into account the following phenomena:

(1) fluid flow inside tubing of the well,
(2) fluid flow in a screen and sand pack considered as one media with its own

permeability and
(3) fluid flow in a bounded reservoir limited by top, bottom and external bound-

aries.

This embedded coupled model allows us to take into account the main parameters
that produce pressure drop along the horizontal well. In practice the reservoir’s and
well’s geometrical parameters are incomparable. Therefore, the combined impact of
these parameters on coupled fluid flow inside the well and in the reservoir could not
be efficiently estimated by methods of numerical analysis based on finite difference (fi-
nite element, etc.) approximation of governing equations. Our goal is to accurately
evaluate the impact on well performance of the parameters of: (1) the geometry of the
reservoir/well system, and (2) the hydrodynamic characteristic of fluid flow in three
linked media (well, near well zone, and main part of the reservoir). For this purpose
two analytical models are proposed. The first approach is based on the presentation
of the reservoir pressure distribution in the form of convolution of a Green function
of boundary problem with mixed type (Dirichlet and Neumann) of boundary condi-
tions and with unknown density. For an explicit construction of the Green function, an
alternating Shwartz algorithm is proposed and studied. This algorithm produces a se-
quence of solutions to a Dirichlet problem in a bigger (auxiliary) domain so that their
restrictions to the original domain tends to the Green function of a mixed problem.
Further the discrete density is modeled by means of special coupling conditions on the
wall of the well. The second approach is based on separation of variables, which allows
us to reduce the initial problem to the computation of the Fourier and Fourier-Bessel
coefficients on the boundaries of a cylindrical domain. The first approach accounts
more precisely for the “global parameters” of the well/reservoir system such as size
of the drainage zone, shape factors of the external boundary of the reservoir, well’s
length etc. The second approach is aimed at accurate and explicit evaluation of the
impact of the “local” geometric and hydrodynamic parameters: tubing/casing “diame-
ter”, well/reservoir conductivity ratio etc., on the pressure distribution and production
index. We note, that direct application of these methods is not feasible (impossible).
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Therefore, special domain decomposition algorithms are developed. For convenience,
these two approaches are presented in the paper separately and are applied to different
domains.

The paper is organized as follows: In Section 2 we present the coupled model of a
well/reservoir system and discuss methods for an approximate solution. In Section 3 we
construct an approximation of the Green function that is an important building block in
the numerical method. Further, in Section 4 we discuss the numerical implementation
of the method and the computational results. Finally, in Section 5 we present and
discuss a non-overlapping Schwarz algorithm in a non-homogeneous domain. In the
last section we present an explicit form of the solution and discuss the convergence of
the corresponding iterative method for the Fourier-Bessel coefficients.

2. Coupled Flow Model

Below we present a mathematical model of coupling two single-phase fluid flows: one
inside a cylindrical well of finite length and another one in a bounded homogeneous
porous media (called reservoir). We assume that inside the well the flow is steady-state,
inertia-less, and governed by Stokes equations. The flow in the reservoir obeys Darcy’s
law. The well is assumed to be cased with very dense perforations uniformly distributed
over its surface. At the interface between the well and the reservoir we use a coupling
condition, introduced by Panfilov [26], that expresses a conservation of mass through
the interface. The reservoir’s filtration is in the radial direction to the interface of the
well bore, while the inflow flux can be considered to be continuous across the surface.

2.1. Mathematical Model. In order to formulate the model we first introduce some
necessary notations. The points in the 3-dimensional space R3 are denoted by x =
(x1, x2, x3). The reservoir is considered to be a spherical layer with thickness h:

Ω ≡ B ∩ {x : 0 < x3 < h} ⊂ R3,

where B ≡ B(0, R) = {x : |x| < R} is a ball in R3 with a center at the origin, and |x|
is the Euclidean length of x. The boundary of Ω is denoted by ∂Ω. The well W is a
cylindrical cavity along the x1 axes of constant radius rw and finite length L, i.e.

W ≡ {x : 0 < x1 < L, x2
2 + (x3 − x0

3)
2 < r2

w}, (see, Figure 1)

It is assumed that:
(1) The fluid is incompressible and filtration of flow in the porous media is governed

by Darcy’s law and the equation of continuity:

~w ≡ (w1, w2, w3) = −K

µ
∇p, ∇ · ~w = 0.

Here ~w is vector velocity of fluid filtration and p is the reservoir pressure, K
generally is a symmetrical tensor of permeability with measurable and bounded
coefficients, and the µ is fluid viscosity. We assume that the porous media is
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Figure 1. Resrvoir/Well model

isotropic and homogeneous and the fluid viscosity is constant. Substituting the
expression for the velocity into the equation of continuity we obtain:

(1) ∆p =
3∑

i=1

∂2u(x)
∂x2

i

= 0 in Ω \W.

(2) The following boundary conditions are specified on the boundary ∂Ω: at the
top (x3 = h) and the bottom (x3 = 0) of the reservoir no-flow conditions are
prescribed, while the pressure p is specified by PR = 0 on the external boundary
Γ1 ≡ {x : |x| = R, 0 < x3 < h} of the reservoir.

(3) Inside the well we use a simplified model derived in [26] in terms of the averaged
pressure and velocity over the a cross-section of the well. Let D(x1) = {x : x2

2+
(x3 − x0

3)
2 ≤ r2

w} be a cross section W by a plane orthogonal to the axes x1 at
the point (x1, 0, x0

3), and let S(x1) be its boundary

(2) S(x1) ≡ ∂D(x1) = {(x1, x2, x3) : x2 = rwcosφ, x3 = x0
3 + rwsinφ, 0 ≤ φ < 2π}.

Next, denote by Pa(x1) the average pressure in the well-bore over the disk D(x1)
and by V1(x1) the average component of the velocity of the flow over D(x1) in
the axes x1 direction . It has been shown that under certain assumptions [26]
the fluid flow inside the well W is governed by the following two equations:

(3) V ′
1(x1) = − 2

rw
wr(x1), − 1

µ
P ′

a(x1) =
8
r2
w

V1(x1) +
2
rw

w′r(x1).
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Here wr(x1) is the average of the trace of the radial component of the velocity
over S(x1), namely

(4) wr(x1) = −K

µ

∫

S(x1)

∂p

∂n
ds,

where n is outward normal unit vector to S(x1). Note, that in our case ∂p
∂n = ∂p

∂r
so that the notation wr(x1) is justified.

(4) The radius of the well is more than a hundreds times smaller than the other
linear sizes of the well/reservoir system. That makes it possible to assume that
we can neglect the dependence upon the angular variable φ of the trace of the
reservoir pressure and the normal component of the velocity on S(x1) (defined
by (2)). Therefore, we can use the notation

p(x1, x2, x3)|S(x1) = p̄(x1).

(5) The well pressure for x1 = 0 is a given constant Pw. This end of the well is
called dominated. The opposite end of the well, the point x1 = L, is called
a free end. At this end we specify the average velocity V1, which expresses a
balance of mass. This will lead to the following boundary conditions:

(5) Pa(0) = Pw, V1(L) =
1

πr2
w

∫

D(L)
w1(L, x2, x3)dx2dx3.

(6) The solution inside the well is completely specified by its boundary conditions
while the solution in the reservoir is specified only on the top (x3 = h), bottom
(x3 = 0) and external boundary Γ1. These two problems, called inner and
outer, are coupled via a condition on the well’s interface. In this paper we will
follow the scheme described in [2, 11, 19, 26]. For another approach for coupling
external and internal problem we refer to [22, 25].

On the interface between the porous media and the well the pressure is con-
tinuous, while the velocities are allowed to be discontinuous. In [26] it has been
shown that in this case the average pressure Pa(x1) in the well and the average
of the trace on S(x1) of the pressure in the reservoir denoted by p̄(x1) satisfy
the following interface condition:

(6) p̄(x1) = Pa(x1) +
µ

2rw
(r2

ww′′r (x1)− 4wr(x1)).

The governing equation (3) in the well bore W and the conjugate condition (6) have
been obtained in [26] for Stokes flow by averaging over the well bore cross section. The
solution of the Stokes equations written in the cylindrical coordinate system was sought
in the form of a power series with unknown coefficient depending on x1 determined from
the coupling conditions.
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Figure 2. The well model

2.2. Decomposition of the Initial Problem. Here we propose an iterative method
that reduces the problem of coupling flows in the reservoir (outer flow) and in the well
(inner flow) by the condition (6) on the well/reservoir interface.

We propose the following iterative scheme:
(1) Solve the outer boundary value problem in the reservoir with a given linear dis-

tribution P0 on the well surface; as a result we find: (1) the pressure function
p(x) in the reservoir, (2) the average of the traces of the normal component
wr(x1) of velocity on the lateral surface of the well, and (3) the normal compo-
nent w1(L, x2, x3) of the velocity on the free end of the well.

(2) Using wr(x1) and w1(L, x2, x3), solve the inner problem (3), (5) in W ; as a
result the average pressure distribution Pa(x1) in the well is computed.

(3) Solve

(7) ∆p = 0 in Ω \W

with boundary conditions (6) on the interface S(x1) and the following boundary
conditions on the reservoir’s boundary:

(8) px3 = 0 for x3 = 0, h, p = PR = 0 on Γ1.

(4) Repeat steps 2 and 3 of this process until convergence.

2.3. Solution Methods for the Outer Problem. Without loss of generality we can
assume that PR = 0. Let G(x, ξ) be the Green’s function of the mixed problem (6) –
(8). By applying the theory of Newton’s potential, the pressure function p(x) can be
represented in the form:

(9) p(x) =
∫

W
G(x, ξ)β(ξ) dξ, x ∈ R3.

A classical way to obtain the unknown potential density β(ξ) is: substitute the po-
tential p(x) into the boundary condition (6) (where Pa(x1) is defined from the iteration
procedure) and solve the resulting integral equation. The numerical realization of this
approach is well understood, but extremely expensive since it results in a boundary
element method over a surface in 3-D.

Under the assumption 4 in Section 2.1 we can substantially simplify the solution of
the problem (6) – (8). Namely, we take the density as a function of the ξ1 - variable
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and the singularity of the Green’s function G(x, ξ) is located along the axis x1. This
allows us to use the following approximate construction:

(1) Replace the well W (see, Figure 2) as a sum of a finite number of intervals on
the axes x1 defined by the points 0 = ξ1,0 < ξ1,1 < · · · < ξ1,N = L;

(2) Approximate the potential (9) by taking β as a piecewise constant function over
this partition so that

(10) p(x) =
N∑

1

βi

∫

∆i

G(x, ξ), dξ1, where , ∆i = [ξ1,i, ξ1,i+1];

(3) Find the unknown discrete density (β1, ..., βN ) by taking the equation (6) at
the collocation points (x1,j , rw, 0):

(11) p = Pa(x1,j) +
µ

2rw
(r2

ww′′r (x1,j)− 4wr(x1,j)).

Here x1,j ∈ ∆j is a specific point aimed to minimize the error of the quadrature
formula.

Obviously, the main issue in applying this modification of the boundary element
method is an explicit construction of the Green function G(x, ξ). In an unbounded
reservoir (R = ∞) of finite thickness h the function G(x, ξ) is a superposition of an
infinite number of fundamental solutions of Laplace’s equation [18]. This series does
not converge. In case of a bounded domain such as parallelepiped or cylinder, the
Green’s function with Dirichlet condition on the side of this domain can be represented
as a superposition of the source functions, but this series converge very slowly [7]. To
overcome this difficulty, an iterative method for construction of Green’s function has
been developed in [13, 14]. Here we apply this approach for mixed boundary problems
and general domains. The main idea consists in a symmetric extension of the initial
domain and the construction of a “control” condition on the extended boundary. That
is a restriction in the initial domain of the “source” function generated under “control”
conditions in the extended domain satisfy non-flow conditions on top and bottom of
the reservoir.

3. Green Function Construction

In this section we present an alternating Shwarz Algorithm for mixed boundary
problem. We assume that the domain Ω is the layer between the planes x3 = 0 and
x3 = h (shown on Figure 3).We further use the notations:

∂Ω = Γ1 ∪ Γ2, Γ2 = γ1 ∪ γ2, and Γ1 ⊂ { x | 0 < x3 < h},
where γ1 = {x | x ∈ ∂Ω, x3 = 0} and γ2 = {x | x ∈ ∂Ω, x3 = h} are non empty 2-D
domains. Let G(x, ξ) be the Green function of the mixed boundary problem (positive
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solution of the problem) with a singularity at ξ:

(12)
∆G(x, ξ) = 0 in Ω \ ξ,
Gx3(x, ξ) = 0 on γ1, γ2,
G(x, ξ) = 0 on Γ1.

3.1. Domain Extension (Auxiliary Domains). Assume that there exists symmet-
ric a extension Ω̃ of the domain Ω with respect to γ1 such that (see Figure 3(a)):

• Ω̃ ∩ { x : 0 < x3 < h} ≡ Ω;
• there is a sub domain B+ ⊂ Ω̃, symmetric with respect to γ2 such that

∂B+ ∩ { x : x3 > h} ≡ ∂Ω̃ ∩ { x : x3 > h}.
Denote by

S+
1 = ∂B+ ∩ { x : x3 > h} and S−1 = ∂B̃+ ∩ {x : x3 < h}

the upper and lower boundaries of the domain B+, correspondingly. Further, denote
by

S+
2 = ∂Ω̃ ∩ {x : 0 > x3 > −h} and S−2 = ∂Ω̃ ∩ {x : x3 ≤ −h}

the lower and upper boundaries of the extended domain Ω̃, correspondingly (see, Figure
3(a)).

By construction S+
2 is a mirror image of Γ1, while S−2 is an mirror image of S+

1 with
respect to the boundary symmetric to γ1, and S+

2 is symmetrical with respect to γ1

(see, Figure 3(a)).
In the case when Ω is a spherical layer, the extension represents itself as a ball and

sub domain B+ is a “lens”(see, Figure 3(b)).
Now assume that ξ ∈ Ω is a point of singularity of Green function G(x, ξ). Below

we show that for any point ξ there exists a “symmetric” in Ω̃ and in B+ finite number
of points Ak(ξ) ∈ Ω̃ (the extension of the domain Ω), such that:

(1) the point ξ ∈ Ak(ξ);
(2) the subset of Ak(ξ) that is in B+ is symmetric with respect to γ2;
(3) the whole set Ak(ξ) is symmetric with respect to γ1.

Now, for a given ξ ∈ Ω we construct a set with these properties. For simplicity we
assume that ξ does not belong to S+

1 . Take ξ1 to be the mirror image of ξ with respect
to γ2. The above assumptions guarantee that such a point exists and is in B+. Next,
we add to Ak(ξ) the pair of points η0, η1 in Ω̃ that is a mirror image of points ξ, ξ1 with
respect to γ1 (see Figure 3(b)).

After this step there are three possible cases:

a: η0 ∈ B+ and η1 ∈ B+;
b: η0 ∈ B+ and η1 /∈ B+;
c: η0 /∈ B+ and η1 /∈ B+.
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Figure 3. Auxiliary domain and its Image: (a) general case; (b) spher-
ical layer with fluxes

In case (c), we make no additional steps and we consider the set Ak(ξ) constructed and
has just these four points. In case (b), we add to Ak(ξ) one point ξ2, which is an mirror
image of η0 with respect to γ2. Further, we add one more point η2 which is a mirror
image of ξ2 with respect to γ1. In case (a) we add to Ak(ξ) the points ξ2 and ξ3 that
are a mirror images of the points η0, η1 with respect to γ2. Then we also add to Ak(ξ)
the points η2 and η3 that mirror images of ξ2 and ξ3 with respect to γ1. Further, we
repeat the procedure (a)-(c) with respect to the points η2 and η3. Since h > 0, after a
finite number of steps we reach the case (c) that completes the construction of the set
Ak(ξ).

3.2. Alternating Algorithm. In this subsection we present an approximation of the
Green function for mixed boundary problem (12).Below we show that Green function
is a limit of sequence of Green functions of Dirichlet problem in an extended domain
with specific boundary condition. Let ξ be a point of singularity of the Green function
defined in (12) and let Ak(ξ) be the finite set constructed in Subsection 3.1.

