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ABSTRACT. In this paper an asymptotic numerical method named as Initial Value Method
(IVM) is suggested to solve the singularly perturbed weakly coupled system of reaction–diffusion
type second order ordinary differential equations with negative shift (delay) terms. In this
method, the original problem of solving the second order system of equations is reduced to
solving eight first order singularly perturbed differential equations without delay and one sys-
tem of difference equations. These singularly perturbed problems are solved by the second
order hybrid finite difference scheme. An error estimate for this method is derived by using
supremum norm and it is of almost second order. Numerical results are provided to illustrate
the theoretical results.

1. INTRODUCTION

Modeling automatic engines or physiological systems often involves the idea of control
because feedback is used in order to maintain a stable state. But much of this feedback require
a finite time to sense information and react to it. A popular way to describe this process is to
formulate a Delay Differential Equations or Differential Difference Equations (DDEs) where
the evolution of a dependent variable is a function of time which depends not only current time
but also earlier time. For example, a modeling of water flows at a uniform rate from the faucet
to the shower head [1], etc.

A subclass of these equations consist of singularly perturbed ordinary differential equations
with a delay, that is an ordinary differential equation in which the highest derivative is multi-
plied by a small parameter ε and involving at least one delay (negative shift) term. These kinds
of equations arise frequently in the mathematical modeling of various practical phenomena, for
example, in the modeling of the human pupil–light reflex [2], first–exit time problem [3], the
study of bistable devices [4] and variational problems in control theory [5], etc.
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It is well known that standard discretization methods for solving singular perturbation prob-
lems for differential equations are sometimes unstable and fail to give accurate results when
the perturbation parameter ε is small. Therefore, it is important to develop suitable numerical
methods to solve these types of equations, whose accuracy does not depend on the parameter
ε, that is methods which are uniformly convergent with respect to the parameter ε. For more
details in this direction one may refer to [6, 7, 8, 9].

In [10, 11, 12] and the references therein the authors presented various numerical methods
for the following Singularly Perturbed Delay Differential Equations (SPDDEs)

εy′′ + a(x)y′(x− δ) + b(x)y′(x) + c(x)y(x− δ) + e(x)y(x) = f(x), (1.1)

y(x) = φ(x), x ∈ [−δ, 0], y(1) = γ, δ = o(ε). (1.2)

In fact, for various combinations of conditions on the coefficients a, b, c and e (for an example
a < 0, b = c = 0, e < 0 [11]) they suggested suitable numerical methods. In all these
methods first they applied Taylor’s expansion for y′(x−δ) or y(x−δ) and reduced the DDEs to
DEs. For the resulting DEs they applied standard numerical methods available in the literature.
Following this procedure some authors [13, 14] suggested numerical methods to the following
Boundary Value Problem (BVP):

εy′′ + c(x)y(x− δ) + d(x)y(x+ η) + e(x)y(x) = f(x), (1.3)

y(x) = φ(x), x ∈ [−δ, 0], y(x) = γ(x), x ∈ [1, 1 + η], (1.4)

where δ = o(ε), η = o(ε).
A few authors [15] considered the above DDE (1.1)-(1.2) with a 
= 0, b = 0, c = 0 and

suggested numerical methods without applying Taylor’s expansion, that is, reducing the DDE
to DE.

Using the Taylor’s series expansion procedure as mentioned above and Newton’s quasi lin-
earization process some authors [16, 17] solved nonlinear problems numerically.

Subburayan and Ramanujam [18, 19] suggested a numerical method namely initial value
technique for the following BVP{

−εu′′ + a(x)u′(x) + b(x)u(x) + c(x)u(x− 1) = f(x), x ∈ (0, 1) ∪ (1, 2),

u(x) = φ(x), [−1, 0], u(2) = l,
(1.5)

where a can be either continuous throughout the domain [0, 2] or continuous except at x = 1.
The motivation for the consideration of the above SPDDE (1.5) and below (2.1) has come from
the paper of Lange and Miura [20]. In the present paper, as said in the abstract, a numerical
method named as IVM is suggested to solve the following singularly perturbed weakly coupled
system of reaction–diffusion type second order ordinary differential equations with negative
shift (2.1).

The present paper is organized as follows. In Section 2, the problem under study with con-
tinuous source term is stated. A maximum principle for the differential–difference operators
Pi, i = 1, 2 defined in Section 2 is established in Section 3. Further a stability result is derived.
An asymptotic expansion approximation for the solution of the current problem is derived in
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Section 4. The present numerical method namely the Initial Value Method (IVM) is described
in Section 5 and an error estimate is derived in Section 6. Section 7 is devoted for discontinuous
source term. Section 8 presents numerical results. The paper is concluded with a discussion
(Section 9).

2. STATEMENT OF THE PROBLEM

Throughout the paper, we assume that
√
ε ≤ CN−1 and C and C1 denote generic positive

constants independent of the singular perturbation parameter ε and the discretization parameter
N of the discrete problem. This condition is used to prove the Theorem 5.1 of this paper. The
supremum norm is used for studying the convergence of the numerical solution to the exact
solution of a singular perturbation problem: ‖φ‖D = sup

x∈D
| φ(x) |.

Motivated by the work of [20], we consider the following Boundary Value Problem (BVP)
for SPDDE.
Find u = (u1, u2), u1, u2 ∈ Y = C0(Ω) ∩ C1(Ω) ∩ C2(Ω∗) such that⎧⎪⎪⎪⎨⎪⎪⎪⎩

−εu′′1(x) + a1(x)u1(x) +
∑2

k=1 b1k(x)uk(x− 1) = f1(x), x ∈ Ω∗,
−εu′′2(x) + a2(x)u2(x) +

∑2
k=1 b2k(x)uk(x− 1) = f2(x), x ∈ Ω∗,

u1(x) = φ1(x), x ∈ [−1, 0], u1(2) = l1,

u2(x) = φ2(x), x ∈ [−1, 0], u2(2) = l2,

(2.1)

where 0 < ε � 1, ai(x) ≥ αi > α > 0, bij(x) ≤ 0, i = 1, 2, j = 1, 2, 0 ≥ bi1(x)+ bi2(x) ≥
βi, i = 1, 2, αi + βi ≥ α > 0, and ai, bij , fi i = 1, 2, j = 1, 2 are sufficiently smooth
functions on Ω, Ω = (0, 2), Ω = [0, 2], Ω∗ = Ω− ∪ Ω+, Ω− = (0, 1), Ω+ = (1, 2) and
φi, i = 1, 2 are smooth on [−1, 0].

The above problem is equivalent to

P1u(x) : =

{
−εu′′1(x) + a1(x)u1(x) = f1(x)−

∑2
k=1 b1k(x)φk(x− 1), x ∈ Ω−,

−εu′′1(x) + a1(x)u1(x) +
∑2

k=1 b1k(x)uk(x− 1) = f1(x), x ∈ Ω+,

P2u(x) : =

{
−εu′′2(x) + a2(x)u2(x) = f2(x)−

∑2
k=1 b2k(x)φk(x− 1), x ∈ Ω−,

−εu′′2(x) + a2(x)u2(x) +
∑2

k=1 b2k(x)uk(x− 1) = f2(x), x ∈ Ω+,

{
u1(0) = φ1(0), u1(1−) = u1(1+), u′1(1−) = u′1(1+), u1(2) = l1,

u2(0) = φ2(0), u2(1−) = u2(1+), u′2(1−) = u′2(1+), u2(2) = l2,

where u1(1−) and u1(1+) denote the left and right limits of u1 at x = 1 and the similar
expressions are true for other functions.
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3. STABILITY RESULT

The differential-difference operators Pi, i = 1, 2 defined in the above section satisfy the
following maximum principle.

Theorem 3.1. (Maximum principle) Let w = (w1, w2), w1, w2 ∈ C0(Ω) ∩ C2(Ω∗) be any
function satisfying wi(0) ≥ 0, wi(2) ≥ 0, Piw(x) ≥ 0, ∀x ∈ Ω∗ and w′i(1+) − w′i(1−)

= [w′i](1) ≤ 0, i = 1, 2. Then wi(x) ≥ 0, ∀x ∈ Ω, i = 1, 2.

Proof. Define s = (s1, s2), where

s1(x) = s2(x) =

{
1
8 + x

2 , x ∈ [0, 1],
3
8 + x

4 , x ∈ [1, 2].

Note that si(x) > 0, ∀x ∈ Ω, Pis(x) > 0, ∀x ∈ Ω∗ and [s′i](1) < 0, i = 1, 2. Let

μ = max
{
max
x∈Ω

{−w1(x)

s1(x)
}, max

x∈Ω
{−w2(x)

s2(x)
}
}
.

Then there exists at least one x0 ∈ Ω such that w1(x0)+μs1(x0) = 0 or w2(x0)+μs2(x0) = 0
or both and wi(x) + μsi(x) ≥ 0, ∀x ∈ Ω, i = 1, 2. Without the loss of generality we assume
that w1(x0)+μs1(x0) = 0. Therefore the function (w1+μs1) attains its minimum at x = x0.
Suppose the theorem does not hold true, then μ > 0.
Let x0 ∈ Ω−.

0 < P1(w + μs)(x0) = −ε(w1 + μs1)
′′(x0) + a1(x0)(w1 + μs1)(x0) ≤ 0.

It is a contradiction.
Similarly one can consider the case x0 ∈ Ω+ and get a contradiction.
Let x0 = 1.

0 ≤ [(w1 + μs1)
′](1) = [w′1](1) + μ[s′1](1) < 0.

It is a contradiction. �

Corollary 3.2. (Stability Result) Let u = (u1, u2), u1, u2 ∈ Y be any function. Then

| uj(x) |≤ C max
{
max
i=1,2

{| ui(0) |}, max
i=1,2

{| ui(2) |}, max
i=1,2

{‖ Piu ‖Ω∗}
}
,

∀ x ∈ Ω, j = 1, 2. (3.1)

Proof. Let C > 0 be a constant. Define ψ
±
= (ψ±1 , ψ

±
2 ), where

ψ±i (x) = CC1si(x)± ui(x), x ∈ Ω, i = 1, 2,

C1 = max
{
max
i=1,2

{| ui(0) |}, max
i=1,2

{| ui(2) |}, max
i=1,2

{‖ Piu ‖Ω∗}
}
. Then

ψ±i (0) = CC1si(0) ± ui(0) > 0 and ψ±i (2) = CC1si(2) ± ui(2) > 0, i = 1, 2 by a proper
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choice of C.
Let x ∈ Ω−.

P1ψ
±
(x) = CC1P1s(x)± P1u(x) ≥ CC1α1

8
± P1u(x) ≥ 0,

by a proper choice of C.
Similarly one can prove that, P1ψ

±
(x) ≥ 0 in Ω+. Therefore P1ψ

±
(x) ≥ 0 in Ω∗. Similarly

one can prove that P2ψ
±
(x) ≥ 0 in Ω∗. Further,

[ψ±
′

i ](1) = CC1[s
′
i](1) + [u′i](1) < 0, i = 1, 2

by a proper choice of C.
Then by Theorem 3.1, we have ψ±i (x) ≥ 0, x ∈ Ω, i = 1, 2. Therefore

| uj(x) |≤ C max
{
max
i=1,2

{| ui(0) |}, max
i=1,2

{| ui(2) |}, max
i=1,2

{‖ Piu ‖Ω∗}
}
, ∀ x ∈ Ω, j = 1, 2.

�

4. AN ASYMPTOTIC EXPANSION

In this section, an asymptotic expansion approximation for the solution of the problem (2.1)
is constructed using the fundamental idea of WKB method [21].

Let u0(x) = (u01(x), u02(x)), u01, u02 ∈ C0(Ω∗ ∪ {0, 2}) be the solution of the reduced
problem of (2.1) given by⎧⎪⎪⎪⎨⎪⎪⎪⎩

a1(x)u01(x) +
∑2

k=1 b1k(x)u0k(x− 1) = f1(x), x ∈ Ω∗,
a2(x)u02(x) +

∑2
k=1 b2k(x)u0k(x− 1) = f2(x), x ∈ Ω∗,

u01(x) = φ1(x), x ∈ [−1, 0),

u02(x) = φ2(x), x ∈ [−1, 0)

(4.1)

and assumed that ‖ u
(2)
0i ‖Ω∗≤ C, i = 1, 2. Further, let v1, v2, v3, v4, w1, w2, w3 and w4 be

the solutions of the following problems (4.2)-(4.9), respectively:

L1v1 =
√
εv′1(x) +

√
a1(x)v1(x) = 0, x ∈ (0, 2], v1(0) = 1, (4.2)

L2v2 =
√
εv′2(x)−

√
a1(x)v2(x) = 0, x ∈ [0, 1), v2(1) = 1, (4.3)

L1v3 =
√
εv′3(x) +

√
a1(x)v3(x) = 0, x ∈ (1, 2], v3(1) = 1, (4.4)

L2v4 =
√
εv′4(x)−

√
a1(x)v4(x) = 0, x ∈ [0, 2), v4(2) = 1, (4.5)

L3w1 =
√
εw′1(x) +

√
a2(x)w1(x) = 0, x ∈ (0, 2], w1(0) = 1, (4.6)

L4w2 =
√
εw′2(x)−

√
a2(x)w2(x) = 0, x ∈ [0, 1), w2(1) = 1, (4.7)

L3w3 =
√
εw′3(x) +

√
a2(x)w3(x) = 0, x ∈ (1, 2], w3(1) = 1, (4.8)

L4w4 =
√
εw′4(x)−

√
a2(x)w4(x) = 0, x ∈ [0, 2), w4(2) = 1. (4.9)



226 SUBBURAYAN AND RAMANUJAM

Now an asymptotic expansion approximation to the solution of the original problem (2.1) is
given by

uas1(x) =

{
u01(x) + k11v̂1(x) + k12v̂2(x), x ∈ [0, 1],

u01(x) + k13v̂
∗
3(x) + k14v̂4(x), x ∈ [1, 2],

(4.10)

uas2(x) =

{
u02(x) + k21ŵ1(x) + k22ŵ2(x), x ∈ [0, 1],

u02(x) + k23ŵ
∗
3(x) + k24ŵ4(x), x ∈ [1, 2],

(4.11)

v̂∗3(x) =

{
0, x ∈ [0, 1),

v̂3(x), x ∈ [1, 2],
ŵ∗3(x) =

{
0, x ∈ [0, 1),

ŵ3(x), x ∈ [1, 2],

where u0(x) = (u01(x), u02(x)), v̂1(x) = [a1(x)]
− 1

4 v1(x), v̂2(x) = [a1(x)]
− 1

4 v2(x),

v̂3(x) = [a1(x)]
− 1

4 v3(x), v̂4(x) = [a1(x)]
− 1

4 v4(x), ŵ1(x) = [a2(x)]
− 1

4 w1(x), ŵ2(x) =

[a2(x)]
− 1

4 w2(x), ŵ3(x) = [a2(x)]
− 1

4 w3(x) and ŵ4(x) = [a2(x)]
− 1

4 w4(x).
The constants kij , i = 1, 2, j = 1(1)4 are to be determined such that uas1, uas2 ∈ Y ,

uas1(0) = φ1(0), uas2(0) = φ2(0), uas1(2) = l1 and uas2(2) = l2. In fact the constants are
given by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

k11 =
{
[φ1(0)− u01(0)]− k12v̂2(0)

