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ABSTRACT. In this paper, we propose a new semi-analytic approach based on the generalized
Taylor series for solving nonlinear differential equations of fractional order. Assuming the solu-
tion is expanded as the generalized Taylor series, the coefficients of the series can be computed
by solving the corresponding recursive relation of the coefficients which is generated by the
given problem. This method is called the generalized differential transform method(GDTM).
In several literatures the standard GDTM was applied in each sub-domain to obtain an accu-
rate approximation. As noticed in [19], however, a direct application of the GDTM in each
sub-domain loses a term of memory which causes an inaccurate approximation. In this work,
we derive a new recursive relation of the coefficients that reflects an effect of memory. Sev-
eral illustrative examples are demonstrated to show the effectiveness of the proposed method.
It is shown that the proposed method is robust and accurate for solving nonlinear differential
equations of fractional order.

1. INTRODUCTION

The beginning of fractional calculus is considered to be the by Leibniz’s letter to L’Hospital
in 1695, where the notation for differentiation of non-integer order 1/2 is discussed. Since
then, for the three centuries, this topic has been investigated by the pure mathematicians.
Because of the non-local property of the fractional derivative, many researchers found out
that a mathematical model with fractional calculus is better than the integer order to describe
many phenomena which involve the effect of memory. Recently, the fractional calculus has
been playing more important roles in many science and engineering fields[1, 2, 3, 4]. A
number of numerical methods for solving differential equations of the fractional have been
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introduced. Authors in [5] presented the predictor-corrector approach based on the Adams-
Bashforth-Moulton type numerical method that has been successful to obtain the stable ap-
proximations for solving many fractional differential equations. In [6], authors proposed a
high order method by employing a block-by-block approach which is common method for
solving the integral equations. Some of semi-analytic methods such as the Adomian decompo-
sition method(ADM)[7, 8], homotopy analysis method(HAM) [9, 10], homotopy perturbation
method(HPM)[11, 12], variational iteration method(VIM)[13, 14, 15] and generalized differen-
tial transform method(GDTM)[16, 17, 18, 19, 20, 21] have been introduced to provide analytic
or numeric approximations.

In this paper, we focus on the generalized differential transform method which is based on
the generalized Taylor series. From the given fractional differential equation, the GDTM pro-
vides a simple recurrence relation of the generalized Taylor series’ coefficients of the solution.
However, the approximate solution by the GDTM has a limitation of accuracy due to the local
convergence property of the generalized Talyor series. To overcome this limitation the stan-
dard GDTM has been applied in each sub-domain [22, 23, 24]. As presented in [19], a direct
application of the GDTM in each sub-domain with a fixed initial condtion does not impose an
effect of memory which is the main property of differential operator of fractional order. Thus
it causes an increasing error as the fractional order is decreasing. In this work, we provide the
new recurrence relations that contains the effect of memory. The paper is organized as follows.
Section 2 introduces some preliminary results for the fractional calculus that we shall use. In
Section 3, we present the basic ideas and some properties of GDTM. In Section 4, the new
recurrence relation of complex nonlinear functions are introduced. In Section 5, numerical re-
sults of several examples are demonstrated by using new recurrence relations and are compared
with the ones obtained by another numerical method. Finally, we give a conclusion in Section
6.

2. FRACTIONAL CALCULUS

In this section we introduce some basic definitions and properties of the fractional integration
and differentiation. There are two main definitions of fractional calculus: Riemann-Liouville’s
and Caputo’s definition. We adopt the Caputo’s definition in this work.

Definition 2.1. A real valued function f(t), t > 0 is said to be in the space Cµ, µ ∈ R if there
etists a real number p, p < µ such that f(t) = tpf1(t), where f1(t) ∈ C[0,∞), and it is said
to be in the space Cmµ if and only if f (m) ∈ Cµ, m ∈ N.

Definition 2.2. The Riemann-Liouville fractional integral operator of order α > 0 with of a
function f(t) ∈ Cµ, t > 0, µ ≥ −1 is defined by

Jαa f(t) =


1

Γ(α)

∫ t

a
(t− s)α−1f(s)ds, a ≥ 0, x > a,

f(t), α = 0.

The operator Jαa satisfies the following properties: For f(t) ∈ Cµ, µ ≥ −1, α, β ≥ 0 and
γ > −1,
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1. Jαa J
β
a f(t) = JβJαa f(t) = Jα+βa f(t),

2. Jαa (t− a)γ =
Γ(γ + 1)

Γ(γ + α+ 1)
(t− a)γ+α.

Definition 2.3. The fractional derivative in the Caputo sense of f(t) [1], f(t) ∈ Cm−1,m ∈
N, t > 0 is defined by

Dα
a f(t) =


Jm−αa

(
dm

dtm
f(t)

)
, m− 1 < α < m,

dm

dtm
f(t), α = m.

For α > 0, γ > −1 and constant C, Caputo fractional derivative has some basic properites
as follows:

1. Dα
aC = 0,

2. Dα
a (t− a)γ =

Γ(γ + 1)

Γ(γ + 1− α)
(t− a)γ−α.

3. GENERALIZED DIFFERENTIAL TRANSFORM METHOD

In this section we describe the basic concept, definitions and some properties of the gen-
eralized differential transform method(GDTM) For the fractional differential operator Dα

a ,
m− 1 < α ≤ m, in the sense of Caputo, let us define (Dα

a )n by

(Dα
a )n = Dα

a ·Dα
a · · ·Dα

a , (n-times).

Theorem 3.1. (Generalized Taylor’s Formula) Suppose that (Dα
a )kf(t) ∈ C(a, b] for k =

0, 1, ..., n+ 1, where 0 < α ≤ 1, then we have [17]

f(t) =
n∑
i=0

(t− a)iα

Γ(iα+ 1)
((Dα

a )if)(a) +
((Dα

a )n+1f)(η)

Γ((n+ 1)α+ 1)
(t− a)(n+1)α

with 0 ≤ η ≤ t, ∀t ∈ (a, b]

For an analytic function f(t) let us define the generalized differential transform(GDT) of
the kth derivative as follows:

F (k) =
1

Γ(αk + 1)
[(Dα

a )kf(t)]t=0,

where 0 < α ≤ 1, k = 0, 1, 2, · · · ., and the generalized differential inverse transform of F (k)
is defined as follows:

f(t) =

∞∑
k=0

F (k)(t− a)αk.

In case of α = 1, then the GDT reduces to the classical differential transform. Several funda-
mental properties of the GDT are listed in [22, 24]
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3.1. Generalized differential transforms for nonlinear functions. In this section we de-
scribe how to construct the generalized differential transforms F (k) for several nonlinear func-
tions [20].

Let us consider f(y(t)) = eay(t), where a is a constant. Taking the fractional derivative Dα

to f(y(t)) gives

Dαf(y(t)) = J1−α
(
d

dt
f(y(t))

)
= J1−α (f ′(y(t))y′(t)

)
= J1−α (af(y(t))y′(t)

)
.

Theorem 3.2. Suppose that f(y(t)) =
∑∞

k=0 F (k)tαk and y(t) =
∑∞

k=0 Y (k)tαk. Then we
have

F (k) =


eaY (0), k = 0,

a

k

k−1∑
r=0

(k − r)F (r)Y (k − r), k ≥ 1.

Now we consider the case of logarithmic nonlinearity. Let f(y(t)) = ln(a+ by(t), wherea
and b are constants.

Theorem 3.3. Suppose that f(y(t)) =
∑∞

k=0 F (k)tαk and y(t) =
∑∞

k=0 Y (k)tαk. Then we
have

F (k) =


ln(a+ bY (0)), k = 0,

1

k

k−1∑
r=0

(k − r)G(r)Y (k − r), k ≥ 1,

where

G(k) =


b

a+ bY (0)
, k = 0,

− b

a+ bY (0)

k−1∑
r=0

G(r)Y (k − r), k ≥ 1.

Let us consider f(y(t)) = sin(ay(t)) and g(f(t)) = cos(ay(t)), where a is a constant.

Theorem 3.4. Suppose that f(y(t)) =
∑∞

k=0 F (k)tαk, g(y(t)) =
∑∞

k=0G(k)tαk and y(t) =∑∞
k=0 Y (k)tαk. Then we have

F (k) =


sin(aY (0)), k = 0,

a

k

k−1∑
r=0

(k − r)G(r)Y (k − r), k ≥ 1,

G(k) =


cos(aY (0)), k = 0,

−a
k

k−1∑
r=0

(k − r)F (r)Y (k − r), k ≥ 1.
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Theorem 3.5. For the hyperbolic functions f(y(t)) = sinh(ay(t)) and g(ay(t)) = cosh(ay(t)),
where a is a consider, suppose that f(y(t)) =

∑∞
k=0 F (k)tαk, g(y(t)) =

∑∞
k=0G(k)tαk and

y(t) =
∑∞

k=0 Y (k)tαk. Then we have

F (k) =


sinh(aY (0)), k = 0,

a

k

k−1∑
r=0

(k − r)G(r)Y (k − r), k ≥ 1,

G(k) =


cosh(aY (0)), k = 0,

a

k

k−1∑
r=0

(k − r)F (r)Y (k − r), k ≥ 1.

3.2. Enhanced multistage generalized differential transform method. Let us consider the
following initial value problem of fractional order:

Dαy(t) = f(t, y(t)), t > 0, y(0) = y0. (3.1)

Applying the GDTM with y(t) =
∑∞

k=0 Y (k)tαk and f(t) =
∑∞

k=0 F (k)tαk we have the
recursive relation as follows

Γ(α(k + 1) + 1)

Γ(αk + 1)
Y (k + 1) = F (k), k = 0, 1, · · · . (3.2)

All GDTs Y (k) are given by solving the above recursive relation (3.2) with Y (0) = y0. GDTM
is based on the generalized Taylor series in Theorem 3.1. Thus it is clear that an accurate
approximation can be obtained near t = 0 if the series is expanded at t = 0. In order to obtain
a reliable approximation in a large domain Ω = (0, T ), the GDTM can be applied in each
subdomain Ωi = (ti, ti+1) where 0 = t0 < t1 < · · · < tN−1 < tN = T, ti = i × h and
h = T/N . Suppose that GDTM is applied to the problem (3.1) on Ωi with an initial condition
y(ti), that is,

Dαy(t) = f(t, y(t)), t ∈ Ωi. (3.3)

Then we have the analytic solution y(t) by taking the Riemann-Louville integral operator to
(3.3)

y(t) = y(ti) +
1

Γ(α)

∫ t

ti

(t− τ)α−1f(τ, y(τ))dτ. (3.4)

In the similar way, we have the analytic solution y(t) from (3.1)

y(t) = y(t0) +
1

Γ(α)

∫ t

t0

(t− τ)α−1f(τ, y(τ))dτ.
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Then it can be rewritten as

y(t) = y(ti) +
1

Γ(α)

∫ t

ti

(t− τ)α−1f(τ, y(τ))dτ

+

i−1∑
j=0

1

Γ(α)

∫ tj+1

tj

{
(t− τ)α−1 − (ti − τ)α−1

}
f(τ, y(τ))dτ.

(3.5)

Comparing (3.4) with (3.5) it is clear that the analytic solution for the subdomain problem
(3.3) loses some information which was called as memory. Authors in [19] proposed the new
method in evaluating an initial condition y(ti+1) by using the piecewise linear interpolation of
f(t)

y(ti+1) ≈ y(t0) +
hα

Γ(α+ 2)

i+1∑
k=0

ak,i+1f(tk, sk,nk
(tk)), (3.6)

where sk,nk
(t) is the partial sum of y(t) in (3.4), sk,nk

(t) =
∑nk

i=0 Y (i)(t− tk)αi, and

ak,i+1 =

 iα+1 − (i− α)(i+ 1)α, if k = 0,
(i− k + 2)α+1 + (i− k)α+1 − 2(i− k + 1)α+1, if 1 ≤ k ≤ i,
1, if k = i+ 1.

As seen in (3.6) all values y(ti+1) are approximated by using the partial sum of GDTM in
each subdomain Ωi and numerical calculation of integration. In this work it is motivated to
obtain a new recursive relation of the GDTs which contain the memory terms in (3.5). Let us
first introduce the following calculation which is useful to derive the new recursive relation.

Lemma 3.6. For j = 0, 1, · · · , i− 1, we have∫ tj+1

tj

(ti − τ)α−1(τ − tj)αkdτ = hα(k+1)(i− j)α(k+1)B(
1

i− j
;αk + 1, α),

where B(x; a, b) is the incomplete beta function

B(x; , a, b) =

∫ x

0
ta−1(1− t)b−1dt.

Proof. Using a simple change of variable we have∫ tj+1

tj

(ti − τ)α−1(τ − tj)αkdτ = hα(k+1)

∫ 1

0
(i− j − s)α−1sαkds

= hα(k+1)(i− j)α−1
∫ 1

0
(1− s

i− j
)α−1sαkds

Then the proof is completed by the change of variable with
s

i− j
= t and the definition

incomplete beta function B(x; a, b). �
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Theorem 3.7. Suppose that y(t) is the solution of (3.1). Let yi(t) =
∑∞

k=0 Yi(k)(t−ti)αk and
fj(t, y(t)) =

∑∞
k=0 Fj(k)(t − tj)αk, j = 0, 1, · · · , i. Then we have the following recursive

relation with Yi(k) and Fi(k)

Yi(k+1) =



Γ(αk + 1)

Γ(α(k + 1) + 1)
Fi(k), i = 0,

Γ(αk + 1)

Γ(α(k + 1) + 1)
(Fi(k)− Fi−1(k)) +

2α(k+1)B(
1

2
;αk + 1, α)

Γ(α)
Fi−1(k), i = 1,

Γ(αk + 1)

Γ(α(k + 1) + 1)
(Fi(k)− Fi−1(k)) +

2α(k+1)B(
1

2
;αk + 1, α)

Γ(α)
Fi−1(k)

+

i−2∑
j=0

Fj(k)

Γ(α)

[
(i+ 1− j)α(k+1)B(

1

i+ 1− j
;αk + 1, α)

−(i− j)α(k+1)B(
1

i− j
;αk + 1, α)

]
, i ≥ 2,

where B(x; a, b) is the incomplete beta function.

Proof. For i ≥ 1, the value of y(ti+1) can be rewritten by

y(ti+1) = y(ti) +
1

Γ(α)

∫ ti+1

ti

(ti+1 − τ)α−1f(τ, y(τ))dτ

+
i−1∑
j=0

1

Γ(α)

∫ tj+1

tj

{
(ti+1 − τ)α−1 − (ti − τ)α−1

}
f(τ, y(τ))dτ.

(3.7)

Substituting the generalized Taylor series y(t) =
∑∞

k=0 Yi(k)(t−ti)αk, f(t, y(t)) =
∑∞

k=0 Fj(k)(t−
tj)

αk into (3.7) we have

∞∑
k=0

Yi(k)hαk = y(ti) +

∞∑
k=0

Fi(k)

{
1

Γ(α)

∫ ti+1

ti

(ti+1 − τ)α−1(τ − ti)αkdτ
}

+

∞∑
k=0


i−1∑
j=0

Fj(k)

Γ(α)

∫ tj+1

tj

{
(ti+1 − τ)α−1 − (ti − τ)α−1

}
(τ − tj)αkdτ

 .

(3.8)

Now we evaluate the integrals of the right hand side of (3.8). The property of the Riemann-
Liouville integral operator Jα gives the exact formulation of the first integral in (3.8):

1

Γ(α)

∫ ti+1

ti

(ti+1 − τ)α−1(τ − ti)αkdτ =
Γ(αk + 1)

Γ(α(k + 1) + 1)
hα(k+1). (3.9)
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Applying Lemma 3.6, the second integral of the right hand side of (3.8) can be written by∫ tj+1

tj

{
(ti+1 − τ)α−1 − (ti − τ)α−1

}
(τ − tj)αkdτ

=

[
(i+ 1− j)α(k+1)B(

1

i+ 1− j
;αk + 1, α)

−(i− j)α(k+1)B(
1

i− j
;αk + 1, α)

]
hα(k+1).

(3.10)

For j = i− 1, the incomplete beta function can be evaluated by

B(
1

i− j
;αk + 1, α) =

Γ(α)Γ(αk + 1)

Γ(α(k + 1) + 1)
. (3.11)

Substituting (3.9), (3.10) and (3.11) into (3.8) combined with y(ti) = Yi(0) and collecting
the coefficients of hα(k+1) the proof is completed. �

3.3. Approximation of generalized differential transforms. In the previous sections we dis-
cussed how to construct the generalized differential transform for several nonlinear forms and
the recursive relations of the generalized differential transforms in multistage approach. In the
MsGDTM, it is the most important to construct the corresponding recursive relations. For the
given following fractional differential equation

Dα
tiyi(t) = fi(t, yi(t)), t ∈ Ωi = (ti, ti+1) i ≥ 0,

it is easy to construct the recursive relation

Γ(α(k + 1) + 1)

Γ(αk + 1)
Yi(k + 1) = Fi(k), k = 0, 1, 2, · · · ,

where yi(t) =
∑∞

k=0 Yi(k)(t− ti)αk and fi(t) =
∑∞

k=0 Fi(k)(t− ti)αk. The above recursive
relation can be easily solved if Fi(k) are known. Suppose that fi(t, yi(t)) = fi,1(yi(t)) +
fi,2(t). For the nonlinear function fi,1(yi(t)), we discussed how to construct the corresponding
generalized differential transform. In fractional calculus, however, it is usually difficult to
find the fractional derivative for any function. Since the GDTs of fi,2(t) are obtained by the
generalized Taylor series

Fi,2(k) =
1

Γ(αk + 1)
[(Dα)kfi,2(t)]t=ti ,

it is not easy to find the GDTs for the fi,2(t). To overcome this difficulty we propose the
following method to find approximations of Fi,2(k). Suppose that fi,2(t) can be written by the
generalized Taylor series on Ωi = (ti, ti+1)

fi,2(t) =
∞∑
k=0

Fi,2(k)(t− ti)αk.
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FIGURE 1. Comparisons of maximum norm error between the exact and the
approximations by Taylor collocation approach; fi,2(t) = sin(2t) with the
degree n = 2, 3, 4 and 5 in (3.12).

In order to approximate fi,2(t) with the n−term partial sum we consider

fi,2(t) ≈
n∑
k=0

Fi,2(k)(t− ti)αk ≡ si,n(t). (3.12)

Since fi,2(ti) = Fi,2(0), there are n unknowns Fi,2(k), k = 1, · · · , n. To determine the
Fi,2(k) we consider the Taylor collocation approach. For the appropriate collocation points
tij , j = 1, · · · , n, we set fi,2(tij ) =

∑n
k=0 Fi,2(k)(tij − ti)

αk. Then we have the system
AF = B, where ap,q = (tip − ti)qα, bp = fi,2(tip) and F T = (Fi,2(1), · · · , Fi,2(n)). In Fig.
1, the maximum norm errors between the exact fi,2(t) = sin(2t) and the approximations by
the Taylor collocation approach with a number of mesh(5, 10, 20 and 40) at a degree α = 0.5.
Here, the collocation points are selected uniformly in each sub interval Ω̄i. It is shown that the
more accurate approximations are obtained when the degree is increasing and the size of mesh
is decreasing.
Remark There are many numerical methods to determine the GDTs Fi,2(k) such as the least
square. However, we employ the uniform collation method in each sub interval because of a
simple computational work.

4. NUMERICAL ILLUSTRATIONS

In this section we demonstrate numerical results of several nonlinear fractional differential
equations by using the proposed recurrence relations. To show the effectiveness of the pro-
posed method we also present the numerical results obtained by several methods such as the
fractional Adams-Bashforth-Moulton method(FABM)[4], the standard multistage generalized
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differential transform method(SGDTM)[22, 23], the standard multistage generalized differ-
ential transform method with memory(SGDTM-M)[19], the enhanced multistage generalized
differential transform method (EGDTM) which is given by Theorem 3.7 and the enhanced
multistage generalized differential transform method with memory(EGDTM-M). The method
with memory means that the initial condition y(ti+1) is approximated by (3.6) and the partial
sum sk,nk

(t) is obtained by the (standard or enhanced) GDTM. For all numerical examples, the
degree of partial sum in all GDTMs is set by n = 5. That is, yi(t) ≈

∑5
k=0 Yi(k)(t− ti)αk.

Example 1 Consider the following nonlinear fractional differential equation[10]:

Dαy(t) + λ1y(t) + λ2y
2(t) = sin(4t)− sin(t), t > 0, (4.1)

where 0 < α ≤ 1 and λi, i = 1, 2, subject to the initial condition y(0) = 5.0.
Applying the properties of GDTM to (4.1), we have the follow recurrence relation:

Γ(α(k + 1) + 1)

Γ(αk + 1)
Y (k + 1) + λ1Y (k) + λ2

k∑
r=0

Y (r)Y (k − r) = F (k), k ≥ 0,

where F (k) is the GDT of f(t) = sin(4t) − sin(t). Here the constants λi are set by λ1 =
0.25, λ2 = −0.05. The time step is chosen by h = 10−5 in FABM and h = 10−1 in all
GDTMs, respectively. In each subdomian, F (k) is approximated by using the collocation
method in the previous section.

The comparisons of numerical results are shown in Figure 2. For the large fractional orders
α = 0.9, 0.7, the results obtained by most GDTMs exept SGDTM are nearly the same and
close to the result by FABM. As α is getting smaller, however, numerical approximations by
SGDTM and SGDTM-M blow up in a short time. The EGDTM-M gives almost the same with
the result by FABM.

Example 2 Consider the following nonlinear fractional differential equation[18]:

Dαy(t) = e−y(t) + y(t), t > 0, (4.2)

where 0 < α ≤ 1, subject to the initial condition y(0) = 0.5
Applying the properties of GDTM in Theorem 3.1 and 3.2 to (4.2), we have the following

recurrence relation:
Γ(α(k + 1) + 1)

Γ(αk + 1)
Y (k + 1) = F (k) + Y (k), k ≥ 0,

where F (k) is the GDT of ey(t) and is given by as follows

F (k) =
1

k

k−1∑
r=0

(k − r)F (r)Y (k − r), k ≥ 1. (4.3)

From the initial condition y(0) = 0, we have Y (0) = 0 and F (0) = eY (0).
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FIGURE 2. Comparisons of approximate solutions with α =
(a)0.9, (b)0.7, (c)0.5 and (d)0.3 from top to bottom

TABLE 1. Comparison of the numerical results by the MsGDTM(top:(h =
10−1), bottom: (h = 10−2)) and FABM(h = 10−7) for α = 0.9 in Example
2

t FABM SGDTM SGDTM-M EGDTM EGDTM-M
0.1 0.649371 0.649370 0.649334 0.649370 0.649334

0.3 0.927463 0.979716 0.930360 0.927889 0.927654

0.5 1.226325 1.369327 1.235908 1.227390 1.226824

0.7 1.563724 1.843697 1.584128 1.565723 1.564655

0.9 1.955064 2.435985 1.991838 1.958409 1.956606

t FABM SGDTM SGDTM-M EGDTM EGDTM-M
0.2 0.787364 0.894235 0.787994 0.787406 0.787363

0.4 1.073037 1.373282 1.074893 1.073139 1.073038

0.6 1.389262 1.986059 1.393022 1.389450 1.389268

0.8 1.751642 2.800329 1.758230 1.751953 1.751653

1.0 2.176198 3.909788 2.186879 2.176683 2.176217
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TABLE 2. Comparison of the numerical results by the MsGDTM(top:(h =
10−1), bottom: (h = 10−2)) and FABM(h = 10−7) for α = 0.7 in Example
2

t FABM SGDTM SGDTM-M EGDTM EGDTM-M
0.1 0.759755 0.759726 0.758609 0.759726 0.758609

0.3 1.120497 1.395246 1.146719 1.123690 1.120122

0.5 1.482904 2.293112 1.565537 1.490042 1.483219

0.7 1.885367 3.646766 2.058448 1.898037 1.886619

0.9 2.351559 5.755351 2.62769 2.372091 2.354152

t yh SGDTM SGDTM-M EGDTM EGDTM-M
0.2 0.944264 1.765056 0.951892 0.944619 0.944238

0.4 1.298381 4.381588 1.318474 1.299112 1.298363

0.6 1.677574 10.595925 1.716414 1.678822 1.677564

0.8 2.109090 25.612480 2.175534 2.111068 2.109091

1.0 2.615695 61.910497 2.721971 2.618702 2.615712

TABLE 3. Comparison of the numerical results by the MsGDTM(top:(h =
10−1), bottom: (h = 10−2)) and FABM(h = 10−7) for α = 0.5 in Example
2

t FABM SGDTM SGDTM-M EGDTM EGDTM-M
0.1 0.956630 0.955848 0.950455 0.955848 0.950455

0.3 1.428010 2.352869 1.599497 1.441996 1.426029

0.5 1.884920 5.229080 2.452074 1.913593 1.884701

0.7 2.392817 11.541742 3.666449 2.441988 2.395139

0.9 2.986370 25.473154 5.436456 3.064643 2.992272

t FABM SGDTM SGDTM-M EGDTM EGDTM-M
0.2 1.202300 7.647129 1.266979 1.204033 1.202172

0.4 1.652715 78.712858 1.815157 1.655913 1.652670

0.6 2.130147 2.444142 2.135379 2.130197

0.8 2.676929 3.220666 2.685048 2.677112

1.0 3.325064 4.206744 3.337233 3.325436
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For several fractional orders α = 0.9, 0.7 and 0.5, the comparisons of numerical results are
listed in Table 1, 2 and 3. The time step is set by h = 10−7 in FABM. In all GDTMs, two
time steps are chosen by h = 10−1 and 10−2. All numerical results are shown at two different
sets of points; {0.1, · · · , 0.9}, {0.2, · · · , 1.0}. With a fine time step h = 10−7, we assume
that the numerical results by FABM are almost the exact solutions. As α is getting smaller,
the numerical results by the SGDTM and SGDTM-M are more inaccurate. However, for all α,
the two EGDTMs give very accurate numerical results. Especially, the EGDTM-M gives the
most accurate numerical results. A close observation of the numercal results by EGDTM and
EGDTM-M compared with the ones by FABM reveals that the errors are reduced in one more
decimal place for all α. It is worth noting that EGDTM-M uses the time step h = 10−2 and
their numerical results agree with the ones by FABM in three decimal places.

