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ABSTRACT. A numerical solution is provided for a jet produced by a flow emerging from a
slit at the bottom corner of a quarter plane. The flow is characterized by the Froude number F ,
based on the net volume flux and the width of the slit. We perform the free-surface flow for
various values of F and another parameter corresponding to the position of the vertical wall. A
jet with back-flow near the edge of the vertical wall is obtained, and the limiting case is a jet
with a stagnation point.

1. INTRODUCTION

A 2-D steady flow passing through a slit and producing a jet is considered as illustrated in
Figure 1. The fluid occupies a quarter domain bounded by two rectangular walls, and a slit is
built by shifting one of the walls such that a stream between two free boundaries is formed as
the fluid emerges from the slit. In the absence of gravity, Wiryanto [1] solved analytically. The
flow domain was firstly mapped conformally; and then an analytic complex function, defined
based on the separation points and involving the hodograph variable, was applied to Cauchy’s
integral formula. If the gravity is present, the analytical function becomes more complicated
as the real part of the hodograph variable is not zero anymore. We propose to reconstruct the
problem into a boundary integral equation, and to solve numerically.

Referring to Figure 1, a free-surface flow under a sluice gate occurs when the vertical wall is
shifted far to the left from the edge of the horizontal wall, before the flow becomes waterfall at
the end of the horizontal wall. Wiryanto and Wijaya [2] solved numerically the sluice gate flow,
by assuming an infinite length of the horizontal wall. He obtains that the flow tends to uniform
stream far from the gate. Some other works for sluice gate flow, but the fluid depth is finite
before passing through the gate, can be seen such as Asavanant and Vanden-Broeck [3], Binder
and Vanden-Broeck [4, 5], and Vanden-Broeck [6]. Therefore, they can compare between the
uniform streams before and after passing the gate. Meanwhile, the waterfall flow can be seen
in Clarke [7]. The problem of waterfall explains the changing of the uniform stream to a jet.
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In this paper, we solve the similar problem as in Wiryanto and Wijaya [2], but the vertical
wall is shifted close to the edge of the bottom wall, and possible further in front of it. Hence,
this problem involves two separation points, each representing the edge of the wall. The diffi-
culty here is to determine the coordinates one of them. In solving this, we follow Tuck [8] who
solved the jet emerging from a slit in a vertical wall.

A boundary element method is used in solving the problem in this paper. An integral equa-
tion is firstly constructed along the free boundary. The discretisation of the equation then gives
a system of equations which can be solved by Newton method. This method has been applied
in various free surface flow problems, see for example Wiryanto and Tuck [9, 10], Wiryanto
[11] and some works referred above.

As the result, the numerical solution can be compared to the zero gravity case in Wiryanto
[1]. Another profile of the solution is the existing of back-flow near the edge of the vertical
wall, and a free surface flow with a stagnation point is the limiting case. This is also obtained
in Wiryanto and Wijaya [2] and Tuck [8].

2. PROBLEM FORMULATION

We consider the steady two-dimensional irrotational flow of an inviscid and incompressible
fluid in a dam of infinite depth bounded at the right by a vertical wall and a slit width d at
the bottom corner, so that a jet is formed as the flow emerges from it smoothly. We choose
Cartesian coordinates with the center x = 0, y = 0 at the edge A of the horizontal wall. The
net volume of the flux in the dam is Q per unit distance perpendicular to the plane of flow, see
Figure 1.

FIGURE 1. Sketch of the flow and the coordinates.

From the assumption of the fluid and the flow, we present the stream in a complex potential
f = φ + iψ corresponding to the complex velocity df/dz = u − iv, where z = x + iy. For
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convenience, we work in non-dimensional variables by taking Q as the unit flux and d as the
unit length, and we define φ = 0, ψ = 0 at the center coordinates of the physical z-plane.
Therefore, the flow domain in f -plane is a strip with width 1, also the width of the slit. Now,
our task is to solve the boundary value problem

∇2φ = 0

in the flow domain. The dynamic condition is expressed by Bernoulli equation
1
2
F 2

(
φ2

x + φ2
y

)
+ y = constant (2.1)

along the free boundaries of the jet. F is Froude number defined as

F =
Q√
gd3

with acceleration of gravity g. The other condition is kinematic along the solid and free bound-
aries

∂φ

∂n̄
= 0 (2.2)

where n̄ is a normal vector of the boundaries.
In determining φ, we first introduce a hodograph variable Ω = τ − iθ having relationship to

the velocity vector
df

dz
= eΩ. (2.3)

Meanwhile, the flow domain in f -plane is mapped into a half lower artificial plane ζ = ξ + iη
by

f = − 1
π

log ζ. (2.4)

The downstream jet is mapped to ζ = 0 and the two separation points A and B are mapped to
ζ = 1 and ζ = −ξb respectively. The diagram of the flow in f and ζ planes is shown in Figure
2. The bold line corresponds to the solid boundaries, and the thick line corresponds to the free
boundary.

Instead of determining φ, we solve the hodograph variable Ω with respect to the artificial
variable ζ, satisfying

∇2Ω = 0

subject to (the dynamics condition (2.1) becomes)
1
2
F 2e2τ + y = c, −ξb < ξ < 1 (2.5)

where c is an unknown constant; and the kinematic condition (2.2) becomes

θ =
{ −π/2, −∞ < ξ < −ξb

0, 1 < ξ < ∞ (2.6)

Here θ is unknown for −ξb < ξ < 1.
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FIGURE 2. The flow domain in f -plane and ζ-plane.

The relation between θ and τ is then required in reducing the unknown variables. This can
be obtained by using Cauchy integral theorem. As a complex function, we define

χ(ζ) = Ω +
1
2

log ζ. (2.7)

This function is analytic and χ → 0 for |ζ| → ∞, so that it can be applied to Cauchy integral
theorem. We come up to (2.7) since the upstream flow far from the slit is uniform with velocity
df/dz → 0 and the streamlines bouncing by horizontal and vertical walls having angle θ as
given in (2.6). A logarithm function is the one having character described above, so that

Ω → −1
2

log ζ, for |ζ| → ∞
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and this is used to construct χ as given in (2.7).
In applying χ to Cauchy integral theorem along closed path covering the flow domain in

ζ-plane, it is enough to consider along the real ξ-axis giving

χ(ξ) = − 1
iπ

∫ ∞

−∞

ξ(s)
s− ξ

ds (2.8)

The function χ is then expressed in τ and θ for both sides in (2.8), and the real part gives

τ(ξ) = −1
2

log |ξb + ξ|+ 1
π

PV
∫ 1

−ξb

θ

s− ξ
ds (2.9)

for −ξb < ξ < 1. Here, PV is used to denote Cauchy principal-value for the integration.
The last part, which has to be prepared before obtaining the integral equation, is to determine

y along the free surface. We use (2.3) and (2.4) to have

dz

dζ
= −e−Ω

πζ
(2.10)

and the imaginary part along the free surface gives

dy

dξ
= −e−τ sin θ

πξ
(2.11)

Therefore, the value y is obtained by integrating (2.11) giving

y(ξ) = 1−
∫ ξ

−ξb

e−τ(s)

πs
sin θ(s)ds (2.12)

for −ξb < ξ < 0 representing the upper free boundary of the jet, and

y(ξ) =
∫ 1

ξ

e−τ(s)

πs
sin θ(s)ds (2.13)

for the lower free boundary of the jet 0 < ξ < 1. Here, τ is evaluated from (2.9). The formulae
y in (2.12) and (2.13), and τ are then substituted to (2.5) giving the integral equation that has
to be solved for θ(ξ) in (−ξb, 1).

Now, we analyze the coordinates z corresponding to large |ζ|. This is used to determine
x(−ξb), the position of the vertical wall from y-axis. From (2.9) we can express τ in

τ(ζ) = −1
2

log |ζ|+ aζ−1 + bζ−2 + O(ζ−3) (2.14)

for large |ζ|. a and b are real constants corresponding to the Taylor series of log |ξb +ζ| and the
denominator of the integrand in (2.9). The series (2.14) is then substituted into (2.10) giving

dz

dζ
= −eiθ

π
|ζ|1/2

[
ζ−1 − aζ−2 +

1
2
(a2 − 2b)ζ−3 + O(ζ−4)

]
(2.15)

The abscissa x(−ξb) can be obtained by integrating (2.15) along the horizontal wall and then
the curve PR shown in Figure 1.
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For the horizontal wall, say ζ = r > 0, (2.15) gives

z(r) ≈ − 1
π

[
2r1/2 + 2ar−1/2

]
+ K (2.16)

where K is real constant. For the curve PR we suppose ζ = re−iα, 0 ≤ α ≤ π, and θ is
approximated linearly with respect to α, i.e. θ = −α/2. Hence, the complex integral of (2.15)
along PR gives

z(R) ≈ z(P ) +
1
π

[(
2r1/2 + 2ar−1/2

)
+ i

(
2r1/2 − 2ar−1/2

)]

We denote z(R) as the value of z at the point R, also for z(P ). Since z(P ) is real, evaluated
from (2.16), we obtain x(−ξb) = K. We can evaluate K from numerical calculation of the real
part of (2.10) from ξ = 1 to a certain point ξ = r0 for relatively large r0, namely x(r0) = x0,
and it is substituted in (2.16) giving

K = x0 +
1
π

[
2r

1/2
0 + 2ar

−1/2
0

]

Meanwhile, the coefficient a is determined from τ evaluated using (2.9) numerically for ξ = r0,
namely τ0, and it is equalized to its approximation (2.14), so that we have

a = r0

[
τ0 +

1
2

log r0

]

This value is required in approximating x(−ξb) from (2.15) up to order O(ζ−3), and x(−ξb) is
needed in evaluating the abscissa x for the upper free boundary of the jet.

3. NUMERICAL PROCEDURE

The nonlinear integral equation (2.5) converts to a set of N algebraic equations in N un-
knowns, if we approximate the integration (2.9) by summation in a suitable manner. The
interval of integration (−ξb, 0) and (0,1) is first discretized each by defining the end-points of
M − 1 subintervals ξ0 = −ξb < ξ1 < ξ2 · · · < ξM−1 = −ε and ξM+1 = ε < ξM+2 <
ξM+3 · · · < ξ2M = 1 with N = 2M . Then we let θj = θ(ξj) for j = 1, 2, · · · , N , be N − 2
unknowns. ε is a small value representing the jet relatively far from the slit, and we need this
number to truncate the integration (2.9), as it is impossible to know the end of the jet.

In order to evaluate the Cauchy principle-value singular integral in (2.9), we approximate
θ(ξ) as varying linearly on the interval (ξj−1, ξj), and evaluate the integral over each such
interval exactly. For any ξ∗j ∈ (ξj−1, ξj), τ(ξ∗j ) is evaluated by

τ(ξ∗j ) ≈− 1
2

log |ξb + ξ∗j |

+
N−1∑

l=1

(θl−1 − θl) +
{

θl + (θl−1 − θl)
ξ∗j − ξl

ξl−1 − ξl

}
log

∣∣∣∣∣
ξl−1 − ξ∗j
ξl − ξ∗j

∣∣∣∣∣



A JET EMERGING FROM A SLIT AT THE CORNER OF QUARTER PLANE 243

Similarly, the integral (2.12) determining the y-coordinate of the free surface can be evaluated
by numerical approximation, such as trapezoidal rule

y(ξ∗j ) ≈ y(ξ∗j−1)

−1
2

(
e−τ(ξ∗j )

πξ∗j
sin θ(ξ∗j ) +

e−τ(ξ∗j−1)

πξ∗j−1

sin θ(ξ∗j−1)

)
(ξ∗j − ξ∗j−1)

similarly for (2.13).
In obtaining the N algebraic equations, we use N collocation points ξ∗j as the mid-point in

each subinterval (ξj−1, ξj), except ξM = ε/2 and also θ(ξ∗j ) defined linearly between θj−1 and
θj . For each point ξ∗j , the integral equation (2.5) gives one algebraic equation, so that there are
N equations for unknowns θ1, θ2, · · · , θN−1 and the constant c in (2.5). The parameter Froude
number F is given, also define θ0 = −π/2, θN = 0 at the edge of the vertical and horizontal
walls. This closed form is then solved numerically by Newton method. The initial condition
for the Newton iteration is given from the analytical solution for the zero gravity case derived
by Wiryanto [1].

In the post process of solving the integral equation, the abscissa x of the free surface is
determined from the real part of (2.10). The integration of (2.10) requires x(1) = 0, from
the definition of the coordinates, for the lower free surface of the jet and x(−ξb) = K for the
other free surface. We evaluate K following the procedure described in the previous section.
Together with the values of y, plot of (xj , yj) is made to get the profile of the jet, for various
F and ξb.

4. RESULTS

Most calculations of the numerical procedure described above use N = 200 and ε = 0.001.
In evaluating K we truncate the flow in the artificial domain ε ≤ |ζ| ≤ 1000 with x(1000) ≈
−20. Figure 1 is the result for F = 7.0 ξb = 9.0, we perform the plot in the same scale of x
and y. The artificial parameter ζ = −ξb corresponds to the position of the vertical wall from
y-axis, namely xb = x(−ξb), so that the coordinates of the separation point B are (xb, 1). In
Figure 1, we have the physical quantity xb = −0.20. For smaller ξb, the vertical wall shifts
forward.

We show in Figure 3a plot of the jet emerging from the slit as the result of our calculation
using ξb = 6 corresponding to xb = 0.085. For the case where the vertical wall is on the y-axis,
it occurs at ξb = 6.86, obtained by calculating trial-error for various ξb. For other values F and
ξb, giving xb = 0, can be determined similarly; F = 6 and F = 4 correspond to ξb = 6.95 and
7.41. Plot of the jet with xb = 0 is shown in Figure 3b for F = 4. We also calculate for large
F , and we found that the solution with xb = 0 is obtained for ξb > 4.54. The limiting number
is obtained by Wiryanto [1] for zero gravity case.

For fixed value ξb = 6, the Froude number is now decreased. Our calculations give a jet
emerging from the slit with increasing xb, for F = 3 we obtain xb = 0.167. Moreover, for
smaller F the free surface, separating from the vertical wall, indicates back-flow by existing
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(a) (b)

FIGURE 3. Plot of the jet emerging from a slit for (a) ξb = 6, F = 7, (b)
ξb = 7.41, F = 4.

(a) (b)

FIGURE 4. Plot of the jet (a) with back-flow for F = 1.1, (b) with a stagnation
point for F = 0.97

θ < −π/2 near the point B. Following Wiryanto and Wijaya [2], we determine the minimum
value of θ for each Froude number. This value decreases for smaller Froude number, and it
corresponds to ξ approaching to ζ = −ξb. The limiting flow occurs when F = 0.96 with a
stagnation point at B and θ(−ξb) = −5π/6. This agrees to Vanden-Broeck and Tuck [12]
who showed that angle value for the stagnation point of the free surface flow separating a wall.
In Figure 4a, we perform a jet with back-flow, calculated for F = 1.1; and the jet with a
stagnation point is performed in Figure 4b.

In case the vertical wall is on the y-axis, i.e. xb = 0, the solution with back-flow is not
able to be obtained since the procedure fails to calculate for F < 3.2. We indicate that the
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truncated flow domain is far than enough presenting uniform stream, far different between θ(ε)
and θ(−ε). Giving smaller ε does not help much.

5. CONCLUSION

We have solved numerically the free surface flow forming a jet emerging from a slit at the
bottom corner of a quarter plane by boundary element method. The Froude number and the
position of the vertical wall from the vertical axis play an important role in forming the jet.
Solutions with back-flow are obtained when the vertical wall is in front of the vertical wall.
The limiting case of this problem is flow with a stagnation point at the edge of the vertical wall.
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ABSTRACT. In this paper, a motion detection algorithm which works well in low illumination
environment is proposed. By using the level set based bimodal motion segmentation, the algo-
rithm obtains an automatic segmentation of the motion region and the spurious regions due to
the large CCD noise in low illumination environment are removed effectively.

1. INTRODUCTION

Motion detection in low illuminance environment is one of the most difficult and important
problems in surveillance camera applications. Nowadays, the demand for intelligent surveil-
lance systems that can detect an alarm condition automatically has been increasing, since it is
difficult for the observer who monitors a property or a room by a surveillance camera to look
at the screen all the time. These systems basically require for automatic detection of a moving
object to detect an intrusion.

However, there are two main difficulties of motion detection in low illumination environ-
ment: First, the difficulty of setting an a priori known threshold value for segmentation[1]
increases in low illumination environment, since the range of the brightness value in the differ-
ence map is narrower than in day light environment. Second, the CCD noise, which becomes
more dominant when the light intensity(or the SNR) is low, causes several spurious regions
that can raise the false alarm rate in intelligent surveillance camera systems.

In this paper, we propose an algorithm that deals with these problems effectively. The al-
gorithm performs a real-time motion detection in low illumination environment as well as in
day light environment. It is capable of removing spurious regions caused by the noise without
resetting a threshold value.

The algorithm is based on two separate level set based bimodal segmentation algorithms [2]-
[4], which process a level set function such that the processed level set function classifies the
image frame into the motion and the non-motion regions. The first bimodal segmentation pro-
cesses the level set function so that the level set function automatically sets the threshold value
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and performs a pre-segmentation of the motion region, which contains also spurious regions.
After that, a new difference map is formed using the geometric information of the pre-processed
level set function, and the second bimodal segmentation processes this new difference map so
that spurious regions caused by the CCD noise become entirely removed.

2. LEVEL SET BASED OBJECT DETECTION

In [2], we have proposed a model that implements a bimodal segmentation based on the
competition of the brightness values in an image. The segmented regions are represented via a
level set function φ which minimizes the following energy functional:

E(φ) =λ1

∫

Ω

∣∣u0(r)− avg{φ≥0}
∣∣2 φ(r)H(α + φ(r))dr

− λ2

∫

Ω

∣∣u0(r)− avg{φ<0}
∣∣2 φ(r)H(α− φ(r))dr, (2.1)

where λ1, λ2 are non-negative parameters,α is an arbitrary small positive value, u0(r) is the
given image, Ω is the domain of the given image u0, φ is the level set function and avg{φ≥0},
avg{φ<0} are the average values of u0(r) in the 2-D regions {φ ≥ 0} and {φ < 0}, respectively.
Here, H(φ) is the one-dimensional Heaviside function with H(s) = 1 if s ≥ 0 and H(s) = 0
if s < 0. In [2], the following theorem was proved.

Theorem 2.1. Assume u0 is a continuous function. Let Λφ(r) :=
∣∣u0(r)− avg{φ≥0}

∣∣2 −∣∣u0(r)− avg{φ<0}
∣∣2 and

sign(Λφ(r)) :=





1 if Λφ(r) > 0
−1 if Λφ(r) < 0

0 if Λφ(r) = 0.

Then, if φ(r) is a minimizer for the energy functional E(φ) in (2.1), sign(Λφ(r))φ(r) = −α,
i.e., φ(r) = −sign(Λφ(r))α, whenever sign(Λφ(r)) 6= 0.

The theorem states that the energy of the energy functional in (2.1) is minimized when every
r at which

∣∣u0(r)− avg{φ≥0}
∣∣2 <

∣∣u0(r)− avg{φ<0}
∣∣2 is classified in the region {r | φ(r) =

−α} and every r at which
∣∣u0(r)− avg{φ≥0}

∣∣2 >
∣∣u0(r)− avg{φ<0}

∣∣2 is classified in the
region {r | φ(r) = α} with an arbitrary initial level set function. In the steady state, the φ
function becomes a piecewise continuous function having either the value α or −α at each
point and the zero level set of φ becomes the contour that segments the image region into two
regions based on the competition of the colors. Since the segmentation result depends on the
competition of the colors, that is, on the relative relationship of the colors, the segmentation
result is adaptive to the image.