}
(a1(0))

1/4, k12 =
B1 + k13A12

A11
,

k13 =
B2A11 −B1A21

A11A22 +A12A21
, k14 =

{
[l1 − u01(2)]− k13v̂3(2)

}
(a1(2))

1/4,

k21 =
{
[φ2(0)− u02(0)]− k22ŵ2(0)

}
(a2(0))

1/4, k22 =
D1 + k23C12

C11
,

k23 =
D2C11 −D1C21

C11C22 + C12C21
, k24 =

{
[l2 − u02(2)]− k23ŵ3(2)

}
(a2(2))

1/4,

(4.12)
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where

A11 = [(a1(1))
−1/4 − (a1(0))

1/4v̂1(1)v̂2(0)],

A12 = [(a1(1))
−1/4 − (a1(2))

1/4v̂3(2)v̂4(1)],

A21 = (a1(1))
1/4 −√

ε(a1(1))
−5/4a′1(1)/4

+ v̂2(0)v̂1(1)(a1(0))
1/4[

√
ε(a1(1))

−1a′1(1)/4 +
√
a1(1)],

A22 = (a1(1))
1/4 +

√
ε(a1(1))

−5/4a′1(1)/4

+ v̂3(2)v̂4(1)(a1(2))
1/4[−√

ε(a1(1))
−1a′1(1)/4 +

√
a1(1)],

B1 = [u01(1+)− u01(1−)] + [(l1 − u01(2))(a1(2))
1/4v̂4(1)]

+ [(u01(0)− φ1(0))(a1(0))
1/4v̂1(1)],

B2 =
√
ε[u′01(1+)− u′01(1−)] + [φ1(0)− u01(0)]v̂1(1)(a1(0))

1/4
[√

a1(1) +
√
ε
a′1(1)
4a1(1)

]
+ v̂4(1)(a1(2))

1/4[l1 − u01(2)]
[√

a1(1)−
√
ε
a′1(1)
4a1(1)

]
,

C11 = [(a2(1))
−1/4 − (a2(0))

1/4ŵ1(1)ŵ2(0)],

C12 = [(a2(1))
−1/4 − (a2(2))

1/4ŵ3(2)ŵ4(1)],

C21 = (a2(1))
1/4 −√

ε(a2(1))
−5/4a′2(1)/4

+ ŵ2(0)ŵ1(1)(a2(0))
1/4[

√
ε(a2(1))

−1a′2(1)/4 +
√
a2(1)],

C22 = (a2(1))
1/4 +

√
ε(a2(1))

−5/4a′2(1)/4

+ ŵ3(2)ŵ4(1)(a2(2))
1/4[−√

ε(a2(1))
−1a′2(1)/4 +

√
a2(1)],

D1 = [u02(1+)− u02(1−)] + [(l2 − u02(2))(a2(2))
1/4ŵ4(1)]

+ [(u02(0)− φ2(0))(a2(0))
1/4ŵ1(1)],

D2 =
√
ε[u′02(1+)− u′02(1−)] + [φ2(0)− u02(0)]ŵ1(1)(a2(0))

1/4
[√

a2(1) +
√
ε
a′2(1)
4a2(1)

]
+ ŵ4(1)(a2(2))

1/4[l2 − u02(2)]
[√

a2(1)−
√
ε
a′2(1)
4a2(1)

]
.

It is easy to see that | kij |≤ C, i = 1, 2, j = 1(1)4.

Theorem 4.1. Let u = (u1, u2) be the solution of (2.1) and uas = (uas1, uas2) be its asymp-
totic expansion approximation given by (4.10) and (4.11). Then,

‖ ui − uasi ‖Ω≤ Cε, i = 1, 2.
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Proof. Consider the barrier function ϕ± = (ϕ±1 , ϕ
±
2 ), where

ϕ±i (x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
C1ε

[
si(x) + e−

√
α
ε
x + e−

√
α
ε
(1−x) + 1 + e−

√
α
ε
(2−x)

]
±(ui(x)− uasi(x)), x ∈ [0, 1],

C1ε
[
si(x) + e−

√
α
ε
x + 1 + ṽ∗3(x) + e−

√
α
ε
(2−x)

]
±(ui(x)− uasi(x)), x ∈ [1, 2], i = 1, 2

ṽ∗3(x) = w̃∗3(x) =

{
0, x ∈ [0, 1),

e−
√

α
ε
(x−1), x ∈ [1, 2],

and C1 > 0 is a constant independent of ε. It is easy to see that ϕ±i ∈ C0(Ω) ∩ C2(Ω∗),
ϕ±i (0) > 0 and ϕ±i (2) > 0, i = 1, 2. Let x ∈ Ω−. First we have,

P1(u(x)− uas(x)) = ε
[
u′′01(x) + k11v̂1(x)

[ 5(a′1(x))2

16(a1(x))2
− a′′1(x)

4a1(x)

]]
+ ε

[
k12v̂2(x)

[ 5(a′1(x))2

16(a1(x))2
− a′′1(x)

4a1(x)

]]
≥ −Cε,

since | k11 |, | k12 |≤ C, ‖ u
(2)
01 ‖Ω∗≤ C, and a1 is sufficiently smooth on Ω. Then,

P1ϕ
±(x) = C1ε

[
[a1(x)− α]e−

√
α
ε
x + [a1(x)− α]e−

√
α
ε
(1−x)

+ [a1(x)− α]e−
√

α
ε
(2−x)

]
+ C1ε

[
a1(x)[S1(x) + 1]

]
± P1(u(x)− uas(x))

≥ C1ε
[
[α1 − α]e−

√
α
ε
x + [α1 − α]e−

√
α
ε
(1−x) + [α1 − α]e−

√
α
ε
(2−x)

]
+ C1ε

9α1

8
∓ Cε[1 + e−

√
α
ε
x + e−

√
α
ε
(1−x)].

Hence P1ϕ
±(x) ≥ 0 for a suitable choice of C1. Also it is easy to see that P2ϕ

±(x) ≥ 0 for a
suitable choice of C1.
Similarly one can show that Piϕ

±(x) ≥ 0, x ∈ Ω+, i = 1, 2. Further, we have [ϕ±
′

i ](1) <

0, i = 1, 2. Then by the Theorem 3.1, we have ϕ±i (x) ≥ 0, x ∈ Ω, that is,

| ui(x)− uasi(x) |≤ Cε, x ∈ Ω, i = 1, 2.

�

5. NUMERICAL METHODS

In this section, hybrid finite difference schemes for the first order singularly perturbed prob-
lems (4.2)-(4.9) are described.
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5.1. Mesh Selection Strategy. The BVP (2.1) exhibits strong boundary layers at x = 0, x =
2 and strong interior layers (left and right) at x = 1. Therefore, we choose a piece-wise uniform
Shishkin mesh on Ω. For this we divide the interval [0, 2] in to six subintervals, namely Ω1 =
[0, σ], Ω2 = [σ, 1−σ], Ω3 = [1−σ, 1], Ω4 = [1, 1+σ], Ω5 = [1+σ, 2−σ] and Ω6 = [2−σ, 2]

where, σ = min{0.25, 2
√
ε logN√
α

}. Let h = 4N−1τ and H = 2N−1(1 − 2τ) . The mesh

Ω
2N

= {x0, x1, . . . , x2N} is defined by

x0 = 0.0, xi = x0 + ih, i = 1(1)
N

4
, xi+N

4
= xN

4
+ iH, i = 1(1)

N

2
,

xi+ 3N
4

= x 3N
4

+ ih, i = 1(1)
N

4
, xi+N = xN + ih, i = 1(1)

N

4
,

xi+ 5N
4

= x 5N
4

+ iH, i = 1(1)
N

2
, xi+ 7N

4
= x 7N

4
+ ih, i = 1(1)

N

4
.

5.2. Hybrid Finite Difference Schemes for the Problems (4.6) - (4.9). Applying the hybrid
finite difference scheme given in [22, 23] to the above singularly perturbed problems (4.6)–
(4.9), we get

LN
1 V1i =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

√
ε
V1i
−V1i−1

h +√a1i−1/2

V1i
+V1i−1

2 = 0, i = 1(1)N4 ,√
ε
V1i
−V1i−1

H +
√
a1iV1i ,= 0 i = N

4 + 1(1)3N4 ,
√
ε
V1i
−V1i−1

h +
√
a1iV1i = 0, i = 3N

4 + 1(1)N,
√
ε
V1i
−V1i−1

h +
√
a1iV1i = 0, i = N + 1(1)5N4 ,

√
ε
V1i
−V1i−1

H +
√
a1iV1i = 0, i = 5N

4 + 1(1)7N4 ,
√
ε
V1i
−V1i−1

h +
√
a1iV1i = 0, i = 7N

4 + 1(1)2N,

(5.1)

V10 = 1,

LN
2 V2i =

⎧⎪⎪⎨⎪⎪⎩
√
ε
V2i+1

−V2i

h −√
a1iV2i = 0, i = 0(1)N4 ,√

ε
V2i+1

−V2i

H −√
a1iV2i = 0, i = N

4 + 1(1)3N4 ,
√
ε
V2i+1

−V2i

h −√a1i+1/2

V2i+1
+V2i

2 = 0, i = 3N
4 + 1(1)N − 1,

(5.2)

V2N = 1,

LN
1 V3i =

⎧⎪⎪⎨⎪⎪⎩
√
ε
V3i
−V3i−1

h +√a1i−1/2

V3i−1
+V3i

2 = 0, i = N + 1(1)5N4 ,
√
ε
V3i
−V3i−1

H +
√
a1iV3i = 0, i = 5N

4 + 1(1)7N4 ,
√
ε
V3i
−V3i−1

h +
√
a1iV3i = 0, i = 7N

4 + 1(1)2N,

(5.3)

V3N = 1,
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LN
3 V4i =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

√
ε
V4i+1

−V4i

h −√
a1iV4i = 0, i = 0(1)N4 ,√

ε
V4i+1

−V4i

H −√
a1iV4i = 0, i = N

4 + 1(1)3N4 ,
√
ε
V4i+1

−V4i

h −√
a1iV4i = 0, i = 3N

4 + 1(1)N,
√
ε
V4i+1

−V4i

h −√
a1iV4i = 0, i = N + 1(1)5N4 ,

√
ε
V4i+1

−V4i

H −√
a1iV4i = 0, i = 5N

4 + 1(1)7N4 ,
√
ε
V4i+1

−V4i

h −√a1i+1/2

V4i+1
+V4i

2 = 0, i = 7N
4 + 1(1)2N − 1,

(5.4)

V42N = 1,

LN
4 W1i =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

√
ε
W1i

−W1i−1

h +√a2i−1/2

W1i
+W1i−1

2 = 0, i = 1(1)N4 ,√
ε
W1i

−W1i−1

H +
√
a2iW1i ,= 0 i = N

4 + 1(1)3N4 ,
√
ε
W1i

−W1i−1

h +
√
a2iW1i = 0, i = 3N

4 + 1(1)N,
√
ε
W1i

−W1i−1

h +
√
a2iW1i = 0, i = N + 1(1)5N4 ,

√
ε
W1i

−W1i−1

H +
√
a2iW1i = 0, i = 5N

4 + 1(1)7N4 ,
√
ε
W1i

−W1i−1

h +
√
a2iW1i = 0, i = 7N

4 + 1(1)2N,

(5.5)

W10 = 1,

LN
5 W2i =

⎧⎪⎪⎨⎪⎪⎩
√
ε
W2i+1

−W2i

h −√
a2iW2i = 0, i = 0(1)N4 ,√

ε
W2i+1

−W2i

H −√
a2iW2i = 0, i = N

4 + 1(1)3N4 ,
√
ε
W2i+1

−W2i

h −√a2i+1/2

W2i+1
+W2i

2 = 0, i = 3N
4 + 1(1)N − 1,

(5.6)

W2N = 1,

LN
4 W3i =

⎧⎪⎪⎨⎪⎪⎩
√
ε
W3i

−W3i−1

h +√a2i−1/2

W3i−1
+W3i

2 = 0, i = N + 1(1)5N4 ,
√
ε
W3i

−W3i−1

H +
√
a2iW3i = 0, i = 5N

4 + 1(1)7N4 ,
√
ε
W3i

−W3i−1

h +
√
a2iW3i = 0, i = 7N

4 + 1(1)2N,

(5.7)

W3N = 1,
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and

LN
6 W4i =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

√
ε
W4i+1

−W4i

h −√
a2iW4i = 0, i = 0(1)N4 ,√

ε
W4i+1

−W4i

H −√
a2iW4i = 0, i = N

4 + 1(1)3N4 ,
√
ε
W4i+1

−W4i

h −√
a2iW4i = 0, i = 3N

4 + 1(1)N,
√
ε
W4i+1

−W4i

h −√
a2iW4i = 0, i = N + 1(1)5N4 ,

√
ε
W4i+1

−W4i

H −√
a2iW4i = 0, i = 5N

4 + 1(1)7N4 ,
√
ε
W4i+1

−W4i

h −√a2i+1/2

W4i+1
+W4i

2 = 0, i = 7N
4 + 1(1)2N − 1,

(5.8)

W42N = 1,

where a1i = a1(xi) and a1i+1/2
= a1(

xi+xi+1

2 ), the similar expressions are true for other
functions. The following theorem gives an error estimate for this scheme.

Theorem 5.1. Let v1(x), v2(x), v3(x), v4(x), w1(x), w2(x), w3(x) and w4(x) be the so-
lutions of the problems (4.2)–(4.9), respectively. Further let V1 = (V10 , · · · , V12N ), V2 =
(V20 , · · · , V2N ), V3 = (V3N , · · · , V32N ), V4 = (V40 , · · · , V42N ), W1 = (W10 , · · · ,W12N ),
W2 = (W20 , · · · ,W2N ), W3 = (W3N , · · · ,W32N ) and W4 = (W40 , · · · ,W42N ) be their
numerical solutions defined by (5.1)–(5.8). Then

‖ v1 − V1 ‖Ω2N≤ CN−2 log2N, ‖ v2 − V2 ‖Ω̃−≤ CN−2 log2N,

‖ v3 − V3 ‖Ω̃+≤ CN−2 log2N, ‖ v4 − V4 ‖Ω2N≤ CN−2 log2N,

‖ w1 −W1 ‖Ω2N≤ CN−2 log2N, ‖ w2 −W2 ‖Ω̃−≤ CN−2 log2N,

‖ w3 −W3 ‖Ω̃+≤ CN−2 log2N, ‖ w4 −W4 ‖Ω2N≤ CN−2 log2N,

where Ω̃− = Ω
2N ∩ [0, 1] and Ω̃+ = Ω

2N ∩ [1, 2].