For any ν ∈ Ak(ξ) define the Green function F (x, ν) with zero boundary condition
on the extended domain Ω̃ and with singularity at ν, namely:

(13) ∆ F (x, ν) = 0 in Ω̃ \ ν, and F (x, ν) = 0 on ∂Ω̃.
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It is a well known fact, that F (x, ν) can be presented as sums of the fundamental
solution of the Laplace equation 1

|x−ν| plus a regular part denoted by Φ(x, ν), i.e.

(14) F (x, ν) =
1

|x− ν| + Φ(x, ν).

In case of standard domain such as cylinder, cube or ball, this function has explicit
analytical presentation [7]. Next, we take the superposition of the functions F (x, ν) in
the following form:

G0(x,Ak(ξ)) =
∑

ν∈Ak(ξ)

F (x, ν).

It is obvious from the construction that

(15) ∆ G0(x,Ak(ξ)) = 0 in Ω̃ \Ak(ξ), and G0(x,Ak(ξ)) = 0 on ∂Ω̃.

Therefore, this is a Green function of the Dirichlet boundary value problem in Ω̃ with
singularities in the set Ak(ξ). Also, by the construction of the set Ak(ξ), the Green
function G0(x,Ak(ξ)) is even with respect to γ1 and therefore it satisfies a homoge-
neous Neumann boundary condition on γ1. Thus, we have the following situation: the
restriction of the function G0(x,Ak(ξ)) to the domain Ω is a solution of the Laplace
equation with a singularity at the point ξ; moreover, it satisfies homogeneous Neumann
condition on γ1 and zero Dirichlet boundary condition on Γ1. Therefore, G(x, ξ) and
G0(x,Ak(ξ)) differ only by the condition on γ2. Thus, we consider G0(x,Ak(ξ)) as an
approximation to G(x, ξ). Our further steps will be to correct G0(x,Ak(ξ)) so that the
correction matches this boundary condition. This correction is given in the following
algorithm:

An Alternating Algorithm:
(1) Take the trace of the function G0(x,Ak(ξ)) on S−1 and denote it by φ(x).
(2) In the domain B+ find a solution of the problem:

(16)
∆ g0(x) = 0 in B+

g0(x) = 0 on S−1
g0(x) = φ(x′(x)) on S+

1 ,

where x′(x) is a point of S−1 that is symmetric to the point x on S+
1 with respect

to γ2 (see, Fig. 4).
(3) In the extended domain Ω̃ find solution to the problem:

(17)

∆ G1(x) = 0 in Ω̃
G1(x) = 0 on Γ1 ∪ S+

2

G1(x) = g0(x) on S+
1

G1(x) = g0(x′(x)) on S−2 ,

where x′(x) is a point on S+
2 symmetric to the point x on S−2 with respect to

γ1 .
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Figure 4. Location of the images of the boundary points

Next, we repeat these two steps by replacing G0(x) by G1(x) and producing the next
pair of functions g1(x) and G2(x). Continuing this process, we obtain a sequence of
functions g0(x), g1(x), ..., gn(x), ... defined in the sub domain B+ of the extended domain
Ω̃. Also we have obtained the sequence of functions G1(x), G2(x), ... that are even in Ω̃
with respect to γ1. Further denote:

g̃N (x, ξ) = G0(x,Ak(ξ)) + g0(x) +
N∑

n=1

[gn(x) + (Gn(x)− gn−1(x))],

and

G̃N (x, ξ) = G0(x,Ak(ξ)) +
N∑

n=1

Gn(x).

The construction guarantees that these functions satisfy the following conditions:

(18)
∆g̃N (x, ξ) = 0 in B+ \ ξ

g̃N (x, ξ) = G̃N (x, ξ) on S−1
g̃N (x, ξ) = G̃N (x′(x), ξ) on S+

1 ,

where x′(x) is a point on S+
1 that is symmetric to x on the S+

1 with respect to γ2;

(19)

∆G̃N (x, ξ) = 0 in Ω̃
G̃N (x, ξ) = 0 on Γ1 ∪ S+

2

G̃N (x, ξ) = g̃N (x, ξ) on S+
1

G̃N (x, ξ) = g̃N (x′(x), ξ) on S−2 ,
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where x′(x) is a point on S−2 that is symmetric to the point x on S+
1 with respect

to γ1. In the domain B+ the functions g̃N (x, ξ) are even with respect to γ2. Similarly,
in Ω̃ the functions G̃N (x, ξ) are even with respect to γ1. Therefore, the following two
conditions are satisfied:

(20) (g̃N (x, ξ))x3 = 0 on γ2,

(21) (G̃N (x, ξ))x3 = 0 on γ1.

In addition we have:

(22) | G̃N+1(x, ξ)− G̃N (x, ξ) |=| g̃N+1(x, ξ)− g̃N (x, ξ) | on S+
1 ,

(23) | g̃N+1(x, ξ))− (̃gN (x, ξ) |=| G̃N (x, ξ)− G̃N−1(x, ξ) | on S+
1 .

Define:
Mm(g) = max

S+
1

| gm+1(x)− gm(x) |,

Mm(G) = max
S−2

| Gm+1(x)−Gm(x) |,

νm(x) =
Gm+1(x)−Gm(x)

Mm(g)
.

By construction νm(x) satisfies:

∆νm(x) = 0, νm(x) = 0 on Γ1 ∪ S+
2 and νm(x) ≤ 1 on S+

1 ∪ S−2 .

By the assumption S−1 and ∂Ω̃ intersect at non zero angle so we can apply the lemma
(see, e.g. [9] Chapter 4.4 ), to function νm(x). This lemma implies that

(24) | νm(x) |≤ q < 1 on S−1 .

At the same time on S−1 , by construction :

νm(x) =
gm+1(x)− gm(x)

Mm(g)
.

Combined with (24), this implies that:

Mm+1(g) ≤ qMm(g).

Further, we construct Mm(G) in a similar way. As a result, we obtain sequences
{Mm(g)} and {Mm(G)} that converge to zero at a rate of geometric progression with
ratio q. Hence, there exist the limits:

lim
m→∞ g̃m(x, ξ) = g̃(x, ξ) in B+, and lim

m→∞ G̃m(x, ξ) = G̃(x, ξ) in Ω̃.

On γ1 the functions G̃N (x, ξ) satisfy the condition (G̃N (x, ξ))x3 = 0 for any N (by
the symmetry property (21)). Therefore, their limit G̃(x, ξ) satisfies homogeneous
Neumann condition on γ1. On γ2, by the construction, g̃N (x, ξ) has the same property,
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i.e. (g̃N (x, ξ))x3 = 0. Also, by construction, G̃N (x, ξ)− g̃N (x, ξ) = 0 on S+
1 and on S−1

the difference

G̃N (x, ξ)− g̃N−1(x, ξ) = G̃N (x, ξ)− G̃N (x, ξ)

approaches zero. Then limits G̃(x, ξ) and g̃(x, ξ) are equal in B+, so that by (20)
(G̃(x, ξ))x3 = 0 on γ2 as well. QED.

Remark:
All construction which is done for Laplace equation could generalized on elliptic

operator of second order in divergence form with bounded and measurable coefficients.
This type of equation model fluid filtration in highly heterogeneous anisotropic porous
media, namely when tensor of permeability K = {ki,j} is a s.p.d. matrix. For applying
this technique the coefficients of the matrix K should be extended as k̃i,j evenly on
the domain Ω̃ in such way that following conditions are satisfied: k̃i,j = ki,j in Ω, k̃i,j−
is an even function with respect γ2 in B+, and k̃i,j− is an even function with respect
γ1 in Ω̃. All construction for Green function of mixed boundary problem 12 for general
selfadjoint elliptic operator in second order in the extended domain are justified as well
for Laplace equation. Differences concern only main estimation (24), that is based on
Lemma from Chapter 4.2 of [9]. Instead this Lemma we can for example apply more
general proposition for so called L-harmonic measure obtained in [12].

4. Numerical Implementation of the Method

In Subsection 2.3 we proposed an approximation method for solving the problem (6)
- (8). The essence of the method was to approximate the potential (9) by (10). In
the previous section we provided a method for computing the Green function G(x, ξ).
Our construction ensures that on the boundary ∂Ω the function G(x, ξ) satisfies the
conditions (8). The main task in this section is to provide an approximation to the
equation (11). This will lead to a linear system for the discrete densities βi. First,
we present an algorithm for computing an approximation to G(x, ξ). The ball B is
considered as a symmetric extension of the layer Ω. Therefore, the Green function
in (10) could be represented as a limit of the sequence {G̃N (x, ξ)}. Note, that for
obtaining functions G̃N (x, ξ) it is not required to solve the problems in the lens B+.
The G̃N (x, ξ) can be represented as a sum:

(25) G̃N (x, ξ) = G0(x,Ak(ξ)) +
N∑

n=1

Πn(, x, ξ).

So that by (14) G0(x, ξ) has the form

(26) G0(x, ξ) =
∑

ν∈Ak(ξ)

{ 1
| x− ν | + Φ(x, ν)},
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where Φ(x, ν) is the regular part of the Green function in the ball B (see, e.g. [7]). The
Πn in (25) is the Poisson operator

(27) Πn(x, ξ) = (4π)−1

∫

∂B

(R2− | x |2)φn(y)
R | x− y |3 dSy,

with

(28) φn(y) =





g̃n(y), on S+
1 ,

0, on Γ1 ∪ S+
2 ,

g̃n(y′) on S−2 .

Here, the functions g̃n(y) have been defined in the same way as in Section 3.2 for the
the domain Ω̃ = B; also point y′ in (28) is given by the construction in step 2 of the
alternating algorithm (see, Figure 4). The Poisson integral (27) could be calculated by
a Simpson-type cubature formulae [1]. Some practical computations performed in [13]
have shown that for R = 5000 m, h = 10 m a cubature with 4040 nodes guarantees
an accuracy 10−4 of the normal derivative of G̃N (x, ξ) on γ2 for N = 5 steps
(explained in Subsection Alternating Algorithm). The Simpson formula gives higher
accuracy but is quite expensive. In our calculation we have used a less accurate but
very efficient Lusternik formula [1] with 64 nodes. Further, in order to find the discrete
densities βi we need to compute integrals of the Green function over ∆i. This step is
implemented in following way: using presentation (25) of G̃N (x, ξ) and formulae (26)
for G0(x, Ak(ξ)) the integral over ∆i in (10) is presented in the form:

∫

∆i

G̃N (x, ξ) dξ =
∫

∆i



FN (x, ξ) +

∑

ν∈A(ξ)

[
1

| x− ν | + Φ(x, ν)]



 dξ,

where FN (x, ξ) =
∑N

n=1 Πn(x, ξ) is a regular function.
In our numerical implementation the last two integrals are calculated analytically

while the first one is computed numerically. Thus, the outer problem is solved numeri-
cally on any step of the iteration process described in Subsection 5.1. For this purpose
at any step the computed integrals can be substituted in the equation (11) as an ap-
proximation of the pressure function and the radial component of the velocity (4). The
numerical values of βi are obtained by Gauss method as a solution of linear N × N
system equation(11) derived for the collocation points. Results of the computations
for βi, i = 1, ..., 3000 in two cases are presented on Figure 5. In our computations
L = 2000 m, rw = 0.075 m, and rw = 0.05 m. The hydrodynamic meaning of the dis-
crete density distribution is a local influx towards the well surface. From this picture
how the conjugate flow in the reservoir/well system effects the distribution of local flux
along the well. Namely: when the radius of the well, rw, decreases, then the resistance
to the flow in the well increases. Therefore, the local influx takes its maximum near
x1 = 0, the dominated end of the well. At the same time, at the free end of the well,
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Figure 5. Local flux vs well radius (rw = 0.075m dotted line, rw =
0.05m continuous line)

x1 = L, the influx is reduced. Near the end points x = 0 and x = L we see certain
spikes in the behavior, called ”end effects”.

4.1. Computational Results and Discussion. As noted above, an interesting fact
is the dependence of the pressure drop and local production distribution along the well
on geometrical parameters of reservoir/well system.

It has been shown [2], that in an unbounded 3-D porous media with “normal perme-
ability”(less than 1D) and for flows obeying conditions 1-6 in section 2.1, the pressure
drop along the well-bore is insignificant. In a bounded reservoir the dependence on
geometrical parameters could lead to a significant pressure drop. Studying the impact
of geometrical characteristics of the reservoir boundary on the production rate and
pressure drop is the aim of this section. Here the variable parameters are: L - length
of the well, Db - distance between free end of the well and reservoir boundary, location
of the dominated end of the well, rw - well’s radius, shape of the reservoir boundary
namely 1/R - radius of the curve of the ball B(0, R) .

(1) First we study the influence of the shape factor of the reservoir. Our com-
putations show that the pressure drop along the well-bore depends essentially
on the form of the exterior boundary Γ1. The results for two limiting cases
(spherical and plane external boundaries) are given on Figure 6. Here < P >=

1
πr2L

∫
L Pa(x1)dx1 is the average pressure in the wellbore and Pw is the pres-

sure at the fixed (dominated) end. In both cases the distance between free
end and the external boundary remained the same. These results show, that
boundary shape could lead up to 10% increase of pressure drop.
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Figure 6. Distribution of < P > within a well in reservoir with plane
(1) and spherical (2) external boundary

(2) Next we analyzed the impact of the distance between well and reservoir exterior
boundary Γ1 on the pressure drop in the well. It is clear that if the free end
of the well intersects with the reservoir external boundary, the pressure drop is
equal to the difference between pressure on the dominated end and the value
of pressure on external boundary pressure. We studied the influence of the
Db on a value of the pressure at the free end. In our computational runs we
have assumed that well length L, reservoir’s radius Rb, well radius rw, and well
location x0

3 with respect to top and bottom are constant. So the parameter Db

decreases while shifting of the well towards Γ1 . The corresponding results are
presented on Figure 7. Here PL is the pressure at the free end of the well-
bore. As may be seen from Figure 7 this relation is not significant for small
Db (about 20rw). But when the free end of the well is close enough to the
external boundary the pressure at this end decreases exponentially. Note also
that the increase of well length, which does not decreases the distance Db , also
causes considerable pressure drop at the free end of the well. For this purpose
the following numerical experiment has been performed.

(3) Take the distance Db , well radius rw, and Rb are constant and vary parameter
was the L length of the well. The results of numerical experiments showed
that the influence of the dominated end of the well on the free end of the well
could decrease even proportionally to the well length.
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Figure 7. Ratio of PL to Pw vs distance to exterior boundary

(4) It is known from field data [10] , [20] that as a result of pressure drop along the
well the dependence of production rate on the well length tends to be constant.
So, the correlation between the production rate of the horizontal well has been
studied for two cases: (a) constant pressure in the well, and (b) variable pressure
in the well generated by reservoir/well flux.

We have assumed that the length L, the well location x0
3 (with respect to

top and bottom), and radius rw remain constant. The variable parameter is
Db . As shown on Figure 8, in case of constant pressure the production rate
sharply decreased and stabilized as the distance from the reservoir boundary
increased. In case of variable pressure in the hole, the curve is much smoother.

(5) As noted above the shape of the reservoir could result in substantial changes
of the pressure drop. In the model considered a quantitative characteristics
of the shape of the reservoir boundary is the curvature radius Re = 1

Rb
.

Using our model the influence of the Re on the well’s production rate has
been evaluated. A series of computations with constant length L, radius of
the well rw, and distance Db has been computed. The variable parameter
was Re. The corresponding results is illustrated on Figure 9. According to
these computations there exist such a critical value R0

e , depending on L
and Db such, that if Re is larger than this critical value R0

e then the
production rate would no longer depend on Re. All these results were obtained
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Figure 8. Production rate vs. distance to the exterior boundary

Figure 9. Production rate vs. reservoir curvature

for abnormally high permeability values (k = 10D),very short distances (10 m)
to the external reservoir boundary and big enough radius of the well (0.1 m).
We wanted to show that the proposed method could be used to estimate the
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Figure 10. Pressure drop along the well-bore vs bore-hole radius

effects of the geometry on the production rate and the pressure distribution
along the well-bore. When the distance to the external boundary and the
reservoir permeability were chosen more realistic, the picture is similar but the
pressure drop is significantly smaller. Thus, we came to the same conclusion as
in [2] , that within the considered assumption there are no limitations on the
length of horizontal well imposed by its hydrodynamics effectiveness. At the
same time it is well known that the hydrodynamic resistance of a pipe strongly
depends on its radius.