The adaptive property of the bimodal segmentation makes it useful for motion detection. As
mentioned in the introduction, the object is normally segmented by segmenting the background
subtracted frame, where the threshold value varies from scene to scene. However, the bimodal
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(a) (b) (c) (d)

FIGURE 1. Showing the result of object detection with level set based bimodal
segmentation without using regularization terms. (a) current frame (b) back-
ground frame (c) absolute difference frame (d) segmentation result (level set
function).

segmentation algorithm segments the object without thresholding, and therefore the segmenta-
tion process becomes adaptive to the image and automatical, since there is no need to set an
a priori known threshold value. In the bimodal segmentation scheme, we use instead of u0 in
(2.1) the background subtracted frame Du.

When the SNR of the image becomes very low, noise becomes apparent in the difference
frame, and some pixels, at which the intensity difference value exceeds the average intensity
difference between the two regions, become classified in the counterpart region. Figure 1(a)-(c)
shows the background frame, the current frame, and the difference frame of a scene obtained
in the night. Figure 1(d) shows the segmentation result with the bimodal segmentation. Even
though the bimodal segmentation segments the regions automatically, due to the noise, there
appears many spurious regions in the segmented regions.

Figure 1(d) shows that the φ function has several outliers(dotty points), which result in
falsely segmented regions. Hereafter, we refer to the noise as the outliers in the φ function,
that is, the points which have falsely converged to α (or -α), instead of -α (or α). To eliminate
such outliers, certain regularization terms which suppress spatial discontinuity in the φ function
have to be used together with the bimodal term.

3. LEVEL SET BASED MOTION DETECTION WITH HARMONIC REGULARIZATION

Various energy functionals that use the magnitude of the gradient of the image can be used
as a regularization term to suppress the noise. A well-known regularization term is the total
variation regularization term. Using this term together, the energy functional becomes

E(φ)=λ1

∫

Ω

∣∣Du(r)− avg{φ≥0}
∣∣2 φ(r)H(α + φ(r))dr

−λ2

∫

Ω

∣∣Du(r)− avg{φ<0}
∣∣2 φ(r)H(α− φ(r))dr

+ β

∫

Ω
|∇φ|dr, (3.1)

where we denoted by Du the background subtracted frame, α and β are an arbitrary positive
value and Ω is the domain of the given image Du.
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The corresponding gradient descent flow equation with respect to φ is

φt= β∇ ·
( ∇φ

|∇φ|
)

−λ1|Du(r)− avg{φ≥0}|2{H(α + φ(r)) + φH ′(α + φ(r))}
+λ2|Du(r)− avg{φ<0}|2{H(α− φ(r))− φH ′(α− φ(r))}.

However, a faster algorithm than using the total variation term as the regularization term is
the one with harmonic regularization. The harmonic regularization uses the L2 norm of the
magnitude of the gradient of the image and thus the smoothing speed is faster than the to-
tal variation regularization. The bimodal segmentation with harmonic regularization has the
following energy functional form

E(φ)=λ1

∫

Ω

∣∣Du(r)− avg{φ≥0}
∣∣2 φ(r)H(α + φ(r))dr

−λ2

∫

Ω

∣∣Du(r)− avg{φ<0}
∣∣2 φ(r)H(α− φ(r))dr

+ β

∫

Ω
|∇φ|2dr, (3.2)

Here, the choice of β will depend on the noise structure of the difference image.
The corresponding gradient descent flow equation with respect to φ is

φt= β∇2φ

−λ1|Du(r)− avg{φ≥0}|2{H(α + φ(r)) + φH ′(α + φ(r))}
+λ2|Du(r)− avg{φ<0}|2{H(α− φ(r))− φH ′(α− φ(r))}.

Normally, in image denoising it is preferred to use the total variation regularization term since
it preserves edges and the intensity value of large scale structures varies not much. However,
in smoothing the φ function, the change in the magnitude of the φ value is not of interest as
long as it does not change its sign, since it is the sign of the φ(r) value and not the magni-
tude value that determines the classification. Sharp edges in the φ function become smeared
by the harmonic regularization term, but the smearing is not so critical an artifact as in image
denoising since the position of the zero level set will not change much by the smearing process.
Therefore, the harmonic regularization term can achieve similar classification result as the total
variation regularization term, while being faster. Since, in video processing the speed is the
more important factor we prefer (3.2) to (3.1).

Clearly, the regularization process should have a larger effect if the SNR becomes lower.
Therefore, the parameter β is dependent on the SNR. Therefore, we give here a rough analysis
on the relationship between the parameter β and the noise, and show how to choose the param-
eter β.
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We denote by Ψ[φ](r) the integrand of the energy functional in (2.1):

Ψ[φ](r) :=
∣∣u0(r)− avg{φ≥0}

∣∣2 φ(r) H(α + φ)
− ∣∣u0(r)− avg{φ<0}

∣∣2 φ(r) H(α− φ).
(3.3)

As stated in theorem 2.1, in the steady state this integrand converges to α or to−α according to
the intensity value at the pixel corresponding to the integrand. Now, together with the harmonic
regularization term, the new integrand becomes,

Ψ[φ](r) :=
∣∣u0(r)− avg{φ≥0}

∣∣2 φ(r)H(α + φ)
− ∣∣u0(r)− avg{φ<0}

∣∣2 φ(r) H(α− φ) + β|∇φ|2 (3.4)

We will compute the minimum value of this integrand for a “one-pixel noise” model. In the
“one-pixel noise” model it is assumed that there is no other noisy pixel in the neighborhood
of the noisy pixel. Figure 4 shows this “one-pixel noise” model for the one-dimensional case.
Here, the values φa = −α,φb = α, and φc = −α are assumed to be the φ values at the
steady state of (3.1) without the harmonic regularization term, where pixel ‘b’ corresponds to
the noisy pixel, and ‘a’ and ‘c’ are the rightly classified pixels. By denoising, we mean that the
φ value of ‘b’ drops below zero, so that sign of the φ values of ‘a’,‘b’, and ‘c’ all become the
same, i.e., negative.

First, we compute the minimizer φ value of ‘b’ with the harmonic regularization, i.e., the
minimizer of (3.4), with β fixed. Then, we find the condition of β which makes the φ value
of ‘b’ negative. Definitely, the minimizer at which the energy of the integrand reaches the
minimum cannot be outside the interval |φ| < α, since this would make both the energy of the
bimodal term and the harmonic regularization term increase. Therefore, the minimizer must
lie in the interval |φ| < α, which is the point φ

′
b in Fig. 4. In this interval the two Heaviside

functions in (3.4) become both 1, and the integrand becomes

Ψ[φ](r) := Λ(u0, φ)φ(r) + β|∇φ|2, (3.5)

where Λ(u0, φ)=
[∣∣u0(r)−avg{φ≥0}

∣∣2−∣∣u0(r)−avg{φ<0}
∣∣2
]
. Even though Λ(u0, φ) is a func-

tion of φ, the one point denoising has scarcely any effect on the change of ave{φ≥0} or
avg{φ<0}, therefore, to make the analysis simple, we regard Λ(u0, φ) as a constant with respect
to φ, and denote it by Λ(u0). We also use the discretized version of the harmonic regularization
term, that is, we let

|∇φmin|2 = (φ
′
b − φ

′
a)

2 + (φ
′
b − φ

′
c)

2

= 2(φ
′
b − φ

′
a)

2

= 2(x− (−α + x
2 ))2 = 2(α− x

2 )2
(3.6)

where φmin is the minimum φ value of (3.5). Here, x is the solution we are looking for. We
assumed that the change in magnitude of the φ value of point ‘a’ is twice those of point ‘b’ and
‘c’. This assumption is supported by the fact that the noisy pixel ‘a’ has on both sides φ values
that differ by 2α, whereas the pixels ‘b’ and ‘c’ have it only on one side. With this assumption,
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the φ value which makes the integrand in (3.5) smallest becomes

φmin(r) = −
(

α +
Λ(u0)

4β

)
. (3.7)

In our one-pixel noise example, denoising means that the sign of the current φ value has
changed from a positive value to negative value. The condition for φmin(r) to become a nega-
tive value is

φmin(r) = −
(
α + Λ(u0)

4β

)
< 0

⇔ β > −Λ(u0)
4α

(3.8)

where it has to be kept in mind that Λ(u0) is negative in our example. The value of Λ(u0) is
related to the amount of the noise in the image. It can be seen from (3.8) that if the amplitude
of the noise becomes larger than β has to be larger to eliminate the noise. Intuitively, we see
that Λ(u0) is somehow proportionally related to the variance of the noise. Therefore, after
estimating the variance of the noise through some existing estimating method, we set the value
of β to

β = 3
(

V arnoise

4α

)
. (3.9)

Figure 2 shows the result of setting the β value as in (3.9) and then performing the harmonic
regularized bimodal segmentation on simulated images with different SNR values. The inten-
sity difference of the box in the middle and the outside is 8. It can be seen that the automatic
setting of the β value results in good results when the SNR is large. However, as the SNR
value decreases, the shape of the zero level set distorts much. Therefore, in the next section,
we propose a method for eliminating the spurious regions due to the noise.

4. LEVEL SET BASED MOTION DETECTION WITH ELIMINATION OF SPURIOUS REGIONS

For a further elimination of spurious regions due to the noise, we can take extra elimination
steps. These extra steps can also be directly applied on the level set function obtained by the
bimodal segmentation without regularization term to give good elimination results. The elim-
ination of spurious regions is performed in the following three steps: Firstly, calculate a mean
curvature map from the processed level set function obtained by (3.2). Second, calculate a new
difference map by normalizing the original difference map with respect to the mean curvature
map, and taking the segmentation result in section 2 into account. Third, perform a regularized
bimodal segmentation on the new difference map.

To calculate the mean curvature map, the level set function obtained from (3.2) is first bi-
narized, where the binarized pixel values corresponding to the region {r|φ(r) ≥ 0} are 1 and
those corresponding to the region {r|φ(r) < 0} are 0. Then, regarding the binarized image as
a two dimensional surface in the three dimensional space with the binarized pixel value cor-
responding to the z axis, the mean curvature is computed at each pixel. The mean curvature
value can be regarded as a measure that measures the amount by which the image structures
deviate from being flat. As a result, small image structures like spurious regions due to the
noise tend to have large mean curvature values. Therefore, if the region in the difference map
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(a) (b) (c)

(d) (e) (f)

FIGURE 2. Result of automatically setting the β value, and applying the har-
monic regularized bimodal segmentation on simulated images. (a) SNR =30
(b) SNR =25 (c) SNR = 20 (d) SNR = 15 (e) SNR = 10 (f) SNR = 5
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FIGURE 3. Overall block diagram of proposed method.

corresponding to the motion region obtained by (3.2) is divided by the mean curvature map,
then most of the spurious regions will have relatively small values in the new difference map.
The new difference map is obtained by dividing the original difference map (DI) by the mean
curvature mapM and normalizing it as follows

DInew(r) =





DI(r)
M(r) DImax

, if φ(r) ≥ 0

0, if φ(r) < 0 orM(r) = 0,

(4.1)

where φ is the level set function obtained by (3.2), M(r) is the mean curvature value at the
position r, and DImax is the maximum of all the DInew(r) values.
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FIGURE 4. One-pixel noise model in 1-D

Figure 5(h) shows the mean curvature map calculated from the binarized level set function,
and Fig. 5(i) shows the corresponding normalized new difference map. The effect of dividing
by the curvature map can be seen by comparing Fig. 5(f) and Fig. 5(i). The dense noise with
relatively large intensity values in Fig. 5(f) appear to have become sparse in the new difference
map, since small image structures have experienced a large decrease in their intensity values
by the division through the mean curvature value. Therefore, if now a level set based bimodal
segmentation with harmonic regularization is performed on the new difference map, the spuri-
ous regions due to the noise become entirely eliminated by the harmonic regularization.

The level set based bimodal segmentation with harmonic regularization term solves the fol-
lowing differential equation

dφ̂

dt
=

1
c1 + c2

(DInew − c2)2 − 1
c1 + c2

(DInew − c1)2+∇2φ̂ (4.2)

The equation is the same as (3.2), except for the harmonic regularization term (∇2φ̂). The first
and the second term in the righthand side are normalized with respect to c1 + c2 so that the
harmonic regularization term can compete with these terms. The harmonic regularization term
smooths out the level set function fast so that the sparse spurious regions due to the sparse noise
in the new difference map become entirely eliminated, while the valid motion regions survive
due to the strong influence of the first two fidelity terms.

The segmentation result that results from the competition can be seen in Fig. 5(f), which
shows the motion region represented by the region {r | φ̂(r) ≥ 0}. The spurious regions
have been effectively eliminated while motion regions are well preserved. For comparison,
Fig. 5(g) illustrates how a simple application of a morphological filter can fail in the complete
elimination of spurious regions. Figure 5(d) shows the result of using a threshold based method
and Fig. 5(e) shows the result of the MOG (Mixture of Gaussian) method with threshold value
0.7 to segment the object. It can be seen that the a priori given threshold value can result in a
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FIGURE 5. Segmentation result in low illumination environment: (a) refer-
ence background frame (b) incoming current frame (c) difference map (d) re-
sult of thresholding the difference map (c) with threshold value=20 (e) result
of MOG method (f) segmentation result using (3.2) in section 2 (g) result of
eroding the image in (f) with morphological filter (h) mean curvature map (i)
new difference map (j) final segmentation result with proposed method.

FIGURE 6. Object detection result with the proposed method.

loss of the object region or produce spurious regions. Figure 3 shows the overall block diagram
of the proposed motion detection method. Figure 6 shows the object detection result of the
proposed method.

5. CONCLUSION

In this paper, we presented a motion detection scheme that sets its target especially for
motion detection in low illuminance environment. It is shown that the proposed scheme can
detect moving objects well even in very low illumination conditions and without the need
of setting an a priori known threshold value and with the capability of eliminating spurious
regions.
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ABSTRACT. In this paper we find an explicit form of upper bound of Hausdorff distance be-
tween given cubic spline curve and its quadratic spline approximation. As an application the
approximation of offset curve of cubic spline curve is presented using our explicit error analy-
sis. The offset curve of quadratic spline curve is exact rational spline curve of degree six, which
is also an approximation of the offset curve of cubic spline curve.

1. INTRODUCTION

Cubic and quadratic spline curves and their offset curves are most widely used in CAD/CAM
or CAGD [6, 10, 13]. While offset curve of cubic spline cannot be expressed by polynomial or
rational spline curve amenable to CAD/CAM system[12, 18, 24, 25], offset curve of quadratic
spline can be exactly expressed by rational spline curve of degree six[9, 14, 21, 23]. This is one
of the important reason why the quadratic approximation of cubic spline curves is needed[15,
20, 21].

The quadratic approximation of cubic spline is easy, but the calculation of the distance be-
tween cubic curve and its quadratic approximation curve is not[1, 4]. As the error measurement
method, the Hausdorff distance between two curves is generally used in CAD/CAM or CAGD.
The definition of Hausdorff distance between two curves p(s), s ∈ [a, b] and q(t), t ∈ [c, d], is

dH(p,q) = max{max
s∈[a,b]

min
t∈[c,d]

|p(s)− q(t)|, max
t∈[c,d]

min
s∈[a,b]

|p(s)− q(t)|}.

(For more knowledge about the Hausdorff distance, refer to [5, 7, 8, 16, 17, 19].) But, it is
not easy to find the Hausdorff distance between cubic Bézier curve and its quadratic Bézier
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q(t) q(t0)
p(s0)dH(p;q) p(s)p0(s0)

q0(t0)
p(a) = q(c)

p(b) = q(d)
FIGURE 1. Hausdorff distance between two curves p(s), s ∈ [a, b], (thick
lines) and q(t), t ∈ [c, d] (thin lines).

approximation. The Hausdorff distance between two differentiable curves p(s) and q(t) can
be obtained by searching the points p(s0) and q(t0) satisfying

p′(s0) ◦ (p(s0)− q(t0)) = 0 and q′(t0) ◦ (p(s0)− q(t0)) = 0 (1.1)

when one of them is admissible to the other[11], as shown in Figure 1. Thus to find the
Hausdorff distance requires solving the nonlinear system of two variables such as in Equation
(1.1). Although p is cubic q is quadratic, Equation (1.1) cannot be solved symbolically.

In this paper we present an explicit upper bound of Hausdorff distance between cubic Bézier
curve and its quadratic approximation curve. As an application, we give an approximation of
offset curve of cubic Bézier curves. We approximate the outline of the font ’S’ consisting of
cubic Bézier curves by quadratic spline curve, and we find the offset curve of the quadratic
spline. The offset curve is an rational spline of degree six and also an approximation of offset
curve of the cubic spline.

In §2, we present the upper bound of Hausdorff distance of the between cubic Bézier curve
and the quadratic approximation. In §3, we applied our analysis to an numerical example, the
quadratic approximation of cubic spline and calculation of the exact offset curve of quadratic
spline in rational spline of degree six.

2. ERROR BOUND ANALYSIS FOR QUADRATIC APPROXIMATION OF CUBIC CURVE

In this section we present an error bound analysis for quadratic G1 end-points interpolation
of cubic Bézier curve. Let q(t) be the quadratic Bézier curve with the control points q0, q1

and q2. By definition of Bézier curve[13],

q(t) =
2∑

i=0

qiB
2
i (t) t ∈ [0, 1]
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(a)
q(t)p(s)

p(a) = q0 p(b) = q2

q1
x

(b) sdF (p(s);q) dF (x;q)a b
FIGURE 2. (a) Quadratic Bézier curve q(t) and planar curve p(s), s ∈ [a, b].
(b) dF (p(s),q) and dF (x,q).

where Bn
i (t) is the Bernstein polynomial of degree n,

Bn
i (t) =

(
n

i

)
ti(1− t)n−i.

Any point x in the (closed) triangle q0q1q2 can be written uniquely in terms of barycentric
coordinates τ0, τ1, τ2 with respect to4q0q1q2, where τ0 + τ1 + τ2 = 1 and 0 ≤ τ0, τ1, τ2 ≤ 1,

x = τ0q0 + τ1q1 + τ2q2.

Thus any function defined on 4q0q1q2 can be expressed as a function of τ0, τ1, τ2. Using the
function f : 4q0q1q2 → R defined[13] by

f(x) = 4τ0τ2 − τ2
1 . (2.1)

Floater[17] presented a formula for an upper bound of the Hausdorff distance between the
planar curve contained in 4q0q1q2 and the conic approximation having control points qi,
i = 0, 1, 2, using Equation (2.1). By the restriction w = 1 on the conic, we have the following
inequality.

Lemma 2.1. For any continuous curve p(s), s ∈ [a, b], contained in 4q0q1q2, the Hausdorff
distance between p(s) and the quadratic Bézier curve q(t) is

dH(p,q) ≤ 1
4

max
s∈[a,b]

|f(p(s))| |q0 − 2q1 + q2|. (2.2)

Proof. See Lemma 3.2 in Floater [17]. ¤
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In this paper we denote the upper bound in equation above by dF (p,q).

Remark 2.2. For any point x in the triangle 4q0q1q2, dF (x,q) = 1
4 |f(x)||q0 + q2 − 2q1|

is the distance from the point x to the curve q(t) in direction of q0 + q2 − 2q1, as shown in
Figure 2, and

dF (p,q) = max
s∈[a,b]

dF (p(s),q).