Example 3 Consider the following nonlinear fractional differential equation:

Dαy(t) = y(t)− y(t) ln y(t), t > 0, (4.4)

where 0 < α ≤ 1, subject to the initial condition y(0) = 1.
Applying the properties of GDTM in Theorem 3.1 and 3.3 to (4.4), we have the following

recurrence relation:

Γ(α(k + 1) + 1)

Γ(αk + 1)
Y (k + 1) = Y (k)−

k∑
r=0

Y (r)F (k − r), k ≥ 0,

where F (k) is the GDT of ln y(t) and is given as follows

F (k) =
1

k

k−1∑
r=0

(k − r)G(r)Y (k − r), k ≥ 1.

and

G(s) = − 1

Y (0)

s−1∑
r=0

G(r)Y (s− r), s ≥ 1.

From the initial condition y(0) = 0, we have Y (0) = 1, F (0) = ln(Y (0)) = 0 and G(0) =
1/Y (0) = 1, respectively. For α = 0.9, 0.7 and 0.5, the comparisons of numerical results are
listed in Table 4, 5 and 6. For all α, the numerical results by SGDTM have the large errors. For
small α, they are blowing up in a short time. But all other numerical methods gives very close
approximations. However, it is also observed that EGDTM-M gives the best approximations
for all α.

Example 4 Consider the following nonlinear fractional differential equation:

Dαy(t) = y(t)e−y(t) + λ1 cos(y(t)) + λ2, t > 0, (4.5)

where 0 < α ≤ 1, subject to the initial condition y(0) = 0.5. λ1 = 2, λ2 = −1. Applying
the properties of GDTM in Theorem 3.2 and 3.4 to (4.5), we have the following recurrence
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TABLE 4. Comparison of the numerical results by the MsGDTM(top:(h =
10−1), bottom: (h = 10−2)) and FABM(h = 10−7) for α = 0.9 in Example
3

t FABM SGDTM SGDTM-M EGDTM EGDTM-M
0.1 1.130479 1.130478 1.130335 1.130479 1.130334

0.3 1.344291 1.383388 1.343574 1.344253 1.344030

0.5 1.529469 1.615847 1.528442 1.529354 1.529183

0.7 1.690853 1.820994 1.689695 1.690642 1.690529

0.9 1.830688 1.996474 1.829532 1.830381 1.830479

t FABM SGDTM SGDTM-M EGDTM EGDTM-M
0.2 1.241643 1.324116 1.241630 1.241634 1.241641

0.4 1.440025 1.620346 1.440005 1.440000 1.440022

0.6 1.612986 1.873568 1.612962 1.612946 1.612983

0.8 1.763334 2.079830 1.763309 1.763279 1.763331

1.0 1.893185 2.242099 1.893162 1.893120 1.893184

TABLE 5. Comparison of the numerical results by the MsGDTM(top:(h =
10−1), bottom: (h = 10−2)) and FABM(h = 10−7) for α = 0.7 in Example
3

t FABM SGDTM SGDTM-M EGDTM EGDTM-M
0.1 1.217061 1.217033 1.216744 1.217033 1.216744

0.3 1.451052 1.615579 1.4462721 1.450510 1.450835

0.5 1.617347 1.938792 1.611429 1.616336 1.617246

0.7 1.746556 2.181436 1.740452 1.745224 1.746541

0.9 1.850559 2.354905 1.844718 1.849043 1.850601

t FABM SGDTM SGDTM-M EGDTM EGDTM-M
0.2 1.346483 1.791094 1.346256 1.346405 1.346476

0.4 1.539956 2.283125 1.539659 1.539817 1.539953

0.6 1.685666 2.526836 1.685355 1.685490 1.685664

0.8 1.801214 2.636395 1.800917 1.801019 1.801213

1.0 1.895317 2.683673 1.895044 1.895113 1.895316
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TABLE 6. Comparison of the numerical results by the MsGDTM(top:(h =
10−1), bottom: (h = 10−2)) and FABM(h = 10−7) for α = 0.5 in Example
3

t FABM SGDTM SGDTM-M EGDTM EGDTM-M
0.1 1.343828 1.343272 1.344184 1.343272 1.344183

0.3 1.560016 1.905574 1.540004 1.58480 1.560406

0.5 1.686500 2.265874 1.665304 1.684451 1.686848

0.7 1.776320 2.473694 1.755858 1.774125 1.776608

0.9 1.845368 2.587958 1.826130 1.843191 1.845602

t FABM SGDTM SGDTM-M EGDTM EGDTM-M
0.2 1.470799 2.437412 1.468388 1.470504 1.47073

0.4 1.629524 2.685293 1.626965 1.629190 1.629511

0.6 1.734685 2.714556 1.732225 1.734353 1.734667

0.8 1.812875 2.717863 1.810572 1.812557 1.812854

1.0 1.874539 2.718234 1.872401 1.874239 1.874516

relation:

Γ(α(k + 1) + 1)

Γ(αk + 1)
Y (k + 1) =

n∑
r=0

Y (r)F1(k − r) + λ1F2(k) + λ2δ(k), k ≥ 0,

where F (k) is the GDT of ln y(t) and is given as follows

F1(k) = −1

k

k−1∑
r=0

(k − r)F1(r)Y (k − r), k ≥ 1.

and

F2(k) = −1

k

k−1∑
r=0

(k − r)G2(r)Y (k − r), k ≥ 1,

G2(k) =
1

k

k−1∑
r=0

(k − r)F2(r)Y (k − r), k ≥ 1.

From the initial condition y(0) = 0., we have Y (0) = 0.5, F1(0) = e−Y (0), F2(0) = − cos(Y (0))
and G2(0) = sin(Y (0)), respectively. For α = 0.9, 0.7 and 0.5, the comparisons of numerical
results are listed in Table 7, 8 and 9. In this example, the SGDTM gives inaccurate numerical
apporoximations for all α. Even though the numerical results by SGDTM are not blowing up
for α = 0.5 which are shown in the previous example, it converges to the wrong appromxations
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TABLE 7. Comparison of the numerical results by the MsGDTM(top:(h =
10−1), bottom: (h = 10−2)) and FABM(h = 10−7) for α = 0.9 in Example
4

t FABM SGDTM SGDTM-M EGDTM EGDTM-M
0.1 0.631075 0.623627 0.631612 0.631074 0.631112

0.3 0.812286 0.830642 0.810220 0.811832 0.812445

0.5 0.935241 0.979059 0.929292 0.934554 0.935603

0.7 1.019272 1.078052 1.010588 1.018537 1.019733

0.9 1.077082 1.141454 1.066942 1.076401 1.077548

t FABM SGDTM SGDTM-M EGDTM EGDTM-M
0.2 0.730662 0.799228 0.729789 0.730607 0.730665

0.4 0.879623 0.995300 0.877827 0.879536 0.879627

0.6 0.981216 1.109492 0.978885 0.981122 0.981221

0.8 1.050835 1.172457 1.048312 1.050746 1.050840

1.0 1.098973 1.206306 1.096481 1.098896 1.098978

TABLE 8. Comparison of the numerical results by the MsGDTM(top:(h =
10−1), bottom: (h = 10−2)) and FABM(h = 10−7) for α = 0.7 in Example
4

t FABM SGDTM SGDTM-M EGDTM EGDTM-M
0.1 0.705789 0.685727 0.711093 0.705873 0.708152

0.3 0.872581 0.956617 0.856594 0.870899 0.874362

0.5 0.961191 1.105143 0.934942 0.959380 0.962495

0.7 1.016447 1.178759 0.985826 1.014845 1.017375

0.9 1.053915 1.213785 1.021873 1.052572 1.054578

t FABM SGDTM SGDTM-M EGDTM EGDTM-M
0.2 0.804740 1.072371 0.797543 0.804443 0.804775

0.4 0.922656 1.211311 0.912294 0.922362 0.922678

0.6 0.991719 1.238148 0.980452 0.991470 0.991733

0.8 1.036841 1.243155 1.025631 1.036638 1.036851

1.0 1.068395 1.244083 1.057633 1.068230 1.068402

at t = 1.0. The EGDTM-M with h = 10−2 has the best approximations which agree to the
four decimal places.
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TABLE 9. Comparison of the numerical results by the MsGDTM(top:(h =
10−1), bottom: (h = 10−2)) and FABM(h = 10−7) for α = 0.5 in Example
4

t FABM SGDTM SGDTM-M EGDTM EGDTM-M
0.1 0.794293 0.756083 0.818586 0.797983 0.805632

0.3 0.916474 1.057309 0.882245 0.914413 0.919256

0.5 0.972229 1.174639 0.928288 0.970404 0.973746

0.7 1.006537 1.218496 0.959699 1.005039 1.007513

0.9 1.030463 1.234764 0.982983 1.029199 1.031123

t FABM SGDTM SGDTM-M EGDTM EGDTM-M
0.2 0.870733 1.227964 0.846505 0.870145 0.870814

0.4 0.948300 1.244019 0.921004 0.947881 0.948322

0.6 0.991116 1.244289 0.963630 0.990801 0.991119

0.8 1.019446 1.244294 0.992535 1.019197 1.019441

1.0 1.040013 1.244294 1.013902 1.039808 1.040003

5. CONCLUSION

In this work we proposed a new scheme to obtain an accrurate numerical approximation for
the nonlinear differential equations of the fractional order. The proposed method is based on the
generalized Taylor series which is called the generalized differential transform method(GDTM).
The conventional GDTM was applied in each sub-domain to obtain the accurate approxima-
tions in whole domain. However, it has been shown that this approach does not contain the
effect of memory which is the main characteristic in the diffential equations of the fractional
order. We derive a new recursive relation in GDTM, which contains the effect of memory.
From the several illustrative examples, it is shown that the proposed method has the promising
numerical results with low computational cost.
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ABSTRACT. The proper orthogonal decomposition (POD) method for time-dependent prob-
lems significantly reduces the computational time as it reduces the original problem to the
lower dimensional space. Even a higher degree of reduction can be reached if the solution is
smooth in space and time. However, if the solution is discontinuous and the discontinuity is
parameterized e.g. with time, the POD approximations are not accurate in the reduced space
due to the lack of ability to represent the discontinuous solution as a finite linear combination of
smooth bases. In this paper, we propose to post-process the sample solutions and re-initialize
the POD approximations to deal with discontinuous solutions and provide accurate approxima-
tions while the computational time is reduced. For the post-processing, we use the Gegenbauer
reconstruction method. Then we regularize the Gegenbauer reconstruction for the construction
of POD bases. With the constructed POD bases, we solve the given PDE in the reduced space.
For the POD approximation, we re-initialize the POD solution so that the post-processed sam-
ple solution is used as the initial condition at each sampling time. As a proof-of-concept, we
solve both one-dimensional linear and nonlinear hyperbolic problems. The numerical results
show that the proposed method is efficient and accurate.

1. INTRODUCTION

Despite recent advances in computing power it is still a challenging task to approximate
real world problems in real time. Real world problems are stochastic in nature and multiple
parameters with fine spatial and temporal steps increase the computational complexity expo-
nentially. Reduced-order models (ROMs) help to reduce the computational complexity and
help to calculate approximations within a reasonable timeframe. The reader is referred to [1], a
special issue on ROMs for recent progresses in ROMs. The proper orthogonal decomposition
(POD) method is one of the ROMs. The POD method has been intensively developed in recent
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decades and used in various applications. The reader is also referred to [2, 3, 4, 5, 6, 7, 8, 9, 10]
and references therein for the details of POD methods and related subjects.

The POD method for time-dependent partial differential equations (PDEs) is composed of
three major steps to calculate POD approximations. The first step is to construct the sample
space whose elements are individual solutions so-called the snapshots to the given PDE, col-
lected at certain time intervals. Each solution in the sample space is represented as a vector
constituting a sample matrix. Here note that the snapshots can be obtained using every solution
obtained when solving the PDE (fine-time scale) or selectively among all solutions at certain
sampling time steps (coarse-time scale). The second step is to find the ordered orthonormal
basis set known as the POD basis set that can represent the collected sample solutions as a
linear combination of POD bases. The last step is to approximate the given PDE in the reduced
space. The element in the reduced space, also a vector, is mapped to the solution defined in
the original space. If the solutions to the given PDE are smooth in space and time, the sample
space obtained from the first step becomes a smooth manifold and it can be approximated with
a small number of the POD bases obtained in the second step. The smoother the sample space
is the smaller the number of the POD bases is needed to approximate the samples to a certain
degree of accuracy. With the singular value decomposition (SVD) of the sample matrix, the
reduction is done by truncating the singular values if they are smaller than the given tolerance
level. The error of the approximation of the samples with the POD bases is then computed by
the total measure of the truncated singular values. If the sample space is smooth the number of
the non-vanishing singular values becomes small by the truncation. Accordingly if the sample
space is smooth the error becomes small by the truncation and the number of the POD bases
required for the approximation is also reduced. Then the reduction can decrease significantly
the computational complexity that the original problem has.

If the sample solutions are discontinuous and the discontinuity is parameterized e.g. with
time, however, the same degree of reduction as in the smooth case may not be reachable. This
is due to the lack of ability for the POD bases to represent the discontinuous samples. Fur-
thermore, if the solution is discontinuous any high order approximation of the solution suffers
from the Gibbs phenomenon. These oscillations, known as the Gibbs oscillations, contained in
the samples make the POD bases oscillatory. Several methods have been developed to remedy
this problem. These remedies mostly modify the PDE solver. For example, in [11] a new type
of Petrov-Galerkin method was developed to deal with the discontinuous solutions to nonlin-
ear hyperbolic equations for POD approximations. The idea of the developed Petrov-Galerkin
method is to impose the diffusion term in the ROM naturally so that the Gibbs oscillations are
diminished in the reduced space.

In this paper, we present an efficient and simpler way of dealing with the discontinuous
solutions for the POD approximation instead of modifying the PDE solver. The main idea
of the proposed method is to improve the quality of the collected sample solutions with post-
processing and re-initialize the POD approximations when the PDE is solved in the reduced
space. For the post-processing, we adopt the Gegenbauer reconstruction method. The recon-
struction is given as a piecewise Gegenbauer polynomial. The obtained piecewise polynomial
reconstruction is uniformly convergent up to the singularity [12, 13]. For more details the
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reader is referred to a series of papers by Gottlieb and his co-workers [14, 15, 16, 12, 13]. Our
proposed method is to first reconstruct the oscillatory sample solutions with the Gegenbauer
reconstruction method so that the reconstruction is close to the exact solution and well pre-
serves the discontinuity. Then the reconstructed solution is regularized near the discontinuity.
Based on the post-processed samples, the POD bases are constructed. The given PDE is then
solved in the reduced space with the POD bases. Although the post-processed samples are now
smooth, the solutions in the reduced space are soon to be discontinuous according to the PDE
and the reduction does not guarantee the alleviation of the Gibbs oscillations. To take advan-
tage of the post-processed samples that are free of oscillations we use the re-initialization when
the PDE is solved in the reduced space in a way that the post-processed samples are used as the
initial condition at each sampling time. The re-initialization is necessary. Particularly the POD
solutions become inaccurate with time without the re-initialization. Since the re-initialization
uses the post-processed sample solutions, no extra computational work is needed for the POD
approximations. This is explained with examples in Section 5.3.1.

As a proof-of-concept, we solve the linear and nonlinear hyperbolic problems which have
the discontinuous initial condition or develop discontinuities with time. For the numerical
approximation we use the Chebyshev spectral collocation method with the spectral filtering.
Numerical results presented in this paper show that the proposed method yields reasonably
accurate POD approximations while the computational time is reduced significantly.

The paper is composed of the following sections. In Section 2, we briefly explain the POD
method. In Section 3, we explain the POD collocation method for hyperbolic problems with the
Chebyshev collocation method. In Section 4, the proposed method is explained. The proposed
method is composed of four steps; 1) Gegenbauer reconstruction, 2) Regularization, 3) Re-
projection and 4) Re-initialization. In Section 5, three numerical examples are provided. In
Section 6, a brief conclusion and our future research are provided.

2. PROPER ORTHOGONAL DECOMPOSITION

The POD method is composed of the following three steps [8]. The first step is to collect
the sample solutions based on which the POD bases are constructed. In this work, we assume
that the sample solutions are real and they are collected sparsely including the initial and final
solutions. Let ui be the sample vector valued solutions collected at the time of t = ti. The
vectors, ui, are also called snapshots. We make ui be column vectors whose size is N + 1.
Suppose that we have m number of snapshots. Let X ∈ R(N+1)×m be the matrix whose
columns are ui, i.e. X = [u1 u2 · · · um]. The second step is to construct a set of orthonormal
bases vk with which each sample solution ui is approximated by a finite linear combination of
vk, ui ≈ ũi =

∑p
k=1 dikvk in the sense that the error E(p) =

∑m
i=1 ||ui − ũi||2 is minimized.

For the orthonormal bases, the SVD of X is carried out such that X = V ΣUT where V ∈
R(N+1)×(N+1) and U ∈ Rm×m are orthonormal matrices and Σ ∈ R(N+1)×m is the diagonal
matrix whose elements are the singular values of X , σ1 ≥ σ2 ≥ · · ·σr > σr+1 = · · · = σm =
0 where r = rank(X) ≤ min{N + 1,m}. If we let di be the column vectors of ΣUT , then we
have ui = V di, i = 1, · · · ,m. Thus we know that we can choose vi as the orthonormal bases
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that we looked for and the total number of expansion for ui is r and we call vi the POD basis.
If we choose those vi for p ≤ m, then the set of vi (1 ≤ i ≤ p) is called the POD basis of
order p. Denote by Vp the matrix composed of the first p column vectors of V . Then the error
E(p) is given by E(p) =

∑r
i=p+1 σ

2
i . Thus we know that with the choice of vi as the POD

basis, the smaller σp+1 is, the smaller the error E(p) is. If X is composed of vector values
for smooth solutions in space, then the singular values of σi decay fast with i and the sample
is approximated with a small number of the POD bases with a certain degree of accuracy. In
practice we decide the value of p such that σp+1 ≤ εp where εp is a small tolerance which is
determined by users before the POD approximation. The last step is to reduce the original space
with the POD bases. Let v be a solution sought. The reduction is done by the transformation
of v to w = V T

p v. Then the dimension of the original space of v is reduced to p.

3. POD COLLOCATION FOR HYPERBOLIC CONSERVATION LAWS

We consider the following one-dimensional hyperbolic conservation laws

ut + O · F (u) = 0, (3.1)

with the state vector u ≡ u(x, t) : Ω × I → Rd for the time interval I := (0, T ] for some
T > 0 and an open bounded domain Ω ⊂ R. F (u) := (f1(u), · · · , fd(u)) is the flux function.
Suppose that the initial condition u(x, 0) = u0(x) is given. The initial condition can be either
smooth or discontinuous.

We adopt the spectral collocation method for the numerical solution to Eq. (3.1). The
proposed method in this paper, however, is applicable to other numerical methods dealing
with discontinuous problems. For example, one can use the spectral collocation and radial
basis function (RBF) methods for the interface problem [17] in order to approximate the POD
solutions of discontinuous problems.

To explain the POD method with the spectral collocation method, consider the scalar hy-
perbolic problem of Eq. (3.1) in x ∈ [−1, 1] with the condition of ∂F/∂u > 0 without loss
of generality. In general, the sign is checked at each boundary and the boundary condition is
applied according to the sign of ∂F/∂u. And suppose that the boundary condition is given by

u(x, t) = h(t), x = −1.

We seek a polynomial solution uN (x, t) to u(x, t) in a polynomial space of degree at most N
such that the residual vanishes on the Chebyshev-Gauss-Lobatto (CGL) points xj = − cos(πj/N),
j = 0, 1 · · · , N , i.e.,

∂uN (x, t)

∂ t
+

(
∂

∂x
INF (uN (x, t))

)
= 0

where IN is the interpolation operator associated with the CGL points. Note that since we
are using the Chebyshev spectral method, IN ∂

∂xIN = ∂
∂xIN . The solution uN (x, t) can be
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represented by the Chebyshev polynomial expansion

uN (x, t) =
N∑
l=0

ûl(t)Tl(x),

where Tl(x) are the Chebyshev polynomials and ûl are the expansion coefficients. Using the
boundary condition of uN (x0, t) = h(t) let

uN (x, t) = vN (x, t) + h(t)φ0(x) with vN (x, t) =
N∑
k=1

vk(t)φk(x)

where φk(x) are the Lagrange polynomials of degree N with respect to the CGL points.
Note that vN (x, t) satisfies the homogeneous boundary condition, i.e., vN (x0, t) = 0. Let
f̂N (v̂N (t)) =

(
F (h(t)), F (v1(t)), · · · , F (vN (t))

)T and v̂N (t) =
(
v1(t), · · · , vN (t)

)T . Let
DN ∈ RN×(N+1) be the submatrix of the first-order Chebyshev differential matrix D ∈
R(N+1)×(N+1) formed by removing the first row of D. Then the Chebyshev collocation solu-
tion v̂N (t) is obtained by the following system of differential equations

dv̂N (t)

dt
= −DN f̂N (v̂N (t)) with v̂N (0) =

(
u0(x1), · · · , u0(xN )

)T
. (3.2)

Let `, m and Ns be positive integers satisfying Ns = m` and let si = i∆s (i = 0, 1, · · · , Ns)
be an uniform time sequence with a sample time spacing ∆s = T/Ns. We first compute the
approximate solutions v̂N (si) (i = 0, 1, · · · , Ns) for Eq. (3.2) and then the sample solutions
v̂N (sj`) (j = 0, 1, 2, · · · ,m) are collected for the POD basis. Here sj` denotes the ordered
time sequence in j (j = 0, 1, 2, · · · ,m) selected from {si}Ns

i=0 with the given value of `. sj`
are selected from the set {si} either uniformly or not. If ` = 1, sj` = sj (j = 0, 1, 2, · · · ,m).
If ` > 1, the sampling time spacing ∆s with which the numerical solution is computed is
different from the sampling interval collected for the POD basis. For this case, the sampling
interval is `-times larger than the sampling time spacing.

LetX be the collection of the sample solutions such thatX ∈ RN×(m+1) becomes a sample
matrix whose jth column is v̂N (sj`), i.e.,

X = [v̂N (s0`) v̂N (s1`) · · · v̂N (sm`)].

Applying the SVD to X leads to get X = V ΣUT where V ∈ RN×N and U ∈ R(m+1)×(m+1)

are orthonormal matrices and Σ ∈ RN×(m+1) is the diagonal matrix whose elements are the
singular values of X , σ1 ≥ σ2 ≥ · · ·σr > σr+1 = · · · = σm+1 = 0 where r = rank(X) ≤
min{N,m+ 1}. We try to find the orthonormal bases that can represent the collected solution
well. Let Vp ∈ RN×p be the POD-basis matrix composed of the first p columns of V . The
value of p ≤ (m+ 1) is obtained by the truncation with a certain tolerance εp as below

σp > εp ≥ σp+1, εp > 0.

If the sample solutions are smooth in space, then the singular values decay rapidly and the
value of p becomes small with the given tolerance εp. Furthermore the sample solutions can
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be represented by a smaller number p of bases rather than the full number of bases. The
tolerance εp is usually taken small, e.g. ε ∼ 10−6 depending on the problem considered. If the
sample solutions are discontinuous, the singular values do not decay or decay slowly in general
depending on the behavior of the discontinuity except for some special cases. The special cases
include the case that the discontinuity is fixed and does not change with time for which only the
first few singular values are non-vanishing and the POD can be done efficiently. If the sample
solutions are discontinuous, the value of p may approach to r with the given value of εp in
general. Examples are illustrated in Section 5.1.

We reduce the number of solution basis by the transform of v̂N with Vp such that

Vpŵp(t) = v̂N (t). (3.3)

Then the reduced model is described by ŵp(t). From Eq. (3.2), we have the following equation
for ŵp(t)

dŵp(t)

dt
= −V T

p DN f̂N
(
VpŵN (t)

)
(3.4)

with the initial condition ŵp(0) = V T
p vN (0). If the flux functionF is linear, e.g. F (uN (x, t)) =

uN (x, t), then the right hand side (RHS) of Eq. (3.4) becomes simple as

RHS = −V T
p DNVp ŵp − h(t)V T

p d0

where −V T
p DNVp ∈ Rp×p and V T

p d0 ∈ Rp with the first column d0 of the Chebyshev dif-
ferential matrix D. In this case, the matrix DN is the submatrix formed by removing the first
row and column of D. Also the reduction order of this case is optimal. If the flux function is
nonlinear, the optimal reduction order is not obtainable and the complexity will increase in the
computation of the flux function directly. For this case, we directly compute the flux function
first before applying the operator V T

p DN ∈ Rp×N .
Let tn = n∆t (n = 0, 1, · · · ,M ) be an uniform time sequence with a time spacing ∆t =

T/M . To solve the reduced equation Eq. (3.4) in time, we use the TVD 3rd-order Runge-Kutta
method [18] that for n = 0, 1, 2, · · · ,M − 1, ŵn+1

p = ŵp((n+ 1)∆t) is updated as follows

w̄0 = ŵnp + ∆t
(
− V T

p DN f̂N (Vpŵ
n
p )
)
,

w̄1 =
3

4
ŵnp +

1

4

(
w̄0 + ∆t

(
− V T

p DN f̂N (Vpw̄0)
))
,

ŵn+1
p =

1

3
ŵnp +

2

3

(
w̄1 + ∆t

(
− V T

p DN f̂N (Vpw̄1)
))
.