(6) Further the impact of the well bore radius on the pressure drop along the well
has been studded. The results of the computations of cases that satisfy the
assumption (1) - (8) in subsection 2.1 are presented on Figure 10. In these
computations we varied the well radius rw, and fixed Rb = 10000 m, k =
100 MD, Db = 100 m, and L = 1000 m. As shown on Figure 10, the pressure
drop in a well of very small radius may reach tens of percents.

High-pressure drops in a long horizontal well may thus be accounted for by
various technological reasons (such as well’s completion, casing/tubing diame-
ters, sand factor, screen permeability etc.) resulting in a decrease of the actual
diameter of bore-hole. Therefore, it is important to study the impact of the
radius of the well on the flow along the well. The distribution of local influx
along the well for two cases are presented on the Figure 11. These results show
that well radius could substantially reduce the local influx towards the well. In
these computations L = 2000 m. The number of discretizations along the well
is equal 3000.
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Figure 11. Local flux towards well (rw = 0.025m- continuous line,
rw = 0.1m-dotted line)

In the next section another model and method that can take into account the impact
of wells of finite conductivity on the pressure drop are presented.

5. Coupled Porous Media Model

In this section the well is modeled as a super-collector, that is porous media with
extremely high permeability. We assume that the well and the reservoir are cylinders
and the flows are coupled through their interface. The corresponding mathematical
problems are solved by the method of separation variables and the solutions are repre-
sented in the form of Fourier-Bessel series [7]. In order to describe our model we need
some notations. The well and the reservoir are represented by the domains W and Ω,
correspondingly:

W ≡ A0 ∪A1, where

A0 ≡ {x : x2
2 + x2

3 < r2
0; 0 < x1 < L}; A1 ≡ {x : r2

0 < x2
2 + x2

3 < r2
w; 0 < x1 < L},

and
Ω ≡ A2 + A3, where

A2 ≡ {x : r2
w < x2

2 + x2
3 < R2

b ; 0 < x3 < H; 0 < x1 < L};
A3 ≡ {x : x2

2 + x2
3 < r2

w; 0 < x3 < H, L < x1 < H}.
Here x = (x1, x2, x3) are the Cartesian coordinates of the points x in the reservoir. One
of the possible ways to couple the flows in the regions W and Ω, A0, A1, A2, A3 is
the following:

(1) A0 is the well’s tubing or more general - oil or gas transport domain, where flow
is subjected to the approximation of pipe hydrodynamics;
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(2) A1 is the well’s annuli (screen between tubing and casing) or more general - “su-
per collector”, a bottom hole zone with small diameter with high permeability
k1, where flow satisfies Darcy low;

(3) A2 + A3 represents the reservoir itself (bounded by the top (y = H) and the
bottom (y = h)) with permeability k2.

This domain contains two boundaries of discontinuity of the media:
• ∂A0, the boundary between tubing and bottom hole zone of porous media,

where the conjugate condition (6) is satisfied.
• ∂A1, the boundary between “super collector” and porous media of the reservoir.

Thus we consider the model:
(1) The average pressure Pa(x1) satisfies equations (3) in A0 , the coupling bound-

ary conditions (6) on the well surface x2
2 + x2

3 = rw and the condition (5) on
the free end of the well x1 = L;

(2) The pressure p(x) satisfies the Laplace equation in A1, A2 and A3 ;
(3) On the interfaces between domains A1, A2 and A3 the pressure and the normal

component of the velocity are continuous.
Analytical solution of this general problem could be developed by using iterative

techniques. First, one can apply the developed technique in the Section 2 for spherical
layer Ω to cylindrical domain and show the following:

Let Ω̃ is a cylindrical extension of the domain Ω. There exists a pressure distribu-
tion on the external boundary of the extended domain Ω̃, such that the solution of
the problem in a cylinder annuli Ω̃ with this boundary condition will satisfy non-flow
conditions on the top and the bottom.

Thus, one can reduce the problem to the following two step procedure:
(1) First step: Split the cylinder Ω̃ into four homogeneous media, i.e. Ω̃ = Ã2 ∪

A1 ∪A0 ∪A3, where

Ã2 ≡ {x : r2
w < x2

2 + x2
3 < R2

b ; 0 < x1 < L}.
(2) Second step: Solve the two problems in the cylinder A = A0∪A1∪Ã2 and A3,

correspondingly by a non-overlapping domain decomposition algorithm [6, 29].
(3) Third step: Reduce the problem in A to a sequence of problem in A0 and

B = A1 + Ã2. This sequence is linked through conjugate condition (6) and
converges as a geometrical progression.

Finally, the overall problem is reduced to the problem of flow with mixed boundary
conditions in heterogeneous porous media in an annulus cylinder B with permeability

(29) K =

{
k1 in A1,

k2 in Ã2.

Detailed description of the proposed methods is beyond the scope of the present paper.
Here we will cover part of the algorithm that gives the analytical solution of the mixed
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Figure 12. Schematic representation of a cylindrical reservoir

boundary problem in highly heterogeneous porous media B = A1 + Ã2. The algorithm
is realized in the form of a Fourier-Bessel series. It makes possible to investigate explic-
itly the dependence of the pressure drop on the well radius (casing/tubing diameter)
and well/reservoir conductivity ratio.

5.1. Splitting of the Problem. We introduce new variables:

x = x1/rw, y = x2/rw, z = x3/rw, r2 = x2 + y2; z = z

Then the main dimensionless geometrical parameters are:

L = l/rw, R0 = r0/rw, R = Rb/rw

. Domains B, A1 and Ã2 are transformed into:

B = {(r; z) : R0 < r < R; 0 < z < L}
A1 = {(r; z) : R0 < r < 1; 0 < z < L} and A2 = {(r; z) : 1 < r < R; 0 < z < L}.

Define the edge’s and side’s parts of the cylindrical domains A1, A2 as follows (see
Figure 12):

a1 = {R0 < r < 1, z = 0}; b1 = {R0 < r < 1, z = L}; c1 = {r = R0, 0 < z < L},
a2 = {1 < r < R, z = 0}; b2 = {1 < r < R, z = L}; c2 = {r = R, 0 < z < L}.

Denote the interface between A1 and A2 as d = {r = 1; 0 < z < L}. Further, we make
the following assumptions:

(1) the flow in B obeys the Darcy low with discontinuous permeability (29);
(2) the pressure p and radial component of the velocity are continuous at the in-

terface d between A1 and A2;
(3) the pressure is given on the boundary a1 and equals to pw;
(4) a non-flow condition is specified on a2;
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(5) the reservoir pressure PR on the right end, and on the external boundary
b1, b2, and c2 of the cylinder is given;

(6) pressure is a linear function of z along the boundary c1; that corresponds to
Poisel flow in the tubing of the well.

Thus, for the reduced pressure function

(30) p̄ = (p− PR)/(Pw − PR) =

{
p1 in A,

1

p2 in A2.

we obtain the following mixed boundary-value problem:

(31)

∆p1 = 0 in A1

p1 = 1 on a1

p1 = 1− z/L on c1

p1 = 0 on b1,

(32)

∆p2 = 0 in A2

(p2)z = 0 on a2

p2 = 0 on c2

p2 = 0 on b2.

The coupling conditions on the interface d between the media A1 and A2 are:

(33) p1 |r=1−0= p2 |r=1+0,

(34) k1
∂p1

∂r
|r=1−0 = k2

∂p2

∂r
|r=1+0.

The method, the algorithm, and the main results, presented bellow, remain the
same for any type of Dirichlet or Neumann conditions on the external boundary of the
annular cylinder B , namely, on a1, a2, b1, b2, c2 .

5.2. Alternating Algorithm Without Overlapping. In this subsection a modi-
fication of Shwarz Dirichlet-Neumann [29] alternating algorithm without overlapping
is presented. If the ratio G = k2/k1 is very small then the pressure in the reservoir
(domain A) is close to discontinuous function that is linear in A1 and equals to zero in
A2. When G increases then the pressure might be adjusted both in A1 and A2 so it
becomes smoother. Moreover, it is obvious that an increase of G decreases the pressure
in A1 and increases the pressure A2. Under the assumption that G = k2/k1 < 1 those
Schwarz alternating method is implemented as an iterative procedure:

(1) At each step solve two problems: (a) (32) in the domain A2 with homogeneous
Dirichlet condition on the interface d; and (b) (31) in the domain A1 with
homogeneous Neumann conditions on the same side.

(2) Extend this solutions through the interface between A1 and A2 in such way
that . the extension is subject to the coupling conditions (33),(34);

(3) Correct this extension on non-joint parts of a boundary.
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A distinctive feature of this process is the correction of the solution only on non-joint
part of boundary: a1, a2, b1, b2, c1, c2, because on the interface d between A1 and
A2 the pressure and the normal flux satisfy the coupling conditions on each step by
construction.

From a mathematical point of view this iterative procedure makes possible to rep-
resent the solution of the problem (31), as an finite sum of three types of functions:
Ui(r, z), Wi(r, z) and Vi(r, z) (i = 1.2, ...), where U0(r, z) = (L − z)/L, W0(r, z) and
V0(r, z) are equal zero, and for i = 1, 2, ... the functions Ui(r, z), Wi(r, z) and Vi(r, z)
are solutions to the following problems:

(1) Function Ui(r, z) is a solution of the problem

(35)

∆ Ui(r, z) = 0 in A1 ∪A2

Ui(R0, z) = Ui(r, L) = 0

∂Ui(1, z)
∂r

= 0

Ui(r, 0) = −Vi(r, 0)−Wi(r, 0), when R0 < r < 1.

(2) Function Vi(r, z) is a solution of:

(36)

∆ Vi(r, z) = 0 in A1 ∪A2

Vi(1, z) = Vi(R, z) = 0

Vi(r, L) = 0

(Vi(r, 0))z = −(Ui−1(r, 0))z.

Moreover, function Vi(r, z) have to satisfies the coupling conditions (33),(34).
Then each function

(37) VN =
N∑

i=1

(Ui + Vi)

for N ≥ 1 satisfies all boundary conditions except the condition on c1 and c2. Then,
we introduce the following correction:

(3) Function Wi(r, z) is a solution of the problem

(38)

∆ Wi(r, z) = 0

Wi(R, z) = −Ui−1(R, z)

Wi(r, L) = (Wi(r, 0))z = 0

Wi(1− 0, z) = Wi(1 + 0, z)

k1(Wi(1− 0, z))r = k2(Wi(1 + 0, z))r

Wi(R0, z) = −Vi(R0) on c1.

In subsection 5.3 it will be shown that the functions Ui(r, z), Wi(r, z) and Vi(r, z)
exist and can be represented in the form of Fourier and Fourier-Bessel series. Moreover,
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we find a condition on the parameters G and R/R0, (but not on the length L !), so
that Vi(r, z) tends to zero with rate of geometric progression with a ratio q < 1.

Then by construction the function

(39) uN = U0 + VN +
N∑

i=1

Wi

is a solution of Laplace equation in A1 and A2 and satisfies all boundary conditions of
the problems (31) -(32), except the conditions on c1 and c2. Function uN is equal to
(L − z)/L + VN (R0, z) on c1 and 1 + VN (r, 0) on a1 and in addition VN (r, z) tends to
zero when N tends to ∞. Thus, uN tends to the solution of the problem (31)-(34).

The formula (39) contains the main pressure function U0 that generates flow in the
pipe (solution of the problem (3)-(5)) and the sum of terms generated by perturbations
of the reservoir’s influx. These “influx” terms dominate in case when the parameter G
is near one and are negligible when G is small.

5.3. Implementation of Non-overlapping Algorithm. The first approximation U0

is a linear function: U0 = (L−z)/L and it satisfies all conditions except two boundary
conditions:

on a2 = {z = 0, 1 < r < R} and on c2 = {r = R, 0 < z < L}.
To correct the function U0 on a2 and c2 we solve the the problem (36). The solution of
this problem is sought in form of Fourier-Bessel series [7]: Vi = Φi(r, z) in A2, and Vi =
GΦi(r, z) in A1. Here

(40) Φi(r, z) =
∞∑

m=1

Rm(r)Dm(i)
sinh(νmz)

νm cosh(numL)
,

(41) Rm(r) = J0(νmr)Y0(νm)− J0(νm)Y0(νmr),

where νm are the roots of the equation Rm(R) = 0,m = 1, ....
The Dm(1) in (40) is a Fourier-Bessel coefficient of the function −1/L. The function

U0 + V1 satisfies all conditions (32-34) except the conditions on a1, c1 , and c2. To
correct it we need to solve the the problems (35) and (38) with corresponding boundary
conditions on a1 and c1. The solutions Ui can be represented in the form:

(42) Ui(r, z) =
∞∑

k=1

Ck(i)Ek(r)
sinh(µkz)
sinh(µkL)

.

Here Ek(r) = J0(µkr)Y0(µkR0) − J0(µkR0)Y0(µkr) and µk, k = 1, ... are the roots of
the equation Ek(1) = 0; Ck(i) are Fourier-Bessel coefficients of the function GΦi(r, L).
The maximum principle gives the following inequality:

(43) Ck(i) ≤ C∗
k(i), where C∗

k(i + 1) = −GC∗
k(i)

∞∑

m=1

gmQm,
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with

Qm =
2

1−R0

∫ 1

R0

rRm(r)dr and gm =
πJ0(νmR

J0(νm) + J0(νmR)
.

Assume that G, R and R0 are such that

(44) G
∞∑

1

Qmgm ≤ q < 1.

Then from the recurrence relation (43) it follows that Ck(i) ≤ qi. Finally, we have
to make the last correction concerning the conditions on the sides c1 and c2 of annuli
cylinder. For this purpose we have already introduced the problem (38). The solution
of this problem has the form:

Wi(r, z) =
∑∞

n=1 R1
n(r, z) cos(Bnz) in A1

Wi(r, z) =
∑∞

n=1 R2
n(r, z) cos(Bnz) in A2

R1
n = a1

nI0(Bnr) + a2
nK0(Bnr)

R2
n = b1

nI0(Bnr) + b2
nK0(Bnr)

a1
nI0(Bn) + a2

nK0(Bn) = b1
nI0(Bn) + b2

nK0(Bn)

a1
nI1(Bn)− a2

nK1(Bn) = G(b1
nI1(Bn)− b2

nK1(Bn))

a2
nK0(BnR0) = f1

n − a1
nI0(Bn)

b1
nI0(BnR) = f2

n − b2
nK0(BnR).

Here Bn = π(2n+1)
2L , f1

n is the Fourier coefficient of Vi(R0, z), and f2
n is the Fourier

coefficient of Ui−1(R, z). Then the function

uN =
N∑

i=1

Ui(r, z) +
N∑

i=1

Vi(r, z) +
N∑

i=1

Wi(r, z)

satisfies all conditions except the conditions on z = L, 1 < r < R, where UN (r, L)
tends to zero because of condition (44) Q.E.D.

Conclusions:
(1) The ratio reservoir/well conductivity has a greater impact on the pressure drop

as compared to other parameters of the system ”reservoir + horizontal well”.
Second in significance parameter influencing the pressure drop is the radius of
the well.

(2) The ratio reservoir/well conductivity is defined by the completion of the well
(tubing radius, actual ”screen + sand pack” conductivity etc.) and actual radius
of oil/gas flow along the tubing.

(3) The geometrical parameters of the reservoir significantly affected on the pro-
ductivity index of horizontal well when the ratio of reservoir/well conductivity
is very small (G = k2

k1
<< 1), then the productivity index is by . From our
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results it can be deducted in the case G << 1 that: the distance from the ex-
ternal boundary on the first place, the shape factor (curvature of the reservoir
boundary) on the second place, and length of the well in third place affect the
pressure drop along the well.

(4) The pressure drop along the well-bore, the productivity of the horizontal well,
beginning at certain critical value ceases to grow with increase of its length.
The proposed computational methods can be used to predict accurately this
critical length and its dependence on ratio reservoir/well conductivity.