We find the exact form of the distance dF (c,q) between planar cubic Bézier curve c and
its quadratic G1 end-points interpolation q. Let c(s) be the planar cubic Bézier curve with the
control points ci, i = 0, · · · , 3,

c(s) :=
3∑

i=0

ciB
3
i (s)

Let q(t) be the G1 end points interpolation of c(s), and c(s) be contained in the triangle
4q0q1q2, as shown in Figure 3. If such a quadratic Bézier curve q(t) does not exist or the
cubic Bézier curve c(s) cannot be contained in 4q0q1q2, then c(s) may be subdivided at
inflection points or farthest points from the line q0q2. (Refer to [1]) Thus the cubic Bézier
curve c(s) may be expressed as

c(s) = q0B
3
0(s) + ((1− δ0)q0 + δ0q1)B3

1(s) + ((1− δ1)q2 + δ1q1)B3
2(s)

+q2B
3
3(s) (2.3)

for some 0 ≤ δ0, δ1 ≤ 1, as shown in Figure 3. Also we can represent the cubic Bézier curve
c(s) as follows

c(s) = (B3
0(s) + (1− δ0)B3

1(s))q0 + (δ0B
3
1(s) + δ1B

3
2(s))q1

+(B3
3(s) + (1− δ1)B3

2(s))q2.

From Equation (2.1), we have the equation of f(c(s)) as

f(c(s)) = 4(B3
0(s)+(1−δ0)B3

1(s))(B3
3(s)+(1−δ1)B3

2(s))−(δ0B
3
1(s)+δ1B

3
2(s))2 (2.4)

which is a polynomial of degree six. Fortunately, we have the explicit error bound of the Haus-
dorff distance between cubic Bézier curve and its quadratic approximation curve as follows.

Proposition 2.3. Let q(t) be the quadratic G1 end-points interpolation of cubic Bézier curve
c(s), and c(s) be contained in the triangle 4q0q1q2. Then the upper bound of the Hausdorff
distance between two curves c and q is given by

dF (c,q) =
1
4

max
0<σi<1

|f(c(σi))| |q0 + q2 − 2q1|

where σi, i = 1, 2, 3, are roots in (0, 1) of cubic equation

[3(δ0 + δ1)− 4]2s3 − [3(δ0 + δ1)− 4][7δ0 + 2δ1 − 6]s2 (2.5)

+[15δ2
0 + 9δ0δ1 − 18δ0 + 2δ1]s + [4(1− δ1)− 3δ2

0] = 0.
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q(t)

c(s)

q0 = c0

q1

c1

c2

q2 = c3

1 − δ0

δ0

1 − δ1

δ1

FIGURE 3. Quadratic Bézier curve q(t) (dotted line) with control points q0,
q1 and q2, and cubic Bézier curve c(s) (solid line) with control points ci,
i = 0, · · · , 3.

Proof. Since f(c(0)) = 0 and f(c(1)) = 0, |f(c(s))| has the maximum value at stationary
points for some s ∈ (0, 1). Therefore it is sufficient to find the roots of

d(f(c(s)))
ds

= 0.

By Equation (2.4) and the equation Bn
i (t)Bm

j (t) =
(n

i)(
m
j )

(n+m
i+j ) Bn+m

i+j (t) (refer to [2, 3]), we have

f(c(s)) = 4(
1− δ1

5
B6

2(s) +
1 + 9(1− δ0)(1− δ1)

20
B6

3(s) +
1− δ0

5
B6

4(s))

− (
3δ2

0

5
B6

2(s) +
9δ0δ1

10
B6

3(s) +
3δ2

2

5
B6

4(s))

=
1
5
(4(1− δ1)− 3δ2

0)B
6
2(s) +

1
10

(20− 18(δ0 + δ1) + 27δ0δ1)B6
3(s)

+
1
5
(4(1− δ0)− 3δ2

1)B
6
4(s).

By differentiation rule of Bézier curves d
dt [

∑n
i=0 biB

n
i (t)] = n

∑n−1
i=0 (bi+1−bi)Bn−1

i (t), we
obtain

df(c(s))
ds

= B2
1(s)[3G0(δ0, δ1)B3

0(s) + G1(δ1, δ0)B3
1(s) (2.6)

−G1(δ1, δ0)B3
2(s)− 3G0(δ1, δ1)B3

3(s)]
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FIGURE 4. Left : The cubic spline curve(blue) consists of 6 line segments
and 13 cubic Bézier curves c1(s), · · · , c13(s) with their control polygon(red)
in counter-clockwise order. Among them c2(s), c9(s), and c11(s) have an
inflection point, and their control polygons are drawn by black. Right : The
quadratic spline approximation curve(blue) consists of 6 line segments and 16
quadratic Bézier curves with their control polygon(red).

where

G0(u, v) = 4(1− v)− 3u2, G1(u, v) = −6 + 18(1− u)(1− v)− 9uv + 8v + 6u2.

The cubic Bézier function in Equation (2.6) can be expressed by poser series form

3[3(δ0 + δ1)− 4]2s3 − 3[3(δ0 + δ1)− 4][7δ0 + 2δ1 − 6]s2

+3[15δ2
0 + 9δ0δ1 − 18δ0 + 2δ1]s + 3[4(1− δ1)− 3δ2

0 ]

and its zeros in the open interval (0, 1) are the critical points of f(c(s)), since B2
1(s) cannot

have zeros in (0, 1). ¤
The cubic equation (2.5) can be solved symbolically by Cardan’s solution [22].

3. APPLICATION

In this section we present application of quadratic spline approximation of cubic spline curve
to approximate the offset curves of cubic spline. In general the offset curve of planar curve
p(t) = (x(t), y(t)), t ∈ [a, b], cannot easily expressed in polynomial or rational, since the
offset curve

pd(t) = p(t) + d
(−y′(t), x′(t))√
x′(t)2 + y′(t)2

, t ∈ [a, b]
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FIGURE 5. The offset curve of the quadratic spline approximation curve(blue)
can be exactly expressed by the rational spline curve(green) of degree six
which consists of 6 line segments, 8 circular arcs and 16 rational Bézier curves
of degree six.

with offset-distance d has radical. But surprisingly the offset curve of any quadratic spline
curve can be exactly expressed by rational spline curve of degree six [14, 21]. Thus the rational
spline curve of degree six is an approximation of offset curve of cubic spline.

Let the outline of the font ’S’ be given by the cubic spline curve as shown in Figure 4. The
height of the font is 1. It consists of 13 cubic Bézier curves ci(s), (i = 1, · · · , 13) and 6
line segments. Each cubic Bézier curve is approximated by quadratic Bézier curve qj(t). But
the cubic Bézier curves having inflection point, ci(s), (i = 2, 9, 11), cannot be approximated
by one quadratic Bézier curve, so after they are subdivided at the inflection points, quadratic
approximations are achieved, qj(t), (j = 2, 3, 10, 11, 13, 14). Thus the quadratic spline ap-
proximation consists of 16 quadratic Bézier curves and 6 line segments, as shown in Figure
4. By Proposition 2.3, we obtain the upper bound of the Hausdorff distance between cubic
Bézier curve ci(s) and its quadratic approximation curve qj(t), as shown in Table 1. Finally,
we present the offset curve of the quadratic spline curve for offset distance d = 0.03 as shown
in Figure 5. It is the rational spline curve of degree six consisting 16 rational Bézier curve of
degree six, 6 line segments, and 8 circular arcs.

The maximum of approximation error is 4.15 × 10−2, which occurs at c5(s). If the cubic
Bézier curve having the maximum error is subdivided, then the quadratic approximations of
two subdivided cubic Bézier curves can be proceed, and the maximum error must be reduced
with approximation order 4.
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cubic Bézier curve quadratic approximation upper bound of dH(c,q)
c1(s) q1(t) 6.30× 10−3

c2(s) q2(t), q3(t) 5.67× 10−3, 6.50× 10−3

c3(s) q4(t) 2.52× 10−2

c4(s) q5(t) 3.09× 10−2

c5(s) q6(t) 4.15× 10−2

c6(s) q7(t) 2.14× 10−2

c7(s) q8(t) 2.60× 10−2

c8(s) q9(t) 5.98× 10−3

c9(s) q10(t), q11(s) 5.37× 10−3, 5.60× 10−3

c10(s) q12(t) 3.59× 10−2

c11(s) q13(t), q14(s) 3.95× 10−2, 3.18× 10−2

c12(s) q15(t) 1.87× 10−2

c13(s) q16(t) 2.84× 10−2

TABLE 1. The upper bound dF (c,q) of the Hausdorff distance between cubic
Bézier curve c(s) and its quadratic Bézier curve q(t).
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quadratic curve. IMA J. Nume. Anal. 11:159–180.
[11] E. F. Eisele. 1994. Chebychev approximation of plane curves by splines. J. Appr. Theo. 76:133–148.
[12] G. Elber, I.K. Lee, M.S. Kim. 1997. Comparing offset curve approximation method. IEEE comp. grap. appl.

17(3): 62–71.
[13] G. Farin. Curves and Surfaces for Computer Aided Geometric Design. Morgan-Kaufmann, San Francisco,

2002.
[14] R. T. Farouki, T. W. Sederberg. 1995. Analysis of the offset to a parabola. Comp. Aided Geom. Desi. 12(6):

639-645.



EXPLICIT ERROR BOUND FOR QUADRATIC SPLINE APPROXIMATION OF CUBIC SPLINE 265

[15] R. T. Farouki, J. Hass. 2007. Evaluating the boundary and covering degree of planar Minkowski sums and
other geometrical convolutions. J. Comp. Appl. Math. 209: 246-266.

[16] M. Floater. 1995. High-order approximation of conic sections by quadratic splines. Comp. Aided Geom. Desi.
12(6): 617-637.

[17] M. Floater. 1997. An O(h2n) Hermite approximation for conic sectoins. Comp. Aided Geom. Desi. 14:135–
151.

[18] T. F. Hain, A. L. Ahmad, S. Venkat, R. Racherla, D. D. Langan. 2005. Fast, precise flattening of cubic Bezier
path and offset curves. Comp. Grap. 29(5): 656–666.

[19] S. H. Kim and Y. J. Ahn. 2007. Approximation of circular arcs by quartic Bezier curves. Comp. Aided Desi.
39(6): 490-493.

[20] I.K. Lee, M.S. Kim, and G. Elber. 1996. Planar curve offset based on circle approximation. Comp. Aided
Desi. 28:617–630.
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ABSTRACT. In this paper we investigate a simple two-level additive Schwarz preconditioner
for the P1 symmetric interior penalty Galerkin method of the Poisson equation on rectangular
meshes. The construction is based on the decomposition of the global space of piecewise
linear polynomials into the sum of local subspaces, each of which corresponds to an element
of the underlying mesh, and the global coarse subspace consisting of piecewise constants. This
preconditioner is a direct combination of the block Jacobi iteration and the cell-centered finite
difference method, and thus very easy to implement. Explicit upper and lower bounds for
the maximum and minimum eigenvalues of the preconditioned matrix system are derived and
confirmed by some numerical experiments.

1. INTRODUCTION

In this paper we consider the Poisson equation
{−∆u = f in Ω,

u = 0 in ∂Ω,
(1.1)

where Ω is a bounded domain in R2 with Lipschitz boundary ∂Ω and f ∈ L2(Ω). Among the
popular numerical methods for (1.1) in early days, the cell-centered finite difference method
(FDM) received much attention due to its simplicity and property of local mass conservation.
In recent years, its higher order version, discontinuous Galerkin (DG) methods, have been
under extensive study (see, e.g., [2, 17] for their unified presentation) because they are flexible
in handling polynomials of varying degrees and in the design of meshes, making them well
suited for hp-adaptivity. On the other hand, DG methods involve a relatively large number of
unknowns in comparison to their continuous counterparts, and therefore it is inevitable to apply
efficient solution techniques such as multigrid [3, 5, 6, 7, 10, 13] or domain decomposition
methods [1, 8, 16]. In particular, the two-level method proposed in [6, 7] is notable in its
simplicity as it uses the coarse space of continuous piecewise linear polynomials or piecewise
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constants on the same mesh as the original DG space and introduces a hierarchy of uniformly
refined meshes for this coarse space, instead of the original DG space. We also mention the
works [11, 12] where high-order discontinuous Galerkin methods are solved by the p-multigrid
method which iterates the solution in approximation spaces of increasingly lower orders.

In this paper we analyze a simple two-level additive Schwarz preconditioner for the P1 sym-
metric interior penalty Galerkin (SIPG) method of the problem (1.1) on rectangular meshes.
Our approach of constructing the preconditioner follows the framework of subspace correction
methods [19], and corresponds to the simplest case of non-overlapping domain decomposition
methods proposed in [8]. More specifically, the global P1 DG space is decomposed in a two-
level way, that is, into the sum of local subspaces, each of which corresponds to an element of
the underlying mesh, and a global coarse subspace which plays the role of communicating in-
formation between these local subspaces. Since the P1 DG space on rectangular meshes does
not contain any conforming space on the same mesh, a natural choice for this coarse subspace
is the space of piecewise constants. The resulting preconditioner is very easy to implement
because the exact solvers for the local subspace problems are equivalent to the block Jacobi
iteration and, with appropriate penalty parameters, the coarse-space problem is identical with
the cell-centered FDM which can be solved more easily by direct or iterative solvers. We will
show that the maximum eigenvalue of the preconditioned matrix system is always bounded
above by 3 and derive explicit a lower bound for the minimum eigenvalue as a function of
the penalty parameter and the aspect ratio of the mesh which are also confirmed by numerical
experiments.

The analysis presented here apply as well to nonsymmetric or incomplete interior penalty
methods or problems of variable coefficients in order to get uniform bounds on the condition
numbers of the preconditioned systems. We also remark that a multilevel preconditioner is
obtained by solving the cell-centered FDM with the multigrid methods (see, e.g., [14, 15]),
which is very similar in spirit to the multigrid framework taken in [6, 7].

The remainder of the paper is organized as follows. In the next section we introduce some
notation and define the SIPG method for the Poisson problem (1.1). In Section 3, the additive
Schwarz preconditioner is constructed and abstract estimates for the maximum and minimum
eigenvalues of the preconditioned system are given. By using these estimates we derive explicit
upper and lower bounds for the maximum and minimum eigenvalues of our preconditioned
system in Section 4. Finally, in Section 5, some numerical results are presented to confirm
these theoretical bounds.

2. INTERIOR PENALTY DISCONTINUOUS GALERKIN METHOD

We suppose that Ω is covered by a uniform rectangular partition Th. This means that all the
rectangles in Th have the same width hx and height hy as well as the common area |T | = hxhy.
We also set h = max(hx, hy) and θ = max(hx/hy, hy/hx). For a rectangle T ∈ Th, we denote
the set of edges of T ∈ Th by ET and the outward unit normal to ∂T by nT . Let EI and EB be
the collections of all interior and boundary edges of Th, respectively, and set Eh = EI∪EB . The
length of an edge E ∈ Eh is denoted by |E|. We define the average and jump of a scalar-valued
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function v on E = ∂T1 ∩ ∂T2 by

{{v}} =
v|T1 + v|T2

2
, [[v]] = v|T1nT1 + v|T2nT2 .

On a boundary edge E ⊂ ∂T , we set {{v}} = v|T and [[v]] = v|T nT . The notation {{·}} will be
also used for the averages of vector-valued functions.

For an integer k ≥ 0, let Pk(Th) be the space of piecewise polynomials of degree k on Th

(which are not necessarily continuous) and ∇hv the piecewise gradient of v ∈ Pk(Th). Then
the SIPG method for the problem (1.1) is given as follows:

SIPG method. find uh ∈ Pk(Th) such that

A(uh, vh) =
∫

Ω
fvh dx ∀vh ∈ Pk(Th), (2.1)

where

A(u, v) =
∫

Ω
∇hu · ∇hv dx−

∑

E∈Eh

∫

E
({{∇hu}} · [[v]] + {{∇hv}} · [[u]]) ds + γJ1(u, u),

J1(u, v) =
∑

E∈EI

|E|
|T |

∫

E
[[u]] · [[v]] ds +

∑

E∈EB

2|E|
|T |

∫

E
uv ds.

Here γ > 0 is chosen to ensure uniform coercivity of A(·, ·) over the space Pk(Th) with respect
to the mesh-dependent energy norm (cf. [17])

|||u||| :=
( ∫

Ω
|∇hu|2 dx + J1(u, u)

)1/2

.

Note that the penalty parameter for the boundary edges is taken to be twice the value for the
interior edges.

The following theorem shows that A(·, ·) is coercive for any γ > 1 when k = 1. From now
on we will frequently use the fact that every u ∈ P1(Th) can be expressed as

u|T (x, y) = u + ux(x− xT ) + uy(y − yT ) ∀T ∈ Th,

where (xT , yT ) is the center of T , and u, ux and uy are piecewise constants given by

u|T :=
1
|T |

∫

T
u dx = u(xT , yT ), (ux, uy) := ∇hu.

Theorem 2.1. Given any α > 0, we have for all u ∈ P1(Th)

A(u, u) ≥
(

1− 1
α

) ∫

Ω
|∇hu|2 dx + (γ − α)J1(u, u).
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Proof. Using Young’s inequality 2ab ≤ εa2+ 1
εb2 (a, b, ε > 0), one can prove that for a vertical

edge E = ∂T1 ∩ ∂T2,

2
∫

E
{{∇hu}} · [[u]] ds ≤

∫

E

∣∣∣ux|T1 [[u]]
∣∣∣ ds +

∫

E

∣∣∣ux|T2 [[u]]
∣∣∣ ds

≤ 1
2
α−1

(∫

T1

u2
x dx +

∫

T2

u2
x dx

)
+ α

|E|
|T |

∫

E
|[[u]]|2 ds,

and for a vertical edge E ∈ ET ∩ EB ,

2
∫

E
∇u · nT u ds ≤ 2

∫

E
|ux|u ds ≤ 1

2
α−1

∫

T
u2

x dx + α
2|E|
|T |

∫

E
u2 ds.

Similar results for horizontal edges can be obtained. The proof is completed by summing these
inequalities over all E ∈ Eh in A(u, u). ¤

It is well known that the condition number of the discrete matrix system arising from (2.1)
grows at a rate proportional to h−2. Due to this ill-conditioning as well as the large number of
degrees of freedom compared to that of continuous Galerkin methods, it is imperative that one
should use good preconditioners for solution of discontinuous Galerkin methods.

3. ADDITIVE SCHWARZ PRECONDITIONER FOR THE P1 SIPG METHOD

Let us first recall the abstract theory of additive Schwarz preconditioners. The interested
readers are referred to [9, 18, 19] for further details.

Let V be a Hilbert space with inner product (·, ·) and A : V → V be a linear, symmetric
and positive definite operator on V . Construction of an additive Schwarz preconditioner for A
requires the following two ingredients:

• Space decomposition: V =
N∑

i=1

Vi

• Subspace solvers: Ri : Vi → Vi for i = 1, · · · , N

It is assumed that every local solver Ri is also linear, symmetric and positive definite on Vi.
Then we define a linear operator B : V → V by

B =
N∑

i=1

RiQi, (3.1)

where Qi : V → Vi denotes the orthogonal projection respect to (·, ·). It is easy to verify that
the operator B is symmetric and positive definite with respect to (·, ·).

In the following theorem we present an abstract estimate from [9] which is useful in deriv-
ing bounds for the maximum and minimum eigenvalues of the preconditioned operator BA,
denoted by λmax(BA) and λmin(BA), respectively.
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Theorem 3.1. We have

(B−1u, u) = min
ui∈Vi

N∑

i=1

(R−1
i ui, ui),

where the minimum is taken over all decompositions u =
∑N

i=1 ui.

Proof. A short proof is given here for the reader’s convenience. Applying the Cauchy-Schwarz
inequality, we get

(B−1u, u) =
N∑

i=1

(B−1u, ui) =
N∑

i=1

(R1/2
i QiB

−1u,R
−1/2
i ui)

≤
[

N∑

i=1

(RiQiB
−1u, QiB

−1u)

]1/2 [
N∑

i=1

(R−1
i ui, ui)

]1/2

=

[
N∑

i=1

(RiQiB
−1u, B−1u)

]1/2 [
N∑

i=1

(R−1
i ui, ui)

]1/2

= (B−1u, u)1/2

[
N∑

i=1

(R−1
i ui, ui)

]1/2

.