Proof. See [22]. �

Let U0i = (U01i , U02i) be the values of the solution of the problem (4.1) given by

U01i =

{
f1(xi)
a1(xi)

− b11(xi)
a1(xi)

φ1(xi − 1)− b12(xi)
a1(xi)

φ2(xi − 1), i = 0(1)N,
f1(xi)
a1(xi)

− b11(xi)
a1(xi)

U01i−N − b12(xi)
a1(xi)

U02i−N , i = N + 1(1)2N,
(5.9)

U02i =

{
f2(xi)
a2(xi)

− b21(xi)
a2(xi)

φ1(xi − 1)− b22(xi)
a2(xi)

φ2(xi − 1), i = 0(1)N,
f2(xi)
a2(xi)

− b21(xi)
a2(xi)

U01i−N − b22(xi)
a2(xi)

U02i−N , i = N + 1(1)2N.
(5.10)

5.3. A Numerical Solution to the BVP (2.1). A numerical solution U i = (U1i , U2i) of the
original problem (2.1) is given by

U1i =

{
U01i + k11[a1i ]

−1/4V1i + k12[a1i ]
−1/4V2i , i = 0(1)N,

U01i + k13[a1i ]
−1/4V3i + k14[a1i ]

−1/4V4i , i = N + 1(1)2N,
(5.11)
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U2i =

{
U02i + k21[a2i ]

−1/4W1i + k22[a2i ]
−1/4W2i , i = 0(1)N,

U02i + k23[a2i ]
−1/4W3i + k24[a2i ]

−1/4W4i , i = N + 1(1)2N,
(5.12)

where U0i , V1i , V2i , V3i , V4i , W1i , W2i , W3i and W4i are numerical solutions of the problems
(4.1)- (4.9), respectively and kij , i = 1, 2, j = 1(1)4 are defined by (4.12). An error estimate
for this numerical solution is derived in the following section.

6. AN ERROR ESTIMATE

Theorem 6.1. Let u(x) be the solution of the problem (2.1). Further let U i = (U1i , U2i) be its
numerical solution defined by (5.11) and (5.12). Then

| uk(xi)− Uki |≤ C(N−2 log2N), i = 0(1)2N, k = 1, 2.

Proof. From Theorems 4.1 and 5.1 we have

‖ ui(x)− uasi(x) ‖Ω≤ Cε, i = 1, 2, ‖ v1 − V1 ‖Ω̄2N≤ CN−2 log2N,

‖ v2 − V2 ‖Ω−∩Ω̄2N≤ CN−2 log2N, ‖ v3 − V3 ‖Ω+∩Ω̄2N≤ CN−2 log2N,

‖ v4 − V4 ‖Ω2N≤ CN−2 log2N, ‖ w1 −W1 ‖Ω2N≤ CN−2 log2N,

‖ w2 −W2 ‖Ω−∩Ω̄2N≤ CN−2 log2N, ‖ w3 −W3 ‖Ω+∩Ω̄2N≤ CN−2 log2N,

‖ w4 −W4 ‖Ω2N≤ CN−2 log2N.

Then

| u1(xi)− U1i |≤| u1(xi)− uas1(xi) | + | uas1(xi)− U1i |, i = 0(1)2N

≤

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
| u1(xi)− uas1(xi) | + | u01(xi)− U01i | + | k11 || a−1/41i

|| v1(xi)− V1i |
+ | k12 || a−1/41i

|| v2(xi)− V2i |, i = 0(1)N

| u1(xi)− uas1(xi) | + | u01(xi)− U01i | + | k13 || a−1/41i
|| v3(xi)− V3i |

+ | k14 || a−1/41i
|| v4(xi)− V4i |, i = N + 1(1)2N

≤ Cε+ CN−2 log2N, i = 0(1)2N.

That is,
| u1(xi)− U1i |≤ C(ε+N−2 log2N), i = 0(1)2N. (6.1)

It is easy to see that

| u2(xi)− U2i |≤ C(ε+N−2 log2N), i = 0(1)2N. (6.2)

Since it is assumed that
√
ε ≤ CN−1, we have

| uk(xi)− Uki |≤ C(N−2 log2N), i = 0(1)2N, k = 1, 2.

�
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7. DISCONTINUOUS SOURCE TERM

In the previous section it was assumed that fk, k = 1, 2 are smooth on [0, 2]. Motivated
by the works of [8, 9, 24] we suppose that f1(x) and f2(x) have a simple discontinuity at
x = 1, that is, f1(1−) 
= f1(1+) and f2(1−) 
= f2(1+). Consider the following BVP with
discontinuous source term.
Find u(x) = (u1(x), u2(x)), u1, u2 ∈ Y such that⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

−εu′′1(x) + a1(x)u1(x) +
∑2

k=1 b1kuk(x− 1) = f1(x), x ∈ Ω∗,
−εu′′2(x) + a2(x)u2(x) +

∑2
k=1 b2kuk(x− 1) = f2(x), x ∈ Ω∗,

u1(x) = φ1(x), x ∈ [−1, 0], u1(2) = l1,

u2(x) = φ2(x), x ∈ [−1, 0], u2(2) = l2,

fj(1−) 
= fj(1+), j = 1, 2,

(7.1)

where it is assumed that the conditions stated in Section 2 for the coefficients and the relations
among ai, bij , cij and φi, i, j = 1, 2 hold true and fi, i = 1, 2 are smooth in Ω∗. It can be
easily verified that the maximum principle and stability result are valid for the above problem
(7.1). Now, an asymptotic expansion for the solution of the problem (7.1) is given by (4.10)
and (4.11). We can prove a similar result of Theorem 4.1 for the (7.1). With regard to the
numerical method, the same mesh selection strategy described in Section 5.1 can be adopted
here.

8. NUMERICAL RESULTS

In this section, two examples are given to illustrate the numerical method discussed in this
paper. The exact solutions of the test problems are not known. Therefore, we use the double
mesh principle to estimate the error and compute the experiment rate of convergence in our
computed solution. For this we put

DM
k, ε = max

0≤i≤M
| UM

ki
− U2M

k2i
|, k = 1, 2,

where UM
ki

and U2M
k2i

are the ith and 2ith components of the numerical solutions on meshes
of M and 2M points respectively, here M = 2N . We compute the uniform error and rate of
convergence as

DM
k = max

ε
DM

k, ε, p
M
k = log2

(
DM

k

D2M
k

)
, k = 1, 2.

For the following examples the numerical results are presented for the values of perturbation
parameter

√
ε = 2−11, 2−12, 2−13, 2−14, 2−15, 2−16, 2−17.
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Example 8.1. (Continuous Source Term)⎧⎪⎪⎪⎨⎪⎪⎪⎩
−εu′′1(x) + 11u1(x)− (x2 + 1)u1(x− 1)− (x+ 1)u2(x− 1) = exp(x), x ∈ Ω∗,
−εu′′2(x) + 16u2(x)− xu1(x− 1)− xu2(x− 1) = exp(x), x ∈ Ω∗,
u1(x) = 1, x ∈ [−1, 0], u1(2) = 1,

u2(x) = 1, x ∈ [−1, 0], u2(2) = 1.
(8.1)

Table 1 presents the values of DM
k and pMk , k = 1, 2 for this problem.

Example 8.2. (Discontinuous Source Term)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

−εu′′1(x) + 11u1(x)− (x2 + 1)u1(x− 1)− (x+ 1)u2(x− 1) =

{
−1, x ∈ Ω−,
1, x ∈ Ω+,

−εu′′2(x) + 16u2(x)− xu1(x− 1) − xu2(x− 1) =

{
1, x ∈ Ω−,
−1, x ∈ Ω+,

u1(x) = 1, x ∈ [−1, 0], u1(2) = 1,

u2(x) = 1, x ∈ [−1, 0], u2(2) = 1.
(8.2)

Table 2 presents the values of DM
k and pMk , k = 1, 2 for this problem. Further, Figures 1

and 2 represent the numerical solutions of the above Examples 8.1 and 8.2 respectively.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.2

0.4

0.6

0.8

1

1.2

Numerical  solution

U1=U1(x)

U2=U2(x)

FIGURE 1. Numerical solution of the above Example 8.1.
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0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−0.2

0

0.2

0.4

0.6

0.8

1

1.2
Numerical solution

U1=U1(x)

U2=U2(x)

FIGURE 2. Numerical solution of the above Example 8.2.

TABLE 1. Numerical Results for the Example 8.1

M (Number of mesh points)
32 64 128 256 512 1024 2048

DM
1 2.8268e-2 1.2121e-2 4.2829e-3 1.5128e-3 5.0124e-4 1.5237e-4 4.7635e-5

pM1 1.2217 1.5008 1.5013 1.5937 1.7179 1.6774 -
DM

2 4.4596e-2 2.0012e-2 7.3012e-3 2.5038e-3 8.5338e-4 2.6074e-4 8.0558e-5
pM2 1.1560 1.45477 1.5440 1.5529 1.7106 1.6945 -

TABLE 2. Numerical Results for the Example 8.2

M (Number of mesh points)
64 128 256 512 1024 2048 4096

DM
1 2.5288e-2 8.9355e-3 3.1562e-3 1.0457e-3 3.1788e-4 9.9382e-5 2.9950e-5

pM1 1.5008 1.5013 1.5937 1.7179 1.6774 1.7304 -
DM

2 4.1935e-2 1.5299e-2 5.2467e-3 1.7882e-3 5.4636e-4 1.6880e-4 5.1480e-5
pM2 1.4547 1.5440 1.5529 1.7106 1.6945 1.7133 -

9. DISCUSSION

A class of BVPs for one type of SPDDEs of reaction- diffusion type are considered. To
obtain an approximate solution for this type of problems, a numerical method named as initial
value method (IVM) is suggested. The method is shown to be of order O(N−2 log2N) , that is,
the method has almost second order convergence. This is very much reflected in the numerical
results presented in the Tables 1 and 2. Figures 1 and 2 represent the numerical solutions of
the problems stated in Examples 8.1 and 8.2. From the Figures 1 and 2, it is obvious that, the
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solutions of the problems (8.1) and (8.2) exhibit strong boundary layers at x = 0, x = 1 and
x = 2. But this is not the case for convection diffusion type problems and in fact there is a
boundary layer only at x = 2 [19]. The present method works irrespective of the fact that the
source term is continuous or not.
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ABSTRACT. The Interaction Picture (IP) method is a valuable alternative to Split-step meth-
ods for solving certain types of partial differential equations such as the nonlinear Schrödinger
equation or the Gross-Pitaevskii equation. Although very similar to the Symmetric Split-step
(SS) method in its inner computational structure, the IP method results from a change of un-
known and therefore do not involve approximation such as the one resulting from the use of a
splitting formula. In its standard form the IP method such as the SS method is used in conjunc-
tion with the classical 4th order Runge-Kutta (RK) scheme. However it appears to be relevant
to look for RK scheme of higher order so as to improve the accuracy of the IP method. In this
paper we investigate 5th order Embedded Runge-Kutta schemes suited to be used in conjunc-
tion with the IP method and designed to deliver a local error estimation for adaptive step size
control.

1. INTRODUCTION

The Interaction Picture (IP) method is a very promising alternative to Split-step methods
for solving certain type of partial differential equations (PDE) such as the Gross-Pitaevskii
equation (GPE) or the generalised nonlinear Schrödinger equation (GNLSE). The fourth-order
Runge-Kutta method in the Interaction Picture (RK4-IP) method has been developed by the
Bose-Einstein Condensate Theory Group of R. Ballagh from the Jack Dodd Centre at the
University of Otago in the 90’s for solving the Gross-Pitaevskii equation which is ubiquitous
in Bose condensation. To our knowledge, it was first described in the Ph.D. thesis of B.M.
Caradoc-Davies [1] and M.J. Davis [2]. Since, the RK4-IP method has been widely used for
numerical studies concerning Bose-Einstein condensates, see e.g. [3, 4, 5], as well as for nu-
merical simulation of light propagation in optical fibers, see e.g. [6, 7, 8]. The IP method is
very similar to the Symmetric Split-step (SS) method in its inner computational structure, since
in both cases the method consists in solving in a sequential order over a discretisation grid, one
linear PDE problem, one nonlinear ordinary differential equation (ODE) problem, and another
linear PDE problem. However the IP method results from a change of unknown and therefore
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do not involve approximation – such as the one resulting from the use of a splitting formula
in Split-step methods – when obtaining the sequence of the 3 above mentioned problems over
each computational step. When the IP method is applied for solving the GP or GNLS equa-
tions, the 2 linear PDE problems can be considered to be solved exactly by using the Fourier
Transform tools (actually they are solved numerically with high accuracy by using the FFT
method). Therefore, the only approximation in the method is introduced by the numerical
scheme (typically a Runge-Kutta scheme) required for solving the nonlinear ODE problem. In
its standard form the IP method is used in conjunction with the classical 4th order RK scheme
because it provides a good compromise between accuracy of the results and complexity of the
algorithm of the RK4-IP method and therefore offers a good compromise between accuracy
and computation time. However, since the only approximation in the IP method results from
the use of a RK scheme for solving the ODE problem it seems to be relevant to look for RK
schemes of higher order to improve the accuracy of the results in the IP method. Such RK
schemes of high order are numerous in the literature (see e.g. [9, 10, 11]) but unfortunately
they have not been designed in order to be used in conjunction with the IP method and there-
fore are not optimal in this context. Our goal in this paper is to build a RK scheme of order 5
with the constrain of finding the best possible RK coefficients in order to reduce as much as
possible the over-cost of the method compared to the standard RK4-IP method.

The name “Interaction Picture” and the change of unknown at the heart of the method orig-
inate from quantum mechanics [12, 13] where it is usual to chose an appropriate “picture”
in which the physical properties of the studied system can be easily revealed and the calcu-
lation made simpler. The classical pictures in quantum mechanics are the Schrödinger and
the Heisenberg pictures. The interaction picture is considered as an intermediate between the
Schrödinger picture and the Heisenberg picture. It is useful e.g. in quantum optics for solving
problems with time-dependent Hamiltonians in which the Hamiltonian can be partitioned as
H(t) = H0 + V (t) where H0 is a Hamiltonian independent of time and its eigenvalues are
easy to compute whereas V is a time-dependent potential which can be complicated. In a nu-
merical context the “Interaction Picture” approach is a way of solving certain PDE involving
typically a linear term (e.g. for the GPE the effect of diffusion which links points spatially) and
a nonlinear term (e.g. for the GPE the non-diffusive terms which act only locally) that consists
in separating the way the 2 groups of terms act in order to solve a much simpler equation. Usu-
ally it allows to solve the simpler equation as if it were an ODE by mean of numerical methods
for ODE such as Runge-Kutta methods. Actually the choice of operator splitting one should
use depends solely on a particular application and no general method is known. The use of the
“Interaction Picture” amounts from a mathematical point of view to a change of unknown. The
linear part of the equation is handled by the definition of the new unknown itself whereas the
nonlinear part remains in the simpler equation to be solved.