List of used notations

µ − viscosity
K − permeability
p − pressure in the reservoir
rw − radius of the well
L − length of the well
Pa − average pressure in the well − bore
Pw − pressure in the fixed (dominated) end of the well
PL − pressure on the free boundary of the well
PR − reservoir pressure
Db − distance between free boundary of the well and reservoir boundary
R − radius of external boundary
h − reservoir thickness

Re = 1/R − curvature radius of external boundary (shape factor)
B(0, R) − sphere of radius R

r0 − casing radius
r2 − x2 + y2

J0(Y0) − Bessel function of zero order of first (second) kind
I0(K0) − Modified Bessel functions of zero order of first (second) kind
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NEW CONVERGENCE CONDITIONS OF SECANT METHODS VIA
ALPHA THEORY

S. KIM

J. KSIAM Vol.5, No.2, 101-115, 2001

Abstract. Recent theoretical analysis of numerical methods for solving nonlinear
systems of equations is represented by alpha theory of Newton method developed
Smale et al. The theory was extended to Secant method by providing convergence
conditions by Yakoubsohn which the Secant method is treated as an operator de-
fined for analytical functions. We use Secant methods as an iterative scheme with
approximations, which results in new convergence conditions. We compare the two
conditions and show that the new conditions represent the features of Secant method
in a more precise way.

1. Introduction

We consider solving nonlinear systems of algebraic equations

(1) f(x) = 0,

where f : E → F with E and F two Euclidean spaces or more generally two Banach
spaces. It is a classical problem with applications in many branches of engineering.
Computationally popular numerical methods for (1) are Newton and Secant methods.
The theoretical aspects of the methods have been dealt recently with Alpha theory
[1]. Alpha theory for Newton method on solving (1) was developed by Smale et al and
Yakoubsohn extended the theory to Secant type method in [5, 6].

The conventional convergence analysis of Newton method can be described as follows.
Newton method defined as

Nf (x) = x− (f ′(x))−1f(x),

is considered to be an interation based on the map from R to itself, where f ′(x) is the
derivative of f at x. The convergence rate of Newton method is q-quadratic convergence
[2, 4], i.e., Newton method converges quadratically if an initial guess x0 is in an open set
N(r, ε) about a root r and there exists r ∈ Rn, γ, β > 0, such that N(r, γ) ⊂ D, with
D domain, f(r) = 0, f ′(r)−1 exists with ‖ f ′(r)−1 ‖< β, and f ′ Lipschitz continuous
in a region containing x0, where f is assumed to be continuously differentiable.

AMS subject classification 65H10,90C53
Key Words: Alpha theory, Secant Method, Newton Method, Nonlinear Systems of Equations.
Research supported by Kosef R004-2001-00200
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On the other hand, in Alpha theory,

β(f, x) = |f ′(x)−1f(x)|, α(f, x) = β(f, x) sup
k≥2

∣∣∣∣∣
f ′(x)−1f (k)(x)

k!

∣∣∣∣∣
1/(k−1)

< α0,

and

γ(f, x) = sup
k≥2

∣∣∣∣∣
f ′(x)−1f (k)(x)

k!

∣∣∣∣∣
1/(k−1)

were introduced to verify the convergence of Newton method on a starting point where
f is an analytic system of equations. They computed a ball centered at a root ξ of f
that contains only approximate zeros, showed that Nf is a contraction map in a ball,
and evaluated a neighborhood for a point x in the ball of contraction. The value of the
universal constant alpha for Newton method is approximately 0.16. Alpha theory gives
the size of the basin of attraction around the zeros in terms of the invariant γ(f, x). It
is a strong result in the sense that the convergence does not depend on initial guesses,
but α(f, x) a number characterized by f and x.

Similar approach for theoretical analysis of Secant methods was made using Alpha
theory in [6]. Basically, Secant method is an iterative scheme as Newton method with
two given initial guesses for a root. The method reduces cost of computation f ′(x) by
approximating, which can be very expensive operation. The q-superlinear convergence
analysis of Secant method proved by [2] assumes a weak regularity for f . Yakoubsohn
in [6] assumes that f : E → F is an analytic function and showed that Secant mapping
defined as

(2) Sf (y, x) = y − ([y, x]f)−1f(y) = x− ([y, x]f)−1f(x)

where

[y, x]f =
∑

k≥1

Dkf(x)
k!

(y − x)k−1

is a contraction map and Sf maps B(x0,
u0

γ(f,x0)) into B(ξ, u0
γ(f,ξ)) with a contraction

constant less than or equal to 1/2 under the given conditions.
The aim of this paper is to analyze the conditions for Secant method given by

Yakoubsohn and give a new condition for contraction and robust alpha theorem. The
new condition is derived from the fact that Secant method uses an approximation to
the Jacobian of Newton method in practice, which was not considered in [6]. Wide use
of Secant method also comes from its effectiveness as Newton method in obtaining a
solution. In particular, the distance between x and y is very small, i.e., ‖ x− y ‖= ε,

[y, x]f = Df(x) + O(ε),

then the iterates produced from Secant map is nearly same as those of Newton method
given the same initial point. In this case, a similar value of a universal constant to
Newton method can be expected if a universal constant for Secant method is found and
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a contraction constant with which Secant map is a contractive map to be determined
near that of Newton method.

The values of u that satisfies the conditions are in the range of 0 ≤ u ≤ 0.08
approximately with varying α from 0 approximately to 0.008. Larger values of α does
not satisfy the conditions. This range of values of u and α are very small compared to
Newton method. This computation of α does not show the property of Secant method
well in the sense that an approximation is used in the iterative framework and it can be
very accurate as we choose ε very small. Therefore, it provides us room to improve the
universal constant and the contraction constant of Secant method in [6] to represent
its theoretical properties.

In Section 2, we define the approximate zero for Secant iteration as Newton and show
convergence of Secant method using a constant. Section 3 includes Newton method’s
contraction theorem to observe the valid range of α, which provides a basis for Se-
cant method’s contraction theorem. In section 4, we describe Yakoubsohn’s results
and discuss values with figures. The conditions are examined and a new condition is
derived. We show Yakoubshon’s condition and the proposed condition with Figures
and compare. Section 4 is devoted to concluding discussion.

2. Basic Analysis

The fact that Secant method involves less amount of work in computation of f ′
gives an edge over Newton method. The availability of f ′ and the degree of difficulty
of computing f ′ determine work involved in each iteration. However, Secant method
generally has a slower convergence rate than Newton method. The constant α indicates
the rate of convergence of Secant method and the convergence of Secant method is

(3) |xn − r| ≤ K|xn−1 − r|α
for some constant K [2].

We use the techniques of [1] to derive a convergence region on a given input for
Secant method. But the main difference is the speed of convergence reflected on the
constant K. To observe the difference clearly the definition of approximate zeros in
Newton method for two initial guesses is given as follows.

Definition 2.1. Let λn = λn−1 + λn−1, λ0 = λ1 = 1 and λ = 1+
√

5
2 . If, for given x0

and x1, xi+1 = Sf (xi, xi−1) is defined for i ≥ 2 and there is a x∗ such that f(x∗) = 0
with

(4) |xi − x∗| ≤
(

1
2

)λi−1

|x0 − x∗|,

then, x0 is an approximate zero of f and x∗ is called as the associated zero.

Let

γ = γ(f, x) = sup
k≥2

∣∣∣∣∣
f ′(x)−1f (k)(x)

k!

∣∣∣∣∣
1/(k−1)

,
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u = γ(f, x)|ω − x|,
and

E =
∞∑

k=2

k
f ′(x)−1f (k)(x)(ω − x)(k−1)

k!
.

The concept of approximate zeros and the convergence criteria by Smale is based on
the series E to converge with the radius of convergence u ≤ 1−

√
2

2 .

Lemma 2.2. [1] If u < 1−
√

2
2 , then

(a)
f ′(x)−1f ′(ω) = 1 + E

where |E| ≤ 1
(1−u)2

− 1 < 1.
(b)

|f ′(ω)−1f ′(x)| ≤ (1− u)2

1− 4u + 2u2
.

Lemma 2.3. For some ηn ∈ (xn−1, xn) and un = γ(f, r)(ηn − r),

(5) |f ′(r)−1f ′′(ηn)| ≤ γ(f, r)
1

(1− un)3
.

Proof.

f ′′(ηn) = f ′′(r) + f (3)(r)(ηn − r) +
∞∑

k=4

f (k)(r)(ηn − r)(k−2)

(k − 2)!
(ηn − r)(k−2)

f ′(r)−1f ′′(ηn) =
∞∑

k=2

f ′(r)−1f (k)(r)
(k − 2)!

(ηn − r)(k−2)

|f ′(r)−1f ′′(ηn)| ≤
∞∑

k=2

k(k − 1)u(k−2)
n

=
1

(1− un)3
.

Lemma 2.4. Let f(r) = 0, and un = max(γ(f, r)|ηn − r|, γ(f, r)|ζn − r|), for some
ηn, ζn ∈ (xn, xn−1), and Ψ(un) = 1− 4un + 2u2

n. We also let

cn =
γ

2Ψ(un)(1− un)
.

Then,
‖Sf (xn, xn−1)− r‖ < cn‖xn − r‖‖xn−1 − r‖

(6) ‖Sk
f (xn, xn−1)− r‖ < cλ−1

n ‖xn − r‖λ.
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Proof. From Secant iteration (2),

Sf (xn, xn−1)− r = xn −
(
[f(xn)− f(xn−1)]−1(xn − xn−1)

)
f(xn)− r

= [f(xn)− f(xn−1)]−1[f(xn)(xn−1 − r)− f(xn−1)(xn − r)]
= (f(xn)− f(xn−1))−1(xn − xn−1)(xn − xn−1)−1

[f(xn)(xn − r)−1 − f(xn−1)(xn−1 − r)−1](xn − r)(xn−1 − r)(7)

=
1
2
f ′(ζn)−1f ′′(ηn)(xn − r)(xn−1 − r),

for some ζn, ηn ∈ (xn, xn−1). Now,

|Sf (xn, xn−1)− r| =
1
2

∣∣f ′(ζn)−1f ′′(ηn)(xn − r)(xn−1 − r)
∣∣

=
1
2

∣∣f ′(ζn)−1f ′(r)f ′(r)−1f ′′(ηn)(xn − r)(xn−1 − r)
∣∣

≤ 1
2

∣∣f ′(ζn)−1f ′(r)
∣∣ ∣∣f ′(r)−1f ′′(ηn)

∣∣ |(xn − r)(xn−1 − r)| .

|Sf (xn, xn−1)− r| ≤ 1
2

∣∣f ′(ζn)−1f ′(r)
∣∣
(

1
(1− un)3

)
|(xn − r)(xn−1 − r)|

By Lemma 2.2 and 2.3,

|Sf (xn, xn−1)− r| ≤ 1
2

∞∑

k=0

|E|k
(

1
(1− un)3

)
|(xn − r)(xn−1 − r)|

≤ 1
2Ψ(un)(1− un)

|(xn − r)(xn−1 − r)|(8)

We let for k = 1, · · · , Sk
f (x1, x0) = Sf (xk, xk−1).

Sf (x1, x0) ≤ c0|x1 − r||x0 − r|.
where u0 = γ|x0 − r|. We assume that we are given initial guesses x0, x1 such that
|x1 − r| < |x0 − r|. Let λn = λn−1 + λn−2, λ0 = λ1 = 1 and λ = 1+

√
5

2 . Then,

|S2
f (x0, x1)− r| ≤ c2

0|x0 − r|3,

|Sk
f (x0, x1)− r| ≤ c

λk+1−1
0 |x0 − r|λk+1 .

From |xk+1 − r| = |Sk
f (x0, x1)− r|,

c0|xk+1 − r| ≤ |x0 − r|λk+1c
λk+1

0 ,

|xk+1 − r| ≤ 1
c0
|x0 − r|λk+1c

λk+1

0 ,

=
d

λk+1

0

c0
,
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where d0 = c0|x0 − r|. It follows that

|Sk
f (x1, x0)− r| ≤ ck|xk − r|λ|xk − r|(1−λ)|xk−1 − r|

≤ c0|xk − r|λ
(

dλk
0

c0

)1−λ (
d

λk−1

0

c0

)

= |xk − r|λ(c0)λ−1d
λk+1−λλk

0 .

Since λn+1 − λλn → 0 as n →∞, we show that (6) follows from (8):
For k = 0, (6) is trivial. By induction, we assume for k ≥ 1 that

|Sk−1
f (x1, x0)− r| ≤ (c0|x0 − r|)λk−1 |x0 − r|.

Using (8), we have

|Sk
f (x1, x0)− r| ≤ c0

[
(c0|x0 − r|)λk−1 |x0 − r|

] [
(c0|x0 − r|)λk−1−1 |x0 − r|

]

= (c0|x0 − r|)λk+1−1 |x0 − r|,
which holds for xn and xn−1.

Theorem 2.5. Let u = γ(f, x)|x − r| and ρ(u) = 1
2Ψ(u)(1−u) − 1

2 = 0. Suppose that
f(r) = 0 and f ′(r)−1 exists. If

|x− r| ≤ 1
2Ψ(u)(1− u)

for

and u is less than the small root y of ρ(u), then x is an approximate zero of f with
associate zero r.

Proof. We need to show that cn ≤ 1
2 from the definition 2.1 of the approximate zero.

From Lemma 2.4, if u < y, then γ
2Ψ(u)(1−u) < 1

2 .

3. Convergence of Newton Maps

In this section, we first describe Newton contraction theorem and robust α theorem.
The theorems include conditions on u and α to satisfy. We show the conditions in the
theorems with Figures to describe the valid range of the values. The range is used in
the next section to be compared to that of Secant methods.

Theorem 3.1. (N-Gamma theorem) [1] Suppose that f(ξ) = 0 and that Df(ξ)−1 exists.
If

‖ x− ξ ‖≤ 3−√7
2γ(f, ξ)

,

then x is an approximate zero of f with associated zero ξ, i.e., the sequence

x0 = x, xk+1 = Nf (xk), k ≥ 0
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is well defined and satisfies

‖ xk − ξ ‖≤
(

1
2

)2k−1

‖ x− ξ ‖, k ≥ 0.

Theorem 3.2. (N-Contraction theorem) [1] Let x ∈ E and u > 0 such that the two
conditions hold:
1.

c =
2α(f, x) + u

Ψ(u)2
< 1,

2.
α(f, x) + cu ≤ u.

Then Nf is a contraction map of the ball B
(
s, u

γ(f,x)

)
into itself with contraction con-

stant c. Hence there is a unique root ξ of f in B
(
x, u

γ(f,x)

)
and for all y ∈ B

(
x, u

γ(f,x)

)

tend to ξ under iteration of Nf .

The left graph of Fig 1. shows the graph of 2α(f,x)+u
Ψ(u)2

−1 in the variables α and u, To
satisfy the condition 1 in Theorem 3.2, c− 1 should be negative. Therefore, the range
of values that hold the condition 1 is approximately 0 ≤ u ≤ 1. The right graph of Fig
1. shows α(f, x)+cu−u in Theorem 3.2. The condition 2 requires α(f, x)+cu−u ≤ 0,
therefore, approximately 0 ≤ α ≤ 0.015 satisfies the condition 2. Figure 2 indicates
the range of the values for u satisfying the conditions 1 and 2 simultaneously, which is
approximately 0 ≤ u ≤ 0.1.

4. Secant Iteration

We describe Yakoubsohn’s results and show the conditions in his contraction theorem
with Figures.

Secant iteration is defined in [6] as

Sf (xn, xn−1) = xn−1 −A(xn, xn−1)−1f(xn−1)

where

A(xn, xn−1) =
∑

k≥1

Dfk(xn−1)
k!

(xn − xn−1)k−1,

and the secant operator A satisfies

f(xn)− f(xn−1) = A(xn, xn−1)(xn − xn−1),

If A−1 is available, then

A−1(xn, xn−1)(f(xn)− f(xn−1)) = xn − xn−1,

It is basically the same map as (2). The following theorems are derived using the
definition of the Secant map.
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Figure 1. Newton Condition 1 and 2 with u

Theorem 4.1. (S-Contraction) Let x0 ∈ E and u0 > 0 such that

Ψ(u0)(1− u0)− 4u0 > 0.