(3.5)

From now on we write the vector valued function without theˆsymbol for the simplicity of
notation, e.g. vN (t) instead of v̂N (t) for the solution vector in Eq. (3.3).

If the solution to Eq. (3.2) is discontinuous, the spectral filtering method is applied to the
solution vN (t). The filtering is also applied in the reduced space to wN (t). For the given
solution vN (t) the filtered solution is given by the transformation

vN (t) = SqvN (t)
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where Sq is the filtering operator of order q. For the filtering, we use the exponential filter of
order q [19]. Fromwp(t), we first compute Vpwp for vN (t) and then apply the filtering operator,
SqVpwp. The obtained filtered solution is projected back to the reduced space by V T

p SqVpwp.
Thus the filtered solution in the reduced space is simply given by the following transformation

wp(t) = V T
p SqVpwp := Fpwp.

Since the filtering operator in the reduced space Fp = V T
p SqVp has the size of p× p, the

filtering can be done easily with a small number of p. For the detailed explanation of the
filtering method that we use in this paper is provided in Section 4.2.2.

4. POST-PROCESSING OF SAMPLE SOLUTIONS

The Chebyshev spectral approximation of Eq. (3.2) suffers from the Gibbs phenomenon for
discontinuous solutions. The sample solution is then affected by the Gibbs oscillations and
degrades the overall quality of the sample. These result in two drawbacks of the POD approx-
imation: 1) the value of p is large as the singular values decay slowly, hence the reduction
order is large and 2) the solution wp(t) in the reduced model is poorly conditioned making
the POD approximation inaccurate and causing a potential instability. These problems can be
cured by improving the quality of the sample solutions. In this section, we propose a post-
processing method of the sample solutions to construct well-conditioned POD bases. With
the post-processing, we do not need to modify the PDE solver for vN (t) or wp(t), but simply
generate the sample solutions with the same PDE solver, e.g. the Chebyshev spectral method
for our case, Eq. (3.2), and the same method for the reduced solution wp(t), Eq. (3.4). The
proposed method is composed of the following steps.

Step 1 [Reconstruction] The Gegenbauer reconstruction of oscillatory samples.
Step 2 [Regularization] The regularization of the reconstructed samples using various

methods such as the smoothing or filtering methods.
Step 3 [Re-projection] The projection of the regularized samples to the original solution

space, e.g. the Chebyshev polynomial space of degree N .
Step 4 [Re-initialization] The solution wp(tn) is set to be V T

p vN (sj`) with the sample
solution vN (sj`) if tn = sj`.

4.1. Step 1: Reconstruction via Gegenbauer projection. Suppose that we are given a nu-
merical approximation of f(x), which suffers from the Gibbs phenomenon. The Gegenbauer
reconstruction seeks the reconstruction fg(x) of f(x) in the Gegenbauer polynomial space
GmG

fg(x) ∈ GmG = span{Gλl (x), l = 0, 1, 2, · · · ,mG, x ∈ [−1, 1]},
where the Gegenbauer polynomials Gλl (x) are defined by the following orthogonal relation in
the Gegenabauer inner product (·, ·)λ below

(Gλl , G
λ
l′)λ :=

1

hλl

∫ 1

−1
(1− x2)λ−

1
2Gλl G

λ
l′dx = δll′ .
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Here δll′ is the Kronecker delta and hλl are the normalization factors given by

hλl =
π21−2λΓ(l + 2λ)

n!(n+ λ)Γ(λ)2
,

where Γ(·) is the Gamma function. The three-term recurrence relation is given by

Gλ0(x) = 1, Gλ1(x) = 2λx,

Gλl (x) =
2(l + λ− 1)

l
xGλl−1(x)− (l + 2λ− 2)

l
Gλl−2(x), l ≥ 2.

We will use the above recurrence relation to compute the Gegenbauer polynomials. If l is large,
the Gegenbauer projection, with finite precision becomes ill-posed by round-off errors. The
Gibbs complimentary condition, however, suggests that the dimension dim(GmG) of GmG , is
smaller than the dimension of the numerical solution space, i.e. mG � N [12], which helps
to compute the Gegenbauer expansion in a stable manner. More properties of the Gegenbauer
polynomials are found in [20].

Let f(x) be piecewise analytic on the interval [−1, 1]. Without loss of generality, suppose
that the function f(x) is analytic in a subinterval [a, b] ⊂ [−1, 1] and has jumps at x = a and
x = b. Let ξ be the linear map ξ : x ∈ [a, b]→ [−1, 1] such that

ξ =
2

b− a
(x− b) + 1.

Further we assume that we are given a set of the Fourier coefficients of f(x), {f̂k|f̂k =
1
2

∫ 1
−1 f(x) exp(−ikπx)dx, k = −N, · · · , N}. Then the Gegenbauer reconstruction fg(x) in

x ∈ [a, b] is given by the projection of the Fourier approximation of f(x) onto the Gegenbauer
space as below

fg(x) =

mG∑
l=0

glG
λ
l

(
ξ(x)

)
:=

mG∑
l=0

(
fN (x), Gλl (ξ(x))

)
λ
Gλl
(
ξ(x)

)
,

where fN (x) =
∑N

k=−N f̂k exp(ikπx) is the Fourier partial sum of f(x) based on {f̂k}. The
maximum error between f(x) and fg(x) then decays uniformly in the interval of (a, b), i.e.
||f(x)− fg(x)||∞ → 0 if 0 < α < 1 and 0 < β < 1 for λ = αN and mG = βN [12]. There
is no precise theory known on how to find the optimal values of α and β. However, the values
of λ and mG should be less than N . Otherwise fg(x) recovers fN (x) instead of f(x) as N
increases.

For the Chebyshev spectral solution, we replace the Fourier partial sum with the Chebyshev
partial sum, also denoted by fN (x), as

fN (x) =
N∑
k=0

f̂k Tk(x),
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where Tk(x) is the Chebyshev polynomial of degree k and the Chebyshev coefficients, f̂k, are
given by

f̂k =
2

πcn

∫ 1

−1

1√
1− x2

f(x)Tk(x) dx.

Here cn = 2 if n = 0 and cn = 1 otherwise. The Gegenbauer reconstruction fg(x) on
[a, b] based on fN (x) is given by the projection of the Chebyshev approximation onto the
Gegenbauer space

fg(x) =

mG∑
l=0

glG
λ
l

(
ξ(x)

)
=

mG∑
l=0

(
fN (x), Gλl (ξ(x))

)
λ
Gλl
(
ξ(x)

)
.

Let Q ∈ R(mG+1)×(N+1) be the transform matrix whose (l, k) elements are given by

Qlk =
(
Tk(x(ξ)), Gλl (ξ(x))

)
λ

=
1

hλl

∫ 1

−1
(1− ξ2)λ−

1
2 Tk(x(ξ))Gλl (ξ) dξ.

Since the subintervals are arbitrary, the above integral has no closed form and is computed
using the quadrature rule. Let ~fN = (f̂0, f̂1, · · · , f̂N )T and ~fg = (g0, g1, · · · , gmG)T . Then
the Gegenbauer reconstruction coefficients are found by the projection of the Chebyshev partial
sum to the Gegenbauer space by the following linear equation

~fg = Q · ~fN .
For the Chebyshev Gegenbauer reconstruction the analytic conditions for convergence are not
found in literature. We use similar conditions as the Fourier case, α� 1 and β � 1 for α and
β of λ = αN and mG = βN .

In this paper, we use the first derivative of the Chebyshev partial sum fN to find the edge.
The derivative of fN (x) becomes f ′N (x) =

∑N
k=0 f̂k T

′
k(x). Since f ′N (x) is a Chebyshev poly-

nomial of degree at most N , we can rewrite f ′N (x) as f ′N (x) =
∑N

k=0 f̃k Tk(x), where using
the properties of the Chebyshev polynomials f̃k are given [19]

f̃k =
2

cn

N∑
j=k+1
j+k=odd

j f̂j .

Thus the derivative of fN (x) in terms of f̂k is given by

f ′N (x) =

N∑
k=0

f̃kTk(x) =

N∑
k=0

 N∑
j=k+1
j+k=odd

jf̂j

Tk(x).

Let the concentration be SN [fN (x)] = f ′N (x). The edge location xc is determined such that
the local maximum of |f ′N (x)| exists at xc and the following condition is satisfied

|f ′N (xc)]|/max
x
|f ′N (x)| ≥ γ
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where γ is a positive constant, γ ≤ 1. In this paper we choose γ = 0.3.

4.2. Step 2: Regularization. The reconstructed solution with the Gegenbauer post-procesing
is a piecewise analytic function with several jump discontinuities. Thus the direct projection of
the reconstruction back to the Chebyshev space will suffer from the Gibbs phenomenon. For
this reason, the reconstruction should be regularized near the jump discontinuities prior to the
re-projection back to the original space. In this work, we use 1) Gaussian smoothing and 2)
spectral filtering. For the smoothing, we first replace the boundary values fg(b−i ) and fg(a+i+1)
of each subdomain with the average value of those boundary values of the two adjacent subdo-
mains [ai, bi] and [ai+1, bi+1] as

fg(bi) = fg(ai+1) =
(
fg(b

−
i ) + fg(a

+
i+1)

)
/2

where the superscript + and − denote the right and left limits.

4.2.1. Gaussian smoothing. The smoothed solution denoted by fSg (x) from the Gegenbauer
reconstructed solution fg(x) with the Gaussian smoothing is given by the convolution of the
reconstructed function with the Gaussian kernel

fSg (x) =

∫
G(y − x)fg(y)dy,

where G is the Gaussian kernel given by G(x) = 1√
2πs2

exp(−x2/2s2), for some s > 0.
Using κ neighboring points both in the right and left to each smoothing point xj , we take the
smoothed solution fSg (x) such that

fSg (xj) =
κ∑

i=−κ
ci f(xj+i) with ci =

G(xj+i)∑κ
l=−κG(xj+l)

,

where xj+i can be in the neighboring subdomain.

4.2.2. Spectral filtering. For the spectral filtering, we first project the Gaussian smoothed so-
lution fSg (x) of fg onto the Chebyshev polynomial space using the procedure described in the
following section. Let PNfSg (x) be the resulting projected polynomial and f̂k be the expansion
coefficients corresponding to the Chebyshev polynomials. Here note that f̂k are obtained by
the direct projection of the Gegenbauer reconstruction fSg (x). Since fSg (x) may be still sharp
near the jump discontinuities it is possible for the projection, PNfSg (x), is oscillatory near the
jump discontinuities. To further reduce the oscillations while keeping the sharpness as much
as possible, the filtered re-projection is obtained by the following

F ρN [PNf
S
g (x)] =

N∑
k=0

ρ(k/N ; q)f̂kTk(x), (4.1)

where the filter function ρ(k/N ; q) is adopted to be the exponential filter as below ρ(k/N ; p) =

exp
(
− η(k/N)q(d(x))

)
. Here q is the filtering order and η is a positive constant such that

exp(−η) = εM . And εM is machine zero. In general, the filtering order, q, is a function
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of d(x) with d(x) defined as the distance from the nearest edge. If q is a constant for every
x, the filtering, Eq. (4.1), is a global operation and if q depends on x it is a local operation
requiring the adaptation condition of q as a function of d(x). It was shown that this adaptive
approach improves the quality of highly complex flow solutions under the presence of multiple
shocks [21]. The adaptive filtering can also be used for the high order mollification keeping the
convergence near the edges enhanced [22]. For the adaptive filter, at a given collocation point
xj , let xe be the location of the nearest edge from xj . Then d(x) = |xj − xe|. The adaptive
filter chooses the filtering order q so that the filtering order gradually decreases toward the edge
in the following way: q → ∞ for d → ∞, and p → 0 for d → 0. We use the global filter for
the numerical examples in Section 5 and the adaptive filtering for variable filtering order q will
be considered in our future work.

4.3. Step 3: Re-projection. Once the reconstruction is regularized, the regularized solution is
re-projected onto the Chebyshev polynomial space so that it can be used as the sample solution
to create a POD basis set. Let fRg (x) be the regularized solution via the Gaussian smoothing
or spectral filtering or both The projection of fSg (x) is given by

PNf
R
g (x) =

N∑
k=0

f̂k Tk(x),

where

f̂k =
2

πcn

∫ 1

−1

1√
1− x2

fRg (x)Tk(x)dx.

Note that fRg (x) can be piecewise continuous, hence the above integral has to be computed by
a composite quadrature rule considering the discontinuous points.

4.4. Step 4: Re-initialization. The regularized Gegenbauer samples are used for the construc-
tion of a new set of POD bases. The new samples are smooth, yet close to the exact solution
and the singular values decay desirably. However, according to the given PDE the solution eas-
ily develops discontinuity with time even though the samples or the POD bases are smooth. To
take advantage of the already post-processed samples we use the re-initialization of the solution
in the reduced space as follows. For each time step tn = n∆t when solving the reduced model
for the POD approximation, wnp , using Eq. (3.5), first we check whether tn coincides with
one of the sampling time sj` = j`∆s. Here we assume that we collect the samples uniformly
without loss of generality. If tn = sj`, then we replace the reduced solution wnp = V T

p vN (sj`)
using the post-processed sample solution vN (sj`) as the initial condition for the time integra-
tion at tn towards wn+1

p . We can choose the time stepping ∆t for the reduced solution wp(t)
such that sj` are the integer multiples of ∆t or we can also choose the time stepping arbitrarily
and adjust the time stepping accordingly to make tn coincide with sj` when t approaching sj` .
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5. NUMERICAL EXAMPLES

5.1. POD basis for discontinuous solutions. To show the behavior of the singular values
discussed in Section 3 we consider the following one-dimensional advection equation

ut + ux = g(x), t > 0, x ∈ [−1, 1], (5.1)

with the initial condition u(x, 0) = u0(x) and the boundary condition u(−1, t) = h(t). Equa-
tion (5.1) is found in various applications such as traffic flow models [23]. We will show how
the singular values behave when some sample solutions are discontinuous and the discontinuity
is either fixed or moving with time using the following cases:

1) u0(x) = sin(πx), h(t) = sin(π(−1− t)) and g(x) = 0,
2) u0(x) = sin(πx) +H(x), h(t) = sin(π(−1− t)) and g(x) = δ(x),
3) u0(x) = sin(πx) +H(x), h(t) = sin(π(−1− t)) and g(x) = 0.

Here H(x) is the Heaviside function and δ(x) is the Dirac delta function. These cases have
the exact solutions u(x, t) = sin(π(x − t)), u(x, t) = sin(π(x − t)) + H(x) and u(x, t) =
sin(π(x−t))+H(x−t), respectively. The solution for Case 1) is smooth both in space and time.
The solution for Case 2) has a jump discontinuity at x = 0 for all time t. The solution for Case
3) has a jump discontinuity, but the discontinuity propagates with time. For the Chebyshev
spectral approximation, we choose the CGL collocation points xj with N = 384. We take
` = N/4 and ∆s = T/Ns with Ns = m` for (m + 1) samples to construct POD basis.
Figure 1 shows the singular values of the sample matrix X with various m and T . The blue
line with circle symbols represents the singular values for Case 1), the black line with cross
symbols for Case 2) and the red line with bullet symbols for Case 3). The top figures show
the case that the final time is T = 0.4 and the bottom figures show the case that the final time
is T = 0.8. The left figures are for m = 40 and the right figures for m = 80. As shown in
the figures, the singular values for Cases 1) and 2) decay fast; the singular values σk become
as small as machine zero if k ≥ 3 for Case 1) and k ≥ 4 for Case 2). Here we note that the
solution for Case 2) is discontinuous at x = 0 for every t, but the first 3 singular values are
significant and the rest is ignorable. The jump discontinuity for Case 3), however, propagates
with time in space and makes the singular values decay slowly. If the time stepping for samples
is large (figures in top left and bottom figures) the singular values decay slowly. For the case of
m = 80 and T = 0.4, the singular values drop to machine zero around k = 54. Note that the
singular values in these figures are based on the exact solutions. The numerical solutions with
the spectral collocation method will be oscillatory near the jump discontinuity as shown in the
following examples.

5.2. Advection equation. To apply our proposed method, we first consider the linear advec-
tion equation with the discontinuous initial condition

ut + ux = 0, t > 0, x ∈ [−1, 1],

u(x, 0) = u0(x) =

{
1, −0.25 ≤ x ≤ 0.2
0, otherwise .
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FIGURE 1. Singular values withN = 384. Case 1): blue line with circle (-O),
Case 2): black line with cross (-×) and Case 3: red line with bullet (-•). Left
columns: m = 40. Right columns: m = 80. Top: T = 0.4. Bottom: T = 0.8.

For this simple problem, the reduced equation is simply given by from Eq. (3.4)
dwp(t)

dt
= −V T

p DNVpwp(t).

The initial condition for wp(0) is given by wp(0) = V T
p u0.

The numerical solution uN (x, t) is sought in the Chebyshev space of degree N , CN =
span{Tk(x)|k = 0, 1, · · · , N}. The initial condition is discontinuous and not in CN . The
interpolation operator is applied to the initial condition so that the Chebyshev initial condition
uN (x, 0) is in the polynomial space. We also apply the spectral filtering to smooth uN (x, 0).
Since the equation is linear, the filtering is not applied to the subsequent approximations. Thus
all the numerical solutions are oscillatory near the jumps including uN (x, 0). This equation
is a archetypical problem for more general nonlinear problems considered in the following
sections. The exact solution, ue(x, t) is given by

ue(x, t) =

{
1, −0.25 ≤ x− t ≤ 0.2
0, otherwise .

We set ` = N/4 and let Ns = m` with the number m = 80. Then the sample time spacing is
∆s = T/Ns. The time integration is done with the 3rd-order TVD Runge-Kutta method [18].
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FIGURE 2. Left: the numerical solution (red) and the exact solution (blue).
Right: the pointwise errors for T = 0.4 with N = 512.

Since the given problem is linear, the given discontinuous initial condition simply translates
with time and we do not need to impose the re-initialization.

The left figure of Fig. 2 shows a sample numerical solution (red) and the exact solution
(blue) at the final time T = 0.4. The right figure shows the pointwise errors between the
approximation and exact solution with the polynomial of degree N = 512. Here the order of
filtering is q = 16. As shown in the right figure, the errors at the jumps, x = T − 0.25 and
x = T + 0.2, do not decay.
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FIGURE 3. Left: the concentration S[uN ] at T = 0.4 with N = 512. Right:
the exact solution (blue) and the post-processed solution (red).

Now we apply the Gegenbauer reconstruction method to the obtained (m+ 1) sample solu-
tions for post-processing. For the Gegenbauer reconstruction, we use the conditions for λ and
mG as λ = N/64 and mG = N/64. Figure 3 shows the normalized concentration SN [uN ],
the exact solution and the post-processed solution at T = 0.4 with N = 512. As shown in
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FIGURE 4. Pointwise errors of the post-processed solution at T = 0.4 with
N = 128, 256, 512 and λ = N/64, mG = N/64.

the left figure, the jump discontinuities are well detected with the concentration S[uN ]. The
right figure shows that the Gegenbauer reconstruction well matches the exact solution. Figure
4 shows the pointwise errors of the Gegenbauer post-processed solution of uN (x, t) in loga-
rithmic scale for N = 128, 256, 512. As shown in the figure, the Gegenbauer post-processed
solution converges uniformly in each interval up to the discontinuity as N increases. Because
of the error in the location of the detected discontinuity, the error does not decay near the jumps.
The Gegenbauer post-processed solution is more accurate than the numerical solution uN (x, t).
The Gegenbauer reconstruction is regularized using the Gaussian smoothing. Figure 5 shows

FIGURE 5. Left: Sample solutions. Right: Gegenbauer post-processed sam-
ple solutions for T = 0.4 with N = 384 and λ = N/64, mG = N/64.

81 sample solutions and their Gegenbauer post-processed solutions for m = 80. As shown in
the figure, the post-processed sample solutions are free of Gibbs oscillations. Once the post-
processing is completed we compute the POD bases, for which we use the truncation criteria
as σp+1 ≤ εp = 10−3. With those POD bases constructed, we solve the reduced model for the
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POD approximations. For the POD approximations, we use a finer time stepping ∆t = T/M
and M = CtNs with Ct = 80. The final solutions through the POD approximation at T = 0.4
are given in Fig. 6. The left figure shows the POD solution (red) without the post-processing
and the right figure the POD solution (red) with the post-processing. As shown in the figure,
the POD approximation with the post-processing diminishes the Gibbs oscillations.
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FIGURE 6. POD solutions. Left: Without the post-processing. Right: With
the post-processing. T = 0.4 with N = 384 and λ = N/64, mG = N/64.

TABLE 1. CPU time (sec) for the sample, Gegenbauer post-processing, full
and POD solutions. N = 384.

Ct Sample solutions Post-processing Full solution POD solution
Ct = 40 3.103510 8.165839 116.294333 7.717133

Table 1 shows the CPU time in second for the sample, Gegenbauer post-processsing, full and
POD solutions with N = 384. The full and POD solutions are obtained with the time stepping
∆t = ∆s/Ct. The table shows each CPU time for Ct = 40. That is, the time stepping ∆t is 40
times smaller than the time stepping used for computing the sample solutions. The CPU time
for the SVD is not included because it is insignificant compared to the CPU times for other
procedures. The CPU time for the SVD is about 0.005839 sec. The total CPU time toward the
completion of the POD solutions is about 18.992321 sec, which is much smaller than the CPU
time for the full solutions.

5.3. Burgers’ equation. In [24], we considered viscous Burgers’ equation with the Cheby-
shev collocation method based on the POD method and demonstrated that the POD approxi-
mation for the Burgers’ equation is efficient and accurate. In this paper we extend the work to
the inviscous Burgers’ equation with the initial condition that is smooth and makes the solution
become discontinuous with time t > 0 and x ∈ [−1, 1] as below

ut +
1

2

(
u2
)
x

= 0, u(x, 0) = u0(x) =
1

4
+ sin(π(x+ 1)),
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with the periodic boundary condition. The given initial condition is smooth and a shock forms
at a later time t = ts. Once the shock forms, the shock propagates according to the Rankine-
Hugoniot relation. The above equation is solved until the final time T = 1. For the sample
solutions, we use the filtering order q = 32. Here note that the filtering is not necessary if
t � ts and one can adaptively change the filtering order or apply the local filtering adaptively
near the shock area once the shock forms. For the numerical experiment, we fix the filtering
order as q = 32 for all t. We choose N = 384, ` = N/2 and m = 80. We set Ns = m` and
∆s = T/Ns. For the POD approximation in the reduced space, we use a finer time spacing
given by ∆t = T/M with M = CtNs with Ct = 40, i.e. ∆t = ∆s/Ct. In this case, the time
spacing for the POD approximation is ∆t = 1.6276 × 10−6. For the Gegenbauer projection,
we use the same conditions as before, i.e. λ = N/64 and mG = N/64. For the Gaussian
projection we use s = 0.05 and κ = 10. Since the given PDE is nonlinear and a discontinuity
develops with time, we apply the re-initialization during the POD approximation in the reduced
space. For the truncation condition, we use εp = 10−5.
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FIGURE 7. (Color online) Left: Various solutions at T = 1. Right: Os-
cillatory sample solution (-•), Gegenbauer projected solution (-•), Smoothed
Gegenbauer projected solution (-N), POD solution without the post-processing
and re-initialization (o), POD solution with the post-processing and re-
initialization (-�).

Figure 7 shows various solutions at the final time T = 1. The left figure shows the solutions
in the whole domain and the right figure shows the solutions near the discontinuity. In the
figure, the green solid line with the green dots (-•) represents the sample solution. The red
line with the red dots (-•) is the Gegenbauer projected solution, which is a direct projection
of the oscillatory sample solution (the green) to the Gegenbauer polynomial space collected
on the Chebyshev collocation points xi, i = 0, · · · , N . The black solid line with the black
triangle symbol (-N) represents the smoothed Gegenbauer projection (-•). The blue line with
the blue square symbol (-�) represents the POD solution. The brown solid line (−) in the
left figure and the brown open circle (o) in the right figure represent the POD solution from
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the sample solutions without the Gegenbauer post-processing and re-initialization. The figure
shows how oscillatory these solutions are. First of all, the figure shows that the sample solution
and the POD solution without the Gegenbauer post-processing and re-initialization are the most
oscillatory solutions. The left figure shows that the POD solution without the post-processing
and re-initialization is not only oscillatory near the discontinuity but also oscillatory near the
left domain boundary. This is because the POD bases from the sample solutions with εp = 10−5

do not well resolve the discontinuous solution over the whole domain. As the right figure shows
the POD solution (brown circle, o) without the Gegenbauer post-processing and reoscillatory-
initialization is oscillatory near the discontinuity. As the discontinuity develops the filtering
does not completely suppress the oscillations. Based on the oscillatory sample solutions the
Gegenbauer reconstructions are found and projected back to the Chebyshev space. As shown in
the figure, the projected solution is free of the Gibbs oscillations and represents the developed
shock clearly (-•). For the POD approximation we smoothed the projected solution (black
solid line with black triangle symbols). The smoothed projection is smooth near the shock
without the Gibbs oscillations. Finally the figure shows that the POD solution (-�) with the
post-processing and reinitialization is close to the Gegenbauer reconstructed solution while the
oscillations are much dimished. Overall the POD solution with the Gegenbauer post-processing
and re-initialization yields a solution that represents the discontinuous solution reasonably.