In [14] we have proposed an adaptive step-size control version of the RK4-IP method.
Namely, we have obtained a 5 stage 3rd order RK formula embedding the standard 4th or-
der RK formula (termed ERK4(3) scheme) with the same features than the standard 4th order
RK formula when used in conjunction with the IP method. In particular this ERK4(3) scheme
preserves the ease of implementation and the advantageous position of the internal quadrature
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nodes of the RK4 formula for the IP method and delivers a local error estimate at no significant
extra cost. In this paper we present a higher order embedded RK scheme, namely a 7 stage 4th
order RK formula embedding a 5th order RK formula (ERK5(4) scheme) to be used in con-
junction with the IP method for adaptive step-size control purposes. One reason for looking
for high order RK formulae is that so as to attain a certain accuracy of the results they require
less computational steps and therefore are likely to reduce the accumulation of round-off er-
rors. Of course, one single step of a higher order RK formula requires more computations
than one step of a lower order RK formula but altogether the higher order RK formula should
involved less computations for a better accuracy. There exists in the literature lots of ERK5(4)
schemes [9, 10, 11]. However each of these schemes has been constructed in order to sat-
isfy one given criterion and none of them preserve the advantageous position of the internal
quadrature nodes of the RK4 formula liable for the efficiency of the ERK4(3)-IP method. In
particular, in [15] S.N. Papakostas and G. Papageorgiou propound an algorithm for obtaining
a large family of ERK5(4) schemes depending on 5 free parameters under the assumption that
the elementary quadrature nodes of the RK pairs are distinct (such RK schemes are termed
quadrature non-defective methods). This assumption on quadrature nodes is not satisfactory in
our quest for a ERK5(4) scheme designed for the IP method. We can mention as well that a
Cash-Karp ERK5(4) scheme [16] was used in [2] for solving the Gross-Pitaevskii equation by
the IP method but without giving the desired efficiency according to the author. Thus our goal
is to construct an embedded RK pair of order 5 and 4 well suited to be used in conjunction with
the IP method and preserving the nice features of the ERK4(3)-IP method as far as we can.

The paper is organised as follows. In Section 2 we present an overview of the IP method.
Section 3 is devoted to the construction of our embedded RK pair of order 5 and 4 from the
general set of order condition equations for RK formulae and to a discussion on the best choice
for the free coefficients to optimize the ERK scheme in the context of the IP method. An
algorithm for the corresponding ERK5(4)-IP method is also given. In Section 4 we present
numerical simulation results in order to illustrate the features of the ERK5(4)-IP method.

2. OVERVIEW OF THE INTERACTION PICTURE METHOD

2.1. PDE problem setting. We first present a brief summary of the IP method for a general
evolution equation in the form of

∂

∂s
u(s, r) = D u(s, r) +N (u)(s, r), (2.1)

where D and N denote respectively linear and nonlinear operators (that usually do not com-
mute to each other); the linear differential operator D includes all the derivation terms with
respect to the variable r but does not involve derivation with respect to s and the nonlinear
operator N does not involve derivation at all. This PDE is to be solved for the unknown u in
a set I × Ω where typically Ω is an open subset in Rd, d ∈ N∗, and I is an open interval in R.
Together with equation (2.1) we consider the initial condition: u(s = 0, r) = ν0(r), ∀r ∈ Ω
where ν0 is a sufficiently regular function from Ω to C.
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For instance, for the cubic nonlinear Schrödinger equation⎧⎨⎩
∂

∂t
u(t, r) + iΔu(t, r) + iε|u(t, r)|2u(t, r) = 0 ∀r ∈ R2 ∀t ∈ R

u(t = 0, r) = u0(r) ∀r ∈ R2

where ε = ±1 and Δ stands for the Laplacian operator in R2, we have D : u → iΔu and
N : u → iε|u|2u. For the generalised nonlinear Schrödinger equation (GNLSE) in optics
[17, 8] we are interested in solving the following problem⎧⎨⎩

∂

∂z
A(z, t) = DA(z, t) +N (A)(z, t) ∀z ∈ ]0, L[ ∀t ∈ R

A(0, t) = a0(t) ∀t ∈ R

(2.2)

where the unknown A corresponding to the slowly varying optical pulse envelope is a function
of time t and position z along the fiber; the linear operator D is given by

D : A −→ −1

2
αA−

nmax∑
n=2

βn
in−1

n!

∂n

∂tn
A, (2.3)

where α is the linear attenuation coefficient of the fiber and βn, n ≥ 2 are the linear dispersion
coefficients of the fiber; the nonlinear operator N is given by

N : A −→ iγ

[
Id +

i

ω0

∂

∂t

] (
(1− fR)A

∣∣A∣∣2
+ fR A

∫ ∞

0
hR(s) |A(·, · − s)|2 ds

)
,

(2.4)

where Id denotes the identity operator, hR is the Raman time response function, fR represents
the fractional contribution of the delayed Raman response to nonlinear polarisation, γ is the
nonlinear fiber parameter and ω0 is the pulsation of the optical pulse assumed to be quasi-
monochromatic. We may notice that another splitting is possible for the GNLSE: the term
−1

2αA can be added to the nonlinear operator N instead of the linear operator D.
For the Gross-Pitaevskii equation (GPE) used to explore the dynamics of vortexes in Bose-

Einstein condensates in 2 or 3 space dimensions [1, 2, 18], the condensate wave function ψ is
given in the domain Ω occupied by the condensate by

∂

∂t
ψ(r, t) = iΔψ(r, t) +N (ψ)(r, t), (2.5)

where Δ is the Laplacian operator in 2 or 3 dimension, and

N : ψ −→ −i(V ψ + C|ψ|2 ψ), (2.6)

where V is the external potential applied (function of time t and position r) and C is a constant
proportional to the number of atoms in the condensate and to the scattering length. Equa-
tion (2.5) is to be solved to describe the condensate evolution from a given initial condensate
state.
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2.2. The Interaction Picture method. The Interaction Picture (IP) method for solving the
PDE (2.1) under appropriate initial condition may be understood as follows. The interval I =
]0, S[ is divided into K sub-intervals where the grid points are denoted sk, k = {0, . . . ,K}
such that ]0, S] = ∪K−1

k=0 ]sk, sk+1] where 0 = s0 < s1 < · · · < sK−1 < sK = S. For
all k ∈ {0, . . . ,K − 1} the step length between sk and sk+1 is denoted hk and we also set
sk+ 1

2
= sk +

hk
2 .

Solving equation (2.1) for the initial condition u(s = 0, r) = ν0(r), ∀r ∈ Ω, is equivalent
to solving the following sequence of connected problems:⎧⎨⎩

∂

∂s
u0(s, r) = D u0(s, r) +N (u0)(s, r) ∀s ∈ ]s0, s1] ∀r ∈ Ω

u0(s0, r) = ν0(r) ∀r ∈ Ω
(2.7)

and ∀k ∈ {1, . . . ,K − 1}⎧⎨⎩
∂

∂s
uk(s, r) = D uk(s, r) +N (uk)(s, r) ∀s ∈ ]sk, sk+1] ∀r ∈ Ω

uk(sk, r) = uk−1(sk, r) ∀r ∈ Ω
(2.8)

Obviously for all k ∈ {0, . . . ,K − 1} the unknown functions u and uk are related by

∀s ∈ [sk, sk+1] ∀r ∈ Ω u(s, r) = uk(s, r).

Let us consider one of the problems defined in (2.7)–(2.8) for a given value of k ∈ {0, . . . ,K − 1}.
Such a problem reads⎧⎨⎩

∂

∂s
uk(s, r) = D uk(s, r) +N (uk)(s, r) ∀s ∈ ]sk, sk+1] ∀r ∈ Ω

uk(sk, r) = νk(r) ∀r ∈ Ω
(2.9)

where νk is a given function. We introduce as new unknown the mapping

uipk : (s, r) ∈ [sk, sk+1]× Ω −→ e
−(s−s

k+1
2
)D · uk(s, r), (2.10)

where the exponential term has to be understood in the sense of the continuous group generated
by the unbounded linear operator D [19, 20]. From (2.9) one can show [20] that the new
unknown uipk is the solution to the following problem⎧⎪⎨⎪⎩

∂

∂s
uipk (s, r) = Gk(s, r, u

ip
k (s, r)) ∀s ∈ ]sk, sk+1] ∀r ∈ Ω

uipk (sk, r) = e
hk
2
D · νk(r) ∀r ∈ Ω

(2.11)

where Gk(s, r, ·) = e
−(s−s

k+1
2
)D ◦ N ◦ e

(s−s
k+1

2
)D

. The major interest for using the change
of unknown (2.10) is that on the contrary to problem (2.9), problem (2.11) for the unknown
uipk does not anymore involve explicitly partial derivation with respect to the variable r. Partial

derivation with respect to the variable r now occurs through the operator e
±(s−s

k+1
2
)D

which
is computed separately. Thus problem (2.11) can be numerically solved just as if it was a



HIGH ORDER EMBEDDED RUNGE-KUTTA SCHEME FOR THE INTERACTION PICTURE METHOD 243

nonlinear ODE with r as a parameter using a standard quadrature scheme for ODE such as
Runge-Kutta (RK) schemes.

When solving problem (2.11) a first stage consists in computing the initial condition data
function uipk (sk, ·) : r → e

hk
2
D · νk(r). This can be done by solving the following linear PDE

problem [20] ⎧⎨⎩
∂

∂s
vk(s, r) = D vk(s, r) ∀s ∈ ]sk, sk+ 1

2
] ∀r ∈ Ω

vk(sk, r) = νk(r) ∀r ∈ Ω
(2.12)

since we have uipk (sk, ·) = vk(sk+ 1
2
, ·). Once the solution to problem (2.11) has been com-

puted, the inverse mapping of (2.10) has to be used to get the solution to problem (2.9) at grid
point sk+1. The mapping uk(sk+1, ·) : r → e−

hk
2
D · uipk (r) coincides with the solution at grid

point sk+1 to the following linear PDE problem⎧⎨⎩
∂

∂s
wk(s, r) = Dwk(s, r) ∀s ∈ ]sk+ 1

2
, sk+1] ∀r ∈ Ω

wk(sk, r) = uipk (sk+1, r) ∀r ∈ Ω

(2.13)

In the same way, the mappings s → e
−(s−s

k+1
2
)D

and s → e
(s−s

k+1
2
)D

involved in the def-
inition of the operator Gk can be evaluated at any intermediate computational grid points by
solving linear PDE problems analogous to (2.12) and (2.13). Thus for each step k a major part
of the computational effort lies in the resolution of the linear PDE problems (2.12) and (2.13).
The numerical method used to solve them is strongly dependent on the linear operator D and
domain Ω, that is to say to the physical application under consideration. For the GPE, this PDE
problem is a heat type problem set in a 2D or 3D domain. In [1, 2, 18] it is solved by a Fourier
spectral method. For the GNLSE, problems (2.12) and (2.13) where Ω = R can be solved by
a direct use of Fourier transforms [8]. As well the cost of the evaluation of the terms involving
the nonlinear operator N is strongly dependent on the physical application. Nevertheless it is a
direct function evaluation without intermediate PDE problem to be solved. Thus, in designing
a new embedded RK method for adaptive step-size control purposes in the IP method we have
to keep in mind that the global computational cost of the method will be directly proportional
to the number of exponential operators and to the number of nonlinear operators N involved
in the numerical scheme.

To conclude this section we may compare the IP method approach to the Symmetric Split-
step (SS) one which is based on the use of Strang splitting formula [21]. Using the same
framework as the one presented above for the IP method, the Symmetric Split-step method
consists in solving over each sub-interval [sk, sk+1] for k ∈ {0, . . . ,K − 1} the following 3
nested problems: ⎧⎨⎩

∂

∂s
vk(s, r) = D vk(s, r) ∀s ∈ ]sk, sk+ 1

2
] ∀r ∈ Ω

vk(sk, r) = uk−1(sk, r) ∀r ∈ Ω
(2.14)



244 S. BALAC

where uk−1(sk, ·) : r → uk−1(sk, r) represents the solution to problem (2.9) at grid point sk
computed by the numerical scheme at the previous step k − 1; then⎧⎨⎩

∂

∂s
uSSk (s, r) = N (uSSk )(s, r) ∀s ∈ ]sk, sk+1] ∀r ∈ Ω

uSSk (sk, r) = vk(sk+ 1
2
, r) ∀r ∈ Ω

(2.15)

where vk(sk+ 1
2
, ·) : r → vk(sk+ 1

2
, r) represents the solution to problem (2.14) at half grid

point sk+ 1
2
; and finally⎧⎨⎩

∂

∂s
wk(s, r) = Dwk(s, r) ∀s ∈ ]sk+ 1

2
, sk+1] ∀r ∈ Ω

wk(sk+ 1
2
, r) = uSSk (sk+1, r) ∀r ∈ Ω

(2.16)

where uSSk (sk+1, ·) : r → uSSk (sk+1, r) represents the solution to problem (2.15) at node
sk+1. The approximate solution to problem (2.9) at grid point sk+1 is given by uk(sk+1, ·) ≈
wk(sk+1, ·). We can observe that problem (2.12) in the IP method coincides with problem
(2.14) in the SS method whereas problem (2.13) in the IP method coincides with problem
(2.16) in the SS method. Moreover problem (2.11) in the IP method and problem (2.15) in the
SS method only differ by the function involved in the right hand side of the ordinary differential
equation. However whereas the splitting approach involved in the IP method is exact since it
corresponds to a change of unknown, the accuracy of the SS method is dependent on the second
order convergence of the Strang splitting formula [21].

3. EMBEDDED RUNGE-KUTTA 5(4) FORMULAE FOR THE IP METHOD

3.1. Overview of embedded RK5(4) schemes. We recall that it has been proved (see e.g. [22])
that it does not exist 5th order RK formula with only 5 computational stages and more generally
that for p ≥ 5 no explicit RK method exists of order p with s = p stages (see e.g. [10] thm. 5.5
for a proof of the statement). The minimum number of stages for a 5th order RK formula is 6.
The coefficients of a s stages RK formula can be described in a very concise manner in an array
(termed a Butcher tableau) in the form [9]

c A

b	
(3.1)

where A is a s by s matrix with real entries and b and c are 2 real vectors in Rs. The real
numbers bi, i = 1, . . . , s are termed the weight of the RK scheme whereas the real numbers
ci, i = 1, . . . , s correspond to the elementary quadrature nodes of the RK scheme. For a RK
formula to be of order p, conditions must be satisfied by the entries of matrix A and vectors b
and c. The number of conditions, termed order conditions in the sequel, to be satisfied for the
4th order is 8 whereas for the 5th order this number raises up to 17.

Embedded Runge-Kutta (ERK) schemes are special RK schemes designed to deliver two ap-
proximations of the solution of the ODE under consideration, corresponding to 2 RK schemes
of different convergence orders p and q (q > p and most of the time q = p + 1). These 2
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approximations of the solution can be considered as an accurate approximate solution (the one
computed with the numerical scheme of higher order q) and a coarse approximate solution (the
one computed with the one of lower order p). These 2 approximate solutions obtained with
RK schemes of different orders can be combined in a specific way so as to deliver an estima-
tion of the local error committed while approaching the solution with the lower order method
[9, 10, 11]. In practise even if the local error estimate obtained with the RK pair holds only for
the lower order method, the value given by the higher order method is used as the approxima-
tion of the solution for the subsequent computations since its accuracy is better than the one
obtained from the lower order method. This approach, referred in the literature as the local
extrapolation mode for ERK methods, slightly overestimates the actual local error [9, 10, 11].