Suppose
1.

c :=
(α(f, x0) + u0)(1− u0)2

(Ψ(u0)(1− u0)− 2u0)(Ψ(u0)(1− u0)− 4u0)
+

u0

(Ψ(u0)(1− u0)− u0)
< 1.

2.
(1− u0)2α(f, x0) + u2

0(3− 2u0)
Ψ(u0)

≤ u0.

Then,

1. Sf maps B
(
x0,

u0
γ(f,x0)

)2
into B

(
x0,

u0
γ(f,x0)

)
.
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Figure 2. Newton Condition 1 and 2 with u

2. Sf is a contraction map with contraction constant c.
3. There is a unique root ξ of f such that

‖ x0 − ξ ‖≤ u0

γ(f, x0)
.

Theorem 4.2. (S Robust α Theorem) Let u0, α0 be two positive numbers such that
(a).

c0 :=
(α0 + u0)(1− u0)2

(Ψ(u0)(1− u0)− 2u0)(Ψ(u0)(1− u0)− 4u0)
+

u0

(Ψ(u0)(1− u0)− u0)
<

1
2

(b).
(1− u0)2α(f, x0) + u2

0(3− 2u0)
Ψ(u0)

≤ u0.

(c). (
u0 +

α0

1− c0

) (
1

Ψ( α0
1−c0

)(1− α0
1−c0

)

)
≤ 3−√7

2
.

(d).
1

Ψ( α0
1−c0

)(1− α0
1−c0

)
<

1
2c0

.

If α(f, x0) ≤ α0 then there is a root ξ such that

B

(
x0,

u0

γ(f(x0)

)
⊂ B

(
x0,

3−√7
2γ(f, ξ)

)
.

Moreover, Sf maps B
(
x0,

u0
γ(f,x0)

)
into B

(
ξ, u0

γ(f,ξ)

)
with contraction constant less than

or equal to 1/2.
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We now describe a contraction theorem with a new contraction constance, different
from Thoerem 4.2. The contraction constant shown here provides larger range of values
than Theorem 4.2, which represents the features of Secant maps. Secant contraction
theorem and S robust α algorithm in [6] and the assumptions used in the theorems are
also shown in Figures. The ranges of values valid for the theorems are examined and
compared.

We show that Secant method is a contraction mapping based on the following lemma.

Lemma 4.3. ( [6] p.8. ) Let x, y, x1, y1 ∈ E and u = γ(f, x) ‖ x− y ‖, u1 = γ(f, x) ‖
x − x1 ‖, v1 = γ(f, x) ‖ y − y1 ‖, v = γ(f, x) ‖ x − y1 ‖ . Assume that u, u1, v, and
v1 < 1. Then,

1. ‖ Df(x)−1([y1, x1]f − [y, x]f) ‖≤ u1 + v1 − u1(v1 + u)
(1− u1)(1− v1 − u)(1− u)

2. ‖ Df(x)−1([y1, x1]f −Df(x)) ‖≤ u1 + v − u1v

(1− u1)(1− v)
Moreover if 2(1− u1)(1− v)− 1 > 0 then

3. ‖ [y1, x1]f−1Df(x)) ‖≤ (1− u1)(1− v)
2(1− u1)(1− v)− 1

.

In view of Lemma 4.3, it follows

‖ ([y, x]f)−1f(x)− ([z, x]f)−1f(x) ‖ ≤ ‖ ([z, x]f)−1Df(x) ‖‖ Df(x)−1([y, x]− [z, x])f(x) ‖ ·
‖ ([y, x]f)−1Df(x) ‖‖ Df(x)−1f(x) ‖

≤ 1
(1− 2u)2

β(f, x)γ(f, x) ‖ z − y ‖

=
1

(1− 2u)2
α(f, x) ‖ z − y ‖ .

From the definition of Secant map with A(y, x) = [y, x]f ,

(9) S(y, x) = y −A(y, x)−1f(y),

where

A(y, x) =
∑

k≥1

Dfk(x)
k!

(y − x)k−1.

Since S(y, x) takes two variable x and y as input, S(x, y) can be considered as a map
from 2n-dimensional space E to an n-dimensional space F . Hence, we consider S(x, y)
itself a function.

Notice that if we let u = γ(f, x) ‖ y − x ‖ and v = γ(f, y) ‖ x− y ‖, then,

‖ ([y, x]f)−1f(x) ‖ = ‖ ([y, x]f)−1Df(x) ‖‖ Df(x)−1f(x) ‖
≤ β(f, x)

(1− 2u)2
(10)
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and

‖ ([x, y]f)−1f(y) ‖ = ‖ ([x, y]f)−1Df(y) ‖‖ Df(y)−1f(y) ‖
≤ β(f, y)

(1− 2v)2
.

We show S(y, x) is a contractive map by differentiating S(y, x) with respect to y and
x.

Lemma 4.4. Let βN (f, y) =‖ Df(y)−1f(y) ‖ be the Newton step at y, and u =
γ(f, x) ‖ x − y ‖. Then, the partial derivatives of Secant map with respect to x and y
are

‖ ∂S(y, x)
∂y

‖≤ α(f, x)
(1− 2u)2

‖ ∂S(y, x)
∂x

‖≤ α(f, y)
(1− 2v)2

.

Proof. Using (2), the equation (9) can be written as

(11) A−1(y, x)(f(y)− f(x)) = y − x.

Let ej denote a unit vector with 1 in jth position, for j = 1, . . . , n. In view of (11),

−S(y + ejh, x) + S(y, x)
h

=
1
h

[y + ejh−A(x, y + ejh)−1f(y + ejh)− y + A(x, y)−1f(y)]

=
1
h

[y + ejh−A(x, y + ejh)−1f(y + ejh)− y + A(x, y)−1f(y)

+A(x, y + ejh)−1f(x)−A(x, y + ejh)−1f(x)

−A(x, y)−1f(x) + A(x, y)−1f(x)]

=
1
h

(
ejh + (x− y − ejh) + (y − x) + [A(x, y)−1 −A(x, y + ejh)−1]f(x)

)

=
1
h

(
[A(x, y)−1 −A(x, y + ejh)−1]f(x)

)

It can be shown from (10) that ‖ S(x, y)−S(x, ŷ) ‖≤ βN (f,x)
(1−2u)2

γ(f, x) ‖ y−ŷ ‖, with u =
γ(f, x) ‖ x− y ‖, we have

lim
h→0

S(x, y + ejh)− S(x, y)
h

= lim
h→0

(A−1(x, y)−A(x, y + ejh)−1)f(x)
h

≤ βN (f, x)
(1− 2u)2

γ(f, x)

≤ α(f, x)
(1− 2u)2
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The partial derivative of S(x, y) with respect to x is obtained as follows.

S(y, x + ejh)− S(y, x) = y + A(x + ejh, y)−1f(y)− y −A(x, y)−1f(y)

Using ‖ S(x, y)− S(x̂, y) ‖≤ βN (f,y)
(1−2v)2

γ(f, y) ‖ x− x̂ ‖, v = γ(f, y) ‖ x− y ‖,

lim
h→0

S(y, x + ejh)− S(y, x)
h

= lim
h→0

(A−1(x + ejh, y)−A(x, y)−1)f(y)
h

≤ βN (f, y)γ(f, y)
(1− 2v)2

≤ α(f, y)
(1− 2v)2

We present a new contraction theorem as follows.

Theorem 4.5. (Contraction) Let βN (f, y) =‖ Df(y)−1f(y) ‖ be the Newton step at
y, and u = γ(f, x) ‖ x− y ‖. If

c1 :=
α(f, x)

(1− 2u)2
≤ 1, c2 :=

α(f, y)
(1− 2v)2

≤ 1,

we let c = max(c1, c2) and

(1− u0)2α0 + u2
0(3− u0)

Ψ(u0)
≤ u0,

then Secant iteration Sf maps B
(
x0,

u0
γ(f,x0)

)2
into B

(
x0,

u0
γ(f,x0)

)
. Sf is a contraction

mapping with constant c.

Proof. From Lemma 4.4 and Lemma 2.2 in [6], the proof is straight to show that Sf is
a contraction mapping with c.

The robust α theorem using the contraction constants in theorem 4.5 is derived as
follows.

Theorem 4.6. Let u0 and α0 be two real positive numbers such that
(a)

c0 := max
(

βN (f, y)(2v0 − v2
0) + 1− 2v2

0

(1− v0)2
,

1− u0

(1− 2u0)2
βN (f, x0)γ(f, x0)

)
<

1
2

(b)
(1− u0)2α0 + u2

0(3− 2u0)
Ψ(u0)

≤ u0,

(c) (
u0 +

α0

1− e0

) (
1

Ψ( α0
1−e0

)(1− α0
1−e0

)

)
≤ 3−√7

2
,
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Figure 3. Common condition (b) with u

(d) (
1

Ψ( α0
1−e0

)(1− α0
1−e0

)

)
≤ 1

2e0
.

If α(f, x0) ≤ α0, then there is a root Ψ such that

B

(
x0,

u0

γ(f, x0)

)
⊂ B

(
x0,

3−√7
2γ(f,Ψ)

)
.

And, Sf maps B
(
x0,

u0
γ(f,x0)

)
into B

(
x0,

3−√7
2γ(f,Ψ)

)
with a constant less than or equal to

1/2.

Proof. The result follows from Lemma 4.4, similarly to Theorem 1.2 in [6] with different
c.

We now compare the constant c in Theorem 4.6 with Theorem 4.2. The convergence
Theorem 4.1 and Theorem 4.2 require assumptions on the size of u. Each condition is
described in Fig. 4 and Fig. 5.

The figures show the function values of

f =
(α(f, x0) + u0)(1− u0)2

(Ψ(u0)(1− u0)− 2u0)(Ψ(u0)(1− u0)− 4u0)
+

u0

(Ψ(u0)(1− u0)− u0)
− 1

g =
(1− u0)2α(f, x0) + u2

0(3− 2u0)
Ψ(u0)

− u0

The values of f and g less than 0 correspond to valid α and u.
Figure 3 shows the common condition (b) in 4.2 and 4.6. The valid range of values

for α is 0 ≤ 0.15 for both cases approximately.
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Figure 4. Yakoubsohn’s condition (a) and New condition (a) with u

The range of α from the condition (a) of Theorem 4.2 is shown in the left side and
the condition (a) of Theorem 4.6 in the right side of Figure 4 and 5. The function
values less than zero are valid for the condition (a). The possible range of values of α
for the condition (a) is 0 ≤ α ≤ 0.177. Yakoubsohn’s condition (a) reduces the valid
range of α to 0 ≤ α ≤ 0.008. Therefore, the range of α is very small compared to
that of Newton method. On the other hand, as shown in Figure 5, the condition (a)
in Theorem 4.6 maintains the valid range of the values for α. And, the range is closer
to that of Newton map. Considering the fact that Secant iteration resembles Newton
method, it is reasonable to expect α behaves like that of Newton.

5. Concluding Discussions

We have presented a new condition for contraction theorem for Secant method.
The conditions are derived from the observation that Secant method approximates the
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Figure 5. Yakoubsohn’s condition (a) and (b), and New condition (a)
and (b) with u

Jacobian in Newton’s map, therefore, in a very close approximation, the behavior of
the algorithm can be expected to be similar to that of Newton’s method. We have
shown that new conditions can be derived using the properties of Secant map, and also
in the Figures that the proposed conditions have better representation of the features
of Secant maps.
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A GENERALIZATION OF OSTROWSKI INTEGRAL INEQUALITY
FOR MAPPINGS WHOSE DERIVATIVES BELONG TO L∞ AND

APPLICATIONS IN NUMERICAL INTEGRATION

SEVER SILVESTRU DRAGOMIR

J. KSIAM Vol.5, No.2, 117-136, 2001

Abstract. A generalization of Ostrowski integral inequality for mappings whose
derivatives are bounded and applications for general quadrature formulae are given.

1. Introduction

The following theorem contains the integral inequality which is known in the litera-
ture as Ostrowski’s inequality [2, p. 469].

Theorem 1. Let f : [a, b] → R be a differentiable mapping on (a, b) whose derivative
is bounded on (a, b) and denote ‖f ′‖∞ = supt∈(a,b) |f ′(t)| < ∞. Then for all x ∈ [a, b],
we have the inequality

(1.1)
∣∣∣∣f(x)− 1

b− a

∫ b

a
f(t)dt

∣∣∣∣ ≤
[

1
4

+

(
x− a+b

2

)2

(b− a)2

]
(b− a)‖f ′‖∞.

The constant 1
4 is sharp in the sense that it can not be replaced by a smaller one.

In [1], S.S. Dragomir and S. Wang applied Ostrowski’s inequality in Numerical Inte-
gration as follows.

Let In : a = x0 < x1 < ... < xn−1 < xn = b be a division of the interval [a, b] and
ξi ∈ [xi, xi+1] (i = 0, ..., n− 1) a sequence of intermediate points for In. Construct the
Riemann sums

Rn(f, In, ξ) =
n−1∑

i=0

f(ξi)hi

where hi := xi+1 − xi.
We have the following quadrature formula [1].
in this section we have the letter ambitious sorry the nine to the nine ambitious sorry

the letter in this section we have the letter so that can be ambitious

1991 Mathematics Subject Classification. 25D15, 41A55.
Key words and phrases. Ostrowski Inequality, Numerical Integration.
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Theorem 2. Let f : [a, b] → R be as in Theorem 1 and In, ξi (i = 0, ..., n − 1) be as
above. Then we have the Riemann quadrature formula

(1.2)
∫ b

a
f(x)dx = Rn(f, In, ξ) + Wn(f, In, ξ)

where the remainder satisfies the estimation

|Wn(f, In, ξ)| ≤ 1
4

∥∥f ′
∥∥
∞

n−1∑

i=0

h2
i +

∥∥f ′
∥∥
∞

n−1∑

i=0

(
ξi −

xi + xi+1

2

)2

(1.3)

≤ 1
2

∥∥f ′
∥∥
∞

n−1∑

i=0

h2
i

for all ξi (i = 0, ..., n− 1) as above. The constant 1
4 is sharp in (1.3).

Remark 1. It is obvious that the best inequality we can get from Theorem 2 is the one
for which ξi = xi+xi+1

2 (i = 0, . . . n− 1) obtaining:
∫ b

a
f(x)dx = Mn (f, In) + Vn (f, In) ,

where Mn (f, In) is the midpiont quadrature rule, i.e.,

Mn (f, In) =
n−1∑

i=0

hif

(
xi + xi+1

2

)

and the remainder Vn (f, In) satisfies the estimate

|Vn (f, In)| ≤ 1
4

∥∥f ′
∥∥
∞

n−1∑

i=0

h2
i .

In this paper we point out in the main another inequality generalising Ostrowski’s
result (1.1) for k−points x1,. . . , xk for which the upper bound (see (2.1)) is similar to
the bound (1.3). Note that the best inequality we can get from (2.1) is the trapezoid
inequality (2.6). Applications for general quadrature formulae (see Theorem 4) and for
certain particualr cases (see Section 4 and Section 5) are also given.

2. Some Integral Inequalities

We start with the following result.

Theorem 3. Let Ik : a = x0 < x1 < ... < xk−1 < xk = b be a division of the interval
[a, b] , αi (i = 0, ..., k + 1) be “k + 2” points so that α0 = a, αi ∈ [xi−1, xi] (i = 1, ..., k)
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and αk+1 = b. If f : [a, b] → R is absolutely continuous on [a, b] , then we have the
inequality:

∣∣∣∣∣
∫ b

a
f (x) dx−

k∑

i=0

(αi+1 − αi) f (xi)

∣∣∣∣∣(2.1)

≤
[

1
4

k−1∑

i=0

h2
i +

k−1∑

i=0

(
αi+1 − xi + xi+1

2

)2
]

∥∥f ′
∥∥
∞

≤ 1
2

∥∥f ′
∥∥
∞

k−1∑

i=0

h2
i ≤

1
2

(b− a)
∥∥f ′

∥∥
∞ ν (h)

where hi := xi+1 − xi (i = 0, ..., k − 1) and ν (h) := max {hi | i = 0, ..., k − 1} . The
constant 1

4 in the first inequality and the constant 1
2 in the second and third inequality

are the best possible.