The equality holds if R
1/2
i QiB

−1u = R
−1/2
i ui or ui = RiQiB

−1u. ¤
Corollary 3.2. Suppose that there exist constants M, m > 0 such that

m ≤ (Au, u)

min
ui∈Vi

N∑

i=1

(R−1
i ui, ui)

≤ M,

where the minimum is taken over all decompositions u =
∑N

i=1 ui. Then we have

λmax(BA) ≤ M, λmin(BA) ≥ m.

Now we construct an additive Schwarz preconditioner for the bilinear form A(·, ·) in the
SIPG method (2.1), or equivalently, for the linear operator A : P1(Th) → P1(Th) defined by

A(u, v) =
∫

Ω
(Au)v dx ∀u, v ∈ P1(Th). (3.2)

Let us start with the simple decomposition of the global space

P1(Th) =
∑

T∈Th

P1(T ),

where P1(T ) denotes the “local” space corresponding to an element T ∈ Th

P1(T ) := {v ∈ P1(Th) : supp(v) ⊂ T}.
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The corresponding subspace solver RT : P1(T ) → P1(T ) is chosen to be the exact inverse of
the restriction of A(·, ·) to P1(T ), i.e.,

AT (RT g, v) =
∫

T
gv dx ∀v ∈ P1(T ), (3.3)

where AT (·, ·) is the restriction of A(·, ·) to P1(T )

AT (u, v) =
∫

T
∇u · ∇v dx−

∑

E∈ET∩EI

1
2

∫

E
(∇u · nT v +∇v · nT u)

−
∑

E∈ET∩EB

∫

E
(∇u · nT v +∇v · nT u)

+
∑

E∈ET∩EI

γ
|E|
|T |

∫

E
uv +

∑

E∈ET∩EB

2γ
|E|
|T |

∫

E
uv.

It is not difficult to see that the resulting additive Schwarz preconditioner is nothing but the
block Jacobi part of A. As will be confirmed by numerical results later, this is not a uniform
preconditioner due to the local nature of the preconditioner.

In order to get a uniform preconditioner for A, we need to add the global coarse space
P0(Th) which plays the role of communicating information between non-overlapping local
spaces P1(T )’s. This leads to the following space decomposition

P1(Th) = P0(Th) +
∑

T∈Th

P1(T ). (3.4)

Note that the restriction of A(·, ·) to P0(Th) is equal to

A(u0, v0) = γJ1(u0, v0) ∀u0, v0 ∈ P0(Th)

which gives rise to the same matrix as the cell-centered FDM (cf. [4]). For theoretical analysis
in the next section, we choose the subspace solver R0 : P0(Th) → P0(Th) to be the exact
inverse given by

A(R0g, v) =
∫

Ω
gv dx ∀v ∈ P0(Th). (3.5)

The resulting preconditioner is a direct combination of the block Jacobi iteration and the cell-
centered FDM. In practice, following [6, 7], one may use multigrid methods for the cell-
centered FDM, e.g., proposed in [4, 14, 15], to solve the global problem (3.5). In this case,
it can be said that the multigrid structure is incorporated in the global coarse space P0(Th) with
the block smoothers on the highest level associated with the local spaces {P1(T ) : T ∈ Th}.

4. ESTIMATION OF MAXIMUM AND MINIMUM EIGENVALUES

In this section we will derive explicit bounds for the eigenvalues λmax(BA) and λmin(BA),
where A and B are defined by (3.2) and (3.1) with the decomposition (3.4) and the subspace
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solvers (3.3) and (3.5), respectively. The following equality will be crucially used: for u =∑
T∈Th

uT with uT ∈ P1(T ) for T ∈ Th, we have
∑

T∈Th

AT (uT , uT ) =
∑

T∈Th

∑

E∈ET

γ
|E|
|T |

∫

E
u2 ds

−
∑

E∈EB

∫

E
∇u · nu ds +

∑

E∈EB

γ
|E|
|T |

∫

E
u2 ds.

(4.1)

This can be proved by using integration by parts on each T ∈ Th. To derive an upper bound
for λmax(BA), we further need the following three lemmas.

Lemma 4.1. We have for T ∈ Th and u ∈ P1(T )
∑

E∈ET

|E|
|T |

∫

E
u2 ds =

∑

E∈ET

|E|
|T |

∫

E
|u− u|2 ds +

∑

E∈ET

|E|
|T |

∫

E
u2 ds.

Proof. The result follows from the equality
∑

E∈ET

|E|
|T |

∫

E
u ds =

∑

E∈ET

|E|2
|T | u(xE , yE) =

∑

E∈ET

|E|2
|T | u(xT , yT ) =

∑

E∈ET

|E|
|T |

∫

E
u ds

which is obtained by the mid-point rule. Here (xE , yE) is the center of E. ¤
Lemma 4.2. We have for T ∈ Th, E ∈ ET and u ∈ P1(T )

|E|
|T |

∫

E
|u− u|2 ds =





|T |
4

u2
x +

h4
y

12|T |u
2
y if E is vertical,

|T |
4

u2
y +

h4
x

12|T |u
2
x if E is horizontal,

and ∑

E∈ET

|E|
|T |

∫

E
|u− u|2 ds =

|T |
2

(u2
x + u2

y) +
1

6|T |(h
4
xu2

x + h4
yu

2
y).

Proof. It suffices to prove the first result, as the second result follows directly from it. By the
mid-point rule we obtain for all E ∈ ET∫

E
(x− xT )(y − yT ) ds = 0.

Hence it follows that for a vertical edge E,
|E|
|T |

∫

E
|u− u|2 ds =

|E|
|T |

∫

E

(
ux(x− xT ) + uy(y − yT )

)2
ds

=
|E|
|T |

∫

E

(
u2

x(x− xT )2 + u2
y(y − yT )2

)
ds

=
h2

y

|T |
(

u2
x ·

h2
x

4
+ u2

y ·
h2

y

12

)
=
|T |
4

u2
x +

h4
y

12|T |u
2
y.
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The result for horizontal edges can be obtained in the same way. ¤
Lemma 4.3. Let E = ∂T1 ∩ ∂T2 ∈ EI and let

IE := −2
∫

E
{{∇hu}} · [[u]] ds +

|E|
|T |

∫

E
|[[u]]|2 ds.

Then we have for vertical E

IE =
|E|
|T |

∫

E
|[[u]]|2 ds +

h4
y

12|T |(uy|T1 − uy|T2)
2 − |T |

4
(ux|T1 + ux|T2)

2, (4.2)

and for horizontal E

IE =
|E|
|T |

∫

E
|[[u]]|2 ds +

h4
x

12|T |(ux|T1 − ux|T2)
2 − |T |

4
(uy|T1 + uy|T2)

2. (4.3)

Proof. For vertical E, suppose that T1 is on the left side of E and nE is the unit normal vector
from T1 to T2. Then we have {{∇hu}} · nE = 1

2(ux|T1 + ux|T2) on E and

IE =
|E|
|T |

∫

E

(
(u|T1 − u|T2)

2 − 2hx{{∇hu}} · nE(u|T1 − u|T2)
)

ds

=
|E|
|T |

∫

E

((
u|T1 − u|T2 − hx{{∇hu}} · nE

)2 − h2
x({{∇hu}} · nE)2

)
ds.

On the other hand, we have on E

u|T1 − u|T2 = (u|T1 − u|T2) +
hx

2
(ux|T1 + ux|T2) + (uy|T1 − uy|T2)(y − yT )

= (u|T1 − u|T2) + hx{{∇hu}} · nE + (uy|T1 − uy|T2)(y − yT ).

Hence it follows that

IE =
|E|
|T |

∫

E

(
|[[u]]|2 + (uy|T1 − uy|T2)

2(y − yT )2 − h2
x

4
(ux|T1 + ux|T2)

2

)
ds

=
|E|
|T |

∫

E
|[[u]]|2 ds +

h4
y

12|T |(uy|T1 − uy|T2)
2 − |T |

4
(ux|T1 + ux|T2)

2.

The result for the horizontal edge can be proved similarly. ¤
Now we prove are ready to derive the upper bound for λmax(BA).

Theorem 4.4. Let A and B be defined by (3.2) and (3.1) with the space decomposition (3.4)
and the subspace solvers (3.3) and (3.5), respectively. Then we have

λmax(BA) ≤ 3.

Proof. Given u0 ∈ P0(Th) and u =
∑

T∈Th
uT with uT ∈ P1(T ) for T ∈ Th, we note that for

any α > 0,

A(u0 + u, u0 + u) ≤ (1 + α)A(u0, u0) +
(

1 +
1
α

)
A(u, u).
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Thus it suffices to show that

A(u, u) ≤ 2
∑

T∈Th

AT (uT , uT ), (4.4)

which yields the desired result by choosing α = 2 and applying Corollary 3.2.
By using (4.2)–(4.3) with the inequality (a − b)2 ≤ 2(a2 + b2) and then Lemmas 4.1–4.2,

we obtain
∑

T∈Th

∫

T
|∇u|2 dx− 2

∑

E∈EI

∫

E
{{∇hu}} · [[u]] ds +

∑

E∈EI

|E|
|T |

∫

E
|[[u]]|2 ds

≤
∑

T∈Th

|T |(u2
x + u2

y) +
∑

E∈EI

|E|
|T |

∫

E
|[[u]]|2 ds +

∑

T∈Th

1
3|T |(h

4
xu2

x + h4
yu

2
y)

= 2
∑

T∈Th

∑

E∈ET

|E|
|T |

∫

E
|u− u|2 ds +

∑

E∈EI

|E|
|T |

∫

E
|[[u]]|2 ds

≤ 2
∑

T∈Th

∑

E∈ET

|E|
|T |

∫

E
|u− u|2 ds + 2

∑

T∈Th

∑

E∈ET

|E|
|T |

∫

E
u2 ds

= 2
∑

T∈Th

∑

E∈ET

|E|
|T |

∫

E
u2 ds.

Then it follows that

A(u, u) ≤ 2
∑

T∈Th

∑

E∈ET

|E|
|T |

∫

E
u2 ds +

∑

E∈EI

(γ − 1)
|E|
|T |

∫

E
|[[u]]|2 ds

− 2
∑

E∈EB

∫

E
∇u · nu ds +

∑

E∈EB

2γ
|E|
|T |

∫

E
u2 ds

≤ 2
∑

T∈Th

∑

E∈ET

|E|
|T |

∫

E
u2 ds +

∑

T∈Th

∑

E∈ET

2(γ − 1)
|E|
|T |

∫

E
u2 ds

− 2
∑

E∈EB

∫

E
∇u · nu ds +

∑

E∈EB

2γ
|E|
|T |

∫

E
u2 ds

= 2
∑

T∈Th

AT (uT , uT ),

where the last equality is obtained by (4.1). This completes the proof. ¤

To derive the lower bound, we define the bilinear form A1(·, ·)

A1(u, v) =
∫

Ω
∇hu · ∇hv dx−

∑

E∈Eh

∫

E
({{∇hu}} · [[v]] + {{∇hv}} · [[u]]) ds + J1(u, v).
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Note that A(u, v) = A1(u, v) + (γ − 1)J1(u, v). We also need the results for boundary edges
corresponding to Lemma 4.3 which are stated in the following lemma. The proof is very
similar, and so is omitted.

Lemma 4.5. For E ∈ EB ∩ ET , let

IE := −2
∫

E
∇u · nT u ds +

2|E|
|T |

∫

E
u2 ds.

Then we have for vertical E

IE =
2|E|
|T |

∫

E
u2 ds +

h4
y

6|T |u
2
y|T −

|T |
2

u2
x|T , (4.5)

and for horizontal E

IE =
2|E|
|T |

∫

E
u2 ds +

h4
x

6|T |u
2
x|T −

|T |
2

u2
y|T . (4.6)

Now we prove the following theorem under a mild assumption that evert rectangle in Th has
at most one vertical and one horizontal edges on ∂Ω.

Theorem 4.6. Let A and B be defined by (3.2) and (3.1) with the space decomposition (3.4)
and the subspace solvers (3.3) and (3.5), respectively. Then we have

λmin(BA) ≥ α− γ

γα− γ
,

where α > γ is the larger root of the quadratic equation

γ(1− γ)(α− 1) +
[(

3
4

+
1
6
θ2

)
γ − 1

2

]
α(α− γ) = 0.

Proof. We will apply Corollary 3.2 again. Given u ∈ P1(Th), we decompose it as

u = u +
∑

T∈Th

u′T , where u′T =

{
u|T − u|T in T ,

0 in Ω \ T .

It is easy to verify that for E ∈ EB ∩ ET ,

∫

E
∇u · n(u− u) ds =





|T |
2

u2
x|T if E is vertical,

|T |
2

u2
y|T if E is horozontal.

(4.7)

By summing (4.2)–(4.3) over E ∈ EI with the inequality −(a + b)2 ≥ −2(a2 + b2) and
summing (4.5)–(4.6) over E ∈ EB with Lemma 4.2 and the equality (4.7), one can obtain

A1(u, u) ≥ J1(u, u) +
∑

E∈EB

(
−

∫

E
∇u · n(u− u) ds +

2|E|
|T |

∫

E
|u− u|2 ds

)
,
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which leads to

A(u, u) = γJ1(u, u) ≤ γ[A(u, u) + (1− γ)J1(u, u)]

+ γ
∑

E∈EB

(∫

E
∇u · n(u− u) ds− 2|E|

|T |
∫

E
|u− u|2 ds

)
.

On the other hand, we have by (4.1)

∑

T∈Th

AT (u′T , u′T ) =
∑

T∈Th

∑

E∈ET

γ
|E|
|T |

∫

E
|u− u|2 ds−

∑

E∈EB

∫

E
∇u · n(u− u) ds

+
∑

E∈EB

γ
|E|
|T |

∫

E
|u− u|2 ds.

Hence it follows by Lemma 4.2 and the equality (4.7) that

A(u, u) +
∑

T∈Th

AT (u′T , u′T )

≤ γA(u, u) + γ(1− γ)J1(u, u) +
∑

T∈Th

∑

E∈ET

γ
|E|
|T |

∫

E
|u− u|2 ds

+
∑

E∈EB

(
(γ − 1)

∫

E
∇u · n(u− u) ds− γ

|E|
|T |

∫

E
|u− u|2 ds

)

≤ γA(u, u) + γ(1− γ)J1(u, u) +
(

1
2

+
1
6
θ2

)
γ

∫

Ω
|∇hu|2 dx

+
(

1
2
(γ − 1)− 1

4
γ

) ∫

Ω
|∇hu|2 dx

≤ γA(u, u) + γ(1− γ)J1(u, u) +
[(

3
4

+
1
6
θ2

)
γ − 1

2

] ∫

Ω
|∇hu|2 dx.

Now we obtain by using Theorem 2.1

A(u, u) +
∑

T∈Th

AT (u′T , u′T ) ≤
{

γ +
[(

3
4

+
1
6
θ2

)
γ − 1

2

]
α

α− 1

}
A(u, u)

+
{

γ(1− γ) +
[(

3
4

+
1
6
θ2

)
γ − 1

2

]
α

α− 1
(α− γ)

}
J1(u, u).

If we choose α > γ satisfying

γ(1− γ) +
[(

3
4

+
1
6
θ2

)
γ − 1

2

]
α

α− 1
(α− γ) = 0,
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TABLE 1. Block Jacobi preconditioner on square meshes. We take γ = 2.

Mesh size λmax λmin λmax/λmin

8× 8 1.96148 0.03852 50.92

16× 16 1.99036 0.00963 206.51

32× 32 1.99759 0.00240 829.02

64× 64 1.99940 0.00060 3319.09

128× 128 1.99985 0.00015 13279.37

256× 256 1.99996 0.00004 53120.48

then we get

A(u, u) +
∑

T∈Th

AT (u′T , u′T ) ≤
{

γ +
γ(γ − 1)
α− γ

}
A(u, u) =

γα− γ

α− γ
A(u, u).

This completes the proof. ¤

Remark 4.7. One can still get uniform bounds for the eigenvalues λmax(BA) and λmin(BA)
as long as a uniform preconditioner such as the multigrid method is adopted for the global
coarse problem (3.5) instead of solving it exactly.

5. NUMERICAL RESULTS

In this section we present some numerical results to confirm the theoretical results estab-
lished in the previous section. We consider the model problem on the unit square Ω = (0, 1)2

and compute the maximum and minimum eigenvalues of the preconditioned system by using
the MATLAB command eigs.

First, let us see what happens if the global coarse space P0(Th) is not taken into account,
i.e., the discrete matrix A is preconditioned by the block Jacobi iteration only. The results
are reported in Table 1 for square meshes of varying mesh sizes, with the value γ = 2. It is
observed that the maximum eigenvalues are always bounded above by 2, which can be deduced
from the inequality (4.4), while the minimum eigenvalues decrease at a rate proportional to h2.
Therefore we conclude that the block Jacobi preconditioner is essentially ineffective.

In Table 2, we report the results for the preconditioned matrix system BA which incorporates
the global coarse space P0(Th). We take γ = 2 again. As predicted by the theory, we can see
that the maximum eigenvalues are always bounded above by 3 and the minimum eigenvalues
seem to be bounded below uniformly in h.

Finally, Tables 3–4 compares the theoretical estimates given in Theorem 4.6 and actual
values of λmin(BA) as a function of γ on the square mesh of size 128×128 and the rectangular
mesh of size 256 × 64 (with θ = 4), respectively, which shows that our estimates indeed give
very good lower bounds for λmin(BA).
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TABLE 2. Additive Schwarz preconditioner on square meshes. We take γ = 2.

Mesh size λmax λmin λmax/λmin

8× 8 2.94849 0.28253 10.4359

16× 16 2.98697 0.25818 11.5691

32× 32 2.99674 0.25211 11.8864

64× 64 2.99918 0.25056 11.9696

128× 128 2.99980 0.25015 11.9916

256× 256 2.99995 0.25004 11.9976

TABLE 3. Additive Schwarz preconditioner on the 128×128 square mesh for
various values of γ

γ λmax λmin Estimated λmin

2 2.99980 0.25015 0.25000

3 2.99985 0.18245 0.17264

4 2.99988 0.14014 0.13035

5 2.99990 0.11329 0.10448

10 2.99993 0.05751 0.05228

20 2.99995 0.02893 0.02612

30 2.99996 0.01933 0.01741

40 2.99996 0.01452 0.01305

50 2.99996 0.01163 0.01044

REFERENCES

[1] P. F. Antonietti and B. Ayuso, Schwarz domain decomposition preconditioners for discontinuous Galerkin
approximations of elliptic problems: non-overlapping case, M2AN Math. Model. Numer. Anal. 41 (2007),
no. 1, 21–54.

[2] D. N. Arnold, F. Brezzi, B. Cockburn and L. D. Marini, Unified analysis of discontinuous Galerkin methods
for elliptic problems, SIAM J. Numer. Anal. 39 (2001/02), no. 5, 1749–1779.

[3] P. Bastian and V. Reichenberger, Multigrid for higher order discontinuous Galerkin finite elements applied to
groundwater flow, Technical Report 2000-37, SFB 359, Heidelberg University, 2000.

[4] J. H. Bramble, R. E. Ewing, J. E. Pasciak and J. Shen, The analysis of multigrid algorithms for cell centered
finite difference methods, Adv. Comput. Math. 5 (1996), no. 1, 15–29.

[5] S. C. Brenner and J. Zhao, Convergence of multigrid algorithms for interior penalty methods, Appl. Numer.
Anal. Comput. Math. 2 (2005), no. 1, 3–18.

[6] V. A. Dobrev, R. D. Lazarov, P. S. Vassilevski and L. T. Zikatanov, Two-level preconditioning of discontinuous
Galerkin approximations of second-order elliptic equations, Numer. Linear Algebra Appl. 13 (2006), no. 9,
753–770.