In [23], E. Fehlberg was interested in the construction of RK pairs of order p = 4 and
q = 5 under simplifying assumptions (to reduce the number of order conditions to be taken into
account when considering the 5th order formula) and he proposed a very popular ERK scheme
now referred in the literature as the Fehlberg 4(5) formula [9, 10, 11]. In Fehlberg approach,
the lower order approximation was intended to be used as an initial value for the next step, so in
order to make his method optimal E. Fehlberg imposed conditions on RK coefficients in order
to minimize the 5th order truncation error coefficients for the lower order result. This approach
has the disadvantage of providing an estimation of the local error substantially smaller than the
true one when the local extrapolation mode is used. The first efforts at constructing RK pairs
of order p = 4 and q = 5 (ERK5(4) scheme) that minimize the truncation error coefficients
of the higher order RK formula were undertaken by J.R. Dormand and P.J. Prince [24]. Their
approach consists in looking for a 4th order RK formula embedded in a 5th order RK formula
defined in s = 7 stages. Compared to an ERK5(4) scheme with only 6 stages, this approach
offers more flexibility for determining the values of the RK coefficients aimed at minimizing
the 6th order truncation error coefficients. The computational extra cost of this supplementary
stage is counterbalance by using the so-called FSAL (First Step At Last) property. The FSAL
property imposes that the vector b corresponding to the output approximation coefficients has
its last component 0 and its other components identical to the last row of the matrix A. The
consequence is that while the Dormand and Prince ERK5(4) scheme has 7 stages, it operates as
though it only has 6 stages because the evaluation of the seventh and last stage can be retained
to serve as the first stage of the next step.

To demonstrate the construction of an ERK scheme suited for use in conjunction with the
IP method we follow the idea which allowed J.R. Dormand and P.J. Prince to construct their
famous family of ERK5(4) schemes. However the method we are constructing is not of Dor-
mand and Prince type since we use different additional conditions for fully determining the
coefficients of the RK pair in order to “optimize” our ERK5(4) scheme for a use with the IP
method. The construction of our method is now detailed.

3.2. Conditions for an embedded RK5(4) scheme. For the higher order RK formula, we
consider an explicit 5th order formula with 7 stages given by a Butcher tableau in the form (3.1)
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where A is a real lower triangular matrix with 0 diagonal entries

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
a2,1
a3,1 a3,2
a4,1 a4,2 a4,3
a5,1 a5,2 a5,3 a5,4
a6,1 a6,2 a6,3 a6,4 a6,5
a7,1 a7,2 a7,3 a7,4 a7,5 a7,6

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
(3.2)

and b = (̂b1, . . . , b̂7)
	, c = (c1, . . . , c7)

	 (where the symbol 	 stands for the transpose) are
real vectors, whereas as a lower order RK formula we consider an explicit 4th order formula
defined by the same matrix A and vector c but with a different vector b = (b1, . . . , b7)

	.
Usually, for the study of high order RK formulae, the following conditions are imposed

c1 = 0 and ∀i ∈ {2, . . . , 7} ci =

i−1∑
j=1

aij . (3.3)

These assumptions greatly simplify the derivation of order conditions for high order RK for-
mulae although they are not necessary. Assumptions (3.3) express that the function evaluations
corresponding to the internal stages of the RK formula, which contribute to the estimation of
the endpoint solution, provide a cost free second order approximation at these nodes for the
ODE problem (2.11). These assumptions were already imposed by W. Kutta in his seminal
work [25].

The order condition equations to be satisfied for the RK formula defined by Butcher tableau (3.1)
to be of order 4 read1

∀k ∈ {1, . . . , 4} ∀j ∈ {1, . . . , θk} a
(k)
j = 0, (3.4)

where

a
(1)
1 =

7∑
i=1

bi − 1 (3.5)

a
(2)
1 =

7∑
i=1

bici − 1

2
(3.6)

a
(3)
1 =

1

2

7∑
i=1

bic
2
i −

1

6
(3.7)

a
(3)
2 =

7∑
i,j=1

biai,jcj − 1

6
(3.8)

a
(4)
1 =

1

6

7∑
i=1

bic
3
i −

1

24
(3.9)

a
(4)
2 =

7∑
i,j=1

biciai,jcj − 1

8
(3.10)

a
(4)
3 =

1

2

7∑
i,j=1

biai,jc
2
j −

1

24
(3.11)

a
(4)
4 =

7∑
i,j,k=1

biai,jaj,kck − 1

24
(3.12)

1The value of the θk are given by thm. 302B of [9]. We have θ1 = θ2 = 1, θ3 = 2, θ4 = 4, θ5 = 9 and
θ6 = 20.
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Remark 1. The order condition equation (3.5) reads
∑7

i=1 bi = 1 and it is known to ensure
the consistency of the RK method [9, 10, 11].

The conditions for a RK formula to be of order 5 include the previous order condition equa-
tions where bi is replaced with b̂i – these conditions will be denoted by â

(1)
1 , . . . , â

(4)
4 in the

sequel and numbered (̂3.5) to (̂3.12) – together with the following order condition equations
specific to the 5th order

∀j ∈ {1, . . . , θ5} â
(5)
j = 0, (3.13)

where

â
(5)
1 =

1

24

7∑
i=1

b̂ic
4
i −

1

120
(3.14)

â
(5)
2 =

1

2

7∑
i,j=1

b̂ic
2
i ai,jcj −

1

20
(3.15)

â
(5)
3 =

1

2

7∑
i,j,k=1

b̂iai,jcjai,kck − 1

40
(3.16)

â
(5)
4 =

1

2

7∑
i,j=1

b̂ic
2
jai,jci −

1

30
(3.17)

â
(5)
5 =

1

6

7∑
i,j=1

b̂iai,jc
3
j −

1

120
(3.18)

â
(5)
6 =

7∑
i,j,k=1

b̂iai,jciaj,kck − 1

30
(3.19)

â
(5)
7 =

7∑
i,j,k=1

b̂iai,jcjaj,kck − 1

40
(3.20)

â
(5)
8 =

1

2

7∑
i,j,k=1

b̂iai,jaj,kc
2
k −

1

120
(3.21)

â
(5)
9 =

7∑
i,j,k,m=1

b̂iai,jaj,kak,mcm − 1

20
(3.22)

The truncation error coefficients of a 4th order RK formula is defined as

‖a(5)‖2 =
(∑9

j=1(a
(5)
j )2

) 1
2 where a

(5)
j , j = 1, . . . , 9 are given by relations (3.14) to (3.22)

with b̂i replaced by bi. The truncation error coefficients of a 5th order RK formula will be
defined in Section 3.4.1.

3.3. Conditions related to the efficiency of the IP method. In the Interaction Picture method,
one step of the 5th order RK method is used to approach the solution to problem (2.11) as fol-
lows:

∀r ∈ Ω uipk (sk+1, r) ≈ ũ
ip,(5)
k+1 (r),

where

ũ
ip,(5)
k+1 (r) = uipk (sk, r)+hk

(
b̂1 α1 + b̂2 α2 + b̂3 α3 + b̂4 α4 + b̂5 α5 + b̂6 α6 + b̂7 α7

)
(3.23)

and

α1 = Gk(sk, r, u
ip
k (sk, r)) = e

hk
2
D · N (e−

hk
2
D · uipk (sk, r))

= e
hk
2
D · N (uk(sk, r))
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α2 = Gk(sk + c2hk, r, u
ip
k (sk, r) + hkα1a2,1)

= e−(c2−
1
2
)hkD · N

(
e(c2−

1
2
)hkD · [uipk (sk, r) + hkα1a2,1

])
α3 = Gk(sk + c3hk, r, u

ip
k (sk, r) + hk(α1a3,1 + α2a3,2))

= e−(c3−
1
2
)hkD · N

(
e(c3−

1
2
)hkD · [uipk (sk, r) + hk

∑2
j=1αja3,j)

])
α4 = Gk(sk + c4hk, r, u

ip
k (sk, r) + hk

∑3
j=1αja4,j)

= e−(c4−
1
2
)hkD · N

(
e(c4−

1
2
)hkD · [uipk (sk, r) + hk

∑3
j=1αja4,j

])
α5 = Gk(sk + c5hk, r, u

ip
k (sk, r) + hk

∑4
j=1αja5,j)

= e−(c5−
1
2
)hkD · N

(
e(c5−

1
2
)hkD · [uipk (sk, r) + hk

∑4
j=1αja5,j

])
α6 = Gk(sk + c6hk, r, u

ip
k (sk, r) + hk

∑5
j=1αja6,j)

= e−(c6−
1
2
)hkD · N

(
e(c6−

1
2
)hkD · [uipk (sk, r) + hk

∑5
j=1αja6,j

])
α7 = Gk(sk + c7hk, r, u

ip
k (sk, r) + hk

∑5
j=1αja7,j)

= e−(c7−
1
2
)hkD · N

(
e(c7−

1
2
)hkD · [uipk (sk, r) + hk

∑6
j=1αja7,j

])
Moreover, a 4th order approximate solution to problem (2.11) at grid point sk+1 is given by

ũ
ip,(4)
k+1 (r) = uipk (sk, r)+hk (b1 α1 + b2 α2 + b3 α3 + b4 α4 + b5 α5 + b6 α6 + b7 α7) . (3.24)

By using the change of unknown (2.10) we deduce that the mapping r → uk(sk+1, r) solution
to problem (2.1) at grid point sk+1 can be approximated using the 5th order formula, ∀r ∈ Ω,
by

ũ
(5)
k+1(r) = e

hk
2
D · ũip,(5)k+1 (r) = e

hk
2
D · (uipk (sk, r) + hk Φ̂(sk, u

ip
k ;hk)

)
, (3.25)

where

Φ̂(sk, u
ip
k ;hk) = b̂1 α1 + b̂2 α2 + b̂3 α3 + b̂4 α4 + b̂5 α5 + b̂6 α6 + b̂7 α7 (3.26)

is the incremental function of the RK formula. Actually we are only interested in computing an
approximate solution for problem (2.1) and the use of the new unknown uipk and its approxima-
tions ũip,(5)k+1 and ũ

ip,(4)
k+1 is a go-between in the computational approach. We can therefore recast

the above computational procedure as follows to reduce the computational cost of the method.
At step k, the 2 approximate solutions ũ(4)k+1 and ũ

(5)
k+1 are obtained by computing successively

ũ
ip,(5)
k (r) = e

hk
2
D · ũ(5)k (r)

α1 = e
hk
2
D · N (ũ

(5)
k (r))

α2 = e−(c2−
1
2
)hkD · N

(
e(c2−

1
2
)hkD · [ũip,(5)k (r) + hkα1a2,1

])
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α3 = e−(c3−
1
2
)hkD · N

(
e(c3−

1
2
)hkD · [ũip,(5)k (r) + hk

∑2
j=1αja3,j)

])
α4 = e−(c4−

1
2
)hkD · N

(
e(c4−

1
2
)hkD · [ũip,(5)k (r) + hk

∑3
j=1αja4,j

])
α5 = e−(c5−

1
2
)hkD · N

(
e(c5−

1
2
)hkD · [ũip,(5)k (r) + hk

∑4
j=1αja5,j

])
α6 = e−(c6−

1
2
)hkD · N

(
e(c6−

1
2
)hkD · [ũip,(5)k (r) + hk

∑5
j=1αja6,j

])
α7 = e−(c7−

1
2
)hkD · N

(
e(c7−

1
2
)hkD · [ũip,(5)k (r) + hk

∑6
j=1αja7,j

])
.

The 4th order approximate solution at grid point sk+1 is then given ∀r ∈ Ω by

ũ
(4)
k+1(r) = e

hk
2
D · (ũip,(5)k (r) + hk(b1 α1 + b2 α2 + b3 α3 + b4 α4

+ b5 α5 + b6 α6 + b7 α7)
) (3.27)

whereas the 5th order approximate solution is given ∀r ∈ Ω by

ũ
(5)
k+1(r) = e

hk
2
D · (ũip,(5)k (r) + hk (̂b1 α1 + b̂2 α2 + b̂3 α3 + b̂4 α4

+ b̂5 α5 + b̂6 α6 + b̂7 α7)
)
.

(3.28)

In order to reduce the computational effort, we impose the following values

b̂7 = 0, c7 = 1, ∀j ∈ {1, . . . , 6} a7,j = b̂j . (3.29)

With this choice, the function where the nonlinear operator N acts in the expression of α7

coincides with ũ
(5)
k+1 given by (3.28) and need only to be evaluated one time. Moreover, the

value of α7 computed at step k coincides with the value of α1 for the next step k + 1 which
save one evaluation of function Gk. Actually, this saving is effective only when the current step
is not rejected which is likely to occur the most frequently. Therefore although the ERK5(4)
scheme is a 7 stage method, it has the computational cost of a 6 stage method when the current
step is accepted. Condition (3.29) is referred in the literature as the FSAL (First Step At Last)
property [9, 10].

Under the FSAL assumption (3.29), Butcher tableau for the ERK4(5) scheme corresponds
to a matrix A and a vector c in the form

c =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
c2
c3
c4
c5
c6
1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
A =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
a2,1
a3,1 a3,2
a4,1 a4,2 a4,3
a5,1 a5,2 a5,3 a5,4
a6,1 a6,2 a6,3 a6,4 a6,5
b̂1 b̂2 b̂3 b̂4 b̂5 b̂6

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
(3.30)

and for the 5th RK formula we have b = (̂b1, b̂2, b̂3, b̂4, b̂5, b̂6, 0)
	 whereas for the 4th order

RK formula we have b = (b1, b2, b3, b4, b5, b6, b7)
	. It is usual for such an ERK scheme to give
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the coefficients of the 2 RK formulae in a unique array (termed an extended Butcher tableau)
as follows

0
c2 a2,1
c3 a3,1 a3,2
c4 a4,1 a4,2 a4,3
c5 a5,1 a5,2 a5,3 a5,4
c6 a6,1 a6,2 a6,3 a6,4 a6,5

1 b̂1 b̂2 b̂3 b̂4 b̂5 b̂6
b1 b2 b3 b4 b5 b6 b7

(3.31)

where the gray cells correspond to Butcher tableau for the 5th order RK formula and the whole
array is Butcher tableau for the 4th order RK formula.

In order to reduce further the computations, it would be interesting to have several coeffi-
cients ci, i = 2, . . . , 6 equal since the number of exponential terms e±(ci−

1
2
)hkD to evaluate

in the ERK5(4)-IP method would be lower. However this feature can not be exploited at this
stage and we will now investigate the condition equations for the RK pair defined by Butcher
tableau (3.31) to be of order 5 and 4 respectively.

3.4. Solving the order condition equations. To ensure that the approximations (3.27) and (3.28)
correspond to respectively a 4th order and a 5th order RK formula, the values of the remaining
free coefficients have to be chosen in order that, together with conditions (3.3), the 8 order con-
dition equations (3.5)–(3.12) hold for the 4th order RK formula and that the 17 order condition
equations (̂3.5)–(̂3.22) hold for the 5th order RK formula. This is a very tedious task to solve
this system of 31 nonlinear equations even with the help of symbolic calculus softwares. In
[26] a complete characterisation of the 17 order conditions for 5th order RK formulae is given;
however the results in this study have not found any practical implementation. Fortunately, the
system of order condition equations corresponds to a system of necessary and sufficient con-
ditions for a 5th order formula and it can be replaced by a much simpler system of sufficient
conditions. Thus, a solution of the 17 order condition equations for the 5th order RK method
is considered by imposition of the following additional conditions [22, 24]

b̂2 = 0, (3.32)

∀j ∈ {1, . . . , 7}
7∑

i=1

b̂iai,j = b̂j(1− cj), (3.33)

∀i ∈ {3, . . . , 7}
7∑

j=1

cjai,j =
1

2
c2i . (3.34)

Actually from the choice made in (3.29), condition (3.33) reads

∀j ∈ {1, . . . , 6}
6∑

i=1

b̂iai,j = b̂j(1− cj) (3.35)
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whereas condition (3.34) can be decomposed in

∀i ∈ {3, . . . , 6}
6∑

j=1

cjai,j =
1

2
c2i (3.36)

and in order condition equation (̂3.6). Making j = 6 in condition (3.35) we obtain b̂6(1−c6) =

0. We assume that c6 = 1 and b̂6 
= 0 otherwise the RK scheme would have 5 stages and it is
known that it does not exist 5th order RK methods with only 5 stages [22].