Proof. Define the mapping K : [a, b] → R given by

K (t) :=





t− α1, t ∈ [a, x1)
t− α2, t ∈ [x1, x2)
.................................
t− αk−1, t ∈ [xk−2, xk−1)
t− αk, t ∈ [xk−1, b]

.
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Integrating by parts, we have successively:
∫ b

a
K (t) f ′ (t) dt =

k−1∑

i=0

∫ xi+1

xi

K (t) f ′ (t) dt =
k−1∑

i=0

∫ xi+1

xi

(t− αi+1) f ′ (t) dt

=
k−1∑

i=0

[
(t− αi+1) f (t)

∣∣xi+1

xi
−

∫ xi+1

xi

f (t) dt

]

=
k−1∑

i=0

[(αi+1 − xi) f (xi) + (xi+1 − αi+1) f (xi+1)]−
∫ b

a
f (t) dt

= (α1 − a) f (a) +
k−1∑

i=1

(αi+1 − xi) f (xi) +
k−2∑

i=0

(xi+1 − αi+1) f (xi+1)

+ (b− αk) f (b)−
∫ b

a
f (t) dt

= (α1 − a) f (a) +
k−1∑

i=1

(αi+1 − xi) f (xi) +
k−1∑

i=1

(xi − αi) f (xi)

+ (b− αk) f (b)−
∫ b

a
f (t) dt

= (α1 − a) f (a) +
k−1∑

i=1

(αi+1 − αi) f (xi) + (b− αk) f (b)−
∫ b

a
f (t) dt

=
k∑

i=0

(αi+1 − αi) f (xi)−
∫ b

a
f (t) dt

and then we have the integral equality:

(2.2)
∫ b

a
f (t) dt =

k∑

i=0

(αi+1 − αi) f (xi)−
∫ b

a
K (t) f ′ (t) dt.

On the other hand, we have
∣∣∣∣
∫ b

a
K (t) f ′ (t) dt

∣∣∣∣(2.3)

=

∣∣∣∣∣
k−1∑

i=0

∫ xi+1

xi

K (t) f ′ (t) dt

∣∣∣∣∣ ≤
k−1∑

i=0

∫ xi+1

xi

|K (t)| ∣∣f ′ (t)∣∣ dt

=
k−1∑

i=0

∫ xi+1

xi

|t− αi+1| |f ′ (t) |dt ≤ ∥∥f ′
∥∥
∞

k−1∑

i=0

∫ xi+1

xi

|t− αi+1| dt.
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A simple calculation shows that∫ xi+1

xi

|t− αi+1| dt(2.4)

=
∫ αi+1

xi

(αi+1 − t) dt +
∫ xi+1

αi+1

(t− αi+1) dt

=
1
2

[
(xi+1 − αi+1)

2 + (αi+1 − xi)
2
]

=
1
4
h2

i +
(

αi+1 − xi + xi+1

2

)2

for all i = 0, ..., k − 1.
Now, by (2.2) – (2.4) we get the first inequality in (2.1).
Assume that the first inequality in (2.1) holds for a constant c > 0, i.e.,

∣∣∣∣∣
∫ b

a
f (x) dx−

k−1∑

i=0

(αi+1 − αi) f (xi)

∣∣∣∣∣(2.5)

≤
[
c

k−1∑

i=0

h2
i +

k−1∑

i=0

(
αi+1 − xi + xi+1

2

)2
]

∥∥f ′
∥∥
∞ .

If we choose f : [a, b] → R, f (x) = x, α0 = a, α1 = b, x0 = a, x1 = b in (2.5) we obtain

(b− a)2

2
≤ c (b− a)2 +

(b− a)2

4
from where we get c ≥ 1

4 and the sharpness of the constant 1
4 is proved.

The last two inequalities as well as the sharpness of the constant 1
2 are obvious and

we omit the details.

Now, if we assume that the points of the division Ik are given, then the best inequality
we can get from Theorem 3 is embodied in the following corollary:

Corollary 1. Let f, Ik be as above. Then we have the inequality∣∣∣∣
∫ b

a
f (x) dx(2.6)

−1
2

[
(x1 − a) f (a) +

k−1∑

i=1

(xi+1 − xi−1) f (xi) + (b− xk−1) f (b)

]∣∣∣∣∣

≤ 1
4

∥∥f ′
∥∥
∞

k−1∑

i=0

h2
i .

The constant 1
4 is the best possible one.

Proof. We choose in Theorem 3 :

α0 = a, α1 =
a + x1

2
, ..., αk−1 =

xk−2 + xk−1

2
, αk =

xk−1 + b

2
, αk+1 = b.
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In this case

k∑

i=0

(αi+1 − αi) f (xi)

=
(

a + x1

2
− a

)
f (a) +

(
x1 + x2

2
− a + x1

2

)
f (x1) + ...

+
(

xk−1 + b

2
− xk−2 + xk−1

2

)
f (xk−1) +

(
b− xk−1 + b

2

)
f (b)

=
1
2

[
(x1 − a) f (a) +

k−1∑

i=1

(xi+1 − xi−1) f (xi) + (b− xk−1) f (b)

]

and then (2.6) is obvious by (2.1).

The case of equidistant partitioning is important in practice.

Corollary 2. Let Ik : xi = a+i b−a
k (i = 0, ..., k) be an equidistant partitioning of [a, b] .

If f is as above, then we have the inequality
∣∣∣∣∣
∫ b

a
f (x) dx−

[
1
k
· f (a) + f (b)

2
(b− a) +

(b− a)
k

k−1∑

i=1

f

(
(k − i) a + ib

k

)]∣∣∣∣∣(2.7)

≤ 1
4k

(b− a)2‖f ′‖∞.

The constant 1
4 is the best possible one.

Remark 2. If k = 1, we have the inequality

(2.8)
∣∣∣∣
∫ b

a
f (x) dx− f(a) + f(b)

2
(b− a)

∣∣∣∣ ≤
1
4
(b− a)2‖f ′‖∞.

Choose f : [a, b] → R, f(x) =
∣∣x− a+b

2

∣∣ which is L-lipschitzian with L = 1 and

f ′(x) =




−1 if t ∈ [

a, a+b
2

)

1 if t ∈ (
a+b
2 , b

] .

Then ‖f ′‖∞ = 1 and
∫ b

a
f (x) dx− f(a) + f(b)

2
(b− a) = −(b− a)2

4

and the equality is obtained in (2.8) showing that the constant 1
4 is sharp.



A GENERALIZATION OF OSTROWSKI INTEGRAL INEQUALITY 123

3. The Convergence of a General Quadrature Formula

Let ∆n : a = x
(n)
0 < x

(n)
1 < ... < x

(n)
n−1 < x

(n)
n = b be a sequence of divisions of [a, b]

and consider the sequence of numerical integration formulae

In(f, ∆n, w(n)) :=
n∑

j=0

w
(n)
j f(x(n)

j )

where w
(n)
j (j = 0, ..., n) are the quadrature weights.

The following theorem contains a sufficient condition for the weights w
(n)
j so that

In(f, ∆n, w(n)) approximates the integral
∫ b
a f(x)dx.

Theorem 4. Let f : [a, b] → R be an absolutely continuous mapping on [a, b]. If the

quadrature weights w
(n)
j (j = 0, ..., n) satisfy the condition

n∑
j=0

w
(n)
j = b− a and

(3.1) x
(n)
i − a ≤

i∑

j=0

w
(n)
j ≤ x

(n)
i+1 − a for all i = 0, ..., n− 1;

then we have the estimation∣∣∣∣In(f, ∆n, w(n))−
∫ b

a
f(x)dx

∣∣∣∣(3.2)

≤

1

4

n−1∑

i=0

[
h

(n)
i

]2
+

n−1∑

i=0


a +

i∑

j=0

w
(n)
j − x

(n)
i + x

(n)
i+1

2




2
 ‖f ′‖∞

≤ 1
2
‖f ′‖∞

n∑

i=0

[h(n)
i ]2 ≤ 1

2
‖f ′‖∞(b− a)ν(h(n))

where ν(h(n)) := max{h(n)
i : i = 0, ..., n − 1} and h

(n)
i := x

(n)
i+1 − x

(n)
i . Particularly, if

‖f ′‖∞ < ∞, then

lim
ν(h(n))→0

In(f, ∆n, w(n)) =
∫ b

a
f(x)dx

uniformly by rapport of the weights w(n).

Proof. Define the sequence of real numbers:

α
(n)
i+1 := a +

i∑

j=0

w
(n)
j , i = 0, ..., n.

Note that

α
(n)
n+1 := a +

n∑

j=0

w
(n)
j = a + b− a = b.
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By the assumption (3.1) we have α
(n)
i+1 ∈ [x(n)

i , x
(n)
i+1] for all i = 0, ..., n − 1. Define

α
(n)
0 = a and compute

α
(n)
1 − α

(n)
0 = w

(n)
0 ,

α
(n)
i+1 − α

(n)
i = a +

i∑

j=0

w
(n)
j − a−

i−1∑

j=0

w
(n)
j = w

(n)
i (i = 1, ..., n− 1)

and

α
(n)
n+1 − α(n)

n = a +
n∑

j=0

w
(n)
j − a−

n−1∑

j=0

w
(n)
j = w(n)

n .

Consequently,
n∑

i=0

(
α

(n)
i+1 − α

(n)
i

)
f

(
x

(n)
i

)
=

n∑

i=0

w
(n)
i f

(
x

(n)
i

)
= In

(
f, ∆n, w(n)

)
.

Applying the inequality (2.1) we get the estimation (3.2).
The uniform convergence by rapport of quadrature weights w

(n)
j is obvious by the

last inequality.

The case when the partitioning is equidistant is important in practice. Consider then
the partitioning

En : x
(n)
i := a + i · b− a

n
(i = 0, ..., n)

and define the sequence of numerical quadrature formulae

In

(
f, w(n)

)
:=

n∑

i=0

w
(n)
i f

(
a + i

b− a

n

)
.

The following result holds:

Corollary 3. Let f : [a, b] → R be absolutely continuous on [a, b]. If the quadrature
weights w

(n)
j satisfy the condition:

i

n
≤ 1

b− a

i∑

j=0

w
(n)
j ≤ i + 1

n
(i = 0, ..., n− 1);

then we have the estimation∣∣∣∣In

(
f, w(n)

)
−

∫ b

a
f(x)dx

∣∣∣∣

≤ ‖f ′‖∞


 1

4n
(b− a)2 +

n−1∑

i=0




i∑

j=0

w
(n)
j − 2i + 1

2
· b− a

n




2


≤ 1
2n
‖f ′‖∞(b− a)2.
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Particularly, if ‖f ′‖∞ < ∞, then

lim
n→∞ In(f, w(n)) =

∫ b

a
f(x)dx

uniformly by rapport of w(n).

4. Some Particular Integral Inequalities

In this section we point out some particular inequalities which generalize some clas-
sical results such as : rectangle inequality, trapezoid inequality, Ostrowski’s inequality,
midpoint inequality, Simpson’s inequality and others.

Proposition 1. Let f : [a, b] → R be absolutely continuous on [a, b] and α ∈ [a, b].
Then we have the inequality:

∣∣∣∣
∫ b

a
f(x)dx− [(α− a)f(a) + (b− α)f(b)]

∣∣∣∣(4.1)

≤
[

1
4
(b− a)2 +

(
α− a + b

2

)2
]
‖f ′‖∞ ≤ 1

2
(b− a)2‖f ′‖∞.

The constant 1
4 is the best possible one.

Proof. Follows from Theorem 3 by choosing x0 = a, x1 = b, α0 = a, α1 = α ∈ [a, b] and
α2 = b.

Remark 3. a) If in (4.1) we put α = b, we get the “left rectangle inequality”:

(4.2)
∣∣∣∣
∫ b

a
f(x)dx− (b− a)f(a)

∣∣∣∣ ≤
1
2
(b− a)2‖f ′‖∞.

b) If α = a, then by (4.1) we get the “right rectangle inequality”

(4.3)
∣∣∣∣
∫ b

a
f(x)dx− (b− a)f(b)

∣∣∣∣ ≤
1
2
(b− a)2‖f ′‖∞.

c). It is clear that the best estimation we can have in (4.1) is for α = a+b
2 getting the

“trapezoid inequality”

(4.4)
∣∣∣∣
∫ b

a
f(x)dx− f(a) + f(b)

2
(b− a)

∣∣∣∣ ≤
1
4
(b− a)2‖f ′‖∞.

Another particular integral inequality with many applications is the following one:

Proposition 2. Let f : [a, b] → R be an absolutely continuous mapping on [a, b] and
a ≤ x1 ≤ b, a ≤ α1 ≤ x1 ≤ α2 ≤ b. Then we have the inequality:
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∣∣∣∣
∫ b

a
f(x)dx− [(α1 − a)f(a) + (α2 − α1)f(x1) + (b− α2) f(b)]

∣∣∣∣(4.5)

≤
[

1
8
(b− a)2 +

1
2

(
x1 − a + b

2

)2

+
(

α1 − a + x1

2

)2

+
(

α2 − x1 + b

2

)2
]
‖f ′‖∞.

Proof. Consider the division a = x0 ≤ x1 ≤ x2 = b and the numbers α0 = a, α1 ∈
[a, x1], α2 ∈ [x1, b], α3 = b. Applying Theorem 3 for these particular choices, we get

∣∣∣∣
∫ b

a
f(x)dx− [(α1 − a) f (a) + (α2 − α1) f(x1) + (b− α2) f (b)]

∣∣∣∣(4.6)

≤
[

1
4

[
(x1 − a)2 + (b− x1)

2
]

+
(

α1 − a + x1

2

)2

+
(

α2 − x1 + b

2

)2
]
‖f ′‖∞.

As a simple computation shows that

1
2

[
(x1 − a)2 + (b− x1)

2
]

=
1
4

(b− a)2 +
(

x1 − a + b

2

)2

then we get the desired inequality (4.5).

Corollary 4. Let f be as above and x1 ∈ [a, b]. Then we have Ostrowski’s inequality:

(4.7)
∣∣∣∣
∫ b

a
f(x)dx− (b− a)f(x1)

∣∣∣∣ ≤
[
1
4
(b− a)2 + (x1 − a + b

2
)2

]
‖f ′‖∞.

Proof. Indeed, if we put α1 = a, α2 = b in the second part of the right membership of
(4.5), we get

(
α1 − a + x1

2

)2

+
(

α2 − x1 + b

2

)2

=
(

a− a + x1

2

)2

+
(

b− x1 + b

2

)2

=
1
4

[
(x1 − a)2 + (b− x1)

2
]

=
1
8

(b− a)2 +
1
2

(
x1 − a + b

2

)2

.

Now, using (4.5), we get (4.7).
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Remark 4. If we choose x1 = a+b
2 in (4.7), we get the “midpoint inequality”

(4.8)
∣∣∣∣
∫ b

a
f(x)dx− (b− a)f

(
a + b

2

)∣∣∣∣ ≤
1
4
(b− a)2‖f ′‖∞.

The following corollary generalizing Simpson’s inequality holds:

Corollary 5. Let f be as above and x1 ∈
[

5a+b
6 , a+5b

6

]
. Then we have the inequality

∣∣∣∣
∫ b

a
f(x)dx− b− a

3

[
f(a) + f(b)

2
+ 2f(x1)

]∣∣∣∣(4.9)

≤
[

5
36

(b− a)2 +
(

x1 − a + b

2

)2
]
‖f ′‖∞.

Proof. Indeed, if we put in the second membership of (4.5) α1 = 5a+b
6 , α2 = a+5b

6 , we
get

I : =
1
8
(b− a)2 +

1
2

(
x1 − a + b

2

)2

+
(

5a + b

6
− a + x1

2

)2

+
(

a + 5b

6
− x1 + b

2

)2

.

Let us observe that
5a + b

6
− a + x1

2
=

b + 2a

6
− 1

2
x1,

a + 5b

6
− x1 + b

2
=

a + 2b

6
− 1

2
x1

and then (
5a + b

6
− a + x1

2

)2

+
(

a + 5b

6
− x1 + b

2

)2

=
(

b + 2a

6
− 1

2
x1

)2

+
(

a + 2b

6
− 1

2
x1

)2

=
1
2

(
a + 2b

6
− b + 2a

6

)2

+ 2
(

1
2
x1 − 1

2

(
b + 2a

6
+

a + 2b

6

))2

=
1
2

(b− a)2

36
+

1
2

(
x1 − a + b

2

)2

and then

I =
1
8
(b− a)2 +

1
2

(
x1 − a + b

2

)2

+
1
2

(b− a)2

36
+

1
2

(
x1 − a + b

2

)2

=
5
36

(b− a)2 +
(

x1 − a + b

2

)2
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and the inequality (4.9) is proved.