280 KWANG-YEON KIM

TABLE 4. Additive Schwarz preconditioner on the 256×64 rectangular mesh
for various values of γ

γ λmax λmin Estimated λmin

2 2.99989 0.07526 0.07275

3 2.99991 0.06267 0.05969

4 2.99992 0.05092 0.04829

5 2.99993 0.04242 0.04017

10 2.99994 0.02270 0.02146

20 2.99995 0.01169 0.01104

30 2.99995 0.00788 0.00742

40 2.99995 0.00595 0.00559

50 2.99995 0.00478 0.00448

[7] V. A. Dobrev, R. D. Lazarov and L. T. Zikatanov, Preconditioning of symmetric interior penalty discontinuous
Galerkin FEM for elliptic problems, In Domain decomposition methods in science and engineering XVII,
33–44, Lect. Notes Comput. Sci. Eng., 60, Springer, Berlin, 2008.

[8] X. Feng and O. A. Karakashian, Two-level additive Schwarz methods for a discontinuous Galerkin approxi-
mation of second order elliptic problems, SIAM J. Numer. Anal. 39 (2001), no. 4, 1343–1365.

[9] M. Griebel and P. Oswald, On the abstract theory of additive and multiplicative Schwarz algorithms, Numer.
Math. 70 (1995), no. 2, 163–180.

[10] J. Gopalakrishnan and G. Kanschat, A multilevel discontinuous Galerkin method, Numer. Math. 95 (2003),
no. 3, 527–550.

[11] B. T. Helenbrook and H. L. Atkins, Application of p multigrid to discontinuous Galerkin formulations of the
Poisson equation, AIAA Journal 44 (2005), no. 3, 566–575.

[12] B. T. Helenbrook and H. L. Atkins, Solving discontinuous Galerkin formulations of Poisson’s equation using
geometric and p multigrid, AIAA Journal 46 (2008), no. 4, 894–902.

[13] P. W. Hemker, W. Hoffmann and M. H. van Raalte, Two-level Fourier analysis of a multigrid approach for
discontinuous Galerkin discretization, SIAM J. Sci. Comput. 25 (2003), no. 3, 1018–1041.

[14] D. Y. Kwak, V -cycle multigrid for cell-centered finite differences, SIAM J. Sci. Comput. 21 (1999), no. 2,
552–564.

[15] D. Y. Kwak and J. S. Lee, Multigrid algorithm for the cell-centered finite difference method. II. Discontinuous
coefficient case, Numer. Methods Partial Differential Equations 20 (2004), no. 5, 742–764.

[16] C. Lasser and A. Toselli, An overlapping domain decomposition preconditioner for a class of discontinuous
Galerkin approximations of advection-diffusion problems, Math. Comp. 72 (2003), no. 243, 1215–1238.

[17] B. Rivière, Discontinuous Galerkin methods for solving elliptic and parabolic equations. Theory and imple-
mentation, Frontiers in Applied Mathematics, 35. Society for Industrial and Applied Mathematics (SIAM),
Philadelphia, PA, 2008.

[18] A. Toselli and O. Widlund, Domain decomposition methods—algorithms and theory. Springer Series in Com-
putational Mathematics, 34. Springer-Verlag, Berlin, 2005.

[19] J. Xu, Iterative methods by space decomposition and subspace correction, SIAM Rev. 34 (1992), no. 4, 581–
613.



J. KSIAM Vol.13, No.4, 281–292, 2009

EFFICIENT PARAMETERS OF DECOUPLED DUAL SINGULAR FUNCTION
METHOD

SEOKCHAN KIM1 AND JAE-HONG PYO2†

1 DEPARTMENT OF APPLIED MATHEMATICS, CHANGWON NATIONAL UNIVERSITY, SOUTH KOREA

E-mail address: sckim@changwon.ac.kr

2 DEPARTMENT OF MATHEMATICS, KANGWON NATIONAL UNIVERSITY, SOUTH KOREA

E-mail address: jhpyo@kangwon.ac.kr

ABSTRACT. The solution of the interface problem or Poisson problem with concave corner
has singular perturbation at the interface corners or singular corners. The decoupled dual sin-
gular function method (DDSFM) which exploits the singular representations of the solutions
was suggested in [3, 9] and estimated optimal accuracy in [10]. The convergence rates consist
with theoretical results even for the problems with very strong singularity, with the efficiency
depending on parameters used in the methods. Furthermore the errors in L2 and L∞-spaces dis-
play some oscillation, in the cases with meshsize not small enough. In this paper, we present an
answer to remove the oscillation via numerical experiments. We observe the effects of param-
eters in DDSFM, and show the consisting efficiency of the method over the strong singularity.

1. INTRODUCTION

Let Ω be an open, bounded polygonal domain inR2. Consider the following model Laplace
problem (called interface problem){ −∇ · (a∇u) = f in Ω,

u = 0 on Γ := ∂Ω,
(1.1)

where the diffusion coefficient a(x) is a given piecewise constant function on subdomains Ωj ,
which are also assumed to be polygonal, and f is a given function in L2(Ω). This interface
problem is simply reduced to the Poisson problem if a(x) is constant on Ω. For the interface
problems and the Poisson problems on non-convex domains, the precise singular function rep-
resentations for solutions are well-known (see [1, 6, 7, 8, 11, 13, 14]). In [3, 5] the authors
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derived a new extraction formula for the stress intensity factor in term of integration of the
regular part of the solution, and used it together with the singular representation, to pose a
variational problem for the regular part of the solution. The optimal regularity of the regular
part gives the h1-error and h2-error in computational results, in H1- seminorm and L2-norm,
respectively, although the optimal theoretical error analysis in L2-norm is obtained recently
in [10]. This approach for the interface problem is considered in [9], where two examples
of interface problems were given with numerical computations. Although the results shows
the method works with high accuracy, it shows a little oscillating convergence rate. We recall
that we have used a cut-off function using a polynomial degree 5 to give the singular function
representations which plays an important role in the method.

In this paper we find that the method works well without oscillating in convergence rate if
we use polynomials with degree 7 and study the effects of the choice of parameters ρ and R
in the definition of the cut-off function. We also give several examples of interface problems
with singular points, in the interior or on the boundary, to show the method works with a stable
results for a series of examples with dramatically increasing singularities.

Here we note that the adaptive mesh refinement has strong points for the treatment of the
singular problem without knowledge of the singularities. One of the issue is to find a posteriori
error estimates which is robust. But for some special configurations of diffusion coefficients
it has been shown that there are no robust interpolation operators, for example checkerboard
distribution of coefficients [15, 16].

The first example of this paper is about interface problems with checkerboard distribution
of coefficients, having a strong singularity. Although we do not have the theoretical proof yet,
the computational results indicate that the method is an accurate numerical solver with scale of
the errors being independent of the jumps of the diffusion coefficients,

We will use the standard notation and definitions for the Sobolev spaces Ht(Ω) for t ≥ 0;
the standard associated inner products are denoted by (·, ·)t,Ω, and their respective norms and
seminorms are denoted by ‖·‖t,Ω and |·|t,Ω. The space L2(Ω) is interpreted as H0(Ω), in which
case the inner product and norm will be denoted by (·, ·)Ω and ‖ · ‖Ω, respectively, although we
will omit Ω if there is no chance of misunderstanding. H1

0 (Ω) = {u ∈ H1(Ω) : u = 0 on Γ}.

2. REVIEW OF ALGORITHM AND ERROR ANALYSIS

The cut-off function plays an important role in isolating the singular behavior of the problem.
We start this section with the definition of cut-off functions, which involves two parameters to
be analyzed in the next section. For this end, set

B(r1; r2) = {(r, θ) : r1 < r < r2 and 0 < θ < ω} ∩ Ω and B(r1) = B(0; r1).

2.1. Cut-off functions. We define two families of cut-off functions of r as follows :

η5,ρ(r) =





1 in B(1
2ρR),

15
16

{
8
15 − p(r) + 2

3p(r)3 − 1
5p(r)5

}
in B̄(1

2ρR; ρR),

0 in Ω \ B̄(ρR),

(2.1)
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and

η7,ρ(r) =





1 in B(1
2ρR),

1
32

{
16− 35p(r) + 35p(r)3 − 21p(r)5 + 5p(r)7

}
in B̄(1

2ρR; ρR),

0 in Ω \ B̄(ρR),

(2.2)

where p(r) = 4r
ρR − 3. Here, ρ is a parameter in (0, 2] and R ∈ R is a fixed number which will

be determined so that the singular part η2s has the same boundary condition as the solution u
of the model problems.

Note η5,ρ(r) and η7,ρ(r) are C2 and C3, respectively. We will use the same notation, η or ηρ,
etc., for these cut-off functions from now on until section 4, where the computational results of
several examples using these two different choices of cut-off functions are compared.
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(a) corner singular point : P1 (b) interior interface singular point : P2

(c) boundary interface singular point : P3, P4, P5

FIGURE 1. Examples of singular points: corner, interior interface, and bound-
ary interface singularities

2.2. Singularities and variational problem. First we need to identify the singular points of
the problem and singular functions. As depicted in Figure 1, there are three types of singular
points; corner singularities for the Poisson problem on the polygonal or corner with constant
diffusion coefficient (see (a)), the interior and boundary singularities for the interface problem
(see (b) and (c)).

The precise form of the singular function and dual singular function can be found in many
literature. For the corner singularity of Poisson problem we refer [3, 4], for example. In the
case of the interface problem we need to solve a Sturm-Liouville problem to get singularities
and the corresponding eigenfunctions, then the singular functions and dual singular functions
as in [9].
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Moreover we assume there is only one singular point, since the complexity caused by the
multiple singular points can be easily treated by the help of Sherman-Morrison formula.

• Singular function representation
Using a cut-off function above, the solution of (1.1) has the following singular function repre-
sentation

u = w +
L∑

l=1

κlηρsl, (2.3)

with w ∈ H2(Ωj), 1 ≤ j ≤ L, where the subdomain Ωj of Ω is a polygonal subset of Ω
and the diffusion coefficient is constant there, and κl is the so-called stress intensity factors for
1 ≤ l ≤ L. Note we call w the regular part of the solution and it depends on the choice of ρ in
(2.3) but the method works well for any 0 < ρ ≤ 1. Therefore, we may assume ρ = 1 so that
w is fixed for the simplicity. The complexity of linear system due to the multiplicity of singular
points and/or singular functions can be efficiently treated by Sherman-Morrison formula.

• Extraction formula and variational problem

Lemma 2.1. The stress intensity factors κl for 1 ≤ l ≤ L for the interface problem can be
expressed in terms of w by the following extraction formula

κl =
1

2αl
[(f, η2s−l) + (aw, ∆(η2s−l))]. (2.4)

Now we derives a variational problem for the regular part of the solution, whose well-
posedness is proved in [9, 3]. The singular function representation (2.3) of u and Lemma 2.1
yield the variational problem for the regular part of the solution; to find w ∈ H1

0 (Ω) such that

a(w, v) = g(v) ∀ v ∈ H1
0 (Ω), (2.5)

where the bilinear and linear forms are defined by

a(w, v) = (a∇w,∇v)−
L∑

l=1

1
2αl

(aw , ∆(η2s−l))(a∆(ηρsl), v) (2.6)

and

g(v) = (f, v) +
L∑

l=1

1
2αl

(f, η2s−l)(a∆(ηρsl), v), (2.7)

respectively.
Here we note that sl ∈ H1+αl−ε(Ωmi) and s−l ∈ H1−αl−ε(Ωmi) for any ε > 0. Moreover

we see the integrals in both (2.6) and (2.7) are well-defined since the cutoff functions η2 and
ηρ are 1 around the vertex p and ∆(η2s−l) = ∆(s−l) = 0 and ∆(ηρsl) = ∆(sl) = 0 there.

We refer [3, 9] for the existence and uniqueness of the solution w of the problem (2.5). Once
the solution is obtained, the stress intensity factors κl and the solution u of (1.1) are obtained
by (2.4) and (2.3).
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2.3. Summary of the algorithm and error analysis. In this subsection we list the error anal-
ysis of the method in the standard norms, ‖ ·‖1 and ‖ ·‖, carried out with a regular triangulation
and continuous piecewise linear finite element space Vh(see [3, 9, 10]).

The finite element approximation to w is to seek wh ∈ Vh such that

a(wh, v) = g(v) ∀ v ∈ Vh, (2.8)

with error bounds

‖w − wh‖1 ≤ C h‖f‖ and ‖w − wh‖ ≤ C h2‖f‖. (2.9)

Now approximations κl,h and uh to the stress intensity factors κl and the solution u of (1.1)
can be computed according to (2.4) and (2.3) as follows

κl,h =
1

2αl
(awh, ∆(η2s−l))B(R;2R) +

1
2αl

(f, η2s−l)B(2R) (2.10)

and
uh = wh +

∑

l

κl,hηρsl, (2.11)

respectively, with error bounds

|κl − κl,h| ≤ C h2‖f‖, ‖u− uh‖1 ≤ Ch‖f‖ and ‖u− uh‖ ≤ C h2‖f‖. (2.12)

Finally we summarize the procedure we get the approximation uh from with solution wh and
κl,h, which we might call Decoupled Dual Singular Function Methods (DDSFM) as follows;

Algorithm 1: (Decoupled Dual Singular Function Methods )
• Find the finite element approximation wh ∈ Vh such that

a(wh, v) = g(v) ∀ v ∈ Vh. (2.13)

• Compute κl,h using (2.10) for 1 ≤ l ≤ L.
• Then we have the solution uh by (2.11).

3. PARAMETERS ρ AND R IN THE ALGORITHM

In this section we examine the effects of two parameters ρ and R in the cut-off functions
to the convergence of the Algorithm. If we consider the usual variational form, the speed of
convergence is roughly in inverse proportion to the ratio of two constants appearing in the
continuity and coercivity inequalities for the bilinear form due to the Céa’s Theorem. Note
the variational problem (2.5) does not satisfy the usual coercivity and may not use the Céa’s
Theorem.

Nevertheless we observe that only the second terms in the bilinear form (2.6) contain the
parameters ρ and R. So we compute the norms of Laplacians of the singular and dual sin-
gular function multiplied by the cut-off functions delicately, then see the dependence of the
continuity constant to the parameters ρ and R in the algorithm.
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Lemma 3.1.

∆(ηρsl) = (∂rrηρ +
1
r
(1 +

2π

ω
)∂rηρ)sl := p1(r)rαlΘl(θ) (3.1)

on B(ρR
2 ; ρR) and

∆(η2s−l) = (∂rrη2 +
1
r
(1− 2π

ω
)∂rη2)s−l := p2(r)r−αlΘl(θ), (3.2)

on B(R; 2R) where pi are functions of r, only dependent on the cut-off functions.

Proof. Use the facts ∆sl = 0 and that

∆(ηρsl) = ∆(ηρ)sl + 2∇ηρ · ∇sl = (∂rrηρ +
1
r
∂rηρ)sl + 2ηρ(cos θ, sin θ)T · ∇sl.

A similar method can be applied for the dual function s−l.

Lemma 3.2. For any 0 < ρ ≤ 1, we have that

‖a 1
2 ∆(η2s−l)‖B(R;2R) ≤ C4 R−αl−1 (3.3)

and

‖a 1
2 ∆(ηρsl)‖B( ρR

2
;ρR)

≤ C6(ρR)αl−1. (3.4)

For the observation for the effect of parameters on the coefficient in the error analysis we
have the following lemma;

Lemma 3.3. For 0 < ρ ≤ 1, there exist positive constants Cl such that

|(aφ,∆(η2s−l))(a∆(ηρsl), ψ)| ≤ C4C6ρ
αl−1

R2
‖a 1

2 φ‖ ‖a 1
2 ψ‖. (3.5)

Proof. The lemma is immediate by the Lemma 3.2.

Now we have the following observations regarding the effects of the parameters R and ρ to
the algorithm;

O1:: The coefficient on the right hand side of (3.5) has negative powers −2 and αl − 1
on R and ρ, respectively.

O2:: Since 0 < αl < 1, we need to choose the parameter ρ = 1 for a smaller continuity
coefficient.

O3:: The bigger the number R, the less the coefficient on the right hand-side in Lemma 3.3.
So, we need to choose bigger R such that B(0; 2R) ⊂ Ω does not contain any other
singular points or corner points.
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4. NUMERICAL EXPERIMENTS

The purpose of this section is to present various numerical tests, which complete the purpose
of the paper. Since we present numerical results for singularity at a corner in [9], we carry out
numerical test on a square domain Ω = (−1, 1)2 in Figure 2 with interior singularity at origin.

The purposes of Example 1 are to assert that

P1:: the method works independently to the jump of the diffusion of the interface prob-
lem.

P2:: It works well even for the interface problem with strong singular solution in Hα

(α ≈ 1.0550927).

The purposes of Example 2 are to assert that

P3:: We can remove the oscillation in the rate of convergence error by using the polyno-
mial degree 7 instead of degree 5 in the cut-off function.

P4:: We can reduce the error by using bigger R rather than smaller one.

Here, we use the following notations for the H1-seminorm and relative H1-seminorm;

|||E|||H1 = ‖∇(u− uh)‖ and |||E|||R =

∥∥∥a
1
2∇(u− uh)

∥∥∥
∥∥∥a

1
2∇u

∥∥∥
.
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FIGURE 2. A square partitioned into four squares.

Our first example is an interface problem with an interior singular point. The results show
that our methods is independent of the jump of the diffusion coefficients.
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4.1. Example 1 : Comparison numerical results for the variation of diffusion coefficients.
We consider the interface problem with an interior singular interface point at the origin;

{ −∇ · (a∇u) = f in Ω,

u = 0 on ∂Ω,
(4.1)

where Ω = (−1, 1)2 with four square subdomains as in Figure 2. The diffusion coefficients ai

in each subdomain Ωi are defined as follows;
Case 1: a1 = a3 = 1, a2 = 25, and a4 = 50.
Case 2: a1 = a3 = 1, a2 = 100, and a4 = 200.
Case 3: a1 = a3 = 1, a2 = 400, and a4 = 800.

Note the coefficients a2 and a4, on Ω2 and Ω4, are chosen to jump 4 times, respectively. For
each case we can compute the positive eigenvalues λ and the corresponding eigenfunctions of
the Sturm-Liouville problem, then determine the singular functions s. The following are the
square roots

√
λ of the computed positive eigenvalues which determine the singularities(power

to r) for each case;
Case 1: α ≈ 0.21801835634053335,
Case 2: α ≈ 0.1099460764271882,
Case 3: α ≈ 0.05509274836764086.

We note that the more the coefficients jump, the smaller the power is and the singularity of the
solution increases. Now we introduce the forcing term f in the problem (4.1);

f = −ai

(
− 6

ai
x(y2 − y4) +

1
ai

(x− x3)(2− 12y2) + ∆(η2s)
)

on Ωi,

so that the exact solution has the singular decomposition;

u = wρ + ηρs,

where ηρ is the cut-off function with R = 1/2 and ρ = 1 in (2.1). Thus, w := wρ is the regular
part of the solution having the form of

w =
1
ai

(x− x3)(y2 − y4) + (η2 − ηρ)s on Ωi, i = 1, 2, 3, 4.

The computational results for three cases are given in Table 1, 2, and 3 and there are only
small difference among the results. So we can conclude that DDSFM works robustly for very
big jump coefficients with strong singularities. We remark that the oscillation of errors in
L2(Ω) and L∞(Ω)-spaces due to insufficient of regularity of cut off function (2.1). We will
compare numerical behaviors between cut off functions (2.1) and (2.2) in §4.2.