TABLE 2. CPU time (sec) for the sample, Gegenbauer post-processing, full
and POD solutions.

Ct Sample solutions Post-processing Full solution POD solution
Ct = 10 22.884629 6.739353 224.888082 21.159279
Ct = 20 22.884629 6.739353 444.481493 42.354732
Ct = 40 22.884629 6.739353 900.438388 83.621026

Table 2 shows the CPU time in second used for the sample solutions, the Gegenbauer post-
processing, full and POD solutions. For the sample solutions, we usedm = 80 and ` = N/2 so
that ∆s = T/Ns with Ns = m`. The full and POD based solutions are obtained with the time
stepping ∆t = ∆s/Ct. The table shows the CPU time for different Ct for the full and POD
solutions, Ct = 10, 20 and 40. For each case, the total amounts of time for the sample solutions
and the Gegenbauer post-processing are same. As shown in the table, it took less than 7 seconds
to complete the Gegenbauer post-processing, which includes the edge detection, Gegenbauer
reconstruction, projection to the Chebyshev points and Gaussian smoothing. Compared to the
actual calculation of the POD solutions, the total amount of time for the Gegenbauer post-
processing is insignificant. The table also shows that the total amount of time for the full
solutions is about 10 times larger than the total amount of time for the POD solutions. That is,
the POD approximation with the Gegenbauer post-processing is much faster and more efficient
than the full approximations while it is accurate and less oscillatory. Here note that in order to
obtain the POD solutions, we need the sample solutions and the Gegenbauer post-processing.
Thus the actual amount of time to complete the POD approximations is the sum of the total
amounts of time for the sample solutions, Gegenbauer post-processing and the POD solutions
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FIGURE 8. Solutions to Burgers’ equation at the final time T = 1: the POD
solutions without the re-initialization (black solid line), the POD solutions
with the re-initialization (blue solid line) and the exact solution (dashed line in
magenta). Ns = 20, 30, 40, 60 from top to bottom and left to right.

in the table. Even adding up all these, the actual time for the POD completion is still smaller
than the time for the full solutions. Here we note that the CPU times consumed for the SVD is
not included in the table because they are insignificant, e.g. they are 0.010067 sec forN = 384
and 0.013045 sec for N = 512.

5.3.1. Re-initialization. To justify the re-initialization we compare the POD solutions with
and without the re-initialization after the Gegenbauer post-processing. We consider the same
Burgers’ equation in the previous section. Figure 8 shows the exact solution (dashed line in
magenta), the POD solution with the re-initialization (blue solid line) and the POD solution
without the re-initialization (black solid line) at the final time T = 1 and with N = 384. The
numbers of the POD basis used for the figures are 20, 30, 40 and 60, from top to bottom and
left to right, out of total 81 samples. As shown in those figures, the POD solutions without
the re-initialization are highly oscillatory near the shock while the POD solutions with the
re-initialization are close to the exact solution with the oscillations much reduced. We also
observe that the POD solutions without the re-initialization become less oscillatory and close
to the exact solution as the number of the POD basis increases. However, the POD solutions
with the re-initialization are similar for every case in Fig. 8.
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FIGURE 9. Total variation norms versus time for the POD solutions with-
out the re-initialization (black solid line), the POD solutions with the re-
initialization (blue solid line) and the full solutions (red solid line).

Figure 9 shows the total variation (TV) norm of the solution with time. The TV norm of
the discrete solution, v(x, t), at t is defined by TV (t) =

∑
j |v(xj+1, t) − v(xj , t)|. Figure

9 shows the TV norms versus time of the POD solutions without the re-initialization (black
solid line), the POD solutions with the re-initialization (blue solid line) and the full solution
(red solid line). The number of the POD basis used in each figure is same as in Fig. 8. Those
figures show that the TV norms increase drastically after the shock forms for the POD solutions
without the re-initialization and the full solutions. However, the variations of the TV norms for
the POD solutions with the re-initialization are small and the solutions are smooth.

Figure 10 shows the pointwise errors of the POD solutions without the re-initialization
(black solid line), the POD solutions with the re-initialization (blue solid line) and the full
solution (red solid line). The number of the POD basis used for each figure is same as in
Figs. 8 and 9. Those figures show that the pointwise error profiles for the POD solutions with
the re-initialization are sharper near the shock than those for the POD solutions without the
re-initialization and full solutions. As we expect, the full solutions are more accurate in the
smooth region than the POD solutions with the re-initialization for the given N . Even though
the POD solutions with the re-initialization are less accurate than the full solutions, they are
obtained about 10 times faster than the full solutions (see Table 2), which is the main reason
we use the POD method.
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FIGURE 10. Pointwise errors, in logarithmic scale, of the POD solutions
without the re-initialization (black solid line), the POD solutions with the re-
initialization (blue solid line) and the full solutions (red solid line) at T = 1.

5.3.2. Errors. Table 3 shows the L1, L2 and L∞ errors of the full solutions and the POD
solutions at T = 0.2. At T = 0.2, the solution to the Burgers’ equation is smooth. Table 5
shows the errors for the POD solutions with Ns = 11 for N < 256 and Ns = 13 for N = 256.
As expected for smooth problems the errors of the full and POD solutions are similar for each
N . For this reason, the POD method is beneficial as it finds the solution faster with reasonable
accuracy.

Table 4 shows theL1, L2 andL∞ errors of the full solutions and the POD solutions at T = 1.
At T = 1, the exact solution is discontinuous and the full solutions are highly oscillatory near
the shock. As there exists a shock, the errors are large compared to those for the smooth
solutions in Table 3. The errors of the POD solutions with the re-initialization are larger than
the errors of the full solutions. The L1 and L2 errors decay slowly for both the POD with the
re-initialization and full solutions while the L∞ errors do not decay for both cases as expected
for discontinuous problems.

5.4. Lax problem. Consider the 1D Euler equations for gas dynamics for the state vector u,

u = (ρ, ρv,E)T ,
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TABLE 3. L1, L2 and L∞ errors of the full solution and POD solution to
Burgers’ equation at T = 0.2. Ns = 11(tol = 10−5) for N < 256,
Ns = 13(tol = 10−6) for N = 256.

Method N L1 error L1 order L2 error L2 order L∞ error L∞ order
32 1.5612 (-1) – 6.4609 (-3) – 1.5602 (-2) –

Full 64 1.6600 (-2) 3.2 4.9705 (-4) 3.7 1.9936 (-3) 3.0
Solution 128 2.0705 (-4) 6.3 3.9884 (-6) 7.0 2.0003 (-5) 6.6

256 6.2572 (-8) 11.7 7.8702 (-10) 12.3 5.1004 (-9) 11.9
32 1.6350 (-1) – 6.8766 (-3) – 1.9359 (-2) –

POD 64 2.0855 (-2) 3.0 5.5489 (-4) 3.6 2.4801 (-3) 3.0
Solution 128 1.1342 (-4) 7.5 2.3402 (-6) 7.9 1.5206 (-5) 7.3

256 1.0754 (-7) 10.0 7.0528 (-10) 11.7 4.0332 (-9) 11.9
(n) = 10n

TABLE 4. L1, L2 and L∞ errors of the full solution and POD solution to
Burgers’ equation at T = 1. Ns = 11(tol = 10−5) for N < 256,
Ns = 13(tol = 10−6) for N ≥ 256.

Method N L1 error L2 error L∞ error
Full Solution 128 3.2274 5.2303 (-2) 3.0347 (-1)

256 3.4235 5.5447 (-2) 6.9606 (-1)
384 3.0947 3.2406 (-2) 3.0659 (-1)
512 2.5210 2.0858 (-2) 1.8972 (-1)

POD Solution 128 2.8602 9.0243 (-2) 7.1116 (-1)
256 2.6220 6.2400 (-2) 7.6757 (-1)
384 2.3659 4.6478 (-2) 7.3753 (-1)
512 2.2641 3.9874 (-2) 7.8855 (-1)

(n) = 10n

and the flux function F (u), F (u) = (ρv, ρv2 + P, (E + P )v)T , where ρ, v, P and E are
density, velocity, pressure and total energy, respectively. The pressure P is determined by the
equation of state

P = (γ − 1)

(
E − 1

2
ρv2
)
,

where γ = 1.4 for the ideal gas. We consider the Lax problem specified with the following
initial conditions

(ρ, v, P ) =

{
(0.445, 0.698, 3.528), x ≤ 0
(0.5, 0.0, 0.571), x > 0

, (5.2)

with the Dirichlet boundary conditions at x = ±1. The solution is sought until the final time
T = 0.13. Sample solutions are obtained with N = 1024, m = 60 and ` = N , i.e. the sample
time stepping is ∆s = T/(m`). For the POD based solutions we take the finer time spacing
∆t = ∆s/Ct with Ct = 20. The exponential filter order is q = 12.
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FIGURE 11. Sample density solutions with various times for the Lax problem,
Eq. (5.2).

Figure 11 shows the sample density solutions at various times, t = 0, 0.0194979, 0.0411646,
0.0628312, 0.0736646, 0.0844979, 0.106165, 0.116998, 0.129998 from top to bottom and left
to right in the figure. As the figures show, the shocks develop with time and the spectral so-
lutions are oscillatory near the jump discontinuities. For the reconstruction, as in the previous
examples, we first detect the discontinuities and apply the Gegenbauer reconstruction. How-
ever, we note that the edge detection with the derivative explained in the previous section is not
as efficient as the Burgers’ equation to identify the rarefaction region because the magnitude of
the derivatives near the region is much smaller than the shock area where the solution profile
is sharp. This implies that we need more sophisticated edge detection method with which all
the edges are found successively from strong to weak edges. The concentration method with
the derivative explain in Section 4.1 detects the strong shock areas clearly (x ≥ −0.05) and we
use the Gegenbauer reconstruction method for those areas only. For the rest, we use the sample
solutions.

Figure 12 shows the reconstructed sample density solutions at various times as in Fig. 11.
For the Gegenbauer reconstruction, we use the conditions λ = N/128 and mG = N/128.
As shown in the figure, the Gegenbauer reconstructions with the regularization are free of the
Gibbs oscillations near the strong shocks and the overall reconstructed solutions are smooth.
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FIGURE 12. Reconstructed density solutions with various times for the Lax
problem, Eq. (5.2).

Figure 13 shows the POD density solutions based on the Gegenbauer reconstructed solutions.
We choose the order of the POD basis such that p = m/2 = 30. Here note that one can
choose p based on the truncation with the tolerance value. In general the optimal value of the
tolerance level depends on the problem and parameter values used in the post-processing. Here
we manually choose the value of p to simply show how the proposed method behaves for the
fully nonlinear problem. For the construction of the POD bases, we further smooth the post-
processed sample solutions with the spectral filtering of order q = 2 in a global manner. Figure
13 shows the POD solutions. The POD solutions are oscillatory but the degree of oscillations
is reduced with the filtering before the POD calculation.

Figure 14 shows the detailed density solutions with various methods – the oscillatory sample
solution (-•), the Gegenbauer reconstruction (-•), the regularized Gegenbauer reconstruction
with filtering (-N) and the POD solution with the post-processing and re-initialization (-�).
With the filtering of the processed samples, the POD solution at t = 0.13 becomes smoother
and less oscillatory as the figure shows.

TABLE 5. CPU time (sec) for the sample, full and POD solutions.

Ct Sample solutions Post-processing (ρ, ρv, E) Full solution POD solution
Ct = 20 1964.815520 340.077863 40829.156065 681.097892

Table 5 shows the CPU times for the sample, full and POD solutions. The CPU time for
the reconstruction includes each reconstruction time of ρ, ρv and E and the regularization. As
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FIGURE 13. POD density solutions with the Gegenbauer reconstruction and
the reinitialization for the Lax problem, Eq. (5.2).
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FIGURE 14. (Color online) Various solutions at t = 0.13. Sample solution (-
•), Gegenbauer reconstruction (-•), smoothed Gegenbauer reconstruction with
filtering (-N) and POD solution with the post-processing and re-initialization
(-�).

shown in the table, the calculation of the POD solutions is completed much more quickly than
the full solutions while the POD solutions are less oscillatory.
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6. CONCLUSION

The POD method efficiently provides a fast algorithm to calculate unknown solutions based
on the given sample solutions. The reduction of the computational complexity is mainly based
on the smoothness of the samples. However, if the solutions sought are discontinuous and the
discontinuity is parameterized e.g. with time, we do not expect the same degree of reduction.
To take advantage of the POD method for discontinuous problems, we proposed to recon-
struct and regularize the sample solutions based on the Gegenbauer reconstruction method and
re-initialize the reconstructions during the POD calculations. With the Gegenbauer reconstruc-
tion, we were able to find accurate reconstructions to the exact solutions. These solutions are
used sporadically during the POD calculations through re-initialization. Our numerical results
show that the proposed methods yield reasonable POD solutions with the CPU time and Gibbs
oscillations both reduced.

Here we remark that our paper more concerns the process in how to find accurate POD
approximations in the reduced space with a small number of POD bases for the given samples
rather than in how to find accurate sample solutions. Thus the proposed method will be useful
for the case that the samples are given to the users and the users are supposed to find POD
solutions based on the given samples.

We also remark that the quality of the POD solutions presented in this paper is affected
by the performance of the individual methods used in the reconstruction and regularization
steps. Thus one can achieve better POD performances if more advanced methods are used in
such steps. In this paper, however, we did not attempt to further develop these reconstruction
and regularization methods. Instead we attempted to show how the POD solutions can be im-
proved for the discontinuous solutions with the proposed method as a proof-of-concept, which
was demonstrated by the numerical experiments. We will consider using more sophisticated
methods in the reconstruction and regularization steps in our future research.

For the 2D problem, one possible way is to apply the Gegenbauer post-processing using the
slice-by-slide approach in the Cartesian grid such as those found in [25, 26]. Then the POD
approximation can be applied as a tensor product. We will extend the proposed method to the
2D problem in our future research.
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ABSTRACT. This paper examines individual and social strategies to form profitable coopera-
tion networks. These two types of strategies measure network stability and efficiency that may
not meet in a single network. We apply restrictions on knowledge flows (R&D spillovers) and
links formation to integrate these benefits into structures that ensure high outcomes for both
strategies. The results suggest that linking the spillovers to the firms’ positions and restricting
cooperation contribute to reducing the conflict between the individual and social strategies in
the development of cooperative networks.

1. INTRODUCTION

The investment and cooperation of companies in R&D are associated with issues such as the
amount and duration of the investment and the type of products of other firms in the market.
When the concept of the network was introduced into R&D literature, there are other issues
related to cooperative behavior in the social and economic perspective. For example, the ef-
fect of network size (population in the network) and collaborative links between collaborators.
Also, the extent to which individual and social perspectives are close to identifying the most
beneficial network.

The concept of the network is a new visualization of the R&D cooperation that represents
firms in the form of nodes and R&D partnerships in the form of links. When any two firms in
the market decided to participate in R&D together, they will be represented by nodes connected
by a link. The bilateral links together with firms will ultimately form a network called an R&D
cooperative network. The type of the network varies with the partnership decisions between
firms. Also, the number of potential networks increases with the number of collaborators in
R&D.

Goyal and Moraga-Gonzalez (2001) is one of those who studied the R&D cooperation under
the network framework [1]. Their network game begins by giving firms freedom to choose the
R&D partnerships. At this stage, the cooperation network is set where R&D spillovers are
imposed between non-linked firms to ensure knowledge flow between non-cooperators. After
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that firms together choose their investments in R&D in order to reduce the production cost.
Then, they compete in the market by setting their quantities of products to maximize their
profits. One of the main conclusion of that paper concerned the strategies of firms in forming
and developing R&D networks and determining the strength of these strategies in the light
of social desires. They found that when firms sell homogeneous goods, maximum benefits
are obtained from an individual perspective in a structure that ensures the cooperation of all
existing firms; whereas very low-cooperative structures are socially preferable.

The present paper contributes to the R&D literature in terms of the theoretical framework.
The focus is on equilibrium outcomes where individual strategies are a major source of network
growth. We develop the network game of Goyal and Moraga-Gonzalez by applying measures
from social network theory to restrict the R&D spillovers between non-cooperators and limit
the formation of links. The aim of this paper is to create opportunities to attract individual and
social incentives in networks with almost similar characteristics.

Firstly, we assume that the R&D spillovers between non-cooperating firms are not free from
the network structure. To do this, we apply two different types of constraints. In the first type,
we assume that the spillovers are managed by the density of the network (a ratio of actual links
out of potential links that can be set with the same number of firms). In the second type, we as-
sume that the spillovers to firms are managed through their activities in R&D (number of R&D
agreements). These enforcements on the spillover reflect the role played by the R&D network
development in controlling transmission of knowledge between firms. There are some authors
who have tried to manage the benefits among agents in the network by applying measures from
social network theory (e.g., [2, 3, 4]). Secondly, we assume that firms are not free to choose
their R&D partners. In particular, firms are divided into groups such that firms in one group
cannot cooperate. Also, firms cannot establish more than cooperative link. In the network
formation stage, these restrictions limit inter-firm linkages. In the empirical literature, simi-
lar patterns of collaborative networks were observed. Under different data sets, some authors
found that complex systems of the R&D collaboration had a low level of interaction compared
to a fully collaborative structure with the same number of firms [5, 6, 7].

The outcomes of this paper show that linking the R&D spillover to the density of the net-
work does not present an intrinsic change in the relationship between the individual and social
benefits. However, linking the spillover to the firms’ positions in the network reduces the con-
flict between the individual and social benefits. In terms of the links formation, the outcomes
show that restricting the R&D agreements has a positive effect on pooling the individual and
social incentives. It creates favorable organizations where individual and social benefits reach
maximum results, especially when the number of R&D agreements for each firm is reduced to
a minimum.

The paper proceeds as follows. In the next section, we review some issues related to eco-
nomics and networks. In the third section, we review related literature. In the fourth and fifth
sections, we present our results. In the sixth section, we conclude the paper.
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2. BACKGROUND

2.1. The Model. The emphasis in this paper is on the linear-quadratic function of consumers
given by Hackner (2000) [8]:

U = α
n∑
i=1

qi −
1

2

λ n∑
i=1

q2
i + 2β

∑
j 6=i

qiqj

+ I . (2.1)

Here the demand parameters α > 0 denotes the willingness of consumers to pay and λ > 0
is the diminishing marginal rate of consumption. To simplify the analysis, we assumed that
λ = 1. The parameter qi is the quantity consumed of good i and I measures the consumer’s
consumption of all other products. The parameter β such that −1 ≤ β ≤ 1 captures the
marginal rate of substitution between different goods. In this paper, we consider the case when
firms sell homogeneous goods (β = 1).

Payoffs. Let pi be the price to produce a unit of good i and m be a consumer’s income. If
the consumer buys qi of good i, then the money spent is piqi and the balance is I = m−piqi. By
substituting into equation (2.1), we determine the optimal consumption of good i by calculating

∂U

∂qi
= α− qi − β

∑
j 6=i

qj − pi = 0 .

This implies the inverse demand function for each good i

D−1
i = pi = α− qi − β

∑
j 6=i

qj , i = 1, . . . , n .

If ci is the cost to produce a unit of good i, then the cost to produce qi of good i is ciqi. Thus,
the profit for firm i is

πi = (pi − ci)qi =

α− qi − β n∑
j 6=i

qj − ci

 qi . (2.2)

The total welfare is the sum of consumer surplus (CS) and industry surplus (Π):

TW =
(1− β)

2

n∑
i=1

q2
i +

β

2

( n∑
i=1

qi
)2

︸ ︷︷ ︸
CS

+
n∑
i=1

πi︸ ︷︷ ︸
Π

. (2.3)

Cost Reduction. The effective amount of investment of each firm is sum of its expenditure
on R&D and part of investments of other firms in an industry [9]. The part benefit is defined by
an external parameter φ called an R&D spillover that captures knowledge flow acquired from
firms not cooperated in R&D. In the case of two firms in the industry, the effective investment
of firm i is defined as follows:

Si = si + φsj ,
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where si is the amount of investment of firm i in R&D and φ ∈ [0, 1) is the R&D spillover.
The effective investment reduces firm i’s marginal cost (c0) of production:

ci = c0 − Si = c0 − si − φsj .

2.2. Network. A network is a set of objects (called nodes or vertices) that are connected
together by edges or links [20]. Let N be a set of all vertices labeled by numbers or letters
N = {i, j, k, ...} and E = {ij, jk, ...} be a set of all edges in the network. Let Gn be a
set of all distinct networks generated from n firms. Then, G(N,E) ∈ Gn denotes a network
with nodes N and links E, and for simplicity the network is denoted by G. For the purpose
of this article, we assume that each link joins two different vertices and serve both sides (i.e.,
undirected networks).

A set of neighbors of node i consists of all nodes that are linked to it: Ni = {j ∈ N : ij ∈ E}.
The length of the neighbors’ set of node i is used to refer to the degree of that node i.e., for
each node i ∈ N , deg(i) = |Ni| where 0 ≤ deg(i) ≤ n− 1. In this paper, the degree of node
i sometimes indicates the size of the neighbors of that node. Thus, if |N | = n is the number of
nodes, the degree centrality of node i is Cd(i) = deg(i)/(n− 1). If |E| = m is the number of
links, the density of the network G is D = 2m/n(n− 1) where 0 ≤ D ≤ 1.

A bipartite network is a graph whose nodes can be divided into two disjoint sets V1 and V2

where nodes that belong to the same set cannot be linked. An example of this type of networks
is star networks in which central nods linked to others that are located at the periphery where
the latter nodes are not linked to each other. A k-partite network is a graph that may be
partitioned into k sets such that no node in any of the k sets connects to another node of that
same set. A complete k-partite graph is a k-partite graph in which there is a link between every
pair of nodes of different independent sets. A matching M in G is a set of links such that no
two links share a common vertex. A maximal matching in the network G is a matching in
which contains the largest possible number of links. A complete network is a graph in which
each two nodes are linked and an empty network is a graph consists of nodes without links
between them.

R&D Network Model. The R&D network can be understood as the quest to a better
capture of R&D partnerships between firms. Assume n firms in the industry, the R&D coop-
eration can be represented by a network G where the partnerships of firms are represented by
links. We assume that the R&D agreement between any two firms requires the consent and full
participation of both firms. This means in a network framework, each link between any two
firms serve both sides. This means in a network framework, each link between any two firms
serve both sides. The network game of Goyal and Moraga-Gonzalez consists of three stages as
follows:

The first stage: Firms choose their partners in R&D. At the end of this stage, the cooperation
networks G is constructed and firms know their locations in that network. In practice, the
network G ∈ Gn is captured by a symmetric n × n adjacency matrix A = (aij) where aij ∈
{0, 1}. If aij = 1, firms i and j are linked (i.e., they cooperate in R&D), and aij = 0 otherwise.
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The second stage: Firms choose the amounts of investment (effort) in R&D simultaneously
and independently in order to reduce the cost of production. According to the model of Goyal
and Moraga-Gonzalez, the effective investment in R&D for each firm i in the network G is

Si = si +
∑
j∈Ni

sj + φ
∑
k/∈Ni

sk, i = 1, . . . , n , (2.4)

where Ni is the set of neighbors of firm i in the cooperation network and φ ∈ [0, 1) captures
knowledge spillovers acquired from firms not cooperated in R&D with firm i [1]. It can be
observed that from equation 2.4, the effective investment for firm i varies with the network
structure. According to this, each firm i has a set of the effective investments corresponding to
the network structures: Si = {Si(Gt) : Gt ∈ Gn}.

If the adjacency matrix A represents the cooperation network G, the effective R&D invest-
ment (2.4) can be rewritten as follows:

S′ = As′ + φAcs′

=
(
A+ φAc

)
s′

= A s′ ,

where S = [S1, S2, ..., Sn] is a matrix of the effective investments and s = [s1, s2, ..., sn] is a
matrix of the investments. The matrix Ac represents the complement network of the coopera-
tion network G. Now, for each aij ∈ A, we have

aij =

{
1 : ij ∈ E ;
φ : otherwise.

As in the original model, the spillover is free from the network structure and the firms’ po-
sitions in the network. In the following, we develop the model of Goyal and Moraga-Gonzalez
by justifying the definition of the spillover.

Model A: Linking the spillover to the network density.

Si = si +
∑
j∈Ni

sj +
∑
k/∈Ni

φ1−D(G)sk, i = 1, . . . , n , (2.5)

where D(G) is the density of the network G. Since φ ∈ [0, 1), then the fraction φ1−D(G)

increases with the density and this indicates that in a dense network, the spillover reaches to
the maximum values. In the case of a complete network (each two firms are linked), the frac-
tion equals one. In the case of an empty network (firms without links), the fraction equals
φ1−D(G) = φ and firms obtain the lowest R&D spillover. In these two cases, Model A corre-
sponds to the Goyal and Moraga-Gonzalez model.