Remark 5. Let observe that the best estimation we can get from (4.9) is that one for
which x1 = a+b

2 , obtaining the “Simpson’s inequality”

(4.10)
∣∣∣∣
∫ b

a
f(x)dx− b− a

3

[
f(a) + f(b)

2
+ 2f

(
a + b

2

)]∣∣∣∣ ≤
5
36

(b− a)2‖f ′‖∞.

The following corollary also holds

Corollary 6. Let f be as above and a ≤ α1 ≤ a+b
2 ≤ α2 ≤ b. Then we have the

inequality
∣∣∣∣
∫ b

a
f(x)dx−

[
(α1 − a)f(a) + (α2 − α1)f

(
a + b

2

)
+ (b− α2)f(b)

]∣∣∣∣(4.11)

≤
[

1
8
(b− a)2 +

(
α1 − 3a + b

4

)2

+
(

α2 − a + 3b

4

)2
]
‖f ′‖∞.

The proof is obvious by Proposition 2 by choosing x1 = a+b
2 .

Remark 6. The best estimation we can obtain from (4.11) is that one for which α1 =
3a+b

4 and α2 = a+3b
4 obtaining the inequality

(4.12)
∣∣∣∣
∫ b

a
f(x)dx− b− a

2

[
f(a) + f(b)

2
+ f

(
a + b

2

)]∣∣∣∣ ≤
1
8
(b− a)2‖f ′‖∞.

The following proposition generalizes the “three-eights rule” of Newton-Cotes:

Proposition 3. Let f be as above and a ≤ x1 ≤ x2 ≤ b and α1 ∈ [a, x1], α2 ∈ [x1, x2],
α3 ∈ [x2, b]. Then we have the inequality

∣∣∣∣
∫ b

a
f(x)dx− ((α1 − a)f(a) + (α2 − α1)f(x1)(4.13)

+ (α3 − α2)f(x2) + (b− α3)f(b))
∣∣∣∣

≤
[
1
4

[
(x1 − a)2 + (x2 − x1)2 + (b− x2)2

]

+
(

α1 − a + x1

2

)2

+
(

α2 − x1 + x2

2

)2

+
(

α3 − x2 + b

2

)2
]
‖f ′‖∞.

The proof is obvious by Theorem 3.
The next corollary contains a generalization of the “three-eights rule” of Newton-

Cotes in the following way:
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Corollary 7. Let f be as above and a ≤ α1 ≤ 2a+b
3 ≤ α2 ≤ 2b+a

3 ≤ α3 ≤ b. Then we
have the inequality:

∣∣∣∣
∫ b

a
f(x)dx−

[
(α1 − a)f(a) + (α2 − α1)f

(
2a + b

3

)
(4.14)

+(α3 − α2)f
(

a + 2b

3

)
+ (b− α3)f(b)

]∣∣∣∣

≤
[

(b− a)2

12
+

(
α1 − 5a + b

6

)2

+
(

α2 − a + b

2

)2

+
(

α3 − a + 5b

6

)2
]
‖f ′‖∞.

The proof follows by the above proposition by choosing x1 = 2a+b
3 and x2 = a+2b

3 .

Remark 7. a) If we choose α1 = b+7a
8 , α2 = a+b

2 and α3 = a+7b
8 in (4.14), then we get

the “three-eights rule” of Newton-Cotes
∣∣∣∣
∫ b

a
f(x)dx− b− a

8

[
f(a) + 3f

(
2a + b

3

)
+ 3f

(
a + 2b

3

)
+ f(b)

]∣∣∣∣(4.15)

≤ 25
288

(b− a)2‖f ′‖∞.

b) The best estimation we can get from (4.14) is that one for which α1 = 5a+b
6 , α2 = a+b

2 ,

α3 = a+5b
6 obtaining the inequality

∣∣∣∣
∫ b

a
f(x)dx− b− a

6

[
f(a) + 2f

(
2a + b

3

)
+ 2f

(
a + 2b

3

)
+ f(b)

]∣∣∣∣(4.16)

≤ 1
12

(b− a)2‖f ′‖∞.

5. Some Composite Quadrature Formulae

Let us consider the partitioning of the interval [a, b] given by ∆n : a = x0 < x1 <
... < xn−1 < xn = b and put hi := xi+1 − xi(i = 0, ..., n− 1).

The following theorem holds:

Theorem 5. Let f : [a, b] → R be absolutely continuous on [a, b] and k ≥ 1. Then we
have the composite quadrature formula

(5.1)
∫ b

a
f(x)dx = Ak(∆n, f) + Rk(∆n, f),
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where

(5.2) Ak(∆n, f) :=
1
k


T (∆n, f) +

n−1∑

i=0

k−1∑

j=1

f

(
(k − j)xi + jxi+1

k

)
hi




and

(5.3) T (∆n, f) :=
1
2

n−1∑

i=0

[f (xi) + f (xi+1)]hi

is the trapezoid quadrature formula.
The remainder Rk(∆n, f) satisfies the estimation

(5.4) |Rk(∆n, f)| ≤ 1
4k
‖f ′‖∞

n−1∑

i=0

h2
i .

Proof. Applying Corollary 2 on the intervals [xi, xi+1] (i = 0, ..., n− 1) we get
∣∣∣∣∣∣

∫ xi+1

xi

f(x)dx−

1

k
· f(xi) + f(xi+1)

2
hi +

hi

k

k−1∑

j=1

f

(
(k − j)xi + jxi+1

k

)


∣∣∣∣∣∣

≤ 1
4k

h2
i ‖f ′‖∞.

Summing over i from 0 to n − 1 and using the generalized triangle inequality, we get
the desired estimation (5.4).

The following corollary holds:

Corollary 8. Let f, ∆n be as above. Then we have the quadrature formula
∫ b

a
f(x)dx =

1
2

[T (∆n, f) + M(∆n, f)] + R2(∆n, f),

where M(∆n, f) is the midpoint rule, we recall,

M(∆n, f) :=
n−1∑

i=0

f

(
xi + xi+1

2

)
hi.

The remainder satisfies the estimation:

(5.5) |R2(∆n, f)| ≤ 1
8
‖f ′‖∞

n−1∑

i=0

h2
i .

The following corollary also holds:
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Corollary 9. Let f, ∆n be as above. Then we have the quadrature formula
∫ b

a
f(x)dx =

1
3

[
T (∆n, f) +

n−1∑

i=0

f

(
2xi + xi+1

3

)
hi(5.6)

+
n−1∑

i=0

f

(
xi + 2xi+1

3

)
hi

]
+ R3 (∆n, f) .

The remainder R3(∆n, f) satisfies the estimation:

(5.7) |R2(∆n, f)| ≤ 1
12
‖f ′‖∞

n−1∑

i=0

h2
i .

The following theorem also holds:

Theorem 6. Let f and ∆n be as above. Suppose that ξi ∈ [xi, xi+1] (i = 0, ..., n− 1).
Then we have the formula

(5.8)
∫ b

a
f(x)dx =

n−1∑

i=0

[(ξi − xi) f (xi) + (xi+1 − ξi) f (xi+1)] + R(ξn, ∆n, f).

The remainder R(ξ, ∆n, f) satisfies the estimation:

|R(ξ, ∆n, f)| ≤
[

1
4

n−1∑

i=0

h2
i +

n−1∑

i=0

(
ξi −

xi + xi+1

2

)2
]
‖f ′‖∞(5.9)

≤ 1
2
‖f ′‖∞

n−1∑

i=0

h2
i .

Proof. Apply Proposition 1 on the intervals [xi, xi+1](i = 0, ..., n− 1) to get
∣∣∣∣
∫ xi+1

xi

f(x)dx− [(ξi − xi)f(xi) + (xi+1 − ξi)f(xi+1)]
∣∣∣∣

≤
[

1
4
h2

i +
(

ξi −
xi + xi+1

2

)2
]
‖f ′‖∞ ≤ 1

2
‖f ′‖∞h2

i .

Summing over i from 0 to n−1 and using the generalized triangle inequality we deduce
the desired estimation (5.9).

Corollary 10. Let f and ∆n be as above. Then we have
1) the “left rectangle rule”:

(5.10)
∫ b

a
f (x) dx =

n−1∑

i=0

f (xi) hi + Rl (∆n, f) ;
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2) the “right rectangle rule”:

(5.11)
∫ b

a
f (x) dx =

n−1∑

i=0

f (xi+1) hi + Rr (∆n, f) ;

3) the “trapezoid rule”:

(5.12)
∫ b

a
f (x) dx = T (∆n, f) + RT (∆n, f)

where

|Rl (∆n, f)| , |Rr (∆n, f)| ≤ 1
2
‖f ′‖∞

n−1∑

i=0

h2
i

and

|RT (∆n, f)| ≤ 1
4
‖f ′‖∞

n−1∑

i=0

h2
i .

The following theorem also holds.

Theorem 7. Let f and ∆n be as above. If xi ≤ α
(1)
i ≤ ξi ≤ α

(2)
i ≤ xi+1 (i = 0, ..., n− 1) ,

then we have the formula:
∫ b

a
f (x) dx(5.13)

=
n−1∑

i=0

(
α

(1)
i − xi

)
f (xi) +

n−1∑

i=0

(
α

(2)
i − α

(1)
i

)
f (ξi)

+
n−1∑

i=0

(
xi+1 − α

(2)
i

)
f (xi+1) + R

(
ξ, α(1), α(2), ∆n, f

)
,

where the remainder satisfies the estimation
∣∣∣R

(
ξ, α(1), α(2), ∆n, f

)∣∣∣(5.14)

≤
[

1
8

n−1∑

i=0

h2
i +

1
2

n−1∑

i=0

(
ξi −

xi + xi+1

2

)2

+
n−1∑

i=0

(
α

(1)
i − xi + ξi

2

)2

+
n−1∑

i=0

(
α

(2)
i − ξi + xi+1

2

)2
]
‖f ′‖∞.

The proof follows from Proposition 2 applied on the intervals [xi, xi+1] (i = 0, ..., n− 1) .
The following corollary of the above theorem also holds
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Corollary 11. Let f, ∆n be as above and ξi ∈ [xi, xi+1] (i = 0, ..., n− 1) . Then we
have the formula of Riemann type:

(5.15)
∫ b

a
f (x) dx =

n−1∑

i=0

f (ξi) hi + RR (ξ, ∆n, f) .

The remainder RR (ξ,∆n, f) satisfies the estimation

|RR (ξ,∆n, f)|(5.16)

≤
[

1
4

n−1∑

i=0

h2
i +

n−1∑

i=0

(
ξi −

xi + xi+1

2

)2
]
‖f ′‖∞ ≤ 1

2
‖f ′‖∞

n−1∑

i=0

h2
i .

Remark 8. If we choose in (5.15), ξi = xi+xi+1

2 , then we get the midpoint quadrature
formula ∫ b

a
f (x) dx = M (∆n, f) + RM (∆n, f) ,

where

|RM (∆n, f)| ≤ 1
4
‖f ′‖∞

n−1∑

i=0

h2
i .

The following corollary also holds

Corollary 12. Let f, ∆n be as above and ξi ∈
[

5xi+xi+1

6 , xi+5xi+1

6

]
(i = 0, ..., n− 1) .

Then we have the formula

(5.17)
∫ b

a
f (x) dx =

1
6

n−1∑

i=0

[f (xi) + f (xi+1)]hi +
2
3

n−1∑

i=0

f (ξi) hi + RS (ξ,∆n, f) .

The remainder RS (ξ,∆n, f) satisfies the estimation:

(5.18) |RS (ξ,∆n, f)| ≤
[

5
36

n−1∑

i=0

h2
i +

n−1∑

i=0

(
ξi −

xi + xi+1

2

)2
]
‖ f ′‖∞

Remark 9. If we choose above ξi = xi+xi+1

2 (i = 0, ..., n− 1) ,then we get
∫ b

a
f (x) dx(5.19)

=
1
6

n−1∑

i=0

[f (xi) + f (xi+1)]hi +
2
3

n−1∑

i=0

f

(
xi + xi+1

2

)
hi + RS (∆n, f) ,

where the remainder satisfies the estimation

(5.20) |RS (∆n, f)| ≤ 5
36
‖f ′‖∞

n−1∑

i=0

h2
i .
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The following corollary also holds.

Corollary 13. Let f, ∆n be as above and xi ≤ α
(1)
i ≤ xi+xi+1

2 ≤ α
(2)
i ≤ xi+1 (i = 0, ..., n− 1) .

Then we have the formula

∫ b

a
f (x) dx(5.21)

=
n−1∑

i=0

(
α

(1)
i − xi

)
f (xi) +

n−1∑

i=0

(
α

(2)
i − α

(1)
i

)
f

(
xi + xi+1

2

)

+
n−1∑

i=0

(
xi+1 − α

(2)
i

)
f (xi+1) + RB

(
α(1), α(2), ∆n, f

)
.

The remainder satisfies the estimation:

∣∣∣RB

(
α(1), α(2),∆n, f

)∣∣∣

≤
[

1
8

n−1∑

i=0

h2
i +

n−1∑

i=0

(
α

(1)
i − 3xi + xi+1

4

)2

+
n−1∑

i=0

(
α

(2)
i − xi + 3xi+1

4

)2
]
‖f ′‖∞.

Finally, the following theorem holds:

Theorem 8. Let f, ∆n be as above and xi ≤ ξ
(1)
i ≤ ξ

(2)
i ≤ xi+1 and α

(1)
i ∈

[
xi, ξ

(1)
i

]
,

α
(2)
i ∈

[
ξ
(1)
i , ξ

(2)
i

]
and α

(3)
i ∈

[
ξ
(2)
i , xi+1

]
for i = 0, ..., n− 1. Then we have the formula:

∫ b

a
f (x) dx(5.22)

=
n−1∑

i=0

(
α

(1)
i − xi

)
f (xi) +

n−1∑

i=0

(
α

(2)
i − α

(1)
i

)
f

(
ξ
(1)
i

)

+
n−1∑

i=0

(
α

(3)
i − α

(2)
i

)
f

(
ξ
(2)
i

)
+

n−1∑

i=0

(
xi+1 − α

(3)
i

)
f (xi+1)

+R
(
ξ(1), ξ(2),α(1), α(2), α(3), ∆n, f

)
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and the remainder satisfies the estimation
∣∣∣R

(
ξ(1), ξ(2), α(1), α(2),α(3), ∆n, f

)∣∣∣

≤
[

1
4

[
n−1∑

i=0

(
ξ
(1)
i − xi

)2
+

n−1∑

i=0

(
ξ
(2)
i − ξ

(1)
i

)2
+

n−1∑

i=0

(
xi+1 − ξ

(1)
i

)2
]

+
n−1∑

i=0

(
α

(1)
i − xi + ξ

(1)
i

2

)2

+
n−1∑

i=0

(
α

(2)
i − ξ

(1)
i + ξ

(2)
i

2

)

+
n−1∑

i=0

(
α

(3)
i − ξ

(2)
i + xi+1

2

)]
‖f ′‖∞.

The proof follows from Theorem 3. We shall omit the details.

Remark 10. We note only that if we choose

α
(1)
i =

xi+1 + 7xi

8
, α

(2)
i =

xi + xi+1

2
,

α
(3)
i =

xi + 7xi+1

8
, ξ

(1)
i =

2xi + xi+1

3
and

ξ
(2)
i =

xi + 2xi+1

3
(i = 0, ..., n− 2)

then we get the “three-eights formula” of Newton-Cotes:
∫ b

a
f (x) dx =

1
8

n−1∑

i=0

[
f (xi) + 3f

(
2xi + xi+1

3

)
+ 3f

(
xi + 2xi+1

3

)
+ f (xi+1)

]
hi

+RN−C (∆n, f) ,

where the remainder satisfies the estimation

|RN−C (∆n, f)| ≤ 25
288

‖f ′‖∞
n−1∑

i=0

h2
i .
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BOUNDARY CONTROLLABILITY OF SEMILINEAR SYSTEMS IN
BANACH SPACES

K.BALACHANDRAN AND E.R.ANANDHI

Abstract. Sufficient conditions for boundary controllability of semilinear systems
in Banach spaces are established. The results are obtained by using the analytic
semigroup theory and the Banach contraction principle. An example is provided to
illustrate the theory.