4.2. Example 2 : Two choices of the parameter R and the polynomial with degree 5 and
7 in the cut-off function. The domain and subdomains are the same as in Example 1 and
a1 = a3 = R0 and a2 = a4 = 1, where R0 can be chosen later so that we have particular
singularity α = 0.1 (see [2, 12]). In fact, R0 ≈ 161.4476387975881.
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h 1/16 1/32 1/64 1/128 1/256 1/512

‖E‖L2
0.121169 0.00641669 0.00703718 0.000803131 0.000337706 6.96411e-05

Order 4.239048 -0.133168 3.131290 1.249868 2.277757

‖E‖L∞
0.312583 0.016195 0.0183967 0.00223744 0.000905891 0.00018592

Order 4.270619 -0.183899 3.039526 1.304440 2.284656

|||E|||H1
1.23423 0.45426 0.231951 0.113141 0.0565359 0.0282413
Order 1.442021 0.969698 1.035698 1.000883 1.001361

|||E|||R 0.117836 0.0291697 0.0153021 0.00705695 0.00351798 0.00175353
Order 2.014238 0.930741 1.116613 1.004298 1.004485

κh
1.1937 1.01893 1.01121 1.00177 1.00059 1.00013
Order 3.355078 0.755888 2.662965 1.584962 2.182203

TABLE 1. Error decay for case 1 of §4.1

h 1/16 1/32 1/64 1/128 1/256 1/512

‖E‖L2
0.189589 0.00979614 0.0117825 0.00144784 0.000619979 0.000133304

Order 4.274518 -0.266360 3.024672 1.223611 2.217499

‖E‖L∞
0.515027 0.0263781 0.0314316 0.00398715 0.00165554 0.00035362

Order 4.287235 -0.252875 2.978786 1.268056 2.227030

|||E|||H1
1.80414 0.501356 0.266292 0.124206 0.0619946 0.0308978
Order 1.847404 0.912826 1.100274 1.002520 1.004638

|||E|||R 0.188638 0.0308873 0.0180715 0.00728764 0.00361533 0.00178846
Order 2.610535 0.773297 1.310193 1.011324 1.015410

κh
1.31658 1.02625 1.0187 1.00281 1.001 1.00022
Order 3.592181 0.489279 2.734396 1.490570 2.184425

TABLE 2. Error decay for case 2 of §4.1

The exact solution of the interface problem with a vanishing right-hand side f can be found
in [2] or computed by using the formulas derived by R. B. Kellogg([8]). To use our approach,
we split the exact solution u to u = w + ληρs, where ηρ is the same cut-off function as in
Example 1. So, we have α = 0.1 and can check the singular function s = rα(Ci cos(αθ) +
Di sin(αθ)) have the coefficients Ci, Di on each subdomains Ωi (See Figure 2) as follows;

C1 = 1.0, D1 = 0.07870170682462,
C2 = 2.97537668119027, D2 = −12.39333580609424,
C3 = −0.92673635140003, D3 = −0.38386676549405,
C4 = −6.65950276215729, D4 = 10.86732081786520.

(4.2)

We first remark that the convergence rates are independent on R, but the errors for the bigger
R = 1/2 in Tables 4 and 6 are much smaller than those for the small R = 1/8 in Tables 5
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h 1/16 1/32 1/64 1/128 1/256 1/512

‖E‖L2
0.248176 0.0128642 0.0158906 0.00204376 0.000888561 0.000197039

Order 4.269930 -0.304812 2.958876 1.201683 2.172990

‖E‖L∞
0.685167 0.0343631 0.0425568 0.00554794 0.00235945 0.000518869

Order 4.317524 -0.308530 2.939366 1.233501 2.185008

|||E|||H1
2.34664 0.529674 0.294471 0.130531 0.0650709 0.0323253
Order 2.147420 0.846979 1.173733 1.004308 1.009349

|||E|||R 0.255358 0.0325948 0.0212676 0.00750582 0.00370203 0.00181015
Order 2.969808 0.615985 1.502576 1.019693 1.032207

κh
1.42513 1.03203 1.02544 1.00376 1.00141 1.00032
Order 3.730408 0.332325 2.758294 1.415037 2.139551

TABLE 3. Error decay for case 3 of §4.1

h 1/16 1/32 1/64 1/128 1/256 1/512

‖E‖L2
0.00212664 0.000302188 0.000111722 1.8242e-05 5.05712e-06 1.13813e-06

Order 2.815057 1.435533 2.614577 1.850876 2.151651

‖E‖L∞
0.00414278 0.00119037 0.000226678 3.70706e-05 1.04631e-05 2.17368e-06

Order 1.799189 2.392694 2.612297 1.824965 2.267099

|||E|||H1
0.0463328 0.0216787 0.0107002 0.00532138 0.00266172 0.0013307

Order 1.095756 1.018640 1.007765 0.999442 1.000173

|||E|||R 0.0388715 0.0159448 0.00766791 0.00376714 0.001879 0.000938677
Order 1.285627 1.056181 1.025364 1.003505 1.001264

TABLE 4. Error decay with R = 1/2 and cut-off function η = η5,1 in §4.2

h 1/16 1/32 1/64 1/128 1/256 1/512

‖E‖L2
0.0257975 0.0027329 0.00138712 0.000150095 7.75654e-05 4.84607e-06

Order 3.238727 0.978340 3.208145 0.952391 4.000526

‖E‖L∞
0.0578551 0.0111715 0.00484416 0.000779646 0.000270837 3.98846e-05

Order 2.372621 1.205505 2.635355 1.525394 2.763521

|||E|||H1
0.396396 0.0815404 0.0466302 0.018517 0.00938305 0.00464047

Order 2.281356 0.806250 1.332414 0.980722 1.015786

|||E|||R 0.352453 0.0801992 0.0380502 0.0137496 0.00671486 0.00328066
Order 2.135771 1.075684 1.468514 1.033960 1.033371

TABLE 5. Error decay with R = 1/8 and cut-off function η = η5,1 in §4.2
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h 1/16 1/32 1/64 1/128 1/256 1/512

‖E‖L2
0.00115259 0.000315032 8.21328e-05 2.06608e-05 5.17576e-06 1.29526e-06

Order 1.871309 1.939468 1.991062 1.997053 1.998529

‖E‖L∞
0.00220923 0.000671963 0.000177266 4.42892e-05 1.11713e-05 2.79298e-06

Order 1.717090 1.922466 2.000889 1.987158 1.999920

|||E|||H1
0.0494193 0.0255158 0.0128035 0.00639884 0.00319865 0.00159922

Order 0.953684 0.994853 1.000656 1.000347 1.000095

|||E|||R 0.0402564 0.0191564 0.00924836 0.00456849 0.00227672 0.00113741
Order 1.071392 1.050557 1.017480 1.004761 1.001204

TABLE 6. Error decay with R = 1/2 and cut-off function η = η7,1 in §4.2

h 1/16 1/32 1/64 1/128 1/256 1/512

‖E‖L2
0.244612 0.00570191 0.000336002 8.84486e-05 1.81476e-05 4.50673e-06

Order 5.422906 4.084903 1.925559 2.285060 2.009626

‖E‖L∞
0.554409 0.0176703 0.00271292 0.000697018 0.000161296 3.91166e-05

Order 4.971552 2.703408 1.960579 2.111485 2.043858

|||E|||H1
1.92219 0.0928789 0.0446906 0.0223462 0.0111635 0.00557634
Order 4.371256 1.055379 0.999942 1.001240 1.001399

|||E|||R 2.13053 0.0848877 0.0365569 0.0167652 0.00805581 0.00397733
Order 4.649513 1.215412 1.124674 1.057368 1.018229

TABLE 7. Error decay with R = 1/8 and cut-off function η = η7,1 in §4.2

and 7. In addition, we can observe oscillation of convergence order in Tables 4 and 5 for the
case using η = η5,1 in (2.1). One answer to remove the oscillation is to compute on very fine
mesh, but it is not best answer. We observe this perturbation is due to insufficiency of regularity
of cut off function η and carry out same experiment with η = η7,1 in (2.2) and get a positive
answer to remove the perturbations in Tables 6 and 7 with η = η7,1.
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ABSTRACT. In this article, we study a reduced-order modelling for distributed feedback con-
trol problem of the Burgers equations. Brief review of the centroidal Voronoi tessellation (CVT)
are provided. A weighted (nonuniform density) CVT is introduced and low-order approxi-
mate solution and compensator-based control design of Burgers equation is discussed. Through
weighted CVT (or CVT-nonuniform) method, obtained low-order basis is applied to low-order
functional gains to design a low-order controller, and by using the low-order basis order of
control modelling was reduced. Numerical experiments show that a solution of reduced-order
controlled Burgers equation performs well in comparison with a solution of full order controlled
Burgers equation.

1. INTRODUCTION

Recently the application of reduced-order models to the computational simulation for (non-
linear) complex systems, optimal control problems or feedback control problems has received
increasing amount of attention. The Proper Orthogonal Decomposition (POD) technique has
been widely discussed in literatures of the past fifteen years as a tool for model reduction.
However, currently the CVT as reduced order modelling technique became an active research
field. CVT-based reduced-order modelling of fluid flows was developed by [9, 10].

So far, the CVT reduced-order modelling problems have been studied in uniform density
(ρ(y) = 1); see [9, 10, 11]. We call this case as the “CVT-uniform”. However, sometimes the
generators obtained by CVT-uniform do not lead to satisfactory results in the reduced-order
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modelling (or controller) problems. Therefore, to overcome this disadvantage, we extend the
uniform density to more general nonuniform densities (variable densities). We call this case
as the “CVT-nonuniform”. In the reduced-order model, we have used the “CVT-nonuniform”
method successfully; see [12, 15].

In general, the approach for low order control design has two types, “reduce-then-design”
and “design-then-reduce”; for detailed discussions, see [1, 2]. In this paper we use the latter ap-
proach to obtain reduced order compensator-based feedback controllers for systems described
by PDEs, since this approach holds much more information of the solution of the original equa-
tion than the former does. In this paper, we apply the technique of CVT-nonuniform methods
to obtain a low order basis for controller approximation.

The rest of paper goes as follows. In section 2, we give some definitions and properties
of CVT’s, and introduce a CVT-nonuniform algorithm. Section 3 is devoted to applying CVT
(CVT-nonuniform) to solve the time-dependent Burgers equation. We present numerical results
with CVT-nonuniform-based reduced-order basis technique to a distributed feedback control
problem for Burgers equation in Section 4. Some numerical results for a distributed feedback
control problem are also given in Section 5.

2. CENTROIDAL VORONOI TESSELLATION

The concept of the centroidal Voronoi Tessellations (CVTs) has been studied in [6]. CVTs
have been successfully used in several data compression settings, for example in image pro-
cessing and the clustering of data. Reduced-order modelling of complex systems is another
data compression setting, that is one replaces high-dimensional approximations with low-
dimensional ones. CVTs can be used for this purpose as well.

2.1. Definition of CVTs for discrete data sets. The definition of CVT for discrete data sets
begins with a set S = {yk}mk=1 consisting of m vectors belonging to Rn. Of course, S can also
be viewed as a set ofm points in Rn or a possibly complex-valued n×mmatrix. In the context
of CVT, it will be useful to think of the columns {S·,k}mk=1 of S as the spatial coordinate vectors
of a dynamical system at time tk. Similarly, we consider the rows {Si,·}ni=1 of S as the time
trajectories of the dynamical system evaluated at the locations xi.

Given a discrete set S belonging to Rn, the set {Vi}`i=1 is called a clustering or a tessellation
of the set S if Vi ∩ Vj = ∅ for i 6= j and ∪`i=1Vi = S. Let | · | denote the Euclidean norm
on Rn. Given a set of points {zi}`i=1 belonging to Rn (but not necessarily to S), the Voronoi
region V̂i corresponding to the point zi is defined by

V̂i = {y ∈ S : | y − zi | ≤ | y − zj | for j = 1, · · · , `, j 6= i} ,

where equality holds only for i < j. The points {zi}`i=1 are called generating points or (cluster)

generators. Such a set {V̂i}
`

i=1 is known as a Voronoi tessellation or Voronoi clustering of S
and each V̂i is referred to as the Voronoi region or cluster corresponding to zi.
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Given a density function ρ(y) defined on S, for each cluster V̂i, we can define its cluster
centroid z∗i by

z∗i =

∑
y∈V̂i

yρ(y)∑
y∈V̂i

ρ(y)
i = 1, · · · , `.

Given a set S ofm vectors in Rn and a positive integer ` ≤ m, a centroidal Voronoi tessellation
(CVT) or centroidal Voronoi clustering of S is a special Voronoi tessellation satisfying

zi = z∗i i = 1, · · · , ` (2.1)

i.e., the generators of the Voronoi tessellation coincide with the centroids of the corresponding
Voronoi clusters. It is important to note that general Voronoi tessellations do not satisfy the
CVT property (2.1) so that, for given a set S and positive integer `, a CVT must be constructed.
Algorithms for this purpose are discussed in Subsection 2.2.

Centroidal Voronoi tessellations are closely related to minimizers of an “energy”. Specifi-
cally, let

E({zi}`i=1, {V̂i}
`

i=1) =
∑̀
i=1

∑
y∈V̂i

|y − zi|2ρ(y),

where {V̂i}
`

i=1 is a tessellation of S and {zi}`i=1 are points in Rn. No a priori relation is
assumed between the V̂i’s and the zi’s. We refer to E as the “cluster energy”; in the statistics
literature, it is called the variance or cost. It is easy to prove that a necessary condition for E to
be minimized is that {zi, V̂i}

`

i=1 is a centroidal Voronoi tessellation of S.
The connection between CVTs and reduced-order bases is now easily made. The set S is

obviously the snapshot set. Then the CVT reduced basis set is the set of generators z = {zi}`i=1
of a CVT of the snapshot set S.

2.2. A new algorithm for constructing discrete CVTs. There are many known methods for
constructing centroidal Voronoi tessellations such as two typical methods Lloyd’s method [13]
and McQueen’s method [14]. Lloyd’s method and its convergence properties have been ana-
lyzed; see [6, 7] and also the references cited therein.

The density function has been usually chosen by ρ(·) = 1 (uniform density) in CVT (or
maybe POD) reduced-order modelling. From the results based on CVT reduced-order mod-
elling (see [9, 10], etc.), we can observe that the `2-norm errors (or `2 relative errors) of the
difference between the full finite element solution and the reduced-order solution is strongly
varying in time. The error at intimidate nodes is usually larger that the both end sides (starting
time and final time), however, errors at the both ends may become larger than that of inte-
rior as the number of basis decreases. Since the reduced-order basis are not constructed with
time evolution, we use the variable density (or nonuniform density) capability of CVT-based
reduced-order modelling to obtain quasioptimal reduced-order basis without paying serious
computing cost. In this paper, we choose a density (or weight) as follow
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(1) Derive the reduced-order basis(centroids) by the Lloyd’s algorithm with constant
density (ρ(0)(yk) = 1) from the set of snapshots S = {yk(x) : k = 1, ...,m };

(2) Compute the approximation solution ycvt of the Burgers equation using reduced-order
basis (centroids);

(3) Compute the relative error at each time step,

ek =
‖ yk(x)− ycvtk (x) ‖L2(Ω)

‖ yk(x) ‖L2(Ω)

, k = 1, ...,m; (2.2)

(4) Then, derive the density from the following formula:

ρ(q)(yk) = ρ(q−1)(yk) + exp(ek −
1
m

∑m
k=1 ek) (2.3)

and then normalize;
(5) Derive the reduced-order basis (centroids) by the Lloyd’s algorithm with the density
ρ(yk) from the set of snapshots S;

(6) Compute the relative error (2.2). Stop if the stopping criterion is satisfied, or go back
to step 4.

Here, we want to find the density function which make the distribution of error as uniform
as possible in time. The yk and ycvtk are full order finite element approximate solution and
CVT-ROM approximate solution at time tk, respectively. Although the weight function (2.3)
is not optimal for finding desired reduced-order basis, we use a feedback control idea to obtain
a quasi-optimal reduced-order basis. The above iteration can be done within q = 3 or 4. In
this paper, we mainly study using CVT-nonuniform-based basis to reduce order of Burgers
equation.

3. MODEL REDUCTION FOR THE BURGERS EQUATION

3.1. Generating snapshot sets. We now turn our attention to the computations. In order
to generate a snapshot, we wish to numerically solve Burgers equation with homogeneous
Dirichlet boundary conditions on Ω. Consider Burgers equation

∂y

∂t
(t, x) = ν

∂2y

∂x2
(t, x)− y(t, x)

∂y

∂x
(t, x) + f(t, x) for x ∈ Ω, t > 0, (3.1)

y(t, 0) = y(t, L) = 0, t > 0, (3.2)

y(0, x) = y0(x) for x ∈ Ω, (3.3)

where Ω is the finite interval [0, L].
Accurate Galerkin method finite element approximations of the solutions of (3.1)-(3.3) are

obtained using the linear finite element (“hat” funtion) on a n nodes; see [3]. Finite element
solutions are used for the generation of snapshots and later for comparison with CVT based
reduced-order solutions.
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We assume the approximate solution of y(t, x) is defined by

yh(t, x) =
n∑
i=1

ci(t)φi(x), (3.4)

where φi(x)(i = 1, 2, · · · , n) is a linear basis function on the Ω, h is a discretization parameter
and the coefficients ci(t) remain to be computed.

We use a variational formulation to define a finite element method to approximate (3.1).
Integrating by parts and using homogeneous Dirichlet boundary conditions yield the weak
formulation of the problem,∫

Ω

∂yh

∂t
(t, x)w(x)dx = −

∫
Ω
yh(t, x)

∂yh

∂x
(t, x)w(x)dx

− ν

∫
Ω

∂yh

∂x
(t, x)

∂w

∂x
(x)dx+

∫
Ω
f(t, x)w(x)dx, (3.5)

where test function w are in a finite-dimensional subspace Vh of the Sobolev space V =
H1

0 (Ω). Using (3.4), it is easy to see that (3.5) is equivalent to the system of nonlinear or-
dinary differential equations

n∑
i=1

ċi(t)(φi, φj) + ν

n∑
i=1

ci(t)(φ
′
i, φ

′
j) +

(
n∑
i=1

ci(t)φ
′
i, φj

n∑
i=1

ci(t)φi

)
= (f, φj), (3.6)

for j = 1, . . . , n along with the initial conditions
n∑
i=1

ci(0)(φi, φj) = (y0, φj), (3.7)

where φ
′

denotes the derivative of φ in space and (·, ·) means the L2(Ω) inner product. The set
of ordinary differential equations (3.6)-(3.7) is solved by using the Adams-Bashforth-Moulton
method.

The m snapshot vectors

ck = [c1(tk) c2(tk) · · · cn(tk)]T , k = 1, ...,m (3.8)

are determined by evaluating the solution of equation (3.6)-(3.7) at m equally spaced time
values tk, k = 1, · · · ,m, ranging from t1 = 0 to tm = T .

3.2. Determining reduced-order approximation. We next apply the algorithms introduced
in Section 2.2 to determine generators of the CVT from already know the snapshot sets {ck}mk=1
in Subsection 3.1; a set of generators is to be used as a reduced order basis. Note that each basis
function satisfies a zero Dirichlet boundary condition. In the interior of the region, each basis
function satisfies the (discretized) continuity equation.



298 G.-R.PIAO, H.-C.LEE, AND J.-Y.LEE

We assume that

ycvt(t, x) =
∑̀
i=1

di(t)zi(x),

where zi denotes the i-th CVT basis function, di(t) is the corresponding coefficient, and ` is
the total number of CVT basis functions.