Remark 2. Conditions (3.35) and (3.36) correspond to 2 of the 3 additional conditions con-
sidered by J.R. Dormand and P.J. Prince in [24] in their quest for a class of ERK5(4) schemes.
Thus compare to Dormand and Prince work, our approach is more general in the sense that
less additional conditions are imposed. This is likely to provide more flexibility in the design of
an embedded Runge-Kutta scheme suited for the IP method.

Considering the additional conditions (3.32)–(3.34), the order condition equations for the 5th
order RK formula that still remain to be solved are equations (̂3.5), (̂3.6), (̂3.7), (̂3.9), (̂3.14),
(̂3.17), (̂3.19), where caps are used to indicate conditions for the 5th order RK formula involv-
ing the b̂i, see on p. 247. From condition (3.34), one can show that when order condition (̂3.17)
is satisfied then order condition (̂3.19) is equivalent to

6∑
i=1

b̂iciai,2 = 0. (3.37)

We now consider the 8 order condition equations for the 4th order RK formula. Using
condition (3.34) and order condition (3.7) one can show that order condition equation (3.8) is
satisfied if and only if b2 c22 = 0. We assume that c2 
= 0 (for otherwise we would in effect
be searching for a RK formula with only 6 quadrature nodes) and therefore we must have
b2 = 0. From condition (3.34), one can show that order condition equations (3.9) and (3.10)
are equivalent. Moreover condition (3.34) implies that when order condition equation (3.11) is
satisfied then order condition equation (3.12) is equivalent to

6∑
i=1

biai,2 = 0. (3.38)

We recall that according to order condition (̂3.7)

∀i ∈ {2, . . . , 7} ci =

i−1∑
j=1

ai,j . (3.39)

To summarize, we have set b̂2 = 0, b̂7 = 0, c7 = 1, we have obtained that b2 = 0, c6 = 1
and we have to solve the following set of equations : (3.35), (3.36), (̂3.5), (̂3.6), (̂3.7), (̂3.9),
(̂3.14), (̂3.17), (3.37), (3.5), (3.6), (3.7), (3.9), (3.11), (3.38) and (3.39) to determine b̂1, b̂3, b̂4,
b̂5 and b̂6, b1, b3, b4, b5, b6 and b7, c2, c3, c4 and c5 and ai,j for 1 ≤ i < j ≤ 6. Altogether
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we have 33 nonlinear equations and 30 unknowns. We have proceeded to the resolution of the
nonlinear system with the help of the symbolic calculus software Maple [27]. The values of
b̂1 and b1 are determined from (̂3.5) and (3.5) since these are the only equations in which they
occur. When c3, c4 and c5 are distinct and not equal to 1, order condition equations (̂3.6), (̂3.7),
(̂3.9), (̂3.14) yield the following expressions for b̂3, b̂4, b̂5 and b̂6 as function of the parameters
c3, c4 and c5

b̂3 = − 1

60

10 c4c5 − 5 (c4 + c5) + 3

c3 (c3 − 1) (c3 − c5) (c3 − c4)
,

b̂4 = − 1

60

10 c3c5 − 5 (c3 + c5) + 3

c4 (c4 − 1) (c4 − c3) (c4 − c5)
,

b̂5 = − 1

60

10 c3c4 − 5 (c3 + c4) + 3

c5 (c5 − 1) (c5 − c3) (c5 − c4)
,

b̂6 =
1

60

30c3c4c5 − 20(c3c4 + c3c5 + c4c5) + 15(c3 + c4 + c5)− 12

(c5 − 1) (c4 − 1) (c3 − 1)
.

(3.40)

Now one can see that under order condition equation (̂3.6), the relations given by condition
(3.35) for j = 1 and j = 3 are equivalent.

Some of the entries of matrix A can be readily expressed. The coefficient a3,2 is determined
from (3.36) for j = 3 and reads a3,2 = c23/2c2. Then, condition (3.39) for j = 2 and j = 3
gives

a2,1 = c2, a3,1 =
c3(2c2 − c3)

2c2
,

whereas condition (3.35) for j = 5 gives

a6,5 =
b̂5(1− c5)

b̂6
.

We also have some simple relations between some of the matrix entries. Condition (3.35) for
j = 4 gives

a6,4 =
b̂4(1− c4)− b̂5a5,4

b̂6

and condition (3.39) for j = 4, j = 5 and j = 6 gives

a4,1 =
2a4,2(c2 − c3)− c24 + 2 c3c4

2c3
,

a5,1 = c5 − a5,2 − a5,3 − a5,4,

a6,1 = − b̂4(1− c4) + b̂5(1− c5 − a5,4)− b̂6(1− a6,2 − a6,3)

b̂6
.
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We then solve (3.37) and (3.35) for j = 2 and we obtain

a6,2 =
b̂3c

2
3(c4 − c3) + 2b̂5c2(c4 − c5)a5,2

2b̂6c2 (1− c4)
,

a4,2 =
b̂3c

2
3(c3 − 1) + 2b̂5c2(c5 − 1)a5,2

2b̂4c2 (1− c4)
.

At this stage, order conditions (̂3.17) and (3.11) as well as conditions (3.35) for j = 3, (3.36)
for j = 5 and j = 6 have not been used and coefficients a5,2, a5,3, a5,4 and a6,3 remain to be
determined. We choose to express a5,4 and a6,3 in terms of a5,2 and a5,3 from order conditions
(3.36) for j = 5 and (3.35) for j = 3 respectively. We obtain

a5,4 =
c25 − 2(c2a5,2 + c3a5,3)

2c4
,

a6,3 =
2b̂5c2(c5 − 1)a5,2 + b̂3c3(c3 − 1)(2c4 + c3 − 2) + (c4 − 1)(̂b4c

2
4 + 2b̂5c3a5,3)

2 (c4 − 1) c3b̂6
.

It happens that condition (3.36) for j = 6 is now satisfied. Finally, we have to solve order
condition equations (̂3.17) and (3.11) to get a5,2 and a5,3 in terms of c2, c3, c4 and c5.

Remark 3. When considering the special case c2 = 1/5, c3 = 3/10, c4 = 4/5, c5 = 8/9, we
obtain Dormand and Price RK5(4)-7M formula [24].

As mentioned earlier our goal is to obtain embedded 4th order and 5th order RK pair with
a maximum number of the ci having the value 1

2 . We therefore impose c2 = c4 = 1
2 in order

to reduce the number of exponential operators involved in the ERK5(4)-IP method, see Sec-
tion 3.3. One may notice from the expression of the b̂i given by (3.40) that in our approach it is
not possible to have more than these 2 coefficients equal to 1

2 since otherwise the denominators
would cancelled. Moreover in order to reduce the amount of computation when the embedded
Runge-Kutta scheme is used in conjunction with the IP method it is convenient to set c3 = 1

2−δ

and c5 = 1
2 + δ where δ ∈]0, 12 [ is a free parameter. Extended Butcher tableau corresponding

to our ERK5(4) scheme then reads

0
1
2

1
2

1
2 − δ (12 − δ)(12 + δ) (12 − δ)2

1
2 a4,1 a4,2 a4,3

1
2 + δ a5,1 a5,2 a5,3 a5,4
1 a6,1 a6,2 a6,3 a6,4 a6,5

1 b̂1 0 b̂3 b̂4 b̂5 b̂6
b1 0 b3 b4 b5 b6 b7

(3.41)
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where a5,4 = −δ (1− 10 δ) (1 + 2 δ) and

a4,1 =
1− 4δ − (1 + δ)

4 (1− 2δ)2
a4,2 =

1− 6δ

4(1− 2δ)

a4,3 =
δ

(1− 2δ)2
b̂1 =

3− 20δ2

30(1− 4δ2)

b̂3 =
1

60δ2 (1− 4δ2)
b̂4 = −1− 20δ2

30δ2

b̂5 =
1

60δ2 (1− 4δ2)
b̂6 =

3− 20δ2

30(1− 4δ2)

a5,1 =

(
1− 6δ + 8δ3 + 320δ4 − 12δ2

)
(1 + 2δ)

4 (1− 2δ)2

a5,2 =
(1 + 2δ)

(
1− 8δ − 44δ2 + 240δ3

)
4(1− 2δ)

a5,3 =
(1 + 2δ) δ

(
3− 2δ − 40δ2

)
(1− 2δ)2

a6,1 =
1− 12δ + 4δ2 + 80δ3 + 160δ4

(−3 + 20δ2) (1− 2δ)2

a6,2 =
2δ

(
9− 20δ − 60δ2

)
(1− 2δ) (3− 20δ2)

a6,3 =
1− 4δ − 12δ2 + 160δ4 + 320δ5

4 (1− 2δ)2 δ2 (3− 20δ2)

a6,4 = −1− δ − 16δ2 + 20δ3 + 80δ4

2δ2 (3− 20δ2)

a6,5 =
1− 2δ

4δ2 (3− 20δ2)

Furthermore, the coefficients b1, b3, b4, b5 and b6 are obtained by solving the system of
linear equations (3.5), (3.6), (3.7), (3.9) and (3.38) where the coefficient b7 remains as a free
parameter. The value of b7 has to be chosen in order that the set of values b1, b3, b4, b5, b6 and
b7 do not take large values in order to prevent rounding off error when the solution is computed
through formula (3.27). It remains to determine the value of the parameter δ.

Let’s uipk (sk+1, ·) be the solution to problem (2.11) at grid point sk+1 and let’s ũip,(4)k+1 (resp.

ũ
ip,(5)
k+1 ) be the approximate solutions obtained from the 4th order (resp. 5th order) RK scheme
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as given by formula (3.24) (resp. by formula (3.23)). For a sufficiently smooth function Gk, a
Taylor expansion about sk lead to the following expressions for the local error at grid point sk

uipk (sk+1, r)− ũ
ip,(4)
k+1 (r) = h5k

9∑
j=1

a
(6)
j D5,j +Ø(h6k), (3.42)

uipk (sk+1, r)− ũ
ip,(5)
k+1 (r) = h6k

20∑
j=1

â
(6)
j D5,j + h7k

48∑
j=1

â
(7)
j D6,j +Ø(h7k) (3.43)

where Di,j are the elementary differentials which are function of Gk, uipk (sk, r) and sk only
and therefore depend only on the problem itself, whereas a(6)j and â

(i)
j , i = 6, 7, are the order i

truncation error coefficients and depend only on the RK formula. Comparison of the efficiency
of RK schemes can be achieved by solving benchmark test problems, but formulae (3.42)
and (3.43) makes it clear that the relative performances of 2 RK formulae depend on the ODE
problem considered (through the elementary differentials) and for a same problem on the values
of the physical parameters present in the equation. It is therefore customary to compare RK
formulae of the same order by examining their truncation error coefficients since it is reasonable
to hope that the relative size of the coefficients of the elementary differentials in relations (3.42)
and (3.43) (i.e. the truncation error coefficients) will indicate how usually behaves the local
error for the RK formula [28]. We will use this comparison criterion to determine the “best”
possible ERK5(4) scheme among all the possible choices for the free parameter δ.

3.4.1. Looking for an optimal ERK5(4) scheme. Since the local extrapolation mode is adopted,
one way of choosing the values of the remaining free parameter δ would be to make the trun-
cation coefficients error “small” for the 5th order formula, i.e. to choose δ in order to minimize

the quantity ‖â(6)‖2 =
(∑20

j=1(â
(6)
j )2

)1/2
.

For the 5th order RK scheme defined by Butcher tableau (3.41) the truncation coefficients
error â(6)i , i = 1, . . . , 20 are [9, 10, 11]

â
(6)
1 =

1

120

7∑
i=1

b̂ic
5
i −

1

720
= 0

â
(6)
2 =

1

6

7∑
i,j=1

b̂ic
3
i ai,jcj −

1

72
= 0

â
(6)
3 =

1

2

7∑
i,j,k=1

b̂iciai,jcjai,kck − 1

48
= 0

â
(6)
4 =

1

4

7∑
i,j=1

b̂ic
2
i ai,jc

2
j −

1

72
=

1

5760

1 + 16 δ − 12 δ2 − 240 δ3

1− 2 δ
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â
(6)
5 =

1

2

7∑
i,j,k=1

b̂iai,jc
2
jai,kck −

1

72
= â

(6)
4

â
(6)
6 =

1

6

7∑
i,j=1

b̂iciai,jc
3
j −

1

144
=

1

2880
− 1

1440
δ

â
(6)
7 =

1

24

7∑
i,j=1

b̂iai,jc
4
j −

1

720
= 0

â
(6)
8 =

1

2

7∑
i,j,k=1

b̂ic
2
i ai,jaj,kck −

1

72
= − 1

2880
− 1

240
δ +

1

48
δ2

â
(6)
9 =

7∑
i,j,k,m=1

b̂iai,jai,kckaj,mcm − 1

72
= â

(6)
8

â
(6)
10 =

7∑
i,j,k=1

b̂iciai,jcjaj,kck − 1

48
= 3 â

(6)
6

â
(6)
11 =

1

2

7∑
i,j,k=1

b̂iai,jc
2
jaj,kck −

1

120
= 0

â
(6)
12 =

1

2

7∑
i,j,k,m=1

b̂iai,jaj,kckaj,mcm − 1

240
= −15 â

(6)
1

â
(6)
13 =

1

2

7∑
i,j,k=1

b̂iciai,jaj,kc
2
k −

1

144
= − 1

1440

1 + δ − 30 δ2

1− 2 δ

â
(6)
14 =

1

2

7∑
i,j,k=1

b̂iai,jcjaj,kc
2
k −

1

180
= −2 â

(6)
4

â
(6)
15 =

1

6

7∑
i,j,k=1

b̂iai,jaj,kc
3
k −

1

720
= −â

(6)
6

â
(6)
16 =

7∑
i,j,k,m=1

b̂iciai,jaj,kak,mcm − 1

144
= 15 â

(6)
6 − 1

360

â
(6)
17 =

7∑
i,j,k,m=1

b̂iai,jcjaj,kak,mcm − 1

180
= −2 â

(6)
8
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â
(6)
18 =

7∑
i,j,k,m=1

b̂iai,jaj,kckak,mcm − 1

240
= −3 â

(6)
6

â
(6)
19 =

1

2

7∑
i,j,k,m=1

b̂iai,jaj,kak,mc2m − 1

720
= −â

(6)
13

â
(6)
20 =

7∑
i,j,k,m,n=1

b̂iai,jaj,kak,mam,ncn − 1

720
= −15 â

(6)
6 +

1

360

It follows that

‖â(6)‖22 =
20∑
j=1

(â
(6)
j )2

=
267− 2416 δ + 11000 δ2 − 43232 δ3 + 120304 δ4 − 224640 δ5 + 345600 δ6

16588800 (1− 2 δ)2
.