Model B: Linking the spillover to the neighbors size.

Si = si +
∑
j∈Ni

sj +
∑
k/∈Ni

φ1−Cd(i)sk, i = 1, . . . , n , (2.6)
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where Cd(i) is the degree centrality of firm i. For each firm i, the fraction φ1−Cd(i) in-
creases with the degree centrality. This means that firms in highly central positions obtain
high spillovers; whereas isolated firms obtain very low spillovers. In the case of the complete
(empty) network, the fraction for each firm equals one (φ). This means Model B is compatible
with the Goyal and Moraga-Gonzalez model in these two networks.

We assume that the marginal cost c0 is constant and equal for all firms. The effective R&D
investment is cost reducing in the sense that it reduces firm i’s marginal cost of production:

ci = c0 − Si ,

where the effective investment Si depends on the model used.

The third stage: Firms compete in the product market by setting quantities (Cournot compe-
tition). At this stage, firms choose their levels of production in order to maximize their profits.

The investment of firms is assumed to be costly and the function of the cost is quadratic, so
that given the investment si ∈ [0, c0], the cost of R&D is C(si) = µs2

i , where µ > 0 refers to
the effectiveness of R&D expenditure [9]. From this, the profit function (2.2) becomes

πi = (pi − ci)qi − C(si) =

α− c0 − qi − β
n∑
j 6=i

qj + Si

 qi − C(si) , (2.7)

where the marginal cost satisfies α > c0 and Si depends on the network structure and model
used.

Stability and efficiency of R&D networks. The study of R&D cooperation under the
network game involves the concepts of pairwise stability and efficiency [4]. The pairwise
stability depends on firms’ profit functions and it examines the individual incentives in forming
and developing the cooperation network. Meaning that when firms form a stable network, they
do not have incentives to form or delete links.

Definition 1 (Pairwise Stability). A network G ∈ Gn is stable if the following two conditions
are satisfied for any two firms i, j ∈ G:

(1) If ij ∈ G, πi(G) ≥ πi(G− ij) and πj(G) ≥ πj(G− ij),
(2) If ij /∈ G and if πi(G) < πi(G+ ij), then πj(G) > πj(G+ ij),

The networkG−ij is resulting from deleting the link ij from the networkG and the network
G+ ij is resulting from adding the link ij to the network G.

The efficiency of a network is determined by the total welfare and it examines the social
benefit in forming and developing the cooperation network.

Definition 2 (Network Efficiency). A network G ∈ Gn is efficient if TW (G) > TW (G′) for
all G′ ∈ Gn.
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2.3. Nash Equilibria. We identify the sub-game perfect Nash equilibrium by using backwards
induction. If we assume that firms sell homogeneous goods (β = 1), then from the profit
function (2.7), we calculate ∂πi

∂qi
= 0 to have the best response function of quantity for good i:

qi =
(α− c0) + Si −

∑
j 6=i qj

2
.

By substituting the best response functions into each other, we have the symmetric equilibrium
output for each good i

q∗i =
(α− c0) + nSi +

∑
j 6=i Sj

n+ 1
. (2.8)

To find the symmetric equilibrium profit, we substitute the equilibrium output (2.8) into the
profit function (2.7) which gives

π∗i =

[
(α− c0) + nSi +

∑
j 6=i Sj

n+ 1

]2

− C(si) . (2.9)

Thus the profit function can be expressed in the following form

π∗i = q∗2i − C(si) . (2.10)

Now to have the final list of the equilibria, we need to know the network structure. By knowing
the structure, we have the effective investment of each firm i. By substituting into the profit
function (2.9) and calculating ∂π∗

i
∂si

= 0, we have the best response function of the R&D in-
vestment for each firm i. To find the symmetric equilibrium investment s∗i , we plug the best
response functions into each other. Then, we use the backwards induction to have the final
equilibria. In Appendix A, we provide the final equilibrium equations for the investment and
output. To find the final equilibrium equations of the profit and the total welfare, substitute the
equilibria given in the Appendix A into equations (2.10) and (2.3), respectively.

3. REVIEW OF RELATED LITERATURE

There are extensive studies focusing on the cooperation of firms in R&D under a network
concept. The role of the network is reflected in the issue of cooperation through the use of
statistical measures and tools to suit the impact of individual and social characteristics in the
development of R&D partnerships (e.g., [6, 10, 11, 12]). In theoretical literature, there have
been major developments in the theory of cooperation in R&D, which dealt with the evolution
of relations versus economic returns.

Among the theoretical models used in this literature, we consider an important model pre-
sented by Goyal and Moraga-Gonzalez [1]. They defined the cooperation of firms in R&D
as a network established by bilateral links. They extended the work by D’Aspremont and
Jacquemin who studied R&D cooperation within a homogeneous Cournot duopoly (a mar-
ket with two firms) [9]. The extension was based on the R&D model where they represented
the cooperation of firms in R&D as a network game. They assumed that in the cooperation
case, bilateral collaborative links are formed to link the cooperators. However, in the case of
non-cooperation, firms are not linked and face an identical spillover (φ ∈ [0, 1)). The work
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Figure 1. An example of symmetric networks with six firms. In each network, firms have the
same number of links.

by Goyal and Moraga-Gonzalez have been developed and extended by many authors (e.g.,
[10, 12, 13, 14, 15, 16]).

The authors studied Cournot oligopoly (a market with more than two firms) for two main
cases of the cooperation networks. The first case is symmetric (regular) R&D networks, which
mean that each firm has the same number of cooperative links or neighbors (see Figure 1). In
this case, they assumed that the cooperation network does not involve the spillover term. They
did the study for an arbitrary number of firms and provided results for firms sell in two different
market structures: independent and homogeneous goods. The second case is asymmetric (ir-
regular) R&D networks, which mean the collaborative activity is asymmetrically distributed.
They studied this case for three firms produce homogeneous goods with the spillover term.
Figure 2 displays different cooperation networks that can be generated from three firms in the
market.

The contribution of Goyal and Moraga-Gonzalez mainly concerns the relationship between
the cooperative links and both R&D investments and on the incentives of firms to cooperate.
In addition to this, they studied stability and efficiency of the R&D networks. They concluded
that there exist situations in which the two terminologies never meet. They found that firms
mostly prefer the complete network since the cooperative links always improve their own profit.
Whereas, the social benefit is maximized in a network that is characterized by low cooperation
activity (number of links). The difference between the individual and social incentives reflects
the conflict between the stability and efficiency of the R&D networks (Propositions 6 and 8 for
symmetric networks and Propositions 9 and 10 for asymmetric networks [1]).

In the current paper, we develop the Goyal and Moraga-Gonzalez network game by apply-
ing measures from social network theory to restrict the R&D spillovers and limit the links
formation. The main objective of this work is to create networks that ensure high results in
both individual and social returns. The restriction of the R&D network has been considered in
many studies for other purposes. For example, Meagher and Rogers modeled the innovation
as a function of the network structure [17]. One of their conclusions is that network density
has a significant effect on the innovators. In addition, Narola and Santangelo used a data set
and found that the new R&D collaborations are sensitive to their positions in the network [18].
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Figure 2. The distinct networks with three firms. The distribution of links is heterogeneous. In
each ofG1 andG4, there is one group of firms, but the other networks, there are two groups. In
the network G3, there is a hub (firm 1) and peripheries (firms 2 and 3) and in the network G2,
there are linked firms (firms 1 and 2) and an isolated firm (firm 3).

Zhang and Yang introduced a graphical algorithm to rebuild the R&D network to reduce the
risks associated with R&D activities [19].

4. RESTRICTION OF THE R&D SPILLOVER

In this section, we restrict the knowledge spillover to the network structure and firms’ po-
sitions in that network. We examine changes in the outcomes and decide whether these con-
straints have a role in decreasing the gap between individual and social desires in developing
the cooperation network. Firstly, we assume that for each market size, the spillover is a func-
tion of cooperative links (density of the network). Secondly, we assume that the spillover to a
firm is corresponding to its neighbors size.

4.1. Restriction of the Spillover to the Network Density. We assume that the R&D spillover
in the cooperation network is fixed for all firms and controlled by the density of that network.
As defined in Model A (equation 2.5), the relationship between the spillover and the density is
positive in a sense that the spillover between non-cooperating firms increase with the density of
the network. Based on this relationship, we generate the equilibrium outcomes for all economic
variables (R&D investment, production quantity, profit and total welfare) for three firms in a
market with homogeneous goods. For this number of firms, there are four possible cooperation
networks given in Figure 2.

Figure 3 shows the equilibrium outcomes for different values of the spillover under Model
A. The outcomes suggest that linking the spillover to the network density does not provide sig-
nificant changes from those generated from the original model by Goyal and Moraga-Gonzalez.
To verify this point, we provide the outcomes under the original model in Appendix C. It can be
observed that the behavior of the economic variables under the two models is almost identical.
The main difference between the two models is in the value of the spillover which determines
the stability and efficiency of the network. Table 1 compares between the original model and
Model A in terms of the two terminologies. From the table, when considering a network with
low density (i.e., network G2) as a stable and efficient network, then the range of the spillover
that makes that network stable or efficient is slightly large under Model A. This means that
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Figure 3. The equilibrium outcomes for the networks given in Figure 2 under Model A. The
parameters used to plot the results are a = 12, c0 = 10 and µ = 1.

Model A enlarges the conflict between the stability and efficiency of the network if the coop-
eration between firms in R&D is low. However, if the R&D cooperation is intense; meaning
that firms form a complete network (G4), then Model A reduces the conflict between the sta-
bility and efficiency of the cooperative network. Now, since the complete network is stable for
all values of the spillover, we can say that linking the spillover to the network density gener-
ally decrease the gap between the individual and social desires in developing the cooperation
network.

4.2. Restriction of the Spillover to the Neighbors Size. We examine the impact of the posi-
tion of firms in the network on the individual and social outcomes. We assume that the spillover
is not identical to all firms but depends on their neighbors size (degree centralities). According
to Model B (equation 2.6), the spillover to a firm increases with its degree centrality. We apply
this model for three firms in the market with homogeneous goods and generate the equilibrium
outcomes for the networks given in Figure 2.
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Figure 4. The equilibrium outcomes for the networks given in Figure 2 under Model B. The
parameters used to plot the results are a = 12, c0 = 10 and µ = 1.

Figure 4 shows the outcomes for different values of the spillover. From the figure, we
have the following observations. The first observation is that the behavior of the equilibrium
outcomes with respect to the spillover and the links is consistent with those under the original
model (given in Appendix C). The second observation is that the investment of low active
(or isolated) firms under Model B is lower than under the original model. We can verify this
result by comparing the investment of firm 3 in network G2 under the two models. The third
observation is that the complete network (G4) is a unique stable network under Model B. This
is one of the main differences between Model B and the original model by Goyal and Moraga-
Gonzalez where under the latter model, there exist another stable network for small values of
the spillover, that is the network G2. The fourth observation is that the network G2 is efficient
for all values of the spillover. However, under the original model, the network G1 is also
efficient for high values of the spillover.

This indicates that the main contrast between the two models is in the individual and social
incentives in developing the R&D networks. For very small values of the spillover, the Goyal
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Table 1. The stability and efficiency of the networks given in Figure 2 under the three models.

Network G1 G2 G3 G4

D 0 1/3 2/3 1
Original model - 0 ≤ φ ≤ 0.06 - 0 ≤ φ ≤ 1

Stability Model A - 0 ≤ φ ≤ 0.08 - 0 ≤ φ ≤ 1
Model B - - - 0 ≤ φ ≤ 1

Original model 0.5 < φ ≤ 1 0 ≤ φ ≤ 0.5 - -
Efficiency Model A 0.7 < φ ≤ 1 0 ≤ φ ≤ 0.7 - -

Model B - 0 ≤ φ ≤ 1 - -

and Moraga-Gonzalez model is individually and socially preferable since there is no gap be-
tween their benefits in choosing the cooperation network. From Table 1, the network G2 is
stable and efficient for 0 ≤ φ ≤ 0.06. However, with increasing the spillover, Model B ap-
pears to be better in terms of reducing the gap between the stability and efficiency of the R&D
network.

5. RESTRICTION OF THE R&D COOPERATION

In this section, we adopt the network game by Goyal and Moraga-Gonzalez with constrain-
ing the first stage of the game, that is the link formation. Instead of choosing free R&D partners,
we will impose some limitations that make network density small. We will assume that firms
are divided into groups and firms in one group cannot cooperate. Also, we will assume that
each firm is able to establish only one agreement, i.e., deg(i) ≤ 1 for any i ∈ N . In addition
to this, we assume that at least one R&D agreement will be formed. In the theory of graphs,
these conditions can be interpreted on the assumption that firms can only form a multilateral
network containing only matches. Figure 5 displays bipartite and tripartite graphs. Therefore,
very knowing networks in R&D cooperation literature will not be considered in this paper; for
example, the complete network, the star network and the empty network.

Figure 5. Examples of bipartite networks with different number of firms. The networks G1,
G2, G3 and G4 are bipartite networks. The network G3 is a tripartite network. The networks
G3 and G4 contain only matchings.
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Figure 6. Some bipartite networks generated from four firms. Each set contains two firms, i.e.,
|V1| = |V2| = 2. The networks G1 and G2 only contain matchings.

5.1. Forming Bipartite R&D Networks. In this section, we assume that firms are divided
into two groups such that firms in one group cannot cooperate in R&D. Also, we assume that
firms cannot form more than one link as networks G3 and G4 in Figure 5.

When considering four firms in the market, there are 11 potential networks representing
R&D cooperation(see Figure 10 in Appendix B). However, when restricting the R&D relation-
ships in a way that the bipartite networks only exist, then the number of possible networks
decreases. For the purpose of this paper, we focus on the four distinct networks given in Figure
6. In a market with homogeneous goods, Figure 7 displays the equilibrium outcomes for those
networks.

Since the profits of firms increase with their new R&D agreements, then network G4 is
individually preferable (a stable network). This is one of the main results of Goyal and Moraga-
Gonzalez (Proposition 6). In the social perspective, the optimal network for most values of the
spillover is low density. When comparing the individually and socially optimal structures, we
find that the difference between the densities is small compared to the case when considering
all distinct networks generated from cooperating four firms. Table 2 displays the density of the
four networks and Table 4 in the Appendix B displays the density of all generated networks
from four firms.

A further decline in the gap between individual and social desires can be obtained if more
restrictions are applied to the formation of linkages. If we assume that firms can only create one
link, we will limit our interest to networks G1 and G2. Therefore, assuming that cooperation
takes one of these two networks, then for most of the values of the spillover, the individual and
social benefits are maximized in a single network. As shown in Figure 7 and Diagram 1, the
network G2 is stable and it is efficient if the spillover is not large (φ ≤ 0.5).

The restrictions on the formation of links include other consequences. While increasing
R&D agreements reduces firms spending in R&D, reducing cooperation requires more invest-
ment. As shown in Figure 7, R&D expenditures by firms in networks G1 and G2 are higher

Table 2. The density of the networks given in Figure 6.

Network G1 G2 G3 G4

D 1/6 1/3 1/2 2/3
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Figure 7. The equilibrium outcomes for the networks given in Figure 6. The parameters used
to plot the results are a = 12, c0 = 10 and µ = 2.

than in other networks. However, in terms of the production quantity and the profit, the re-
striction of the cooperation has a negative role. This can be seen by comparing the amount of
production and profit of the firm 1 in the network G3 with those in networks G1 and G2. In
addition, if the star network exists, then the firm that is at the center gains a higher profit than
other firms in all given networks. This is because the profits of firms are increasing with their
own links, especially when the cooperation between the neighbors is low.

5.2. Forming Tripartite R&D Networks. In this section, we assume that firms are divided
into three groups such that firms in one group cannot cooperate in R&D. However, we assume
that firms are allowed to connect to more one group. For example, if firm 1 is in group V1, this
firm has a choice to cooperate with firms in group V2 or in group V3, or in both groups.

We do this study for six firms in a market with homogeneous goods such that each two firms
form one group. For the purpose of this paper, we focus on the networks given in Figure 8. As
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Diagram 1. The stability and efficiency of the R&D networks given in Figure 7. When re-
stricting the R&D cooperation, the gap between network stability and efficiency is reduced.

shown in this figure, the three groups are placed next to each other where firms are linked in
adjacent groups only.

Since the results of individuals differ with the cooperative links, it seems better to discuss the
overall results instead of the individual outcomes. Figure 9 displays the aggregate quantities,
the industry profit and the total welfare. The results show that for most values of the spillover,
the total quantities in the low-density network are higher than in the other networks. Also, when
considering the gap between individual and social incentives, we note that this gap decreases
with the reduction of the cooperation in R&D. To verify this point, we compare the total welfare
of the network G7 (a stable network) with the total welfare of the networks G1, G2 and G5

(bipartite networks that contain only matchings).
When considering all seven networks, the stable network (G7) is efficient for small values

of the spillover (see Diagram 2). However, when the cooperation is reduced, the network G5

becomes stable for all values of the spillover and is efficient for a large range of the spillover. In
addition, with increasing the spillover, the difference between the stable and efficient networks
in terms of the density is small (see Diagram 2 and Table 3). This indicates that with increasing
knowledge flow between firms, the individual and social returns are maximized in a network
characterized by low levels of R&D cooperation activity.

On the other hand, an R&D organization with a small number of agreements has a negative
impact on industry profits. As shown in Figure 9, for most values of the R&D spillover, the in-
dustry profit is maximized in high density networks i.e., G7 and G6. However, with increasing
the spillover, the industry profit increases with decreasing the density. Moreover, firms in the
middle group in the networks G6 and G7 dominate other firms in terms of high returns because
of the positive relationship between corporate profits and their cooperative relationships.

Table 3. The density of the networks given in Figure 8.

Network G1 G2 G3 G4 G5 G6 G7

D 2/21 1/7 1/7 4/21 4/21 2/7 8/21
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Figure 8. Some tripartite networks generated from six firms. Each group contains two firms.
The networks G1, G2 and G5 only contain matchings.

Diagram 2. The stability and efficiency of the R&D networks given in Figure 9. The gap
between network stability and efficiency is small when we focus on a small number of R&D
relationships.

6. CONCLUSION

In this paper, we have developed the theory of network formation for inter-firm cooperation
in R&D. The results addressed the relationship between individual and social incentives to
develop a network of R&D cooperation. Firstly, we restrict the R&D spillover to the network
density. This restriction does not create a significant change in the relationship between the
individual and social preferences in choosing the network architecture. Secondly, we restrict
the R&D spillover to the firms’ positions in the network. This restriction reduces the gap
between the two perspectives in terms of the preferred structure of the R&D network. Finally,
we restrict the R&D agreements between firms. This restriction reduces the density of networks
which in turn has a positive impact in pooling the individual and social incentives in structures
that guarantee high results.
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Figure 9. The equilibrium outcomes for the networks given in Figure 8. The parameters used
to plot the results are a = 12, c0 = 10 and µ = 2.
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APPENDIX

Appendix A: For the networks given in Figure 2.

A.1 Equilibria Under the Goyal and Moraga-Gonzalez model.

sG1
=

((2φ− 3)(α− c0))

(−4φ2 + 4φ− 16µ+ 3)

qG1
=

−(4µ(α− c0))

(−4φ2 + 4φ− 16µ+ 3)

sG2
(firm1) =

((α− c0)(φ− 2)(−2φ2 + 5φ+ 4µ− 3))

(2(2φ4 − 7φ3 + 12φ2µ+ 4φ2 − 40φµ+ 7φ− 32µ2 + 34µ− 6))

qG2
(firm1) =

−(2µ(α− c0)(−2φ2 + 5φ+ 4µ− 3))

(2φ4 − 7φ3 + 12φ2µ+ 4φ2 − 40φµ+ 7φ− 32µ2 + 34µ− 6)

sG2
(firm3) =

((2φ− 3)(α− c0)(−φ2 + 3φ+ 2µ− 2))

(2φ4 − 7φ3 + 12φ2µ+ 4φ2 − 40φµ+ 7φ− 32µ2 + 34µ− 6)

qG2
(firm3) =

−(4µ(α− c0)(−φ2 + 3φ+ 2µ− 2))

(2φ4 − 7φ3 + 12φ2µ+ 4φ2 − 40φµ+ 7φ− 32µ2 + 34µ− 6)

sG3(firm1) =
−((α− c0)(φ2 − 3φ+ 4µ+ 2))

(−8φ2µ+ φ2 + 16φµ− 3φ− 64µ2 + 4µ+ 2)

qG3(firm1) =
−(4µ(α− c0)(φ2 − 3φ+ 4µ+ 2))

(−8φ2µ+ φ2 + 16φµ− 3φ− 64µ2 + 4µ+ 2)

sG3
(firm2) =

(4µ(α− c0)(φ− 2))

(−8φ2µ+ φ2 + 16φµ− 3φ− 64µ2 + 4µ+ 2)

qG3
(firm2) =

−(16µ2(α− c0))

(−8φ2µ+ φ2 + 16φµ− 3φ− 64µ2 + 4µ+ 2)

sG4
=

(α− c0)

(16µ− 3)

qG4 =
(4µ(α− c0))

(16µ− 3)

A.2 Equilibria Under Model A.

sG1
=

((2φ− 3)(α− c0))

(−4φ2 + 4φ− 16µ+ 3)

qG1 =
−(4µ(α− c0))

(−4φ2 + 4φ− 16µ+ 3)
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sG2
(firm1) =

((φ2/3 − 2)(α− c0)(4µ+ 5φ2/3 − 2φ4/3 − 3))

(2(34µ− 40φ2/3µ+ 12φ4/3µ− 7φ2 + 7φ2/3 + 4φ4/3 + 2φ8/3 − 32µ2 − 6))

qG2
(firm1) =

−(2µ(α− c0)(4µ+ 5φ(2/3)− 2φ(4/3)− 3))

(34µ− 40φ2/3µ+ 12φ4/3µ− 7φ2 + 7φ2/3 + 4φ4/3 + 2φ8/3 − 32µ2 − 6)

sG2
(firm3) =

((2φ2/3 − 3)(α− c0)(2µ+ 3φ2/3 − φ4/3 − 2))

(34µ− 40φ2/3µ+ 12φ4/3µ− 7φ2 + 7φ2/3 + 4φ4/3 + 2φ8/3 − 32µ2 − 6)

qG2(firm3) =
−(4µ(α− c0)(2µ+ 3φ2/3 − φ4/3 − 2))

(34µ− 40φ2/3µ+ 12φ4/3µ− 7φ2 + 7φ2/3 + 4φ4/3 + 2φ8/3 − 32µ2 − 6)

sG3
(firm1) =

−((α− c0)(4µ− 3φ1/3 + φ2/3 + 2))

(4µ+ 16φ1/3µ− 8φ2/3µ− 3φ1/3 + φ2/3 − 64µ2 + 2)

qG3(firm1) =
−(4µ(α− c0)(4µ− 3φ1/3 + φ2/3 + 2))

(4µ+ 16φ1/3µ− 8φ2/3µ− 3φ1/3 + φ2/3 − 64µ2 + 2)

sG3
(firm2) =

(4µ(φ1/3 − 2)(α− c0))

(4µ+ 16φ1/3µ− 8φ2/3µ− 3φ1/3 + φ2/3 − 64µ2 + 2)

qG3
(firm2) =

−(16µ2(α− c0))

(4µ+ 16φ1/3µ− 8φ2/3µ− 3φ1/3 + φ2/3 − 64µ2 + 2)

sG4
=

(α− c0)

(16µ− 3)

qG4
=

(4µ(α− c0))

(16µ− 3)

A.3 Equilibria Under Model B.

sG1
=

((2φ− 3)(α− c0))

(−4φ2 + 4φ− 16µ+ 3)

qG1
=

−(4µ(α− c0))

(−4φ2 + 4φ− 16µ+ 3)

sG2(firm1) =
−((α− c0)(φ− 2)(2φ− 4µ− 5φ1/2 + 3))

(2(3φ+ 34µ− 8φµ+ 4φ2µ− 24φ1/2µ− 4φ2 + 4φ1/2 + 2φ3 + 4φ3/2 − 3φ5/2 − 32µ2 − 6))

qG2(firm1) =
(2µ(α− c0)(2φ− 4µ− 5φ1/2 + 3))

(3φ+ 34µ− 8φµ+ 4φ2µ− 24φ1/2µ− 4φ2 + 4φ1/2 + 2φ3 + 4φ3/2 − 3φ5/2 − 32µ2 − 6)

sG2(firm3) =
((2φ1/2 − 3)(α− c0)(−φ2 + 3φ+ 2µ− 2))

(3φ+ 34µ− 8φµ+ 4φ2µ− 24φ1/2µ− 4φ2 + 4φ1/2 + 2φ3 + 4φ3/2 − 3φ5/2 − 32µ2 − 6)

qG2(firm3) =
−(4µ(α− c0)(−φ2 + 3φ+ 2µ− 2))

(3φ+ 34µ− 8φµ+ 4φ2µ− 24φ1/2µ− 4φ2 + 4φ1/2 + 2φ3 + 4φ3/2 − 3φ5/2 − 32µ2 − 6)
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sG3
(firm1) =

−((α− c0)(φ+ 4µ− 3φ1/2 + 2))

(φ+ 4µ− 8φµ+ 16φ1/2µ− 3φ1/2 − 64µ2 + 2)

qG3
(firm1) =

−(4µ(α− c0)(φ+ 4µ− 3φ1/2 + 2))

(φ+ 4µ− 8φµ+ 16φ1/2µ− 3φ1/2 − 64µ2 + 2)

sG3
(firm2) =

(4µ(φ1/2 − 2)(α− c0))

(φ+ 4µ− 8φµ+ 16φ1/2µ− 3φ1/2 − 64µ2 + 2)

qG3(firm2) =
−(16µ2(α− c0))

(φ+ 4µ− 8φµ+ 16φ1/2µ− 3φ1/2 − 64µ2 + 2)

sG4
=

(α− c0)

(16µ− 3)

qG4
=

(4µ(α− c0))

(16µ− 3)

Appendix B: The possible networks generated from four firms and their densities. a

Figure 10. The distinct networks with size four firms. In each network, the individual out-
comes depend on the own number of links.