We consider the approximation Burgers equation∫
Ω

∂ycvt

∂t
(t, x)zj(x)dx = −

∫
Ω
ycvt(t, x)

∂ycvt

∂x
(t, x)zj(x)dx (3.9)

+ ν

∫
Ω

∂2ycvt

∂x2
(t, x)zj(x)dx+

∫
Ω
f(t, x)zj(x)dx

for j = 1, · · · , `, where test function zj’s are in the subspace of Vh. Integrating by parts and
using homogeneous Dirichlet boundary conditions yield the weak formulation of the problem,∑̀

i=1

ḋi(t)(zi, zj) + ν
∑̀
i=1

di(t)(z
′
i, z

′
j) +

(∑̀
i=1

di(t)z
′
i, zj

∑̀
i=1

di(t)zi

)
= (f, zj) (3.10)

for j = 1, . . . , ` along with the initial conditions∑̀
i=1

di(0)(zi, zj) = (y0, zj). (3.11)

Each basis, generator zj ∈ Rn of a CVT, defined a finite function, that is, if

zj = [Z1,j Z2,j · · · Zn,j ]T for j = 1, · · · , `,

we then have the corresponding finite element functions

zj(x) =
n∑
i=1

Zi,jφi(x) for j = 1, · · · , `.

From definition for the reduced-order basis, we theoretically could be know the finite el-
ement approximation (3.5) agrees with the reduced-order approximation (3.9); see [9]. To
implement the computational code, this scheme is implemented in MATLAB and the resulting
ODE (3.10)-(3.11) is solved using the Adams-Bashforth-Moulton method.

4. FEEDBACK CONTROL DESIGN

We apply the CVT-based reduced-order modelling method to a feedback control problem
for the Burgers equation. The optimal control problem is to stabilize the solution to (3.1)-
(3.3). The forcing term f(t, x) is used to describe a distributed control. For an uncontrolled
problem, f(t, x) = 0. For the controlled problem, the control term is assumed to have the
special form f(t, x) = b(x)u(t), where u(t) is the control input and b(x) is a given function
used to distribute the control over the domain.
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Now we describe our control problem. Find an optimal control u∗(t) which minimizes the
cost functional

J(u) =
∫ ∞

0
||y(t, ·)||2L2(Ω) + |u(t)|2dt

subject to the constraint equations

∂y

∂t
(t, x) = ν

∂2y

∂x2
(t, x)− y(t, x)

∂y

∂x
(t, x) + u(t)b(x) for x ∈ Ω, t > 0, (4.1)

y(t, 0) = y(t, L) = 0, t > 0, (4.2)

y(0, x) = y0(x) for x ∈ Ω, (4.3)

Implementation of distributed parameter control theory requires the abstract form of the
PDE which be obtained as follows. Let y(t) = y(t, ·) be the state in state space L2(Ω). Define
the linear operator Aν as Aνy = νy′′, for all y ∈ D(Aν) = H1

0 (Ω) ∩H2(Ω). The abstract
form of the controlled model problem of (4.1)-(4.3) can be written as the initial value problem

ẏ(t) = Aνy(t) +G(y(t)) +Bu(t), y(0) = y0, for t > 0

on the space L2(Ω), where G(y) = −yy′ is defined on H1
0 (Ω). It is known that Aν is the

infinitesimal generator of an analytic semigroup on L2(Ω). Additionally, mild solutions of the
system exist.

4.1. Linear Quadratic Regulator Design. Assuming the nonlinear term in the Burgers equa-
tion is small, a suboptimal feedback control u∗ can be obtained by using the well-known linear
quadratic regulator theory; see [5]. That is, a full state feedback control is to find an optimal
control u∗ ∈ L2([0, T ), L2(Ω)) by minimizing the cost functional

J(u) =
∫ ∞

0
(Qy(t, ·), y(t, ·))L2(Ω) + (Ru(t), u(t)))dt

subject to the constraint equations

ẏ(t) = Ay(t) +Bu(t), y(0) = y0, for t > 0

where Q : L2(Ω) → L2(Ω) is a nonnegative definite self-adjoint weighting operator for state
and R : L2(Ω)→ L2(Ω) is a positive definite weighting operator for the control. The optimal
control u∗(t) can be found as

u∗(t) = −1
2
R−1BTΠy(t) = −Ky(t),

where K is called the feedback operator and Π is symmetric positive definite solution of the
algebraic Riccati equation

ΠA+ATΠ−ΠBR−1BTΠ +Q = 0. (4.4)
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4.2. Linear feedback controllers with state estimate feedback. A simple, classical feed-
back control design, linear quadratic regulator (LQR), assumes the full state is “feed back”
into the system by the control. However, knowledge of the full state is not possible for many
complicated physical systems. As a realistic alternative, a compensator design provides a state
estimate based on state measurements to be used in the feedback control law.

We do not assume that we have knowledge of the full state. Instead, we assume a state
measurement of the form

z(t) = Cy(t), (4.5)
where C ∈ L(L2(Ω),Rm). We can apply the theory and results to show that a stabilizing
compensator based controller can be applied to the system; see [4]. Recently Atwell and King
investigate reduced order controllers for spatially distributed systems using proper orthogonal
decomposition theory.

The observer design is mainly needed in order to provide the feedback control law with
estimated state variables. Therefore, the control law and observer are combined together into
a complete system. The combined system is called compensator. This technique assumes the
availability of a limited measurement of the state. Assume we have a system in the abstract
form

ẏ(t) = Ay(t) +G(y(t)) +Bu(t), y(0) = y0, (4.6)
where y(t) is in a state space L2(Ω) and u(t) is in a control space U .

According to the Given state measurement (4.5), a state estimate, ỹ(t), is computed by
solving the observer equation

˙̃y(t) = Aỹ(t) +G(ỹ(t)) +Bu(t) + L[z(t)− Cỹ(t)], ỹ(0) = ỹ0. (4.7)

The feedback control law is given by

u(t) = −Kỹ(t), (4.8)

where K is called the feedback operator. Where functional gain operator K and estimator gain
operator L are determined by linear quadratic regulator (LQR) and Kalman estimator (LQE),
respectively, in usual manner. According to the result of the above, we already know

K = R−1BTΠ. (4.9)

Next, P is found as the non-negative definite solution to

AP + PAT − PCTCP + Q̄ = 0,

where Q̄ is a non-negative definite weighting operator. If the solution P exists, we can define

L = PCT . (4.10)

Use (4.5)-(4.10), we obtained the closed loop compensator as[
ẏ(t)
˙̃y(t)

]
=
[
A −BK
LC A− LC −BK

] [
y(t)
ỹ(t)

]
+
[
G(y(t))
G(ỹ(t))

]
,[

y(0)
ỹ(0)

]
=
[
y0

ỹ0

]
.
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4.3. Reduced Order Compensators. Implementation of the controller for a PDE system re-
quires a numerical discretization. For example, use of a finite element method provides finite
dimensional approximations of (4.5)-(4.6) of order N (where order refers to the freedom of
finite element), given by

ẏN (t) = ANyN (t) +GN (yN (t)) +BNuN (t), yN (0) = yN0 ,

zN (t) = CNyN (t).
In a full order compensator design, the order N approximations are used to compute KN and
LN . Then finite dimensional approximations of the compensator equation (4.7) and control
law (4.8) are given by

˙̃yN (t) = AN ỹN (t) +GN (ỹN (t)) +BNuN (t) + LN [zN (t)− CN ỹN (t)], ỹN (0) = ỹN0 ,

uN (t) = −KN ỹN (t),
respectively. The approximation to the closed-loop compensator system (which will henceforth
be refereed to as full order) is given by[

ẏN (t)
˙̃yN (t)

]
=
[
AN −BNKN

LNCN AN − LNCN −BNKN

] [
yN (t)
ỹN (t)

]
+
[
GN (yN (t))
GN (ỹN (t))

]
,

(4.11)[
yN (0)
ỹN (0)

]
=
[
yN0
ỹN0

]
.

Real-time control using the full order compensator may be impossible for many physical
problems in that they may require large discretized systems for adequate approximation. There-
fore, a reduced order compensator is required. A “reduce-then-design” approach has a potential
drawback that important physics or information contained in the model can be lost before ob-
taining the controller; see [8]. Hence, in this paper, we adopt a “design-then-reduce” approach.
In other words, a controller is designed based on the high order model, and then reduced.

˙̃yl(t) = Alỹl(t) +Gl(ỹl(t)) +Blul(t) + Ll[zl(t)− C lỹl(t)], ỹl(0) = ỹl0, (4.12)

ul(t) = −K lỹl(t), (4.13)
ẏl(t) = Alyl(t) +Gl(yl(t)) +Blul(t), yl(0) = yl0. (4.14)

The suggested control law (4.13) is substituted into equations (4.12) and (4.14) producing[
ẏl(t)
˙̃yl(t)

]
=
[
Al −BlK l

LlC l Al − LlC l −BlK l

] [
yl(t)
ỹl(t)

]
+
[
Gl(yl(t))
Gl(ỹl(t))

]
, (4.15)[

yl(0)
ỹl(0)

]
=
[
yl0
ỹl0

]
.

In this work, reduced bases are formed using the CVT process as described in Section 2.
The reduced bases are used to compute the compensator equation, feedback control law and
model problem in (4.12)-(4.13). Then the reduced systems given by (4.15) are compared with
the full order compensator system in (4.11).
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5. NUMERICAL RESULTS AND CONCLUSION.

For numerical computations, the viscosity coefficient was taken to be ν = 0.01 and the
spatial interval is taken to be Ω = [0, 1]. The time interval is [0, T ] where T = 2 or 10 and
N = 120. The control input operator is B =

∫ 1
0 b(x)φ(x)dx, where b(x) = x and φ(x) is a

test function. The state weighting operator (used in Riccati equation calculations) Q is taken
to be mass matrix. We set the control weighting operator R(1, 1) = 0.2 and the weighting
operator Q̄ is also chosen as the mass matrix. Finally, we create the measurement matrix C
withCy(t, x) = 8

∫ 5/6
3/4 y(t, x)dx for the state estimate feedback controller. An initial condition

of y0(x) = sinπx is applied. We obtain a standard finite element approximation solution of the
full order PDE and shown in Figure 1.

0

0.5

1

0

0.5

1
0

0.5

1

tx

yh (t
,x

)

FIGURE 1. Full finite element solution of the Burgers equation.

Then we generate snapshots and CVT bases according to Section 2. Simulations of the full
order PDE and the reduced order compensator are compared. Figure 2 shows the solutions of
the controlled Burgers equation for full FEM and reduced order where compensator feedback
law is used. Figure 3 shows that reduced-order feedback control methods are quite effective
for full order feedback control. In Tables 1 and 2, we report the CPU times and L2 norms of
the controlled solution at T = 2 and 10 for state estimate control cases. One can see that the
CPU time for reduced-order model is about 200 times less than that of full FEM with a relative
error of 10−4.

We have introduced and discussed a weighted (nonuniform density) centroidal Voronoi tes-
sellation for low order approximate solution and compensator-based control design of Burgers
equation. First, we used a low order basis obtained through CVT-nonuniform as applied to fi-
nite element approximate solution and functional gains to design a low order controller, and by
using the low order basis the order of control modelling was reduced. Numerical experiments
show that a solution of reduced-order controlled Burgers equation performs well in comparison
with a solution of full order controlled Burgers equation. Future efforts involve application of
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(a) Full order control: N = 120 (b) Reduced order control: l = 3

(c) Reduced order control: l = 6 (d) Reduced order control: l = 9

FIGURE 2. Controlled Burgers equation for state estimate feedback: ν =
1/100, R = 0.2, T = 2.

TABLE 1. Full order control vs. Reduced order control, state estimate feed-

back: ν = 1/100, T = 2

number of generators l = 3 l = 6 l = 9 N=120
CPU Time 5.8438 7.0625 8.9063 1.7445e+003
||y(T, ·)||2 0.1112 0.0967 0.0934 0.0899
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FIGURE 3. Full order(left) and reduced order(using 9 basis) controlled Burg-
ers equation: ν = 1/100, R = 0.2, T = 10.

TABLE 2. Full order control vs. Reduced order control, state estimate feed-

back: ν = 1/100, T = 10

number of generators l = 9 N=120
CPU Time 42.2969 1.0473e+004
||y(T, ·)||2 2.6738e-004 2.4946e-004

the reduced bases framework to more complex physical problems, such as those in fluid flows
and materials processing, and more systematically interpreting how to choose the nonuniform
density argument (nonconstant weight function).
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ABSTRACT. In this work, we introduce a new quatnary approximating subdivision scheme
for curve and deal with its analysis (convergence and regularity) using Laurent polynomials
method. We also discuss various properties, such as approximation order and support of basic
limit function.

1. INTRODUCTION

Subdivision scheme ([1, 2, 3, 4, 5]) is a very efficient method to generate smooth curves or
surfaces from a set of control points or nets through iterative refinements. It plays a significant
role in Computer Aided Geometry Design and wavelets analysis. Its popularity is due to the
facts that subdivision algorithms are simple and suitable for computer applications, easy to
implement.

Each subdivision scheme is associated with a mask a = {ai ∈ R : i ∈ Zs}, where s = 1 in
the curve case and s = 2 in the surface case. The (stationary) subdivision scheme is a process
which recursively defines a sequence of control points fk = {fk

i : i ∈ Zs} by a rule of the
form with a mask a = {ai : i ∈ Zs}

fk+1
i =

∑

j∈Zs

ai−Mjf
k
j , k ∈ {0, 1, 2, . . . }

which is denoted formally by fk+1 = Sfk. Then a point of fk+1 is defined by a finite affine
combination of points in fk. Here M is an s × s integer matrix such that limn→∞M−n = 0.
The matrix M is called a dilation matrix. Binary (or dyadic), ternary ([6, 7]) and quatnary sub-
division methods are schemes with the matrices M = 2I, M = 3I and M = 4I, respectively,
for the s× s identity matrix I.

Starting with given control points f0 = {f0
i = (i, f0

i ) ∈ R2 : i ∈ Z}, the stationary
quatnary subdivision scheme for curve is a process which recursively defines a sequence of
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control points fk+1 = {fk+1
i = (xk+1

i , fk+1
i ) ∈ R2 : i ∈ Z} by a finite linear combination of

control points fk with mask a = {ai ∈ R : i ∈ Z};

fk+1
i =

∑

j∈Z
ai−4jf

k
j , k = 0, 1, 2, . . . .

A point of fk+1 is defined by a finite linear combination of points in fk with four different
rules. If a subdivision scheme retains the point of level k as a subset of point of level k+1, it is
called an interpolating scheme. Otherwise, it is termed approximating. Throughout the work,
we consider quatnary approximating scheme with a mask of finite support for curves.

Ko et al. [8] obtained the mask of binary 2n-point interpolating schemes, ternary 4-point
interpolating scheme using symmetry and necessary condition for the smoothness. Ko et al.
[10] presented explicitly a general formula for the mask of (2n+4)-point symmetric subdivi-
sion scheme with two parameters that reproduce of degree ≤ 2n + 1. The proposed scheme is
a generalization of the Deslauriers and Dubuc scheme that includes various other well-known
subdivision schemes by varying the values of two parameters. It is well-known that a higher ap-
proximation order does not guarantee a higher regularity. The creation of highly smooth curves
or surfaces via a subdivision scheme and the shortness of the support size of its mask are two
mutually conflicting requirements. That is, the increase of the smoothness of a subdivision
scheme results in that of the support size, which leads to an increase in computational effort.
Our objective is to find a quatnary approximating scheme derived from cubic polynomial inter-
polation, which has smaller support, comparing to binary 4 point and ternary 4 point scheme.
Here is an outline of this work. In Section 2, we derive the construction of quatnary 4-point
approximating subdivision scheme using the polynomial reproducing property. We establish
in Section 3 a basic theory for subdivision schemes and analyze the proposed scheme. Finally,
in Section 4, we discuss the approximation order and the support of basic limit function of the
proposed scheme and compare our results with other well-known binary and ternary schemes.

2. CONSTRUCTION OF QUATNARY 4-POINT APPROXIMATING SUBDIVISION SCHEME

In this section, we construct a new quatnary 4-point approximating scheme, which reproduce
polynomials up to degree three. The space of all polynomials of degree ≤ n will be denoted
by πn. We shall say that a subdivision scheme S has the mth degree polynomial reproducing
property (PRP) if it holds that

∑

k∈Z
aj−2kp(k) = p

(
j

2

)
, j ∈ Z, p ∈ πm.

The Theorem 4.2 connects the polynomial reproducing property with the approximation order
of the scheme. Using polynomial reproducing property, we can easily obtain the approximation
order. That is why we use polynomial reproducing property to obtain the mask of the proposed
scheme.

To obtain a quatnary 4-point approximating subdivision scheme, we derive the mask of this
scheme by evaluation at 1/8, 3/8, 5/8 and 7/8 on local cubic interpolation.
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Let {Li(x)}2
i=−1 be the fundamental Lagrange polynomials to the node points {−1, 0, 1, 2}

given by

L−1(x) = −x(x− 1)(x− 2)
6

, L0(x) =
(x + 1)(x− 1)(x− 2)

2
,

and

L1(x) = −x(x + 1)(x− 2)
2

, L2(x) =
x(x + 1)(x− 1)

6
.

We sample the data (j, fj), j = i− 1, i, i + 1, i + 2 from an arbitrarily given cubic polynomial
p3;

p3(j) = fj , j = i− 1, i, i + 1, i + 2,

and request

f1
4i = p3

(
i +

1
8

)
, f1

4i+1 = p3

(
i +

3
8

)
, f1

4i+2 = p3

(
i +

5
8

)
, f1

4i+3 = p3

(
i +

7
8

)
.

Since our scheme is stationary, uniform and the space of polynomials up to a fixed degree are
shift invariant, it is sufficient to consider the case k = 0 and i = 0, that is, the cubic polynomial
such that p3(j) = fj for j = −1, 0, 1, 2. Using the Lagrange interpolation property, we have

p3(1/8) = L−1(1/8)f−1 + L0(1/8)f0 + L1(1/8)f1 + L2(1/8)f2,

p3(3/8) = L−1(3/8)f−1 + L0(3/8)f0 + L1(3/8)f1 + L2(3/8)f2,

p3(5/8) = L−1(5/8)f−1 + L0(5/8)f0 + L1(5/8)f1 + L2(5/8)f2,

p3(7/8) = L−1(7/8)f−1 + L0(7/8)f0 + L1(7/8)f1 + L2(7/8)f2.

We can find the mask of a quatnary 4-point approximating subdivision scheme:

fk+1
4i = − 35

1024
fk

i−1 +
945
1024

fk
i +

135
1024

fk
i+1 −

21
1024

fk
i+2,

fk+1
4i+1 = − 65

1024
fk

i−1 +
715
1024

fk
i +

429
1024

fk
i+1 −

55
1024

fk
i+2,

fk+1
4i+2 = − 55

1024
fk

i−1 +
429
1024

fk
i +

715
1024

fk
i+1 −

65
1024

fk
i+2,

fk+1
4i+3 = − 21

1024
fk

i−1 +
135
1024

fk
i +

945
1024

fk
i+1 −

35
1024

fk
i+2.

Note: Actually, due to the referee’s suggestion, we can derive the masks of this scheme by
evaluation at 1/4, 1/2 and 3/4 on local cubic interpolation and define the new points at level
k + 1 as a affine combination of 4 points fk

i−1, f
k
i , fk

i+1, f
k
i+2. That is, we interpolate the data

(j, fk
j ), j = i− 1, i, i + 1, i + 2 by cubic polynomial p3 satisfying

p3(j) = fk
j , j = i− 1, i, i + 1, i + 2

and predict

fk+1
4i+1 = p3

(
i +

1
4

)
, fk+1

4i+2 = p3

(
i +

1
2

)
, fk+1

4i+3 = p3

(
i +

3
4

)
.



310 KWAN PYO KO

We can find the mask of a quaternary 4-point interpolating subdivision scheme:

fk+1
4i = fk

i ,

fk+1
4i+1 = − 7

128
fk

i−1 +
105
128

fk
i +

35
128

fk
i+1 −

5
128

fk
i+2,

fk+1
4i+2 = − 1

16
fk

i−1 +
9
16

fk
i +

9
16

fk
i+1 −

1
16

fk
i+2,

fk+1
4i+3 = − 5

128
fk

i−1 +
35
128

fk
i +

105
128

fk
i+1 −

7
128

fk
i+2.