Thus we are interested in finding the minimum value of f(δ) = ‖â(6)‖22 for δ ∈ ]0, 12 [. One
can show that the absolute minimum of ‖â(6)‖2 for the ERK5(4) scheme is attained in the set
]0, 12 [ for an unique value δopt approximately equal to 0.2370817283. For convenience, the
rational approximation with 2 significant digits 1/4 will be used. Figure 1 shows that this
approximation is reasonable since f(1/4) = 0.24 10−5 whereas f(δopt) = 0.21 10−5. This
choice for δ gives ‖â(6)‖2 = 1.54 10−3. For comparison, Dormand and Prince RK5(4)-7M
formula [24] gives ‖â(6)‖2 = 3.99 10−4. We refer to [28] for a comparison with other classical
ERK5(4) schemes.

With the choice of b7 = 1/14 we finally obtain the following Butcher tableau for our
ERK5(4) scheme

0
1/2 1/2
1/4 3/16 1/16
1/2 −1/4 −1/4 1
3/4 3/16 0 0 9/16
1 −2/7 1/7 12/7 −12/7 8/7

1 7/90 0 16/45 2/15 16/45 7/90
1/14 0 8/21 2/21 8/21 0 1/14

(3.44)

This ERK5(4) scheme belongs to the family of Quadrature Defective Runge-Kutta methods
since it has 2 quadrature nodes c2 and c4 equals. It means that the RK approximation formula
does not coincide with a quadrature rule when solving an ODE in the form y′(t) = F (t, y(t))
with F function of t only such as does the classical RK4 formula which coincides in such a
case with Simpson’s quadrature rule.
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FIGURE 1. Graph of the mapping f : δ → ∑20
j=1(â

(6)
j )2 over [0, 12 ].

3.4.2. Stability domain of the ERK5(4) scheme. As well known when the incremental function
of an explicit RK formula satisfies a condition of Lipschitz type, the RK method is stable
provide the step-size h is small enough, meaning that small changes in the initial data or in
the ODE produce bound changes in the numerical solution in the limit case when h tends
to 0 (see e.g. [9, 10, 11] for the exact definition). The notion of absolute stability has been
introduced to provide a more practical tool when studying RK methods especially with regard
to the small step-size limit validity condition when conversely with adaptive step-size strategies
we are interested in steps with the maximal possible size to meet a given accuracy. A numerical
method is said to be absolutely stable for a step-size h and a given ODE if a change in the initial
data of size ε0 is no larger than ε0 in the all subsequent steps, see e.g. [9, 10, 29]. Since the
definition of absolute stability depends on the ODE, it is common to study it on the linear test
problem: y′(t) = λ y(t) subject to the initial condition y(0) = y0 for λ ∈ C, �(λ) ≤ 0.
The region of absolute stability of a RK scheme is the set of all non-negative values of h and
complex values λ for which the RK scheme is absolutely stable when applied to the linear test
problem. RK methods can be compared on the basis of the size of their region of absolute
stability. A 5th order RK formula with optimal region of stability is propound in [30].

When the 4th and 5th order RK formulae defined in the extend Butcher tableau (3.44) are
used to solve the above mentioned linear test problem we obtain for the solution at grid point tk,
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k ∈ N the following approximation formulae y(4)k+1 = R(4)(λh) y
(4)
k and y

(5)
k+1 = R(5)(λh) y

(5)
k

where

R(4)(z) = 1 + z +
1

2
z2 +

1

6
z3 +

1

24
z4 +

1

120
z5 +

1

640
z6,

R(5)(z) = 1 + z +
1

2
z2 +

1

6
z3 +

1

24
z4 +

13

1344
z5 +

1

1680
z6 +

1

8960
z7.

Thus, a change in the initial data y0 of size ε0 produces a deviation at step k of size εk =
(R(p)(λh))k−1 ε0 (for p = 4, 5). Thus the initial perturbation will not grow beyond ε0 if
|R(p)(λh)| ≤ 1. The region of stability of the 4th and 5th order RK formulae is then defined
as the set of complex number z with a negative real part such that |R(p)(z)| ≤ 1. They are
depicted in figure 2. We obtain regions of stability with a size very similar to the ones of the
Dormand and Price RK5(4)7M formula [24].

PSfrag replacements

FIGURE 2. Stability domain in the complex plane of the 4th and 5th order RK
formulae (the regions are symmetric with respect to the real axis).

3.4.3. Algorithm for the ERK5(4)-IP method. The computational sequence for one step of the
ERK5(4) scheme is now rewritten with the coefficient values given in Butcher tableau (3.41)
and optimized to reduce the number of exponential operator terms to be evaluated. The ap-
proximate solution ũ

(5)
k+1 to problem (2.9) at grid point sk+1 is obtained from the approximate

value ũ
(5)
k at grid point sk by the following computational sequence:

ũ
ip,(5)
k (r) = e

hk
2
D · ũ(5)k (r)
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α1 = e
hk
2
D · α′7,k where α′7,k was computed at the previous step

α2 = N
(
ũ
ip,(5)
k (r) +

hk
2
α1

)
α3 = e

hk
4
D · N

(
e−

hk
4
D · [ũip,(5)k (r) +

hk
16

(3α1 + α2)
])

α4 = N
(
ũ
ip,(5)
k (r) +

hk
4
(α1 − α2 + 4α3)

)
α5 = e−

hk
4
D · N

(
e

hk
4
D · [ũip,(5)k (r) +

3hk
16

(α1 + 3α4)
])

α′6 = N
(
e

hk
2
D · [ũip,(5)k (r) +

hk
7
(−2α1 + α2 + 12α3 − 12α4 + 8α5)

])
ũ
(5)
k+1 = e

hk
2
D · (ũip,(5)k (t) +

hk
90

(7α1 + 32α3 + 12α4 + 32α5)
)
+

7hk
90

α′6

α′7,k+1 = N
(
ũ
(5)
k+1

)
ũ
(4)
k+1 = e

hk
2
D · (ũip,(5)k (t) +

hk
42

(3α1 + 16α3 + 4α4 + 16α5)
)
+

hk
14

α′7,k+1

Compared to the initial computational sequence, this reformulation saves the computation
of the exp(−hk

2 D) term involved in the expression of α6 and α7 since a cancellation happens

with the exp(hk
2 D) term in the expression of ũ(4)k+1 and ũ

(5)
k+1. Moreover, although the ERK5(4)

scheme appears as a 7 stage method, its effective cost is very similar to a 6 stage method since
the computation of the first coefficient α1 at step k + 1 uses the results of α′7,k computed at
step k. Compared to the ERK4(3) scheme for the IP method presented in [14], the propound
computational procedure requires 6 evaluations of the nonlinear operator N instead of 4 and
it requires the additional computation of the 2 exponential operators e

hk
4
D and e−

hk
4
D for a

benefit corresponding to the gain of one convergence order.

3.4.4. Local error estimate. The local error at step k can be estimated from the values ũ
(4)
k+1

and ũ
(5)
k+1 as follows. Assuming enough regularity on the solution functions, the local errors

at grid point sk+1 for the RK4 and the RK5 formulae are respectively given by [9, 10, 11]:
∀r ∈ Ω

�
(4)
k+1(r) = u(sk+1, r)− ũ

(4)
k+1(r) = ψ4(sk, r, ũ

(4)
k )h5k +Ø(h6k),

�
(5)
k+1(r) = u(sk+1, r)− ũ

(5)
k+1(r) = ψ5(sk, r, ũ

(5)
k )h6k +Ø(h7k),

(3.45)

where ψ4 and ψ5 are functions of the elementary differential of order 4 and 5 respectively. By
difference of these 2 relations we obtain

ũ
(5)
k+1(r)− ũ

(4)
k+1(r) = ψ4(sk, r, ũ

(4)
k )h5k +Ø(h6k).
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Thus the local error for the 4th order RK formula at grid point sk+1 can be approximated, with
an error in Ø(h5k), in the following way:

∀r ∈ Ω �
(4)
k+1(r) = ψ4(sk, r, ũ

(4)
k )h5k +Ø(h6k) ≈ ũ

(5)
k+1(r)− ũ

(4)
k+1(r). (3.46)

The quadratic local error at grid point sk+1 is then

L
(4)
k+1 = ‖�(4)k+1‖L2(Ω,C) ≈

(∫
Ω

∣∣∣ũ(5)k+1(r)− ũ
(4)
k+1(r)

∣∣∣2 dr

) 1
2

, (3.47)

where the integral has to be evaluated by means of a quadrature formula. As mentioned before,
even if the local error estimate (3.46) holds only for the 4th order method, when the local
extrapolation mode is used the value given by the 5th order formula as the approximation of
the solution at grid point sk+1 is propagated. In general this approach overestimates the actual
local error, which is safe but not optimal.

4. NUMERICAL EXPERIMENTS

In the framework of a project on the numerical simulation of incoherent optical wave prop-
agation in nonlinear fibers [8] we have implemented the ERK5(4)-IP method for solving the
GNLS problem (2.2). We present in this section numerical results from the ERK5(4)-IP method
on 2 selected applications in optics: the propagation of optical solitons and the propagation of a
picosecond pulse into a single-mode fiber where fiber losses, nonlinear Raman and Kerr effects
as well as high order chromatic dispersion are taken into account. In both cases, the adaptive
step-size strategy using the ERK5(4) scheme is compared to the ERK4(3) scheme for the IP
method presented in [14] and to the one based on the step-doubling (SD) approach [31].

4.1. Soliton solution to the NLSE in optics. We first consider the case of the nonlinear
Schrödinger equation (NLSE) in optics, a simplified version of the GNLSE (2.2) where α = 0,
fR = 0, nmax = 2. The linear operator is D : A → iβ2∂ttA and the nonlinear operator is
N : A → iγA

∣∣A∣∣2. When β2 < 0, there exists an exact solution to the NLSE known as the
optical soliton [17]. Namely, if the source term is given by

∀t ∈ R a0(t) =
N√
γLD

1

cosh(Nt/T0)
(4.1)

where N is the soliton order, T0 is the pulse half-width and LD = −T 2
0 /β2 is the dispersion

length then the solution to the NLSE at any position z ∈ [0, L] along the fiber reads

∀t ∈ R A(z, t) =
N√
γLD

eizN
2/2LD

cosh(Nt/T0)
. (4.2)

Fundamental soliton (N = 1) doesn’t provide a well suited example for exploring the fea-
tures of the ERK5(4)-IP method and for comparison purposes since its shape doesn’t change
on propagation. We therefore consider in the following a 3rd order soliton (N = 3). In Fig. 3
we show for the 3rd order soliton the adjustment of the step-size when using the ERK5(4)-IP
method for evaluating the local error with a tolerance set to tol = 10−6 and an initial step-size
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of h = 1m. The other physical parameters of the numerical experiment are L = 637.21m,
γ = 4.3W−1 km−1, β2 = −19.83 ps2 km−1, T0 = 2.8365 ps. The number of discretisation
steps along the fiber is found to be 454 and the computation time is 72 s on a Intel Core 2 Quad
Q6600. At the fiber end (z = L), the relative global error measured with the quadratic norm is
5.53 10−5 whereas the maximum relative error is 9.84 10−5.

The same accuracy with a constant step-size computation would have required a step size
of 0.01m for a total number of step of 63722 and a computation CPU time of 5490 s. For
comparison, when using the ERK4(3) scheme, the number of discretisation steps along the
fiber is found to be 605 and the computation time is 69 s; the relative global error at the fiber
end measured with the quadratic norm is 1.12 10−4 whereas the maximum relative error is
1.89 10−4. When using an adaptive step-size strategy based on the SD approach with the same
values of tolerance and initial step-size, we obtain that the number of discretisation steps along
the fiber is 396 (or 792 if we consider that it is the accurate solution computed over the fine
grid of step-size hk/2 that is propagated) and the computation time is 148 s. At the fiber
end (z = L), the relative quadratic error is 8.83 10−6 whereas the maximum relative error is
1.48 10−5. The evolution of the step-size along the fiber is depicted in Fig. 3 for a comparison
with the ERK5(4)-IP method. We can see that whatever is the method used for estimating the
local error we obtain a very similar shape for the adaptive step-size curve. The only difference
lies in the size of the steps which are larger with the ERK5(4) scheme for the same value of
the tolerance prescribed for the local error. Namely, when comparing the step-size strategy
for the ERK5(4) scheme to the one of the ERK4(3) scheme we can see that for a comparable
computational time and accuracy of the results, the steps are increased by an average ration of
approximately 4/3.

4.2. Solving the GNLSE in optics by the ERK5(4) method. We now consider the case
of the GNLSE (2.2) with the following set of physical parameters : ω0 = 1770Thz, γ =
4.3W−1km−1, β2 = 19.83 ps2km−1, β3 = 0.031 ps3km−1 and βn = 0 for n ≥ 4, α =
0.046 km−1, L = 96.77m, fR = 0.245. An expression for the Raman time response function
hR for silica core fiber is given in [17]. The Gaussian pulse at the fiber entrance (z = 0) is
expressed as

∀t ∈ R a0(t) =
√

P0 e
− 1

2
(t/T0)2 , (4.3)

where T0 = 2.8365 ps is the pulse half-width and P0 = 100W is the pulse peak power.
In Fig. 4 we show the adjustment of the step-size when using the ERK5(4) scheme for

evaluating the local error with a tolerance set to tol = 10−6 and an initial step size of h =
0.1m. The number of discretisation steps along the fiber is found to be 170 and the computation
time is 49.2 s. For a comparison, when using the ERK4(3) scheme, the number of discretisation
steps along the fiber is found to be 279 and the computation time is 50 s. When using the SD
method for determining the step-size in the IP method in the same circumstances we find that
the number of discretisation steps along the fiber is 232 and the computation time is 124 s. The
same comments as for the soliton case can be made when comparing the adaptive step-size
approaches.
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FIGURE 3. Evolution of the step-size along the fiber length for adaptive step-
size strategy based on the ERK5(4), ERK4(3) and SD methods (considered
over the coarse and fine grids) when solving the NLSE for a 3rd order soliton.

When the tolerance is set to tol = 10−9 with an initial step size of h = 0.1m, the number
of step-size with the ERK5(4)-IP method is 671 and the computational time is 177 s whereas
1545 steps are required by the RK4(3) method for a computational time of 221 s and 906 steps
are required by the SD method for a computational time of 645 s. The evolution of the step-size
along the fiber length is very similar to the one presented in Fig. 4.