Table 4. The density of the networks in Figure 10.

Network G1 G2 G3 G4 G5 G6 G7 G8 G9 G10 G11

D 0 1/6 1/3 1/3 1/2 1/2 1/2 2/3 2/3 5/6 1
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Appendix C: The outcomes under the model of Goyal and Moraga-Gonzalez. a

Figure 11. The equilibrium outcomes for the networks given in Figure 2 under the equation
2.4. The parameters used to plot the results are a = 12, c0 = 10 and µ = 1.



J. Korean Soc. Ind. Appl. Math. Vol.23, No.4, 351–365, 2019 http://doi.org/10.12941/jksiam.2019.23.351

AN OPTIMAL CONTROL APPROACH TO CONFORMAL FLATTENING OF
TRIANGULATED SURFACES

YESOM PARK1, BYUNGJOON LEE2, AND CHOHONG MIN1†

1DEPARTMENT OF MATHEMATICS, EWHA WOMANS UNIVERSITY, SOUTH KOREA

2DEPARTMENT OF MATHEMATICS, THE CATHOLIC UNIVERSITY OF KOREA, SOUTH KOREA

Email address: chohong@ewha.ac.kr

ABSTRACT. This article presents a new approach for conformal flattening with optimal cone
singularity. The algorithm here takes an optimal control for selecting optimal cones and uses
the Ricci flow to force the flattening. This work is considered as a modification to the work
of Soliman et al. [1] in the sense that they make use of the Yamabe equation for the flatten-
ing, which is an approximation of the Ricci flow. We present a numerical algorithm based on
the optimal control with the mathematical background. Several numerical results validate that
our method is optimal in total cone angle and usage of the Ricci flow ensures the conformal
flattening while selecting optimal cones.

1. INTRODUCTION

Conformal flattening has been successfully utilized to find a conformal mapping from a
surface in R3 to a region in R2. The map enables to seamlessly wrap up the surface by a
texture image on the region. The texture mapping has been a very important tool in computer
graphics [2, 3] and brain mapping [4]. Conformal flattening has been thoroughly studied in
mathematics [5] and computer graphics [6]. Being conformal, the map preserves each local
angle, but length scale can vary by a large amount.

Researchers such as [7] and [8] suggested a methodology to reduce the length distortion
based on Ricci flow, a way to implement conformal flattening .The Ricci flow [9] on a sur-
face leads to the heat flow on its Gaussian curvatures and follows the uniformization of the
curvatures to their average value. When a surface is of genus one, the average is zero by the
Gauss-Bonnet theorem, and the uniformization results in conformal flattening. Their idea is to
allow non-zero curvature at some critical vertices such as the vertices with the largest length
distortion. The surface that is flat everywhere except at the singular vertices locally forms a
shape of cone at each singular vertex. This is the reason why the methodology is referred to as
cone singularity.
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The main issues in practice of the methodology are in selecting the singular vertices and
determining their cone angles. Springborn et al. in [10] proposed an explicit and direct ap-
proach. They first solve Ricci flow and select the vertices of extreme length distortion as the
singular ones, and then resolve Ricci flow with natural boundary condition on the singular ver-
tices to determine the cone angles. This process is repeated to increase the number of cones
and decrease the total distortion under a desired amount. The sequential process is an ad hoc
approach and poses a question about its optimality, for it was notices that the total distiotion
could be further reduces [8] .

Soliman et al. [1] proposed a more systematic approach for the optimal placement of cone
singularities. They notices that the cone singularites can be represented by a linear summation
of delta functions, and utilized the L1 minimization approach in image denoizing [11] and
compressive sensing [12, 13]. Furthermore, they could significantly reduce the total distortion
and decrease the support of cone singularities by solving the dual optimization, instead of the
L1 minimization. Ricci flow is a nonlinear differential equation, and it may take quite a time
to obtain its stationary solution. To the contrary, Yamabe equation is a linear equation and its
solution is just given by solving the linear equation. Yamabe equation is an efficient means
to approximate the stationary solution of Ricci flow. From these reasons, Soliman et al. [1]
solved their optimization problem based on Yamabe equation, not based on Ricci flow.

In this work, we point out that the error of Yamabe approximation can be quite large and the
measure of total distortion based on the approximation can be misleading. Instead of the opti-
mization based on Yamabe equation, we introduce a novel optimization based on the Ricci flow,
equipped with the optimal control. After this introduction, Ricci flow and Yamabe equation are
reviewed and compared in section 2. Section 3 give a brief review of the cone singularity. The
optimal control problem and a numerical method for solving the problem are introduced in sec-
tion 4. Numerical results validating our optimizations are presented in section 5, and follows
the conclusion of this work and some remarks in section 6.

2. CONFORMAL FLATTENING

In this section, we review the discrete Ricci flow [14], a standard method for conformal
flattening of triangulated surfaces. Also we review the discrete Yamabe equation in [1], and
show that it is an approximation to obtain the stationary solution to Ricci flow. Compared to
Ricci flow that is nonlinear and requires quite a time to have its stationary solution, Yamabe
equation is linear and produces its solution by solving a single linear system. Being a simple
approximation, Yamabe equation fails to achieve the conformal flattening exactly, while Ricci
flow succeeds to do.

Assume a triangulated surface Ω that is given with its vertex set V , edge set E, and face set
F . The length of an edge eij ∈ E is denoted by lij , and the angle of a face4ijk ∈ F opposite
to edge ejk by θijk. The flatness of the surface is measured by discrete Gaussian curvature
K : V → R|V |. The discrete Gaussian curvature Ki at a vertex vi ∈ V is defined as
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Ki = 2π −
∑
4ijk∈F

θijk.

For a conformal factor u : V → R|V |, each length is modified as lij = l0ij exp
(

1
2ui + 1

2uj
)
,

where l0ij is the initial length of the surface. Ricci flow seeks a conformal factor to eliminate
all the Gaussian curvatures. A change on conformal factor sequentially leads to the changes of
lengths, angles, and curvatures. The sequential dependence of curvature to conformal factor is
described by the following lemma. Its proof is a mere implicit differentiation of the cosine law,
so we omit the details.

Lemma 2.1. Assume a vertex function u(t) : V → R|V| that is differentiable with respect to t,
then the discrete Gaussian curvature K(t) : V → R|V| is also differentiable and satisfies

K ′(t) = −∆u(t)u
′(t).

In the lemma, ∆u denotes the discrete Laplace-Beltrami operator. For a function f : V →
R|V |, its Laplacian ∆uf : V → R|V | is defined as

(∆uf)i =
1

2

∑
4ijk∈F

[
cot θjki (fk − fi) + cot θkij (fj − fi)

]
Here each θijk = θijk (u) is the induced angle by the conformal factor u. Ricci flow evolves

the conformal factor u(t) as follows.

u′ (t) = −K (u (t)) (2.1)

Using lemma 2.1, we can prove the conformal flattening of Ricci flow.

Theorem 2.1. (Conformal flattening) Assume a closed triangulated surface with genus one, so
that |V | − |E|+ |F | = 0. For the Ricci flow, we have limt→∞Ki (t) = 0 for each vi ∈ V .

Proof. Being simple and short, we provide a proof though it is well known.

d

dt

∑
vi∈V

1

2
Ki (t)2

 =
∑
vi∈V

Ki(t) ·K ′i(t)

= −
∑
vi∈V

Ki(t) ·
(
∆u(t)u

′(t)
)
i

=
∑
vi∈V

Ki(t) ·
(
∆u(t)K (t)

)
i

≤ 0

The Laplacian is known to be negative definite on subspace 1⊥, and the L2 norm should
decrease until K(t) ∈ span(1). Due to the discrete Gauss-Bonnet theorem [5], the sum
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vi∈V Ki(t)=2π·(|V | − |E|+ |F |)= 0, for any time t. Thus as time goes on, limt→∞K(t)∈

span(1) ∩ 1⊥ = {0}. �

The above theorem shows the convergence of curvature K(t), but the convergence of the
vertex function u(t) is not in its scope. The convergence of u(t) can be explained by the convex
energy functional E(u) utilizing the Lobachevsky function Λ(x) = −

∫ x
0 log |2 sin t| dt [10].

The functional is defined as

E (u) =
∑
tijk∈T

(
θijkλjk + θjkiλki + θkijλij − π (ui + uj + uk)

)
+ 2π

∑
vi∈V

ui

+ 2
∑
tijk∈T

(
Λ
(
θijk
)

+ Λ
(
θjki

)
+ Λ

(
θkij

))
, (2.2)

where λij = 2 log lij for each eij ∈ E. The following theorem shows the convergence of u(t).
Its proof can be found in [10].

Theorem 2.2. (Convergence of u(t)) the functional E(u) is convex and strictly convex on
u ∈ 1⊥, and has a unique global minimum u∗. The discrete Ricci flow is just the gradient-
descent dynamics of the functional. Therefore limt→∞ u (t) = u∗.

For the stationary solution u∗, its induced Gaussian curvature K∗ is zero by the conformal
flattening. Consider an ansatz u(t) = tu∗, t ∈ [0, 1]. According to lemma 1, we get K ′(0) =
∆u(0)u

∗. Using an approximation K ′(0) ' K(1)−K(0) = 0−K(0), we have

−∆u(0)u
∗ ' K(0).

Yamabe equation is the following linear elliptic equation.

−∆u(0)u
Y amabe = K(0).

Comparing the above two equations, we observe that uY amabe is an approximation of u∗.
Figure 1 shows that the Gaussian curvature induced by uY amabe may not be zero by a large
margin, while that by u∗ is zero within error bound 10−5. The triangulated surface modulated
with u∗ can be seamlessly embedded on a plane to fit in a rectangle with periodic boundary
conditions. However, the error of uY amabe hinders such seamless fitting.
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FIGURE 1. Distributions of the Gaussian curvature K∗ induced by the Ricci
flow (top left) and KY amabe by the Yamabe equation (top right). Flattening
surface modulated with u∗ (bottom left) and the surface with uY amabe (bottom
right).

3. CONE SINGULARITY

Conformal flattening may undergo severe length distortion, while it keeps conformality, the
cross ratios. The method of cone singularity is to allow non-zero curvature at some vertices in
order to reduce the length distortion. Surface at the vertices locally forms a cone shape. That
is why it is called cone singularity. The issues in practice are where to put the singularities and
how much to choose the angle of each cone. The greedy method suggested by Springborn et
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al. [10](CETM) iteratively conformally flattens the mesh and inserts a new cone at the vertex
with the largest |ui|. In each iteration, instead of prescribing cone angles, they set ui = 0 at
cone vertices and cone angles are automatically determined by the flattening process. Soliman
et al. [1](MAD) proposed the following L1 minimization problem to resolve the issues.

minimize
f∈L1(Ω)

1

2

∥∥∥uY amabe∥∥∥2

L2
+ λ ‖f‖L1

subject to −∆u(0)u
Y amabe = K (0)− f in Ω

TheL1 minimization would have a sparse solution f =
∑

i θiδPi ,which leads to taking cone
singularities at vi with angle θi. As presented in the previous section, Ricci flow solution u∗ is
superior to uY amabe in conformal flattening. Thus we consider the following control problem.

minimize
f∈L1(Ω)

C [f ] :=
1

2
‖u∗‖2L2 + λ ‖f‖L1 (3.1)

subject to u′ (t) = −K (u (t)) + f and u∗ = lim
t→∞

u (t) in Ω (3.2)

4. CONFORMAL FLATTENING BASED ON THE OPTIMAL CONTROL

Our main goal is to solve the optimal control problem (3.1) with Ricci flow dynamics (3.2).
In this section, we propose a numerical method for solving the problem with computational
details.

4.1. Discrete setting of Optimal Control. First, apply the forward Euler method to the sin-
gular Ricci flow (3.2){

un+1
i −uni
4tn = −Ki(u

n) + fi, n = 0, . . . N − 1

u0
i = 0.

, ∀vi ∈ V (4.1)

Then the terminal time is set to be

T =

N−1∑
n=0

4tn.

When we consider the perturbation of the cone singularity f + εg, (4.1) is modified as follows:{
(uε)

n+1
i −(uε)ni
4tn = −Ki(u

n
ε ) + fi + εgi, n = 0, . . . N − 1

(uε)
0
i = 0.

, ∀vi ∈ V

Then, the directional derivative z(t) := ∇u[f ] ·g satisfies the following approximated equation{
zn+1
i −zni
4tn = 4(un)z

n
i + gi, n = 0, . . . N − 1

z0
i = 0.

, ∀vi ∈ V
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⇐⇒ zn+1 =
(
I +4tn4(un)

)
zn +4tng. (4.2)

The cost function is discretized as

Cδ [f ] = λ
∑
i∈V

√
f2
i + δ +

1

2

∑
i∈V

(
uNi
)2
.

Let us introduce the costate variable p which satisfies the terminal condition

pN = uN .

Using (4.2), we can deduce that

d

dε
Cδ[f + εg] |ε=0

=
〈
uN , zN

〉
+ λ

〈
f√
f2 + δ

, g

〉

=
〈
pN , zN

〉
−
〈
p0, z0

〉
+ λ

〈
f√
f2 + δ

, g

〉

=
N−1∑
n=0

[〈
pn+1, zn+1

〉
− 〈pn, zn〉

]
+ λ

〈
f√
f2 + δ

, g

〉

=

N−1∑
n=0

[∑
i∈V

〈
pn+1,

(
I +4tn4(un)

)
zn +4tng

〉
− 〈pn, zn〉

]
+ λ

〈
f√
f2 + δ

, g

〉

=

N−1∑
n=0

[〈(
I +4tn4(un)

)
pn+1 − pn, zn

〉
+
〈
4tnpn+1, g

〉]
+ λ

〈
f√
f2 + δ

, g

〉

=
N−1∑
n=0

〈(
I +4tn4(un)

)
pn+1 − pn, zn

〉
+

〈
N−1∑
n=0

4tnpn+1 + λ
f√
f2 + δ

, g

〉
.

Thus, the adjoint system is approximated by{
pNi = uNi
pni −p

n+1
i

4tn = 4(un)p
n+1
i , n = N − 1, . . . , 0.

, ∀vi ∈ V (4.3)

And, the descent direction of the control is given by

gi = −

N−1∑
n=0

4tnpn+1
i + λ

fi√
f2
i + δ

 , ∀vi ∈ V. (4.4)

The following lemma determines the stepsize ∆tn for the adjoint system (4.3).
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Lemma 4.1. The adjoint FE (4.3) is stable if

4tn ≤ 2

λmax
,

where λmax is the largest eigenvalue of −4(un).

Proof. Rewrite the adjoint system (4.3) as follows:

pn =
(
I +4tn4(un)

)
pn+1.

‖ pn ‖2 =‖
(
I +4tn4(un)

)
pn+1 ‖2

≤‖
(
I +4tn4(un)

)
‖2‖ pn+1 ‖2 .

Thus, the condition for stability is that

‖
(
I +4tn4(un)

)
‖2≤ 1.

Note that all eigenvalues of −4(un) are nonnegative with

0 = λmin < λi ≤ . . . ≤ λmax.
Hence,

‖
(
I +4tn4(un)

)
‖2≤ 1 ⇐⇒ 1−4tnλmax > −1

⇐⇒ 4tn < 2

λmax
.

�

4.2. Decision on stepsizes. There are two stages of which stepsizes must be decided in opti-
mal way: the Ricci flow (4.1) and the cost minimization (3.1). In this subsection, we present
details on selecting step sizes based on the line search technique.

4.2.1. Stepsize for the Ricci flow (4.1). Note that the Lobachevski function (2.2) can be written
as follow if the cone information f is considered :

E(u, f) :=
∑
4ijk∈F

(
θijkλjk + θjkiλki + θkijλij − π (ui + uj + uk)

)
+
∑
vi∈V

(2π − fi)ui

+ 2
∑
4ijk∈F

(
Λ
(
θijk
)

+ Λ
(
θjki

)
+ Λ

(
θkij

))
Then, we can easily check that

∇uE(u, f) = K − f
and

∇2
uE(u, f) = −4u � 0.

Since the Ricci flow (4.1) is the negative gradient flow of the Lobachevski energy functional,
we can take the step size4tn as the largest4t which satisfies

E(un +4tdn, f) ≤ E(un, f)− σ4t(dn)Tdn, (4.5)
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where dn := −Kn + f and δ ∈ (0, 1).

4.2.2. Stepsize for cost minimization (3.1). As in 4.2.1, we can apply the line search technique
for the minimization of the cost functionCδ [f ]. For the initial stepsize, we utilize the following
Taylor series of Cδ [f + εg]:

Cδ[f + εg] ≈ Cδ[f ] + ε∇Cδ[f ]T g +
ε2

2
gT∇2Cδ[f ]g := Q(ε).

Note that Q(ε) is the convex quadratic function in ε. Thus the optimal step size ε∗ can be
approximated by

ε∗ = argmin
ε>0

Cδ[f + εg]

≈ argmin
ε>0

Q(ε)

⇐⇒ ∇Q(ε∗) = 0

⇐⇒ ε∗ = − ∇Cδ[f ]T g

gT∇2Cδ[f ]g
=

gT g

gT∇2Cδ[f ]g
.

In this expression, the denominator gT∇2Cδ [f ] g can be computed by the following lemma.

Lemma 4.2.

gT∇2Cδ[f ]g =
d2

dε2
Cδ[f + εg] |ε=0

= λ
∑
vi∈V

δg2
i(

f2
i + δ

) 3
2

+
∑
vi∈V

{
(zNi )2 + uNi w

N
i

}
where wni = ∇zn [fi] · gi.

Proof. Note that

Cδ[f ] = λ
∑
vi∈V

√
f2
i + δ +

1

2

∑
vi∈V

(
uNi
)2

and

d

dε
Cδ[f + εg] = λ

∑
vi∈V

(fi + εgi)gi√
(fi + εgi)2 + δ

+
∑
vi∈V

(uε)
N
i (zε)

N
i .
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Let w(t) := ∇z[f ] · g , w(t) satisfies



w′(t) = d
dε4u(t)zi[f + εg] |ε=0

= 1
2

∑
4ijk∈F

[
− csc2 θkij

(
∂θkij
∂ui

zi +
∂θkij
∂uj

zj +
∂θkij
∂uk

zk

)
(zj − zi)

− csc2 θjik

(
∂θjki
∂ui

zi +
∂θjki
∂uj

zj +
∂θjki
∂uk

zk

)
(zk − zi)

]
+1

2

∑
j∼i

(
cot θkij(wj − wi) + cot θjki(wk − wi)

)
= 1

4

∑
4ijk∈F

[
− csc2 θkij

(
cot θjki(zi − zk) + cot θijk(zj − zk)

)
(zj − zi)

− csc2 θjik

(
cot θkji(zi − zj) + cot θikj(zk − zj)

)
(zk − zi)

]
+1

2

∑
j∼i

(
cot θkij(wj − wi) + cot θjki(wk − wi)

)
w(0) = 0.

Using w(t), we can deduce that

d2

dε2
Cδ[f + εg] = λ

∑
vi∈V

gi
√

(fi + εgi)2 + δ − (fi + εgi)
(fi+εgi)gi√
(fi+εgi)2+δ

(fi + εgi)2 + δ
gi.

+
∑
vi∈V

[{
(zε)

N
i

}2
+ (uε)

N
i (wε)

N
i

]
= λ

∑
vi∈V

δg2
i

((fi + εgi)2 + δ)
3
2

+
∑
vi∈V

[{
(zε)

N
i

}2
+ (uε)

N
i (wε)

N
i

]
.

Thus,

gT∇2Cδ[f ]g =
d2

dε2
Cδ[f + εg] |ε=0

= λ
∑
vi∈V

δg2
i(

f2
i + δ

) 3
2

+
∑
vi∈V

{
(zNi )2 + uNi w

N
i

}
.

�

In summary, we present the entire algorithm for conformal flattening based on the optimal
control in the following table.
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Algorithm 1 Optimal control for cone singularity
Procedure :
1. Determine the step size dtn based on (4.5).
2. Compute xn+1 by solving (4.1) ‘forward’ in time.
2. Compute pn+1 by solving (4.3) ‘backward’ in time.
3. Compute the direction based on (4.4).
4. Perform an Armijo line search :
:Find smallest j ∈ {0, 1, . . .} with

Cδ[f + ε0ρ
jg] ≤ Cδ[f ]− σε0ρj ‖ g ‖22

and set εk = ε0ρ
j .

5. Update the cone singularity
f ← f + εg.

6. Stop or go to step 1.

5. EXPERIMENTAL RESULTS

In this section, we perform several numerical experiments to validate the optimality of the
suggested method. Throughout this section, we denote our method as OCCF(Optimal Con-
trolled Conformal Flattening). For the comparison purpose, we compare the results with the
CETM and MAD, which were discussed in Section 3.

All examples in here are presented with the number of cones n, the total cone angle Φ =
Σi∈V | φi | and the L2 area distortion A. Here, we select vi as a cone only if it affects on the
flattening, i.e., | φi |> 10−5. Since MAD utilizes the Yamabe equation to obtain cones, we
solve the Ricci flow for final 2D embedding.

Initial triangulated meshes are pre-processed using the technique so called “Edge flipping
[15]” to remove near flat triangles. Note that we didn’t apply any post-processing for cones
since the aim of this research is to focus on the construction of an optimal strategy for cone
selecting. All computations were implemented with C++, and conducted on a regular personal
with 16.0GB memory and 3.6GHz quad-CPU.

5.1. Optimal Cone Angles. In this subsection, we chose two objects for comparison : one
is the heart shape with 852 vertices and the kitten with 878 vertices. For each object, we
present two results for CETM to verify the greedy property of the method, and present L2 area
distortions of before and after 2D embedding as Abefore, Aafter for MAD, respectively.

Figure 2 and 3 show the results computed by CETM, MAD, and OCCF. We compare our
method with CETM for parameters which give similar distortion and cone angle with OCCF.
For MAD, the results for λ = 0.1, 0.5 are compared. The numerical results show that OCCF
is an optimal strategy for the total cone angle Φ among three methods, but seems not for the
number of cones and L2 area distortion. For the greedy-type method, CETM, we can see that
there is a tradeoff between the number of cones and L2 area distortion. However, for similar L2
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area distortion, the corresponding total cone angle is larger than other methods. Also, CETM
yields higher distortion than OCCF for similar total cone angles.

In the case of the results from MAD, it shows an optimal L2 area distortion among three
methods. The number of cones from MAD is fewer than ours, but most of cones are located in
tiny clusters, which can be resolved by post-processing such as “Extracting cones” in [1].

(a) Heart shape : OCCF (λ = 0.5), CETM (Φ1 w ΦOCCF , A2 w AOCCF )

(b) Heart shape : OCCF (λ = 0.1), CETM (Φ1 w ΦOCCF , A2 w AOCCF )

(c) Kitten : OCCF (λ = 0.5), CETM (Φ1 w ΦOCCF , A2 w AOCCF )

(d) Heart shape : OCCF (λ = 0.1), CETM (Φ1 w ΦOCCF , A2 w AOCCF )

FIGURE 2. Comparison with CETM. OCCF achieves the smalles total cone
angle (right). CETM yields larger total cone angle for similar distortion (mid-
dle) and greater distortion for similar total cone angle (left).
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(a) Heart shape : OCCF (λ = 0.5), MAD (λ = 0.5)

(b) Heart shape : OCCF (λ = 0.1), MAD (λ = 0.1)

(c) Kitten : OCCF (λ = 0.5), MAD (λ = 0.5)

(d) Kitten : OCCF (λ = 0.1), MAD (λ = 0.1)

FIGURE 3. Comparison with MAD. MAD shows better area distortion (left),
but it obtains larger total cone angle than OCCF (right).

5.2. Optimality from the Ricci Flow. In section 2, we verified that the solution uY amabe

from the Yamabe equation is an approximated solution of u∗ from the Ricci flow. We reveal
that the approximation uY amabe can affect on the optimality of the given algorithm. Figure 4
shows the results computed by MAD (left) and OCCF (right) for the number six shape with
474 vertices. Although the geometry of this object is relatively simple, we can see that the L2
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area distortion of MAD gets larger after 2D embedding, which stems from the approximated
solution uY amabe.

FIGURE 4. Optimal cone singularities of MAD (left) and OCCF (right) with
λ = 0.1 for the number six shape. The approximated solution uY amabe

yields the undesirable result that gets higher area distortion after the flatten-
ing. OCCF achieves smaller total cone angle and area distortion than MAD.

5.3. The effect of tuning parameter λ. The role of the parameter λ is to keep a balance
between the L2 area distortion and cone singularity. The effect of variation in λ is depicted in
Fig 5, which visualizes the L2 area distortion by colormap scaled from 0 (blue) to 0.25 (red).
As we constructed, the parameter λ controls a tradeoff between the L2 area distortion and cone
singularity (total cone angle and the number of cones).