3. ANALYSIS OF SCHEME

Theorem 3.1. ([9]) Let S be a subdivision scheme with a mask a and a dilation matrix M . If
S converges uniformly, then for every γ ∈ E, where E is the cosets of Zs/MZs, we have

∑

α∈Zs

aγ−Mα = 1. (3.1)

The general rule of a quatnary approximating subdivision scheme is given by

fk+1
4i =

∑

j∈Z
a4jf

k
i−j ,

fk+1
4i+1 =

∑

j∈Z
a4j+1f

k
i−j ,

fk+1
4i+2 =

∑

j∈Z
a4j+2f

k
i−j ,

fk+1
4i+3 =

∑

j∈Z
a4j+3f

k
i−j .

Let us consider subdivision scheme S with a finite mask a. The symbol of a mask a is the
Laurent polynomial.

a(z) =
∑

i∈Z
aiz

i.

Theorem 3.1 (M = 4) shows that the mask {ai}i∈Z of a convergent quatnary subdivision
scheme S satisfies ∑

j∈Z
a4j =

∑

j∈Z
a4j+1 =

∑

j∈Z
a4j+2 =

∑

j∈Z
a4j+3 = 1. (3.2)

The symbol of a convergent subdivision scheme satisfies

a(eiπ/4) = a(eiπ/2) = a(e3iπ/4) = 0 and a(1) = 4,

and there exists the Laurent polynomial a1(z) such that

a1(z) =
4z3

(1 + z + z2 + z3)
a(z).
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The subdivision S1 with symbol a1(z) is related to S with symbol a(z) by the following theo-
rem.

Theorem 3.2. Let S denote a subdivision scheme with symbol a(z) satisfying (3.2). Then there
exists a subdivision scheme S1 with the property

dfk = S1df
k−1,

where fk = Skf0 and dfk = {(dfk)i = 4k(fk
i+1 − fk

i ) : i ∈ Z}. And S is a uniformly
convergent subdivision scheme if and only if 1

4S1 converges uniformly to the zero function for
all initial data f0.

lim
k→∞

(
1
4
S1

)k

f0 = 0.

Furthermore, S generates Cm-limit functions provided that the subdivision scheme S1 gener-
ates Cm−1-limit functions for some integer m ≥ 1.

Proof. Using Proposition 3.1 and Theorem 3.2 in [5], we have the theorem ¤

From the refinement rule of S (4 refinement rules)

fk+1
i =

∑

j∈Z
ai−4jf

k
j ,

we have

‖fk+1
i ‖ ≤


∑

j∈Z
|ai−4j |


max

j
‖fk

j ‖,

and we can calculate the norm of S:

‖S‖∞ = max





∑

j∈Z
|a4j |,

∑

j∈Z
|a1+4j |,

∑

j∈Z
|a2+4j |,

∑

j∈Z
|a3+4j |



 .

If we define the generating function of control point fk as

F k(z) =
∑

i∈Z
fk

i zi,

then it is easy to satisfy the following relation

F k+1(z) = a(z)F k(z4).

Further, the Laurent polynomial corresponding to the L-iterated rule SL is given by

a[L](z) =
L−1∏

j=0

a(z4j
) =

∑

i∈Z
a

[L]
i zi,
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where the scheme corresponding to aL is a rule mapping fk to fk+L

fk+L
i =

∑

j∈Z
a

[L]

i−4Lj
fk

j .

Note that the norm of SL is as follows:

‖SL‖∞ = max





∑

j∈Z
|a[L]

i−4Lj
|, i = 0, 1, . . . , 4L − 1



 .

For the given mask of approximating scheme:

a =
1

1024
[−21,−55,−65,−35, 135, 429, 715, 945, 945, 715, 429, 135,−35,−65,−55,−21],

we have the mask of S1:

a1 =
4

1024
[−21,−34,−10, 30, 149, 260, 276, 260, 149, 30,−10,−34,−21],

and we get ∥∥∥∥
1
4
S1

∥∥∥∥
∞

= max
{

324
1024

,
296
1024

,
324
1024

,
340
1024

}
< 1.

We have the mask of S2:

a2 =
4

256
[−21,−13, 24, 40, 98, 98, 40, 24,−13,−21],

and ∥∥∥∥
1
4
S2

∥∥∥∥
∞

= max
{

64
256

,
64
256

,
132
256

,
132
256

}
< 1.

And the mask of S3 is

a3 =
4
64

[−21, 8, 37, 16, 37, 8,−21],

and we get ∥∥∥∥
1
4
S3

∥∥∥∥
∞

= max
{

16
64

,
58
64

,
16
64

,
58
64

}
< 1.

Hence the proposed scheme has C2(R).

4. APPROXIMATION ORDER AND SUPPORT

While the regularity of the limit function for the subdivision scheme is important, another an
important issue of subdivision scheme is how to attain the original function as close as possible
if a given initial data f0 is sampled from an underlying function.
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Definition 4.1. Let us consider the initial grid X0 = hZ and initial data f0
i = g(ih) sampled a

enough smooth function g. Let us denote by f∞ the limit function obtained through subdivision.
The subdivision scheme has approximation order p if

|(g − f∞)(x)| ≤ Chp, x ∈ R
where C is a real constant and independent of h.

As seen in Theorem 4.1 below, the approximation order of a subdivision scheme can be
obtained from its polynomial reproducing property.

Theorem 4.1. ([5]) An convergent subdivision scheme that reproduces polynomial πn has an
approximation order of n + 1.

The polynomial reproducing property (cubic in our work) is the starting point of the con-
struction of the masks as formulated in Sections 2. From Theorem 4.1, the proposed scheme
has approximation order 4.
Next, we consider the support of the proposed scheme. This is the support of the basic limit
function φ = S∞δ generated by the given control point f0

i = δi,0

Theorem 4.2. Let S be the proposed 4-point quatnary approximating subdivision scheme with
a mask a as given in Section 2. Then we have

supp(φ) = supp(S∞δ) =
[
−7

3
,
7
3

]
.

Proof. Choose f0 = {f0
i : f0

i = δi,0, i ∈ Z}, and let S∞δ = φ. From the subdivision rule

(Skδ)i =
∑

j∈Z
ai−4j(Sk−1δ)j ,

we have that supp(Sδ) = supp(a) = [−7, 7] and for each k = 2, 3, . . . ,

supp(Skδ) = {i ∈ Z : i− 4j ∈ supp(a), j ∈ supp(Skδ)}
= {i ∈ Z : i ∈ supp(a) + 4supp(Skδ)}.

Thus, supp(Skδ) = 4k−1
3 supp(a). The values Skδ are attached to the parameter values 4−k.

Hence, the support of the limit function φ is

supp(φ) = supp(S∞δ) =
[
−7

3
,
7
3

]
,

which completes the proof. ¤
In Table 1 above, the masks of binary 4-point and 6-point schemes are given by

1
16

[−1, 0, 9, 16, 9, 0,−1],

and
1

256
[3, 0,−25, 0, 150, 256, 150, 0,−25, 0, 3],
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Scheme Approximation order Support(size) Cn

binary 4-point 4 6 1
binary 6-point 6 10 2
ternary 3-point 2 4 1
ternary 4-point 3 5 2

quatnary scheme 4 14/3 2
Table 1. Comparison of the proposed scheme to binary 4-point and 6-point, and ternary
3-point and 4-point schemes.

respectively. And the masks of ternary 3-point and 4-point schemes are given by
1
15

[−1, 0, 4, 12, 15, 12, 4, 0,−1],

and
1
99

[−4,−7, 0, 34, 76, 99, 76, 34, 0,−7,−4],

respectively. The support of subdivision scheme influence the locality. We choose a quatnary
scheme because one of the best way to get a smaller support is to raise arity. This is one of the
advantages of the proposal of the scheme. The support of the proposed subdivision scheme is
smaller than the support [−3, 3] of binary 4-point and that of ternary 4 point scheme.
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ABSTRACT. In this paper, a level set based energy functional is proposed, the minimization of
which results in simultaneous reference background image modeling and foreground segmen-
tation. Due to the mutual constraint of the two processes, a good estimate of the background
can be obtained with a small number of frames, and due to the use of the level set, an Euler-
Lagrange equation that directly solves the problem can be derived.

1. INTRODUCTION

Background subtraction refers to segmentation techniques that are applied to video se-
quences to segment the moving object out by comparing the current frame against an esti-
mate of the reference background image. The regions that show significant differences in the
brightness value of the observed and the estimated reference background image indicate the
regions in which motion has occurred. The reference background image is usually estimated
from a given sequence taken of the same scene for a certain time interval, and the success of
the background subtraction technique relies on how well the background image is estimated.
Ideally, the reference background image should contain no moving regions in it. However, the
difficulty in estimating the reference background image lies in the fact that all the frames in
the given image sequence may contain moving objects which have to be excluded from the
background reference image.

Background subtraction methods vary according to how the background image is modeled
and how the moving regions, i.e., the foreground is removed from the background image. Sev-
eral background subtraction techniques update the reference background image by blending
the current background image with the current frame, where the degree of blending is deter-
mined by a certain blending parameter [1]-[3]. In [4][5], the background image is modeled by
modeling the color of each pixel by a single or a mixture of Gaussians.

All the background subtraction techniques confront the trade-off problem that either a large

Received by the editors July 16 2009; Accepted October 12 2009.
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Key words and phrases. Partial differential equation, Level Set, Background modeling, Object Detection.
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number of frames are required to obtain a “clean” reference background image, or moving ob-
jects may leave some “tails” in the background image. If several moving objects are present in
the scene all the time, then a sufficient large number of frames are required, which again require
for a large storage memory. Since the foreground segmentation, i.e., motion segmentation pro-
cess and the background image modeling process have a mutual influence on each other, the
required frame number can be reduced, if those two processes are performed in coupled way
such that the two processes have an positive effect on each other. An energy functional has
been proposed in [6] which deals the problem of motion segmentation and background image
formation in a coupled way. However, a direct Euler-Lagrange equation cannot be derived from
the energy functional, and the partitioning function that performs the foreground-background
segmentation has to be obtained as the limit of the minimizing sequence, which is difficult to
work in real-time.

In this paper, we propose a level set based energy functional that deals the problem of fore-
ground segmentation and background image formation in a coupled way such that the two
processes mutually constrain each other, and from which a level set based Euler-Lagrange
equation can be derived. Due to the mutual constraining, a good estimation of the static back-
ground can be obtained with a relatively small number of frames. Furthermore, the algorithm
works in real-time due to the direct implementation of the Euler-Lagrange equation, which can
be solved with one iteration.

2. PROPOSED MODEL

We introduce the following energy functional that formulates the problem of simultaneous
background modeling and foreground segmentation into a level set based minimization prob-
lem:

E(B, φ) =
∫

∆t

∫

Ω
φ(r)H(φ(r))

[
(B(r)− I(r, t))2 − α

]
drdt (2.1)

where B is the background image, α is a positive constant, φ is the level set function, I(t) is the
frame at time t, Ω is the domain of the image, ∆t is a certain time interval along the sequential
axis, and H(φ) is the Heaviside function which is defined as follows:

H(φ) =





1 if φ ≥ 0

0 if φ < 0.

The integration over the time interval ∆t can be the integration of all contiguous frames in
the time interval ∆t, or can be the integration of a sampled version of the frames, e.g., the
integration of every fourth frame in the time interval. The energy functional is minimized with
respect to the background image B and the level set function φ, which are the solutions being
sought. The level set function plays two different roles in the scheme. First, it acts as a par-
titioning operator which segments the image region into the foreground and the background
region, where {r | φ(r) ≥ 0} represents the background region, and {r | φ(r) < 0}, the fore-
ground region. Second, the value of the level set function acts as a weighting function which is
used in the construction of the background image.
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The minimization of the energy functional with respect to φ, when the background image
B is kept as a constant, makes the φ(r) value at the pixel r, where (B(r) − I(r, t))2 < α
holds, increase to ∞. This is due to the fact that

[
(B(r)− I(r, t))2 − α

]
is negative, and the

larger φ(r) becomes, the more the energy decreases. If we interrupt the minimization process
after a prescribed number of iterations, then we get positive φ(r) values at these pixels. On
the other hand, if (B(r) − I(r, t))2 > α, then φ(r) value becomes negative, which makes the
integrand zero at this point. Therefore, the minimization with respect to φ can be seen as a
thresholding based segmentation process, where α acts as a threshold value, and every pixel r
where (B(r) − I(r, t))2 < α becomes classified in the region {r | φ(r) ≥ 0}, while pixels at
which (B(r)− I(r, t))2 > α hold become classified in the region {r | φ(r) < 0}. As a result,
the image domain becomes partitioned into the foreground and the background region.

Actually, the minimizer φ is a three dimensional function in the domain [Ω ×∆t], and has
to be computed using all the image frames in the time interval ∆t. However, since B is being
kept fixed, and the image frames in ∆t are independent of each other, we find the 2 dimensional
minimizer φ2D function for each frame instead of the 3 dimensional minimizer φ function, and
assume that the 3 dimensional minimizer is the stack of all φ2D slices in ∆t. Therefore, we
reformulate the problem as:

arg min
φ2D

∫

Ω
φ2D(r)H(φ2D(r))

[
(B − I(t))2 − α

]
dr (2.2)

for each frame in ∆t. The minimizer of (2.2) can be obtained by letting the gradient of (2.2) to
be zero. (

1 + H ′(φ2D)
) [

α− (B − I(t))2
]

= 0. (2.3)

This minimizer can be obtained by solving the following Euler-Lagrange equation for φ2D to
the steady state:

∂φ2D

∂t
=

(
1 + H ′(φ2D)

) [
α− (B − I(t))2

]
. (2.4)

Now, keeping φ fixed, E(φ,B) is minimized with respect to B, to obtain the estimated back-
ground image. The minimizing with respect to the background image is done directly by letting
the gradient of the functional with respect to the background image B be zero:∫

∆t

∫

Ω
2φH(φ)(B − I(t))drdt = 0

⇔
∫

∆t

∫

Ω
φH(φ)Bdrdt =

∫

∆t

∫

Ω
φH(φ)I(t)drdt

⇔
∫

∆t
φH(φ)dt

∫

Ω
Bdr =

∫

∆t

∫

Ω
φH(φ)I(t)drdt

⇔
∫

Ω
Bdr =

∫
∆t

∫
Ω φH(φ)I(t)drdt∫
∆t φH(φ)dt

⇔
∫

Ω
Bdr =

∫
Ω

∫
∆t φH(φ)I(t)dtdr∫

∆t φH(φ)dt
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One solution that satisfies the above equation is:

B(r) =

∫
∆t φ(r)H(φ)I(t)dt∫

∆t φ(r)H(φ)dt
, (2.5)

which we use for the construction of the reference background image. It should be noticed that
the integration in (2.5) is along the sequential axis, and not of the image domain. The brightness
value of B(r) for each pixel r is a weighted average of the brightness values I(r, t) at the same
position r and different t in , and φ(r) acts as the weighting function. The Heaviside function
H(φ) ensures that only the intensity values of pixels that have positive φ(r) values, i.e., pixels
that are in the background region, are included in the construction of the background image.
Therefore, a good estimation of the static background can be obtained with relatively small
number of frames. The pixels in the background region are those which differ within α in the
intensity value with the current reference background image. Intensity change with magnitude
less than α become reflected in the construction of the next reference background image, e.g.,
gradual intensity change due to slow illumination change become reflected in the next reference
background image, while intensity change larger than α become not reflected. In the case that
φ(r) > 0, the brightness values I(r, t) are reflected in the construction in proportion to the
φ(r) value at t. The φ(r)(> 0) value has a large value if the value α − (B − I(t))2 is large,
as can be seen in (2.4), i.e., if the intensity difference of the current frame and the reference
background image is small. This means that intensity values at r for different t that are close
to the current reference background image are weighted more in the construction of the next
reference background image than intensity values that are not. Thus, the φ function act as a
weighting function in the case that φ(r) > 0.

3. NUMERICAL IMPLEMENTATION OF THE ALGORITHM

Even though the algorithm uses several frames for the computation of the current refer-
ence background image and implements a partial differential equation, it can be executed
in real-time. Assume that the image is of size Nwidth × Nheight, and there are Nframe

frames in ∆t. Then the computation of the reference background image requires at most
2×Nwidth ×Nheight ×Nframe multiplication and Nwidth ×Nheight ×Nframe addition op-
erations. There are Nframe numbers of φ2D functions in ∆t which all have to be computed
by (2.4). Equation (2.4) is implemented by a forward iteration scheme. However, actually one
iteration is enough, since the relative magnitude ratios of φ2D(r) for different t are the same
regardless of the number of iterations. Likewise, we can omit H ′(φ2D from (2.4), and the rela-
tive magnitude ratios still remain the same. Therefore, only 2×Nwidth×Nheight addition and
Nwidth × Nheight multiplication operations are required for the computation of a single φ2D

function. To conclude, a total of 3×Nwidth×Nheight×Nframe number of multiplication and
addition operations are required.

The computational cost depends largely on the number of frames used in ∆t. As explained
in section 2, the proposed algorithm can obtain a reliable static background image with a rela-
tively small number of frames. The number of frames can be further reduced if the frame-rate
decreases, that is, if a sampled version of the frames are taken from the video sequence. In the
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experiments, we usually used 5 ∼ 10 frames. The fundamental steps of the proposed algorithm
is presented below.

Principle Steps of the Algorithm
(1) At the initial step, an initial reference background image is constructed, e.g., by taking

the average image of contiguous frames.
(2) Using the initial reference background image computed in step 1, The φ2D functions

for every frame in the time interval ∆t are computed using (2.4).
(3) Compute the reference background image according to (2.5) using all the φ2D func-

tions in ∆t.
(4) Update ∆t such that all the frames in ∆t are shifted by one frame along the sequential

axis.
(5) Compute φ2D functions for every frame in the time interval ∆t using (2.4).
(6) Repeat step 3–5.

4. EXPERIMENTAL RESULTS

Figure 1 shows the video sequence which we used in the experiments. All the frames in the
sequence contain moving objects.

(a) (b) (c)

FIGURE 1. Shows the 60, 80 and 100 frame of the video sequence used in the
experiments. The video sequence was obtained at a 30 fps frame rate.

Figure 2 compares the segmented foreground images and the modeled background images
obtained by different methods. The simple averaging, median, and the proposed method all use
10 sampled frames, which are sampled every second frame, i.e., have a frame rate of 15 fps.
For Gaussian modeling based methods, 10 frames are too few and have been excluded from
the comparison. The foreground has been obtained by thresholding the difference image of
the current frame and the background image with a threshold value of 30 with other methods,
and with the proposed method by (2.4) with α = 30. As can be observed from the first, the
third, and the fourth row in Fig. 2, the averaging method and the blending method leave large
“tails” of the moving objects in the background image, which again affects the foreground
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

FIGURE 2. Comparison of various background modeling methods. The first
column shows the modeled reference background image and the second row
shows the segmented foreground. First row: Background modeling by simple
averaging. Second row: Background modeling by median method. Third and
Fourth row: Background modeling by blending method, where in the third row
the blending parameter is 0.1, and in the fourth row it is 0.05. Bottom row:
Background modeling with proposed model.
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segmentation. The median method shows better results, but the computational cost is large due
to the inherent sorting process.

Table 1 compares the computational time of the median, the averaging, and the proposed
method. The proposed method shows results as good as the median method and is faster.
Furthermore, if the sequence includes noise, it can be removed with the proposed method due
to the inherent averaging process.

TABLE 1. Comparison on computational cost

Algorithm Computation time for one frame (ms)
Median 23.4

Averaging 1.2
Proposed 12.2
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