1. Introduction

The problem of controllability of semilinear systems in Banach spaces has received
much attention in recent years. Using the fractional power of operators Balachandran
and Dauer[2] studied the controllability problem for semilinear evolution systems in
Banach spaces. Rankin [10] discussed the solutions of a class of semilinear parabolic
differential equations in which the nonlinear operator maps from a fractional power
space into a Banach space. Hagen and Turic [6] studied the same class of equations
by using the semigroup method. The motivation for an abstract theory of these type
occur from the following partial differential equation:

zt(x, t)− zxx(x, t) = β(z(x, t))x,

z(0, t) = z(1, t) = 0, t > 0,

z(x, 0) = a(x), 0 < x < 1.(1)

In general, it is not possible to consider ∂
∂x = A

1
2 , however we will show that for a special

class of operator A there exists a bounded linear operator F such that A
1
2 F = ∂

∂x .
Letting G = Fβ we can fit the equation (1) into the abstract theory developed in [10].

It is interesting to study the controllability of such problems in which the control
is acted through the boundary. But in these approaches we can encounter the diffi-
culty for the existence of sufficiently regular solution to state space system, the control
must be taken in a space of sufficiently smooth functions. Several authors [3,5] have

2000 AMS Subject Classification: 93B05
Key words and phrases:Boundary controllability, semilinear system, analytic semigroup theory, fixed
point theorem.
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discussed the general theory of a boundary control systems. Lasiecka [8] established
the regularity of optimal boundary controls for parabolic equations. Han and Park
[7] studied the boundary controllability of semilinear systems with nonlocal condition.
Balachandran and Anandhi [1] investigated the same problem for integrodifferential
systems in Banach spaces. The purpose of this paper is to derive a set of sufficient
conditions for the boundary controllability of semilinear systems in Banach spaces by
using the Banach fixed point theorem and fractional power of operators.

2. Preliminaries

Let E and U be a pair of real Banach spaces with ‖.‖E and |.|, respectively. Let σ
be a linear closed and densely defined operator with D(σ) ⊆ E and let τ be a linear
operator with D(τ) ⊆ E and R(τ) ⊆ X, a Banach space.

Consider the boundary control semilinear system of the form

ẋ(t) = σx(t) + f(t, x(t)), t ∈ J = [0, b],
τx(t) = B1u(t),
x(0) = x0(2)

where B1 : U → X is a linear continuous operator, the control function u ∈ L1(J, U),
a Banach space of admissible control functions, with U as a Banach space and the
nonlinear operator f : J × E → E is given.
Let A : E → E be the linear operator defined by

D(A) = {x ∈ D(σ) : τx = 0}, Ax = σx, for x ∈ D(A).

Let A be the infinitesimal generator of an analytic semigroup T (t). Then the fractional
power (−A)α can be defined for 0 ≤ α ≤ 1. A−α for 0 < α < 1 is defined by the
integral

A−α =
1

Γ(α)

∫ ∞

0
sα−1T (s)ds,

where Γ(α) denotes the gamma function. (−A)α = (−A−α)−1 exists as a densely
defined closed linear invertible operator with domain D((−A)α) dense in E. The
closedness of (−A)α implies that D((−A)α) endowed with the graph norm |||x||| =
‖x‖E + ‖Aαx‖E is a Banach space. Since (−A)α is invertible its graph norm |||.||| is
equivalent to the norm |x| = ‖Aαx‖E . Thus D(−Aα) equipped with the norm |.| is a
Banach space which we denote by Eα. Also it is clear that 0 < α < β implies Eα ⊃ Eβ

and that the imbedding is continuous.

Let Y be a subspace of E with norm ‖.‖ and Eα ⊆ Y ⊆ E. Let Br = {y ∈ Y :
‖y − x0‖ ≤ r}, for some r > 0. We shall make the following hypotheses:



BOUNDARY CONTROLLABILITY OF SEMILINEAR SYSTEMS 151

(i) D(σ) ⊂ D(τ) and the restriction of τ to D(σ) is continuous relative to graph
norm of D(σ).

(iii) A is the infinitesimal generator of the analytic semigroup T (t), t ≥ 0 and there
exists a constant M > 0 such that ‖T (t)‖ ≤ M and ‖A−αT (t)‖ ≤ Ct−α for
t > 0 and C ≥ 0.

(iv) f : J × Eα → E is continuous and there exists g : J × Eα → Eα such that
f(t, y) = Aαg(t, y) for each y ∈ Eα.

(v) g : J × Y → E and there exists L ≥ 0 such that

‖g(t, v)− g(t, w)‖E ≤ L‖v − w‖
for all v, w ∈ Br and 0 ≤ t ≤ b.

(vi) There exists a linear continuous operator B : U → E such that σB ∈ L(U,E),
τ(Bu) = B1u, for all u ∈ U . Also Bu(t) is continuously differentiable and
‖Bu‖ ≤ q‖B1u‖ for all u ∈ U , where q is a constant.

(vii) For all t ∈ (0, b] and u ∈ U , T (t)Bu ∈ D(A). Moreover, there exists a positive
function ν ∈ L1(0, b) such that ‖AT (t)B‖ ≤ ν(t), a.e. t ∈ (0, b).

Let x(t) be the solution of (1). Then we can define a function z(t) = x(t) − Bu(t)
and from our assumption we see that z(t) ∈ D(A). Hence (1) can be written in terms
of A and B as

ẋ(t) = Az(t) + σBu(t) + Aαg(t, x(t)), t ∈ J,

x(t) = z(t) + Bu(t),
x(0) = x0.(3)

If u is continuously differentiable on [0, b] then z can be defined as a mild solution to
the Cauchy problem

ż(t) = Az(t) + σBu(t)−Bu̇(t) + Aαg(t, x(t)),
z(0) = x0 −Bu(0)

and the solution of (2) is given by

x(t) = T (t)[x0 −Bu(0)] + Bu(t)

+
∫ t

0
T (t− s)[σBu(s)−Bu̇(t) + Aαg(s, x(s))]ds.(4)

Since the differentiability of the control u represents an unrealistic and severe require-
ment, it is necessary to extend the concept of the solution for the general inputs
u ∈ L1(J, U). Integrating (4) by parts, we get

x(t) = T (t)x0 +
∫ t

0
[T (t− s)σ −AT (t− s)]Bu(s)ds

+
∫ t

0
AαT (t− s)g(s, x(s))ds.(5)
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Thus (5) is well defined and it is called a mild solution of the system(2).

Definition: The system (2) is said to be controllable on the interval J if for every
x0, x1 ∈ Y , there exists a control u ∈ L2(J, U) such that the solution x(.) of (2) satis-
fies x(b) = x1.

Further we assume the following conditions:

(viii) There exists a constant K1 > 0 such that
∫ b

0
ν(t)dt ≤ K1.

(ix) The linear operator W from L2(J, U) into E defined by

Wu =
∫ b

0
[T (b− s)σ −AT (b− s)]Bu(s)ds

induces an invertible operator W̃ defined on L2(J, U)/kerW and there exists a
positive constant K2 > 0 such that ‖W̃−1‖ ≤ K2.

(x) Let L∗ =
b(1−α)

1− α
[(bM‖σB‖+ K1)K2 + 1] be such that 0 ≤ L∗ < 1.

(xi) (M + 1)‖x0‖+ [bM‖σB‖+ K1]K2

[
‖x1‖+ M‖x0‖+ (L1r + L2)C

b1−α

1− α

]
.

+ (L1r + L2)C
b1−α

1− α
≤ r

2
.

3. Main Result

Theorem: If the hypotheses (i) - (xii) are satisfied , then the boundary control
semilinear system (2) is controllable on J .

Proof: Using the hypothesis (vi), for an arbitrary function x(.) define the control

u(t) = W̃−1[x1 − T (b)x0 −
∫ b

0
AαT (b− s)g(s, x(s))ds](t).(6)

Let Z = C(J, Y ) be the space endowed with the supremun norm. Define the set

S = {x ∈ Z : x(0) = x0, ‖x(t)− x0‖ ≤ r}.
We shall show that when using the above control the operator F defined by

Fx(t) = T (t)x0 +
∫ t

0
[T (t− s)σ −AT (t− s)]BW̃−1[x1 − T (b)x0

−
∫ b

0
AαT (b− τ)g(τ, x(τ))](s)ds

+
∫ t

0
AαT (t− s)g(s, x(s))ds
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has a fixed point. First we show that F maps S into itself. For x ∈ S,

‖Fx(t)− x0‖ ≤ ‖T (t)x0 − x0‖+ ‖
∫ t

0
[T (t− s)σ −AT (t− s)]BW̃−1[x1 − T (b)x0

−
∫ b

0
AαT (b− τ)g(τ, x(τ))dτ ](s)ds‖+ ‖

∫ t

0
AαT (t− s)g(s, x(s))ds‖

≤ ‖T (t)− I‖‖x0‖+
∫ t

0
‖T (t− s)‖‖σB‖‖W̃−1‖[‖x1‖+ ‖T (b)x0‖

+
∫ b

0
‖AαT (b− τ)‖[‖g(τ, x(τ))− g(τ, x0)‖E + ‖g(τ, 0)‖E ]dτ ]ds

+
∫ t

0
‖AT (t− s)B‖‖W̃−1‖[‖x1‖+ ‖T (b)x0‖

+
∫ b

0
‖AαT (b− τ)‖[‖g(τ, x(τ)− g(τ, x0)‖E + ‖g(τ, x0)‖E ]dτ ]ds

+
∫ t

0
‖AαT (t− s)‖[‖g(s, x(s))− g(s, x0)‖E + ‖g(s, x0)‖E ]ds

≤ (M + 1)‖x0‖+ bM‖σB‖K2[‖x1‖+ M‖x0‖

+ [L1r + L2]C
∫ b

0
(b− s)−αds + KK2[‖x1‖+ M‖x0‖

+ [L1r + L2]C
∫ b

0
(b− s)−αds] + [L1r + L2]C

∫ t

0
(t− s)−αds

≤ (M + 1)‖x0‖+ [bM‖σB‖+ K]K2[‖x1‖+ M‖x0‖

+ (L1r + L2)C
b1−α

1− α
] + (L1r + L2)C

b1−α

1− α
≤ r

Thus F maps S into itself. Now, for x1, x2 ∈ S we have

‖Fx1(t)− Fx2(t)‖ ≤ ‖
∫ t

0
[T (t− s)σ −AT (t− s)]BW̃−1

[
∫ b

0
AαT (b− τ)[g(τ, x1(τ))− g(τ, x2(τ))]dτ ]ds‖

+ ‖
∫ t

0
AαT (t− s)[g(s, x1(s))− g(s, x2(s))]ds‖

≤
∫ t

0
[‖T (t− s)‖‖σB‖+ ‖AT (t− s)B‖]‖W̃−1‖

[
∫ b

0
‖AαT (b− τ)‖‖g(τ, x1(τ))− g(τ, x2(τ))‖Edτ
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+
∫ t

0
‖AαT (t− s)‖‖g(s, x1(s))− g(s, x2(s))‖Eds

≤ [bM‖σB‖+ K]K2L1

∫ b

0
‖AαT (b− s)‖‖x1(τ)− x2(τ)‖dτ

+ L1

∫ t

0
‖AαT (t− s)‖‖x1(s)− x2(s)‖ds

≤ b1−α

1− α
[bM(‖σB‖+ K)K2 + 1]L1 sup

0≤t≤b
‖x1(t)− x2(t)‖

≤ L∗‖x1(t)− x2(t)‖

Therefore, F is a contraction mapping and hence there exists a unique fixed point
x ∈ Y such that Fx(t) = x(t). Any fixed point of F is a mild solution of (1) on J
which satisfies x(b) = x1. Thus the system (2) is controllable on J .

3. Example

Let Ω be a bounded, open connected subset of Rn and let Γ be sufficiently smooth
boundary of Ω. Consider the boundary control system of the form

zt(t, y)− ν∆z(t, y) + (z.∆)z +∇p = 0
divz(t, y) = 0, (t, y) ∈ Q = (0, b)× Ω,

z(t, y) = u(t, y), on Σ = (0, b)× Γ, t ∈ J

z(0, y) = φ(y), y ∈ Ω,(7)

where u ∈ L2(Σ) and φ(y) ∈ L2(Ω).
The above problem can be formulated as a boundary control problem of the form (2)
by suitably choosing the spaces E, X, U as follows:
Let E = L2(Ω) be equipped with the usual norm

‖z‖ = (
∫

Ω
|z(y)|2dy)

1
2

and let Wm,2(Ω) be the Sobolev space of all functions on Ω whose distributional deriva-
tives up through order m are in L2(Ω) with norm given by

‖φ‖m,2 = (
∑

α≤m

‖∂αφ

∂y
‖2)

1
2 .

Take X = H− 1
2 (Γ), U = L2(Γ) and B1 = I, the identity operator and

D(σ) = {z ∈ L2(Ω); ∆z ∈ L2(Ω)}, σ = ν∆.
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The operator τ is the ”trace” operator such that τz = z|Γ is well defined and belongs
to H− 1

2 (Γ) for each z ∈ D(σ). (see[4]). Define E2 = (L2(Ω))n and let the function
z(t, y) = (z1(t, y), . . . , zn(t, y)).
Set

Z2 = Closure of {φ ∈ (C0(Ω))n, divφ(y) = 0} in E2

and
Jp = {∇p; p ∈ W 1,2(Ω)}.

Then we have the well known decomposition E2 = Z2 ⊕ Jp. Let P be continuous
projection from E2 to Z2 and let ∆ be the Laplace operator with

D(∆) = {φ ∈ (H2(Ω))n : φ(y) = 0, y ∈ ∂Ω}.
Define A = −Pν∆ with domain D(A) = Z2 ∩D(∆). Then it is known that −A is a
closed densely defined linear operator in Z2 with a bounded inverse and generates a
bounded analytic semigroup T (t) in Z2.
Define the linear operator B : L2(Γ) → L2(Ω) by Bu = wu where wu is the unique
solution to the Dirichlet boundary value problem,

∆wu = 0 in Ω,

wu = u in Γ.

In other words (see [9])
∫

Ω
wu∆ψdx =

∫

Γ
u

∂ψ

∂n
dx, for all ψ ∈ H1

0 (Ω) ∪H2(Ω),(8)

where ∂ψ
∂n denotes the outward normal derivative of ψ which is well defined as an ele-

ment of H
1
2 (Γ). ¿From (8), it follows that,

‖wu‖L2(Ω) ≤ C1‖u‖
H− 1

2 (Γ)
, for all u ∈ H− 1

2 (Γ)

and

‖wu‖H1(Ω) ≤ C2‖u‖
H

1
2 (Γ)

, for all u ∈ H
1
2 (Γ),

where Ci, i = 1, 2 are positive constants independent of u.
From the above estimates it follows by an interpolation argument [11] that

‖AT (t)B‖L(L2(Γ),L2(Γ)) ≤ Ct−
3
4 , for all t > 0 with ν(t) = Ct−

3
4 .

Applying the projection P to (7), we find that (2) is an abstract formulation of (7)
where f is defined on D(A

1
2 ) = W0

1,2((Ω))n ∩ E2 with range in E2 by

f(φ(y)) = P
n∑

k=1

(
∂φk(y)φ1(y)

∂yk
, . . . ,

∂φk(y)φn(y)
∂yk

).
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It is clear from a known result [14] that there exists a bounded linear operator Bk :
E2 → X2 such that P ∂

∂yk
= A

1
2 Bk and also the mapping

g(φ(y)) =
n∑

k=1

Bk(φk(x)φ1(x), . . . , φk(x)φn(x))

is locally Lipschitz. Further assume that the bounded invertible operator W̃ exists.
Choose b and other constants such that the conditions (x) and (xi) are satisfied. Hence,
we see that all the conditions stated in the theorem are satisfied and so the system (7)
is controllable on [0, b].
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