FIGURE 5. The larger λ, OC achieves larger area distortions and the smaller
total cone angle. Although the number of cones becomes small, cones are
placed over large regions.

6. CONCLUSION AND FUTURE WORK

We introduced a conformal flattening algorithm based on an optimal control for triangu-
lated sufraces. We proposed the optimization problem for finding optimal cones utilizing the
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Ricci flow rather than the Yamabe equation. The algorithm is presented with the mathematical
background and numerical results show the optimality of the proposed method.

However, although our method is optimal in total cone angle, the L2 area distortion seems to
depend on the geometry of the object. Besides, proposed algorithm has a possible inefficiency
issue generated by storing control squences. We postpone the resolution of above limitations
in the near future.
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ABSTRACT. A 1kW-class horizontal axis wind turbine (HAWT) rotor blade is taken into ac-
count to investigate elastic characteristics in 2-D. The elastic blade field is composed of sym-
metric cross-ply laminated composite material. Blade element momentum theory is applied
to obtain the boundary conditions pressuring the blade, and the plane stress elasticity problem
is formulated in terms of two displacement parameters with mixed boundary conditions. For
the elastic characteristics a fair of differential equations are derived based on the elastic theory.
The domain is divided by triangular and rectangular elements due to the complexity of the blade
configuration, and a finite element method is developed for the governing equations to search
approximate solutions. The results describe that the elastic behavior is deeply influenced by the
layered angle of the middle laminate and the stability of the blade can be improved by control-
ling the layered angle of laminates, which can be evaluated by the mathematical approach.

1. INTRODUCTION

By taking advantage of low operation and maintenance cost, and fast installation wind tur-
bine is highlighted as an electricity production generator. Since free and renewable energies
are employed to produce electricity, wind turbine is a representative generator of pollution free
electricity. But, due to the critical demerit, the temporary nature of wind flow, reliable and
efficient blade design has been a matter of primary concern in order to obtain the maximum
energy from wind during the limited flowing period. Nowadays, composite materials (CMs)
are used in manufacturing blades to satisfy complex design constraints such as lower weight
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and proper stiffness, while providing good resistance to the static and fatigue loading. In de-
signing wind turbine blades important factors to be considered for lifetime extension are: (i)
Long and flexible structures; (ii) Vibrations in its resonant mode; (iii) Randomness in the load
spectra due to the nature of the wind; (iv) Continuous operation under different conditions; (v)
Low maintenance during lifetime [1].

In structural elements CMs display better performance owing to the excellent strength and
stiffness ratio to weight ratios, structural tailoring capability and tolerance to damage, and have
been used actively in engineering applications such as aerospace, marine, and automotive. The
excellent strength and stiffness ratio to weight ratios plays an important role, especially, in
the application of wind turbines. However, the process of ply drop-off to form CMs yields
low shear modulus, causing weaker compression strength in comparison with tensile. Various
structural elements, in general, are subjecting both loads and constraint at the same time dur-
ing the service and the materials composed of the elementals suffer from large deflections and
stresses in the presence of inherent scatter in the material properties under random loadings.
The capability to predict failure mechanisms like the maximum load and the elastic character-
istics of laminated CMs, thus, is a crucial part for reliable performance in applications.

Lifetime prediction and analysis of failure mechanisms for wind turbine composite blades
have been studied by many authors for reliability assurance. Mahmood et. al. [2] considered
a HAWT composite blade and static analysis is performed to extract the critical zone where
fatigue failure begins using a full 3-D finite element method. The responses of applying a tor-
sional loading to a laminated composite blade made of thermosetting epoxy matrix reinforced
by glass fibers were investigated by Tseng and Kuo [3].The composite blade of a small 1 kW
wind generator system showed that the weakest location of the blade is at the interface of the
aluminum shaft and glass-fiber/epoxy lay-ups in the composite blade root. Overgaard et. al.
[4] suggested a modeling strategy, sub-modeling approach, for the structural analysis of large
3-dimensional laminated composite structures undergoing geometric and material induced in-
stability. The strategy is for tracking multiple crack formations and the propagation of multiple
delamination fronts. The fatigue behavior of the material and structural properties were high-
lighted on wind turbine rotor blades made of composite materials by Kensche [5], considering
the influence of fiber content and architecture and environmental effects. Ghasemnejad et. al.
[6] presented the inter-laminar damage due to low velocity impacts on hybrid composite ma-
terials typical of those used in wind turbine blade structures, investigating the post-buckling
behavior of multi-delaminated composite beam. The effectiveness of a materials and design
selection methodology for a small low air-speed composite wind turbine blade is studied by
Aceves et. al. [7] – [8]. Lindaard and Lund [9] presented an approach to nonlinear buckling
fiber angle optimization of laminated composite shell structures, explaining the geometrically
nonlinear behavior of the structure by utilizing response analysis up until the critical point.
The interactions of composite box beams, showing various failure modes due to competing
failure mechanism, have been investigated using finite element method by Chen et. al. [10]
They analyzed failure mechanisms occurring in the composite box, by considering three types
of structural nonlinearities which is caused from geometry, materials, and contact. Lee [11]
presented a damping mechanism model based on fluid inertia damping caused by a delayed
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response of flow development. They concluded that the fluid inertia damping is a dominant
factor for a larger composite wind turbine blade in faster oscillatory motion. Furthermore,
Euler-Bernoulli beam theory has been adopted for the analysis of composite turbine blades and
extended to a generalized Timoshenko beam theory. The applications of a generalized Tim-
oshenko beam theory for composite wind turbine blades are performed with cross-sectional
analysis. Giavotto et. al. [12] proposed an improved accuracy method saint venant beam the-
ory (SVBT), which was stereotyped as the beam cross section analysis software (BECAS) by
Blasques et. al. [13]. Hodges et. al. [14] induced a developed method variational asymptotic
beams section analysis (VABS) and VABS is widely used for the analysis of composite wind
turbine blades [15] – [17].

Even though many authors have been tried to analyze the failure mechanisms and fatigue
behavior, as referenced above, the generalization is still remained as a one of the biggest chal-
lenge in wind turbine aerodynamics. Therefore, in the present study, in order to reduce high
cost to design an effective rotor blade and trial and error period, mathematical approach to the
elastic characteristics of the blade is required, and a newly developed mathematical modeling
method is suggested. A 1kW-class horizontal axis wind turbine (HAWT) rotor blade is con-
sidered to investigate the elastic characteristics of composite blade. Blade element momentum
theory is applied to obtain the boundary conditions pressuring blade and continuum mechanic
theory is developed for elastic behavior.

2. MATHEMATICAL MODELING

2.1. Blade element momentum theory. Blade element momentum theory is developed under
the assumptions: (i) No aerodynamic interactions appear between different blade elements, (ii)
The forces on the blade elements are solely determined by the lift and drag coefficients, (iii)
the flow is frictionless, which gives the axial force Fx

dFx =
1

2
U2
∞[4a(1− a)]2πrdr,

the tangential force Fθ

dFθ = 4á(1− a)πρU∞Ωr2dr,

and the tangential force T [18]

dT = 4á(1− a)πρU∞Ωr3dr.

U represents the flow velocity, ρ the air density, ω the wake rotational speed, and Ω the blade
rotational speed, and the axial induction factor and angular induction factor are defined by

a =
U∞ − Ud
U∞

and
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(a) (b)

(c)

FIGURE 1. Schematic view of 1kW-class HAWT rotor blade model : (a) lon-
gitudinal length, (b) chord length, (c) Discretized mesh of the blade model for
numerical analysis.

á =
ω

2Ω
,

respectively. The symbol∞ refers to conditions far upstream and d refers to conditions at the
disc. In addition, under the assumption that the forces on a blade element can be calculated by
means of two dimensional aero foil characteristics using an angle of attack determined from the
incident resultant velocity in the cross-sectional plane of the element, the relative flow angle φ
onto blades is defined by

sinφ =
U∞(1− a)

W
,

whereW is the relative velocity. The relation between the angle of attack α and the pitch angle
β is then given by

α = φ− β.
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2.2. Composite laminated theory. By the considering of a symmetric cross-ply laminated
composite field the average stress-strain relations in principal material coordinates in plane
(see Fig. 1(b)) for a lamina can be formulated as

 σx
σy
τxy

 =
1

h

 A11 A12 0
A12 A22 0
0 0 A66

 εx
εy
γxy


The h is to the total thickness of the laminate. The element of stiffness matrix [A] for a sym-
metric laminate with n-multiple orthotropic layers are

Aij =

n∑
k=1

[Q̄ij ]k(hk − hk−1),

where

[Q̄11]k = [Q11]k cos4 θk + [Q22]k sin4 θk + (2[Q12]k + 4[Q66]k) cos2 θk sin2 θk

[Q̄12]k = ([Q11]k + [Q22]k − 4[Q66]k) cos2 θk sin2 θk + [Q12]k(cos4 θk + sin4 θk)

[Q̄22]k = [Q11]k sin4 θk + [Q22]k cos4 θk + (2[Q12]k + 4[Q66]k) cos2 θk sin2 θk

[Q̄66]k = ([Q11]k + [Q22]k − 2[Q12]k − 2[Q66]k) cos2 θk sin2 θk + [Q66]k(cos4 θk + sin4 θk)

[Q11]k =
Ek

1

1−νk12νk21
[Q21]k =

νk21E
k
1

1−νk12νk21
[Q22]k =

Ek
2

1−νk12νk21

[Q16]k = 0 [Q26]k = 0 [Q66]k = Gk12.

Here (hk − hk−1) is the thickness of the k − th ply of the laminate, θk is the angle between
the x-axis and the fiber direction of a laminate in the laminate, Ek1 and Ek2 are the Young’s
modulus of the k− th ply in the longitudinal and transverse directions, respectively, νk1 and νk2
are the major and minor Poison’s ratio of the k − th ply, respectively, and Gk12 is the in-plain
shear modulus of a laminate in the laminate [19]. The basic stress can be expressed in terms of
displacements as

σx = 1
h [A11

∂ux
∂x +A12

∂uy
∂y ]

σy = 1
h [A12

∂ux
∂x +A22

∂uy
∂y ]

τxy = 1
h [A66(∂ux∂y +

∂uy
∂x )]. (2.1)

The ux and uy refer to the displacement components in the x- and y- directions, respectively.
The equation of equilibrium for the plane elasticity problems are given by
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∂σx
∂x +

∂τxy
∂y − ρΩ2x = 0,

∂σy
∂y +

∂τxy
∂x − ρΩ2y = 0. (2.2)

where Ω is the blade rotational speed. The combination of equations 2.1 and 2.2 yields

∂
∂x [A11

∂ux
∂x +A12

∂uy
∂y ] + ∂

∂y [A66(∂ux∂y +
∂uy
∂x )]− hρΩ2x = 0, (2.3a)

∂
∂x [A66(∂ux∂y +

∂uy
∂x )] + ∂

∂y [A12
∂ux
∂x +A22

∂uy
∂y ]− hρΩ2y = 0. (2.3b)

The boundary conditions for the present wind blade are obtained through the process in Sect. 2.1
and used for numerical approximation.

2.3. Finite element formulation. Since the governing equation 2.3 is too involved to solve
analytically, the partial differential equations convert into a linear system based on a finite ele-
ment method consisting of triangular and rectangular elements. Now, the variational approach
for the equations 2.3 is developed based on a finite element method. Multiplication equation
2.3b by a trial function w1 and equation 2.3b by w2, and integration over the domain yields the
followings:

∫
Λ[∂w1

∂x (A11
∂ux
∂x +A12

∂uy
∂y ) + ∂w1

∂y (A66
∂uy
∂x +A66

∂ux
∂y )]dA

= −
∮

Γw1txds+
∫

Λw1hρΩ2xdA,∫
Λ[∂w2

∂x (A66
∂uy
∂x +A66

∂ux
∂y ) + ∂w2

∂y (A12
∂ux
∂x +A22

∂uy
∂y )]dA

= −
∮

Γw2tyds+
∫

Λw2hρΩ2ydA,

where

tx = nx(A11
∂ux
∂x +A12

∂uy
∂y ) + ny(A66

∂uy
∂x +A66

∂ux
∂y ),

ty = nx(A66
∂uy
∂x +A66

∂ux
∂y ) + ny(A12

∂ux
∂x +A22

∂uy
∂y )

are the tractions on Γ. The domain Λ is divided into subdomains, Λe, e = 1, 2, ..., N , and the
variational form over the each element Λe is
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∫
Λe [

∂w1
∂x (A11

∂ux
∂x +A12

∂uy
∂y ) + ∂w1

∂y (A66
∂uy
∂x +A66

∂ux
∂y )]dA

= −
∮

Γe w1txds+
∫

Λe w1hρΩ2xdA,∫
Λe [

∂w2
∂x (A66

∂uy
∂x +A66

∂ux
∂y ) + ∂w2

∂y (A12
∂ux
∂x +A22

∂uy
∂y )]dA

= −
∮

Γe w2tyds+
∫

Λe w2hρΩ2ydA. (2.4)

Let us define

B11(w1, ux) =
∫

Λe [
∂w1
∂x A11

∂ux
∂x + ∂w1

∂y A66
∂ux
∂y ]dA

B12(w1, uy) =
∫

Λe [
∂w1
∂x A12

∂uy
∂y + ∂w1

∂y A66
∂uy
∂x ]dA

B21(w2, ux) =
∫

Λe [
∂w2
∂x A66

∂ux
∂y + ∂w2

∂y A12
∂ux
∂x ]dA

B22(w2, uy) =
∫

Λe [
∂w2
∂x A66

∂uy
∂x + ∂w2

∂y A22
∂uy
∂y ]dA

l1(w1) = −
∮

Γe w1txds+
∫

Λe w1hρΩ2xdA

l2(w2) = −
∮

Γe w2tyds+
∫

Λe w2hρΩ2ydA.

then equations 2.4 are of the form

B11(w1, ux) +B12(w1, uy) = l1(w1)

B21(w2, ux) +B22(w2, uy) = l2(w2). (2.5)

Suppose that on an element e

ux ≈
n∑
j=1

u
(e)
j φ

(e)
j , uy ≈

n∑
j=1

v
(e)
j φ

(e)
j .

The u(e)
j , v(e)

j are the nodal values of the primary variables. By employing the Ritz method the
variational form 2.5 can be written by

∑n
j=1B

11(φ
(e)
i , φ

(e)
j )u

(e)
j +

∑n
j=1B

12(φ
(e)
i , φ

(e)
j )v

(e)
j = l1(φ

(e)
i )∑n

j=1B
21(φ

(e)
i , φ

(e)
j )u

(e)
j +

∑n
j=1B

22(φ
(e)
i , φ

(e)
j )v

(e)
j = l2(φ

(e)
i ).

or

[K11(e)]{u(e)}+ [K12(e)]{v(e)} = {F 1(e)}

[K21(e)]{u(e)}+ [K22(e)]{v(e)} = {F 2(e)}. (2.6)
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The matrix elements represent, respectively,

K
11(e)
ij =

∫
Λe [A11

∂φ
(e)
i
∂x

∂φ
(e)
j

∂x +A66
∂φ

(e)
i
∂y

∂φ
(e)
j

∂y ]dA

K
12(e)
ij = K

21(e)
ij =

∫
Λe [A12

∂φ
(e)
i
∂x

∂φ
(e)
j

∂y +A66
∂φ

(e)
i
∂y

∂φ
(e)
j

∂x ]dA

K
22(e)
ij =

∫
Λe [A66

∂φ
(e)
i
∂x

∂φ
(e)
j

∂x +A22
∂φ

(e)
i
∂y

∂φ
(e)
j

∂y ]dA

F 1(e) = −
∮

Γe φ
(e)
i txds+

∫
Λe φ

(e)
i hρΩ2xdA

F 2(e) = −
∮

Γe φ
(e)
i tyds+

∫
Λe φ

(e)
i hρΩ2ydA.

Equations 2.6 can be expressed with[
K11(e) K12(e)

K21(e) K22(e)

]{
u(e)

u(e)

}
=

{
F 1(e)

F 2(e)

}
and rearrange this system to get

[K(e)]{4(e)} = {F (e)},
where

{4(e)} = [u
(e)
1 , v

(e)
1 , u

(e)
2 , v

(e)
2 , ..., u

(e)
n , v

(e)
n ]T ,

{F (e)} = [F
1(e)
1 , F

2(e)
1 , F

1(e)
2 , F

2(e)
2 , ..., F

1(e)
n , F

2(e)
n ]T .

The [ ]T implies the transpose of the matrix [ ].

3. RESULTS AND DISCUSSION

3.1. 1kW-class HAWT rotor blade model designed by BEMT. The optimum design param-
eters of 1kW-class HAWT rotor blade are shown in Table 1 and the blade element momentum
theory developed in Sect. 2.1 is applied to obtain the boundary conditions for elastic charac-
teristics. Fig. 1 presents the schematic view of 1kW-class HAWT rotor blade model. Airfoil
profile of NACA 63(2)-415 is applied to the total radial length of the rotor blade. The compos-
ite rotor blade is of the longitudinal length of the blade R = 1250mm and the lateral length
Y = 310mm.

In Fig. 2(a), the relative flow angle, and axial and angular induction factors of the rotor blade
are displayed through graphs. The relative flow angle decreases exponentially with the increase
of normalized radius (NR). The angular induction factor decreases exponentially until the value
of NR is 0.3 and the rate of decrease is proportional to a linear function after NR 0.3. The
induction factor increases around the interval 0.3 < NR < 0.85, while decrease rapidly after
NR 0.85. Fig. 2(b) presents the stresses, axial force, tangential force, and torque, occurring on
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TABLE 1. Value of parameters.

Parameter value
Number of blade 3

Blade rotational speed 500/min
Wake rational speed 3m/s (11km/h)

Absolute velocity 9m/s (32km/h)
Density 1.255kg/m3 (1kg/m3 = 0.001g/cm3)

Tip speed ratio 7

(a) (b)

FIGURE 2. Design parameters of 1kW-class HAWT rotor blade model calcu-
lated by BEMT : (a) axial and angular induction factor, relative flow angle, (b)
axial and tangential forces, torque.

the rotor blade of wind turbine. The axial force increases exponentially until NR 0.85 with the
increase of NR and decreases rapidly after NR 0.85. But, Fig. 2(b) exhibits a linear growth in
the variation of tangential force until NR 0.85. Similar behavior is appeared in the variation
of torque. Fig. 3 shows the performance curve by power coefficient (Cp) according to the tip
speed ratio (λ), based on CFD analysis on the 1kW-class HAWT rotor blade designed [20].
The power coefficient is defined as

Cp =
P

1
2ρAV

3
∞
.

When λ is 7, Cp presents the maximum value of 0.48. As the inlet wind velocity is 9.3m/s
which is corresponding to λ=7, and about 1.2kW output power is generated on the condition
of the standard atmospheric pressure air density, it is considered that the design method of the
rotor blade by BEMT in this study is reliable enough.

3.2. Elastic characteristics of the composite rotor blade model. For the elastic character-
istics of a composite rotor blade a finite element method is developed to obtain the numerical
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FIGURE 3. Power coefficient curve by BEMT.

TABLE 2. Mechanical properties used for analyzing elastic characteristics.

Material / Property E1(GPa) E2(GPa) G12(GPa) ν12 ν21

C520 48.2 11.7 6.48 0.3 0.3
3/4 Mat 7.58 7.58 6.48 0.3 0.3
Gel Coat 3.44 3.44 1.32 0.3 0.3

solutions using the boundary conditions displayed in Fig. 2(b). The discritized rotor blade is
sketched in Fig. 1(c) and the process in Sect. 2.3 is applied to obtain numerical solutions. The
mechanical properties for elastic characteristics are shown in Table 2.

Figure 4 indicates the displacements of the laminate piling up with five ply in sequence
[0/0/0/0/0]. The middle ply has 6.0 mm thickness and the other plies are 1.0 mm thick-
ness. The normalized longitudinal and lateral displacement components ux/R and uy/Y are
presented to normalized position x/R and y/Y , respectively, in Fig. 4. The representative
normalized positions are x/R=0.248, x/R=0.546, and x/R=843. In the longitudinal displace-
ment, the lower part of the blade is under the action of compression and the upper part of the
blade is extended at x/R=0.248, while the blade, at x/R=0.546, displays positive extension at
the lower part and the upper part is compressed with larger magnitude (see Fig. 4(a)). Near the
tip of the blade, x/R=843, most area of the blade experiences positive extension. As shown
in Fig. 4(b), only positive lateral displacement appears and the magnitude of the lateral dis-
placement increases as the normalized x/R increases. The movement is rhythmical occurring
sinuous-type fluctuation, and larger lateral displacement proceeds at the boundary of the lower
part, which demonstrates that the mathematical approach is reliable and reasonable.

For the representative normalized positions x/R=0.248, and x/R=0.546, the stresses are ex-
hibited in Fig. 5 of the laminate piling up with five-ply in sequence [0/0/0/0/0]. At x/R=0.248,
the lower part of the blade is under the loading of compressive longitudinal stress except
near the boundary and the compressive stress converts into the tensile after y/Y =0.456 (see
Fig. 5(a)), which implies that the upper of the blade is exposed to the failure mechanism and
more fragile. The maximum magnitude of the compressive longitudinal stress occurs around
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(a) (b)

FIGURE 4. Displacements of the laminate by normalized positions : (a) lon-
gitudinal, (b) lateral displacement.

(a) (b)

FIGURE 5. Stresses of the laminate by normalized positions : (a) longitudinal
stress, (b) lateral stress.

y/Y =0.115 and the tensile longitudinal stress around y/Y =0.66. Similar behavior develops in
the lateral stress, as shown in Fig. 5(b).

The effects of the piling sequence of five-ply are analyzed through Figs. 6-7. Four different
piling styles: [0/0/0/0/0], [0/(π/2)/0/(π/2)/0], [0/0/(π/2)/0/0], and [0/(π/2)/(π/2)/(π/2)/0] are
chosen to investigate the elastic characteristics of the composite blade at the normalized posi-
tion x/R=0.546. The blade with piling sequence [0/0/0/0/0] and [0/(π/2)/0/(π/2)/0] is com-
pressed in the longitudinal direction over the normalized interval y/Y < 0.67 and extended to
the positive longitudinal direction over the normalized interval y/Y > 0.67 (see Fig. 6(a)). In
the piling sequence [0/0/(π/2)/0/0] and [0/(π/2)/(π/2)/(π/2)/0] the longitudinal displacement
develops to the positive direction over the interval y/Y < 0.144, but, the blade is compressed
over the interval y/Y > 0.144. Fig. 6(b) displays the lateral displacement at the normalized
position x/R=0.546. The lateral displacement is compressed in the piling sequence [0/0/0/0/0]
and [0/(π/2)/0/(π/2)/0], whereas the blade is extended to the positive direction in the piling
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sequence [0/0/(π/2)/0/0] and [0/(π/2)/(π/2)/(π/2)/0]. The movements of the blade are al-
most identical in the piling sequence [0/0/0/0/0] and [0/(π/2)/0/(π/2)/0], and [0/0/(π/2)/0/0]
and [0/(π/2)/(π/2)/(π/2)/0], respectively, expressing that the piling angle of the middle layer
yields crucial influence on the elastic characteristics.

(a) (b)

FIGURE 6. Displacements of laminate by piling sequence : (a) longitudinal,
(b) lateral.

The stress distribution profiles are expressed in Fig. 7 at the normalized position x/R=0.546.
In the piling sequence [0/0/0/0/0] and [0/(π/2)/0/(π/2)/0] longitudinal tensile stress develops
over the interval y/Y < 0.0823 and the longitudinal stress converts into compressive over
the other interval y/Y > 0.0823 (see Fig. 7(a)). But, the blade with the piling sequence
[0/0/(π/2)/0/0] and [0/(π/2)/(π/2)/(π/2)/0] is under the loading of tensile stress except the
nearby of lower boundary. As shown in Fig. 7(b) similar tendency develops in the lateral
stress distribution profiles except for the magnitude of tensile stress in the piling sequence
[0/0/(π/2)/0/0] and [0/(π/2)/(π/2)/(π/2)/0]. The shear stress distribution profiles are dis-
played in Fig. 7(c). The blade with the piling sequence [0/0/0/0/0] and [0/(π/2)/0/(π/2)/0]
is pressured with compressive shear stress, while tensile stress is appeared over the interval
y/Y > 0.144 in the piling sequence [0/0/(π/2)/0/0] and [0/(π/2)/(π/2)/(π/2)/0]. The results
demonstrate that composite blades with the piling sequence [0/0/0/0/0] and [0/(π/2)/0/(π/2)/0]
express more durable.
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(a) (b)

(c)

FIGURE 7. Stresses of laminate by piling sequence : (a) longitudinal, (b) lat-
eral, (c) shear.

4. CONCLUSIONS

The elastic characteristics of composite blades subjecting wind loading have been investi-
gated through mathematical approach. The relative flow angle, axial and angular induction
factors, and the stresses on the boundary are sensitive to the shape of rotor blade. A sinuous-
type fluctuation appears in the movement of the rotor blade, and larger lateral displacement
proceeds at the boundary of the lower part demonstrating reasonable mathematical. The con-
version in stress distribution profiles is a cause of failure mechanisms during the life time. The
piling sequence is an important factor to determine elastic characteristics in composite rotor
blades. Especially, the piling angle of the middle layer exerts a crucial influence on the rotor
blade behavior, and the same piling angle at the middle layer expresses almost identical elastic
movement. The results will be helpful in designing a composite rotor blade.
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ABSTRACT. In this paper, we are extending fractional partial differential equations to fuzzy
fractional partial differential equation under Riemann-Liouville and Caputo fractional deriva-
tives, namely Variational iteration methods, and this method have applied to the fuzzy fractional
wave equation with initial conditions as in fuzzy. It is explained by one and two-dimensional
wave equations with suitable fuzzy initial conditions.

1. INTRODUCTION

In now a day, there have been many implementations in obtaining exact solutions in the
subject of a fuzzy fractional partial differential equation. Amiri defines the fuzzy generalized
Pantograph Equation under Hukuhara differentiability [1]. The concept of the fuzzy derivative
was initially defined by Chang and Zadeh [2]. The concept of the fuzzy matrix is first intro-
duced by Thomason 1977 [3]. VIM for obtaining the analytical solution of nonlinear fuzzy
initial value problem (NLFIVP) relating to the fuzzy Duffing‘s equation without changing of
the first-order system [4]. Applications of VIM, and finding the exact solution of fractional
order by using FIVP is compared [5]. Jafari had explained Huan VIM for fractional Riccati
differential equation with following NL equations,

cDα
0+u(t) = A(t) +B(t)u+ C(t)u2, t > 0,m− 1 < α ≤ m, (1.1)

with fuzzy initial condition,

uj(0) = C̃j , j = 1, · · · ,m− 1,mϵN

Where A(t), B(t) and C(t) are given functions, C̃j , j = 1, 2, · · · ,m − 1,m ∈ N, are arbi-
trary fuzzy numbers and α is an order of the fractional derivative [6]. N-th order fuzzy differ-
ential equation for VIM is done by Abbasbandy at.al [7]. Using Laplace transforms method
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with fuzzy fractional differential equations Kumar had found the exact solutions [8]. Fuzzy
fractional differential equations under Riemann Liouville H-differentiability by fuzzy Laplace
transforms are done in [9]. A comparison of the ADM, VIM, and NIM in one dimension equa-
tions is done by Ghadle and Khan [10]. Time-fractional diffusion equation, time-fractional
telegraphic equation, and the time fraction wave equation in three dimensions with three sys-
tematic schemes, namely the ADM, VIM and the NIM is done in [11].

In this paper, we are taking a very important first and second-order linear partial differential
wave equation as they occur in classical physics such as mechanical wave-like water wave,
sound wave, and seismic wave or a light wave. It arises in fields like Tsunami prediction, traffic-
induced vibrations, soil dynamics, acoustics, electromagnetic and fluid dynamics. In 1992 and
1993 Matsuno import the NL evolution equation for one-dimensional gravity wave equation
in fluid of arbitrary depth by complex function theory and the set of equations and further
he studied non-uniform bottom and for interval wave, and he extended it to two-dimensional
third-order NL surface wave by taking the Fourier transform method, including the effects of
pressure forcing on the free surface and surface tension [12].

VIM is a nearly accurate-analytical method was proposed by He [13, 14, 15] and has been
performed by many physics and engineering problems [16, 17]. VIM was used in [18] to
obtain the approximate solution for the first-order LFIVP. Also besides, it was proved that VIM
is more valuable and much quicker than ADM. In [19] VIM was used to find the accurate-
analytical result for FDE’s including NL first-order FIVP. The VIM is been proven to be an
efficient method as compared to other methods for solving the fuzzy fractional wave equation.

It is assumed that the existence of vague parameters in wave equations with variable coef-
ficients. Since Zadeh explain fuzzy sets theory [20] is a strong tool for representing blurred
and dealing out vague in mathematical models, hence, the idea in solving wave equations with
fuzzy parameters using the similar approach as Buckley and Feuring [21] using VIM [22].

In comparison with the paper [23], Chadli investigated the problems with fuzzy parameters,
FIV and fuzzy forcing functions recommend by a new theorem for discovering the exact fuzzy
solutions, witch extended to the Buckley-Feuring for the proposed models [24]. The appli-
cation of VIM is easy and computation of the following approximations is straightforward.
Strategy based on VIM [25] is introduced by two types of solutions, the Buckley-Feuring so-
lution, and the Seikkala solution.

In the second section, we have explained VIM by using examples like linear inhomogeneous
time-fractional wave equation in one and two dimensions with suitable FIC and analysis of the
VIM are used from [26].

2. NUMERICAL RESULT

In this section, we present the illustrative examples, by using definitions of fuzzy and Tri-
angular fuzzy numbers and also using the key lemma, essential for the build the solutions, the
properties of Modified Fuzzy Riemann-Liouville derivative are explained and is solved with
VIM [26] and using (1.1).
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Example 1. Consider the following one dimensional linear inhomogeneous fuzzy fractional
wave equation.

cDα
0+u(t) + ux =

t1−α

Γ(2− α)
sin(x) + t cos(x), t > 0, x ∈ R, 0 < α ≤ 1, (2.1)

Subject to the fuzzy initial condition,

u(0) = 0̃[r − 1, 1 + r],

The exact solution of (2.1) is,

u(x, t) =t sin(x)− [
∞∑
i=1

1

xi
tαi

Γ(αi + 1)
], i = 1, 2 · · ·

=t sin(x)− Eα
1

x
tα

Where Eα is Mittage-Leffler function.

Now, the correction function for (2.1) form as below,

un+1(t, x, r) =un(t, x, r) +
1

Γ(α+ 1)

∫ t

0
[λ(ξ)

dα

dξα
un(ξ, x, r) +

d

dx
un(ξ, x, r)

− t1−α

Γ(2− α)
sin(x)− t cos(x)]dξα, (2.2)

un+1(t, x, r) =un(t, x, r) +
1

Γ(α+ 1)

∫ t

0
[λ(ξ)

dα

dξα
un(ξ, x, r) +

d

dx
un(ξ, x, r)

− t1−α

Γ(2− α)
sin(x)− t cos(x)]dξα, (2.3)

Where

dα

dξα
[un(ξ, x1, x2, r)]

r =c Dα
0+ [un(ξ, x1, x2, r)]

r

This yield the stationary conditions

λ′(ξ) = 0, 1 + λ(ξ) = 0, λ
′
(ξ) = 0, 1 + λ(ξ) = 0

which gives,

λ(ξ) = λ(ξ) = −1
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Using the Lagrangian multiplier in (2.2) and (2.3) the iteration formula is shown below,

un+1(t, x, r) =un(t, x, r)−
1

Γ(α+ 1)

∫ t

0
[
dα

dξα
un(ξ, x, r) +

d

dx
un(ξ, x, r)

− t1−α

Γ(2− α)
sin(x)− t cos(x)]dξα, (2.4)

un+1(t, x, r) =un(t, x, r) +
1

Γ(α+ 1)

∫ t

0
[
dα

dξα
un(ξ, x, r) +

d

dx
un(ξ, x, r)

− t1−α

Γ(2− α)
sin(x)− t cos(x)]dξα (2.5)

Beginning with

u0(t, x1, x2, r) = (r − 1)
tα

Γ(α+ 1)
, u0(t, x1, x2, r) = (1− r)

tα

Γ(α+ 1)

By the iteration formula (2.4) and (2.5), we get the other components as,

u1(t, x1, x2, r) =t sin(x) +
tα+1

Γ(α+ 2)
cos(x),

u1(t, x1, x2, r) =t sin(x) +
tα+1

Γ(α+ 2)
cos(x),

u2(t, x1, x2, r) =t sin(x) +
t2α+1

Γ(2α+ 2)
sin(x),

u2(t, x1, x2, r) =t sin(x) +
t2α+1

Γ(2α+ 2)
sin(x), (2.6)

u3(t, x1, x2, r) =t sin(x) +
t3α+1

Γ(3α+ 2)
cos(x),

u3(t, x1, x2, r) =t sin(x) +
t3α+1

Γ(3α+ 2)
cos(x),

u4(t, x1, x2, r) =t sin(x) +
t4α+1

Γ(4α+ 2)
sin(x),

u4(t, x1, x2, r) =t sin(x) +
t4α+1

Γ(4α+ 2)
sin(x),

...

And so on. The nth approximate fuzzy solution of the method approximates the exact series
solution. So, we approximate fuzzy solutions.
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FIGURE 1. (a)Exact solution (b) Approximate fuzzy solution.

TABLE 1. For approximate fuzzy solution at α = 0.5 and u(t, x, r) ∼= u2(t, x, r).

u(t, x, r)
α → 0.0 0.1 0.2 0.3 0.4 0.5 u exact
t ↓
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.1 0.1 0.2 0.157266 0.132049 0.109454 0.105 0.1
0.2 0.4 0.331563 0.284579 0.253263 0.232919 0.22 0.2
0.3 0.6 0.514014 0.449207 0.401899 0.368299 0.345 0.3
0.4 0.8 0.702251 0.623205 0.561463 0.514632 0.48 0.4
0.5 1.0 0.895057 0.805054 0.730744 0.671295 0.625 0.5

TABLE 2. For approximate solution at α = 0.5 and u(t, x, r) ∼= u2(t, x, r).

u(t, x, r)
α → 0.0 0.1 0.2 0.3 0.4 0.5 u exact
t ↓
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.1 0.1 0.2 0.157266 0.132049 0.11757 0.109454 0.105
0.2 0.2 0.4 0.331563 0.284579 0.253263 0.232919 0.22
0.3 0.3 0.6 0.514014 0.449207 0.401899 0.368299 0.345
0.4 0.4 0.8 0.702251 0.623205 0.561463 0.514632 0.48
0.5 0.5 1.0 0.895057 0.805054 0.730744 0.671295 0.625

Example 2. Consider the following one dimensional linear inhomogeneous fuzzy fractional
wave equation.

cDα
0+u(t) + ux =

t1−α

Γ(2− α)
sin(x) + t cos(x), t > 0, x ∈ R, 0 < α ≤ 1, (2.7)
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Subject to the fuzzy initial condition,

u(0) = 1̃ = [0.5 + 0.5r, 1.5− 0.5r], (r − cut, r ∈ (0, 1], 0 ≤ r ≤ 1)

The exact solution of (2.7) is,

u(x, t) =t sin(x)− [
∞∑
i=1

1

xi
tαi

Γ(αi + 1)
], i = 1, 2 · · ·

=t sin(x)− Eα
1

x
tα

Where Eα is Mittage-Leffler function.

Now, the correction function for (2.7) form as below,

un+1(t, x, r) =un(t, x, r) +
1

Γ(α+ 1)

∫ t

0
[λ(ξ)

dα

dξα
un(ξ, x, r) +

d

dx
un(ξ, x, r)

− t1−α

Γ(2− α)
sin(x)− t cos(x)]dξα, (2.8)

un+1(t, x, r) =un(t, x, r) +
1

Γ(α+ 1)

∫ t

0
[λ(ξ)

dα

dξα
un(ξ, x, r) +

d

dx
un(ξ, x, r)

− t1−α

Γ(2− α)
sin(x)− t cos(x)]dξα, (2.9)

Where
dα

dξα
[un(ξ, x1, x2, r)]

r =c Dα
0+ [un(ξ, x1, x2, r)]

r

This yield the stationary condition

λ′(ξ) = 0, 1 + λ(ξ) = 0, λ
′
(ξ) = 0, 1 + λ(ξ) = 0

λ(ξ) = λ(ξ) = −1

Using the Lagrangian multiplier in (2.8) and (2.9), the iteration formula is shown below,

un+1(t, x, r) =un(t, x, r)−
1

Γ(α+ 1)

∫ t

0
[
dα

dξα
un(ξ, x, r) +

d

dx
un(ξ, x, r)

− t1−α

Γ(2− α)
sin(x)− t cos(x)]dξα, (2.10)

un+1(t, x, r) =un(t, x, r) +
1

Γ(α+ 1)

∫ t

0
[
dα

dξα
un(ξ, x, r) +

d

dx
un(ξ, x, r)

− t1−α

Γ(2− α)
sin(x)− t cos(x)]dξα, (2.11)
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Beginning with

u0(t, x1, x2, r) = (0.5 + 0.5r), u0(t, x1, x2, r) = (1.5− 0.5r)

By the iteration formula (2.10) and (2.11), we get the other components as,

u1(t, x1, x2, r) =(0.5 + 0.5r) + t sin(x) +
tα+1

Γ(α+ 2)
cos(x),

u1(t, x1, x2, r) =(1.5− 0.5r) + t sin(x) +
tα+1

Γ(α+ 2)
cos(x),

u2(t, x1, x2, r) =(0.5 + 0.5r) + t sin(x) +
t2α+1

Γ(2α+ 2)
sin(x),

u2(t, x1, x2, r) =(1.5− 0.5r) + t sin(x) +
t2α+1

Γ(2α+ 2)
sin(x),

u3(t, x1, x2, r) =(0.5 + 0.5r) + t sin(x) +
t3α+1

Γ(3α+ 2)
cos(x),

u3(t, x1, x2, r) =(1.5− 0.5r) + t sin(x) +
t3α+1

Γ(3α+ 2)
cos(x),

u4(t, x1, x2, r) =(0.5 + 0.5r) + t sin(x) +
t4α+1

Γ(4α+ 2)
sin(x),

u4(t, x1, x2, r) =(1.5− 0.5r) + t sin(x) +
t4α+1

Γ(4α+ 2)
sin(x),

And so on. The nth approximate fuzzy solution of the method approximates the exact series
solution. So, we approximate fuzzy solutions.

[u(t, x)]r = [u10(t, x, r), u10(t, x, r)]

Using VIM is plotted for α = 0.5.

0.2 0.4 0.6 0.8 1.0
x

1.6

1.7

1.8

1.9

u

FIGURE 2. (a)Exact solution (b) Approximate fuzzy solution.
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TABLE 3. For approximate solution at α = 0.5 and u(t, x, r) ∼= u10(t, x, r).

u(t, x, r)
α → 0.0 0.1 0.2 0.3 0.4 0.5 u exact

t↓
0.0 0.500000 0.550000 0.600000 0.650000 0.700000 0.750000 0.50000
0.1 0.600000 0.650000 0.700000 0.750000 0.800000 0.850000 0.55000
0.2 0.700000 0.750000 0.800000 0.850000 0.900000 0.950000 0.60000
0.3 0.800001 0.850001 0.900001 0.950001 1.000001 1.050001 0.65000
0.4 0.900006 0.950006 1.000006 1.050006 1.100006 1.150006 0.70000
0.5 1.000022 1.050022 1.100022 1.150022 1.200022 1.250022 0.75000

TABLE 4. For approximate solution at α = 0.5 and u(t, x, r) ∼= u10(t, x, r).

u(t, x, r)
α → 0.0 0.1 0.2 0.3 0.4 0.5 u exact

t↓
0.0 1.500000 1.450000 1.400000 1.350000 1.30000 1.250000 0.50000
0.1 1.600000 1.550000 1.500000 1.450000 1.40000 1.350000 0.55000
0.2 1.700000 1.650000 1.600000 1.550000 1.500000 1.450000 0.60000
0.3 1.800001 1.750001 1.700001 1.650001 1.600001 1.550001 0.65000
0.4 1.900006 1.850006 1.800006 1.750006 1.700006 1.650006 0.70000
0.5 2.000022 1.950022 1.900022 1.850022 1.800022 1.750022 0.75000

Example 3. Consider the following two dimensional linear inhomogeneous fuzzy fractional
wave equation.

dα

dtα
u(t, x1, x2) =

d2

dx21
u(t, x1, x2) +

d2

dx22
u(t, x1, x2)− 2u(t, x1, x2),

1 < α ≤ 2, t > 0, x1;x2 ∈ R2 (2.12)

Subject to the fuzzy initial condition,

u(0) = [r − 1, r + 1]

Now the correction functional for (2.12) form as below,

un+1(t, x1, x2, r) =un(t, x1, x2, r) +
1

Γ(α+ 1)

∫ t

0
λ(ξ)[

dα

dξα
un(ξ, x1, x2, r)

− d2

dx21
un(ξ, x1, x2, r)−

d2

dx22
un(ξ, x1, x2, r)

+ 2un(ξ, x1, x2, r)]dξ
α, (2.13)
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un+1(t, x1, x2, r) =un(t, x1, x2, r) +
1

Γ(α+ 1)

∫ t

0
λ(ξ)[

dα

dξα
un(ξ, x1, x2, r)

− d2

dx21
un(ξ, x1, x2, r)−

d2

dx22
un(ξ, x1, x2, r)

+ 2un(ξ, x1, x2, r)]dξ
α, (2.14)

Where
dα

dξα
[un(ξ, x1, x2, r)]

r =c Dα
0 [un(ξ, x1, x2, r)]

r

This yield the stationary condition

λ′(ξ) = 0, 1 + λ(ξ) = 0, λ
′
(ξ) = 0, 1 + λ(ξ) = 0

λ(ξ) = λ(ξ) = −1

Using the Lagrangian multiplier in (2.13) and (2.14), the iteration formula is shown below,

un+1(t, x1, x2, r) =un(t, x1, x2, r)−
1

Γ(α+ 1)

∫ t

0
[
dα

dξα
un(ξ, x1, x2, r)

− d2

dx21
un(ξ, x1, x2, r)−

d2

dx22
un(ξ, x1, x2, r)

+ 2un(ξ, x1, x2, r)]dξ
α, (2.15)

un+1(t, x1, x2, r) =un(t, x1, x2, r)−
1

Γ(α+ 1)

∫ t

0
[
dα

dξα
un(ξ, x1, x2, r)

− d2

dx21
un(ξ, x1, x2, r)−

d2

dx22
un(ξ, x1, x2, r)

+ 2un(ξ, x1, x2, r)]dξ
α, (2.16)

Beginning with

u0(t, x1, x2, r) = (r − 1)
tα

Γ(α+ 1)
, u0(t, x1, x2, r) = (1− r)

tα

Γ(α+ 1)

By the iteration formula (2.15) and (2.16), we get the other components as,

u1(t, x1, x2, r) =− 2(r − 1)
t2α

Γ(2α+ 1)
, u1(t, x1, x2, r) = −2(1− r)

t2α

Γ(2α+ 1)
,

u2(t, x1, x2, r) =4(r − 1)
t3α

Γ(3α+ 1)
, u2(t, x1, x2, r) = 4(1− r)

t3α

Γ(3α+ 1)
,

u3(t, x1, x2, r) =− 8(r − 1)
t4α

Γ(4α+ 1)
, u3(t, x1, x2, r) = −8(1− r)

t4α

Γ(4α+ 1)
,
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u4(t, x1, x2, r) =16(r − 1)
t5α

Γ(5α+ 1)
, u4(t, x1, x2, r) = 16(1− r)

t5α

Γ(5α+ 1)
,

...

And so on. The nth approximate fuzzy solution of the method approximates the exact series
solution. So, we approximate fuzzy solutions.

Example 4. Consider the following two dimensional linear inhomogeneous fuzzy fractional
wave equation.

dα

dξα
u(t, x1, x2) =

d2

dx21
u(t, x1, x2) +

d2

dx22
u(t, x1, x2)− 2u(t, x1, x2),

1 < α ≤ 2, t > 0, x1;x2 ∈ R2 (2.17)

Subject to the fuzzy initial condition,

u(0) = 1̃ = [0.5 + 0.5r, 1.5− 0.5r], (r − cut, r ∈ (0, 1], 0 ≤ 1)

Now the correction function for (2.17) form as below,

un+1(t, x1, x2, r) =un(t, x1, x2, r) +
1

Γ(α+ 1)

∫ t

0
λ(ξ)[

dα

dξα
un(ξ, x1, x2, r)

− d2

dx21
un(ξ, x1, x2, r)−

d2

dx22
un(ξ, x1, x2, r)

+ 2un(ξ, x1, x2, r)]dξ
α, (2.18)

un+1(t, x1, x2, r) =un(t, x1, x2, r) +
1

Γ(α+ 1)

∫ t

0
λ(ξ)[

dα

dξα
un(ξ, x1, x2, r)

− d2

dx21
un(ξ, x1, x2, r)−

d2

dx22
un(ξ, x1, x2, r)

+ 2un(ξ, x1, x2, r)]dξ
α, (2.19)

Where

dα

dξα
[un(ξ, x1, x2, r)]

r =c Dα
0 [un(ξ, x1, x2, r)]

r

This yield the stationary condition

λ′(ξ) = 0, 1 + λ(ξ) = 0, λ
′
(ξ) = 0, 1 + λ(ξ) = 0

λ(ξ) = λ(ξ) = −1
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Using the Lagrangian multiplier in (2.18) and (2.19), the iteration formula is shown below,

un+1(t, x1, x2, r) =un(t, x1, x2, r)−
1

Γ(α+ 1)

∫ t

0
[
dα

dξα
un(ξ, x1, x2, r)

− d2

dx21
un(ξ, x1, x2, r)−

d2

dx22
un(ξ, x1, x2, r)

+ 2un(ξ, x1, x2, r)]dξ
α, (2.20)

un+1(t, x1, x2, r) =un(t, x1, x2, r)−
1

Γ(α+ 1)

∫ t

0
[
dα

dξα
un(ξ, x1, x2, r)

− d2

dx21
un(ξ, x1, x2, r)−

d2

dx22
un(ξ, x1, x2, r)

+ 2un(ξ, x1, x2, r)]dξ
α, (2.21)

Beginning with

u0(t, x1, x2, r) = (r − 1)
tα

Γ(α+ 1)
, u0(t, x1, x2, r) = (1− r)

tα

Γ(α+ 1)

By the iteration formula (2.20) and (2.21), we get the other components as,

u1(t, x1, x2, r) =(0.5 + 0.5r)(1− 2tα

Γ(α+ 1)
),

u1(t, x1, x2, r) =(1.5− 0.5r)(1− 2tα

Γ(α+ 1)
),

u2(t, x1, x2, r) =(0.5 + 0.5r)(1− 2tα

Γ(α+ 1)
+

4t2α

Γ(2α+ 1)
),

u2(t, x1, x2, r) =(1.5− 0.5r)(1− 2tα

Γ(α+ 1)
+

4t2α

Γ(2α+ 1)
),

u3(t, x1, x2, r) =(0.5 + 0.5r)(1− 2tα

Γ(α+ 1)
+

4t2α

Γ(2α+ 1)
− 8t3α

Γ(3α+ 1)
),

u3(t, x1, x2, r) =(1.5− 0.5r)(1− 2tα

Γ(α+ 1)
+

4t2α

Γ(2α+ 1)
− 8t3α

Γ(3α+ 1)
),

u4(t, x1, x2, r) =(0.5 + 0.5r)(1− 2tα

Γ(α+ 1)
+

4t2α

Γ(2α+ 1)
− 8t3α

Γ(3α+ 1)

+
16t4α

Γ(4α+ 1)
),
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u4(t, x1, x2, r) =(1.5− 0.5r)(1− 2tα

Γ(α+ 1)
+

4t2α

Γ(2α+ 1)
− 8t3α

Γ(3α+ 1)

+
16t4α

Γ(4α+ 1)
),

...

And so on. The nth approximate fuzzy solution of the method approximates the exact series
solution. So, we approximate fuzzy solutions.
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FIGURE 3. (a)Exact solution (b) Approximate fuzzy solution.

TABLE 5. For approximate solution at α=0.5 and u(t, x1, x2, r) ∼= u2(t, x1, x2, r).

u(t, x1, x2, r)
α → 0.0 0.1 0.2 0.3 0.4 0.5 u exact

t↓
0.0 0.500000 0.550000 0.600000 0.650000 0.700000 0.750000 0.50000
0.1 0.343175 0.377493 0.411810 0.446128 0.480445 0.514763 0.55000
0.2 0.395373 0.434911 0.474448 0.513986 0.553523 0.59306 0.60000
0.3 0.481961 0.530157 0.578354 0.62655 0.674746 0.722942 0.65000
0.4 0.586350 0.644985 0.703620 0.762255 0.820890 0.879526 0.70000
0.5 0.702115 0.772327 0.842539 0.912750 0.982962 1.053170 0.75000
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TABLE 6. For approximate solution at α = 0.5 and u(t, x1, x2, r) ∼= u2(t, x, r).

u(t, x1, x2, r)
α → 0.0 0.1 0.2 0.3 0.4 0.5 u exact

t↓
0.0 1.50000 1.450000 1.40000 1.350000 1.300000 1.250000 0.50000
0.1 1.02953 0.995208 0.96089 0.926573 0.892255 0.857938 0.55000
0.2 1.18612 1.146580 1.10705 1.067510 1.027970 0.988434 0.60000
0.3 1.44588 1.397690 1.34949 1.301300 1.253100 1.204900 0.65000
0.4 1.75905 1.700420 1.64178 1.583150 1.524510 1.465880 0.70000
0.5 2.10635 2.036130 1.96592 1.895710 1.825500 1.755290 0.75000

3. INTERPRETATION OF GRAPH

In example (1) taking equation (2.6) i.e u2(t, x1, x2, r) and u2(t, x1, x2, r) which is approxi-
mately equal to u(t, x1, x2, r) and varying α and t for u2(t, x1, x2, r) and u2(t, x1, x2, r) which
is given in table (1) (2) and comparison of exact and approximation solution is interpreted by
Figure (1). Similarly, in example (2) we get approximation in 10th iteration and in example (4)
we get approximation in 2nd iteration.

4. CONCLUSION

The article consists of, VIM is explored to calculate the fractional order fuzzy wave equa-
tions. The result we obtained is accomplished by the VIM is in infinite series form, which can
be articulated by an inherent form with proper fuzzy IC, the final result is shown by graphically,
how approximation the method is.
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