5. CONCLUSION

In this paper we have presented a 5th order Runge-Kutta (RK) formula with 6 computational
stages designed to be use in conjunction with the IP method in the sense that the coefficients
of the 5th order RK formula have been determined in order to reduce the global computational
cost of the IP method. Moreover, we have designed the 5th order RK scheme so that it is
embedded in a 4th order RK scheme with 7 computational stages in order to dispose of local
error estimations for adaptive step-size control purposes in the IP method. Compared to the
embedded RK pair of order 4 and 3 (ERK4(3) scheme) for the IP method presented in [14], the
propound computational procedure (ERK5(4)-IP method) requires 2 additional evaluations of
the nonlinear operator as well as 2 additional evaluations of the exponential operator. However
the benefit of this higher order embedded RK scheme for the IP method is to deliver results at
a certain accuracy with less computational steps than with the ERK4(3) scheme and therefore
the method is likely to reduce the accumulation of round-off errors. The numerical experiments
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FIGURE 4. Evolution of the step-size along the fiber length for adaptive step-
size strategy based on the ERK5(4), ERK4(3) and SD methods (considered
over the coarse and fine grids) when solving the GNLSE.

we have conducted show that compared to the ERK4(3)-IP method, the ERK5(4)-IP method
provides, for a computational time very similar, sightly more accurate results with a much
lower number of discretization steps. Therefore, as expected, the additional computational cost
per step of the ERK5(4) scheme compared to the ERK4(3) scheme is counterbalance by the
lower number of steps required.

As mentioned in the text, since the IP method and the Symmetric Split-step (SS) method
have a very similar internal computational structure, the propound ERK5(4) scheme could be
used in conjunction with the SS method for solving the GNLSE with the same advantages as
the one mentioned above (apart an additional error due to the use of a splitting formula).
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ABSTRACT. We consider zero range processes with density dependent jump rates g given by
g = g(n, k) = g1(n)g2(k/n) with g1(x) = x−α and

g2(x) =

{
x−α if a < x

Mx−α if x ≤ a.
(0.1)

In this case, with 1/2 < a < 1 and α > 0, we show that non-complete condensation occurs
with maximum cluster size an. More precisely, for any ε > 0, there exists M∗ > 0 such that,
for any 0 < M ≤ M∗, the maximum cluster size is between (a − ε)n and (a + ε)n for large
n. This provides a simple example of non-complete condensation under perturbation of rates
which are deep in the range of perfect condensation (e.g. α >> 1) and supports the instability
of the condensation transition.

1. INTRODUCTION

Suppose there are m indistinguishable particles distributed over n sites on one dimensional
lattice, and suppose a nondecreasing function g defined on nonnegative integers and a transition
matrix {Pij}ni,j=1 are given. We say there is a k-cluster at site i, if k particles occupy site i.
The zero range process introduced by Spitzer in 1970 describes the following dynamics: A
k-cluster at site i waits an exponential amount of time with parameter g(k), picks site j with
probability Pij , and gives one particle to site j [13], [14].

If m and n are fixed, and {Pij}ni,j=1 is irreducible, then there is a unique invariant measure of
the zero range process which is independent of the transition probability {Pij}ni,j=1. Let Z .

=

(Z1, Z2, · · · , Zn) denote the steady state of a zero range process corresponding the invariant
measure, and let Z∗n be the size of the maximum cluster,

Z∗n = max
1≤i≤n

Zi. (1.1)

If g is decreasing, larger clusters wait more time than smaller ones to give a particle to other
sites, which means that large clusters rather gain particles from small clusters and consequently
there are growing phenomena. One can guess that for rapidly decreasing rate functions the

Received by the editors June 24 2013; Accepted October 31 2013.
2010 Mathematics Subject Classification. 60K35, 82C22.
Key words and phrases. condensation, zero range processes, density dependent, maximum cluster size.
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maximum cluster draws all particles. As a matter of fact, the size of the maximum cluster
depends on how fast the rate functions decrease.

Recently, it has a great attention after the discovery of existence of condensation transition,
the phenomenon that positive fraction of all particles form a giant cluster (see Definition 1.1).
Considering the jump rates given by

g(k) = 1 +
β

k
, β > 0, (1.2)

Jeon et al. [12] and Evans [4] independently discovered the occurrence of non-complete con-
densation transition in zero range processes.
Condensation is an important phenomenon which can be applied to various areas. In mathemat-
ics, Armendáriz and Loulakis, and Beltran and Landim studied several aspects of condensation
recently among others [1], [2]. It can be also applied to the areas such as sandpile dynamics,
interface growth, granular systems, network flows, transport processes, and macroeconomics.
For the significance of the condensation transition and applications, see the survey paper by
Evans and Hanney [5].

To study the condensation phenomena in detail, let us adopt the following definition from
[10].

Definition 1.1. (1) A condensation event occurs if Z∗n/n converges to a constant c, 0 <
c ≤ 1, in probability as n tends to infinity.

(2) A complete condensation event occurs if Z∗n/n converges to 1 in probability as n tends
to infinity.

(3) A perfect condensation event occurs if n−Z∗n converges to 0 in probability as n tends
to infinity.

Note that “condensation” implies that the maximum cluster size is a positive fraction of the
number of total particles, “complete condensation” means that the maximum cluster size is of
order n, and “perfect condensation” indicates that all particles coalesce into a single cluster.
The condensation transition is conceptually similar to the emergence of a giant component in
a random graph and gelation for coagulation fragmentation equations [8], [12].

In [12], Jeon et al. also considered the cases that the rate function given by

g(k) = k−α, −∞ < α < ∞, (1.3)

and showed that if the transition matrix {Pij}ni,j=1 is symmetric and irreducible, then two types
of transitions occur. Assume that m = n, i.e., the density ρ = m/n = 1.

Theorem 1.2. (Jeon, March, Pittel [12])
(a) If α > 1, then n− Z∗n converges to 0 in probability.
(b) If α = 1, then n − Z∗n weakly converges to a Poisson distribution with the parameter

equal to 1.
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(c) If 0 < α < 1, then (n− Z∗n)/n1−α converges to 1 in probability.
(d) If α = 0, then Z∗n/ logn converges to log 2 in probability.
(e) If α < 0, then Z∗n log(log n)/ logn converges to −α−1 in probability.

In the above Theorem, perfect condensation occurs for the case (a) and non-perfect complete
condensation occurs for the case (b) and (c).

In some models, the dynamics can be described by jump rates expressed by

g = g(k, n) = g1(n)g2(k/n) (1.4)

where g1 represents the scaling part which depends only on the total number of particles, and
g2 is a function of the density k/n [5], [6]. Note that in this model, the invariant measure
doesn’t depend on g1. More recently, Jeon considered a case in which the jump rate is given by

g(k) = g(k, n) =

{
M/kα if (1/2)2l < k/n ≤ (1/2)2l+1

1/kα if (1/2)2l+1 < k/n ≤ (1/2)2l+2,
(1.5)

for l = 0, 1, · · · with α > 0, which is a density-dependent dyadic periodic perturbation of (1.3)
[9]. In this case Jeon showed that non-complete condensation occurs. This implies that even
the rates are deep in the range of perfect condensation(e.g. α >> 1), a small perturbation can
cause a significant amount of reduction of the maximum cluster size and showed the instability
of the condensation phenomena. (For the instability of random perturbation, see [3], [7].)

In this paper, we derive a much simpler example of rate functions which exhibits similar
characteristics. Indeed, we perturb (1.3) to consider the case that

g(k) =

{
k−α if a < k/n

Mk−α if k/n ≤ a.
(1.6)

Under this g with α > 0 and 1/2 < a < 1, we are able to show that non-complete condensation
occurs with maximum cluster size close to an, in the sense that for any ε > 0, there exists
M∗ > 0 in (1.6) such that, for any 0 < M ≤ M∗ the maximum cluster size is between
(a−ε)n and (a+ε)n for large n. (See Theorem 3.5 and 3.6.) Our result provides another simple
example of non-complete condensation under perturbation, even the rates are deep in the range
of perfect condensation, which also supports the instability of the condensation phenomena. In
this paper, we considered only the case 1/2 < a < 1. We believe the situation is true for all
0 < a < 1, which we leave as an open problem.

This study is organized as follows: Section 2 briefly introduces the zero range processes and
invariant measures; and Section 3 presents proofs of the main theorems.
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2. ZERO RANGE PROCESS

A zero range process is a stochastic process defined on Ω∗n = {0, 1, 2, . . . }Nn , where Nn =
{1, 2, · · · , n}. Any η

.
= (η(1), η(2), · · · , η(n)) ∈ Ω∗n represents the distribution of particles

along the n sites, and this suggests that there is a η(i)-cluster at site i. Suppose there is a
jump rate, a nonnegative function g defined on nonnegative integers. Assume further that an
irreducible stochastic matrix {Pij}1≤i,j≤n satisfying

∑n
j=1 Pij = 1 for all i is given. Then

zero range process is the stochastic process with the following generator. For η ∈ Ω∗n,

(Lnf)(η) =
n∑

i=1

n∑
j=1

Pijg(η(i)){f(ηi,j)− f(η)},

where f is any bounded function on Ω∗n, and ηi,j is given by⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
if η(i) = 0, then ηi,j = η

if η(i) 
= 0, then ηi,j(k) =

⎛⎜⎝ η(i)− 1 if k = i

η(j) + 1 if k = j

η(k) otherwise.

Suppose its initial configuration is η = (η(1), η(2), · · · , η(n)). Then η(i)-cluster waits for
an exponential amount of time with parameter g(η(i)), picks site j with probability Pij , and
allocate one particle to j site. As a result, η(i) decreases to η(i) − 1, and η(j) increases to
η(j) + 1. Since these dynamics do not permit the creation or annihilation of particles, the total
number of particles are preserved. Let

Ωm
n = {η ∈ Ω∗n :

n∑
i=1

η(i) = m}, 1 ≤ m < ∞, (2.1)

then there is a unique invariant measure, say νmn , on Ωm
n , and Spitzer showed that the invariant

measure can be expressed by a simple factorized form [13], [14].

Lemma 2.1. (Spitzer [14]) For any jump rate g, and for any η ∈ Ωm
n , let

μm
n (η) =

n∏
i=1

{g!(η(i))}−1, (2.2)

where g!(l) = g(l)g(l − 1)g(l − 2) · · · g(1), with the convention g!(0) = 1. Let

νmn (η) =
1

Γ
μm
n (η), (2.3)

where Γ is the normalizing constant given by Γ = μm
n (Ωm

n ) =
∑

η∈Ωm
n
μm
n (η). Then νmn is the

invariant measure corresponding to g.
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3. MAIN THEOREMS AND PROOFS

In this section, if there are no confusions or no differences in the estimates, we will drop the

largest integer function [·] from the notation. For example, we mean (εn)! by [εn]! and
(
n
εn

)
=(

n
[εn]

)
. Furthermore, if n = m, to simplify the notation, we will indicate Ωm

n , μm
n , νmn as

Ωn, μn, νn, respectively.

Now, let us consider the density dependent jump rate g = g(k, n) = g1(n)g2(k/n) which is
given by g1(x) = 1/xα and g2 by

g2(x) =

⎧⎪⎨⎪⎩
1

xα
, if x > a

M

xα
, if x/n ≤ a,

(3.1)

for a, 0 < a < 1. Then g becomes (1.6), and it is a simple perturbation of (1.3). Note that, in
(1.3), if α > 1 then perfect condensation occurs from Theorem 1.2.

Before we state and prove the main theorems, let us introduce some useful Lemmas which can
be found in [9], [10]. Let Z .

= (Z1, Z2, · · · , Zn) be the steady state of a zero range process
corresponding the invariant measure, and let Z∗n be the size of the maximum cluster, that is,

Z∗n = max
1≤i≤n

Zi. (3.2)

Let |Ωm
n | be the number of elements in Ωm

n . Since Ωm
n is the set of nonnegative integers

satisfying the equation
x1 + x2 + · · ·+ xn = m,

elementary combinatorics provides

|Ωm
n | =

(
n+m− 1

n− 1

)
. (3.3)

We also have the next lemma from elementary combinatorics.

Lemma 3.1. For fixed l,
(
n
l

)
is an increasing function of n. Moreover, for fixed n, the function

is increasing for l < n
2 and decreasing for l > n

2 .

Let
Ak = {η ∈ Ωm

n : max
1≤i≤n

η(i) ≤ k} (3.4)

be the set of configurations of which the maximum cluster size is less than or equal to k. The
next lemma describes a comparison of the invariant measures of different configurations.
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Lemma 3.2. Let m = lk+r, 0 ≤ r < k, and let η∗ = (k, k, · · · , k, r, 0, 0, · · · , 0) ∈ Ak, where
the k’s are repeated l times. Let g be a rate function with corresponding invariant measure νmn
on Ωm

n . Then for any η ∈ Ak:
(a) νmn (η∗) ≥ νmn (η), if g is decreasing.
(b) νmn (η∗) ≤ νmn (η), if g is increasing.

Proof. See Lemma 1.3 in [12]. �
Let μm

n be the unnormalized zero range invariant measure on Ωm
n corresponding to g in (3.1).

Then

μm
n (η) =

n∏
i=1

{g!(η(i))}−1 =
n∏

i=1

(η(i)!)α

M l
, (3.5)

for some l ∈ {0, 1, 2, · · · }. In this expression, since l depends on η, we can define a function
φ : Ωm

n → {0, 1, 2, · · · }, which counts the number of Ms contained in μm
n (η) as

φ(η) = l. (3.6)

From now on, we assume m = n so that the density ρ = m/n = 1.

Proposition 3.3. Suppose that g is given by (3.1). For a ≥ 1/2,

νn(Aan
4
) → 0, as n → ∞, (3.7)

that is, the size of the largest cluster is greater than an/4 in probability.

Proof. Consider η0 = (an, b, 0, · · · , 0) ∈ Ωn with an+ b = n (recall, in this notation ‘an’ is
actually ‘[an]’). From Lemma 3.2, μn(η0) ≥ μn(η), for any η ∈ Aan, since φ(η) = n for all
η ∈ Aan, and φ(η0) = n. Therefore, without loss of generality, we may assume M = 1.

Let η1 = (an/4, an/4, · · · , an/4, d, 0, · · · , 0) with suitable d (d ≤ an/4) which makes
η1 ∈ Ωn. Similarly, we see that μn(η1) ≥ μn(η) for any η ∈ Aan/4. Note that the number of

elements of the set Aan/4 is bounded by that of Ωn, which is bounded by
(
2n− 1
n− 1

)
from (3.3)

and
(
2n− 1
n− 1

)
is bounded by

(
2n
n

)
. Therefore,

νn(Aan/4) =
μn(Aan/4)

μn(Ωn)
(3.8)

≤
μn(η1)

(
2n
n

)
μn(η0)

, (3.9)

Since φ(η0) = φ(η1) and from Stirling’s formula, we have

νn(Aan/4) ≤ P (n)(an/4)αn

(an)αn
4n (3.10)

≤ P (n)(
4

4α
)n. (3.11)



CONDENSATION IN DENSITY DEPENDENT ZERO RANGE PROCESSES 273

Here, the degree of the polynomial P (n) is independent of n. Now, the final term tends to 0 as
n tends to infinity, since α > 1. �

The next Proposition proves that the probability that the maximum cluster size is between
an/4 and (a− ε)n tends to 0 as n tends to infinity.

Proposition 3.4. Suppose that g is given by (3.1). For any small ε > 0, and a > 1
2 ,

νn(A(a−ε)n \Aan
4
) → 0, as n → ∞. (3.12)

Proof. For A(a−ε)n, without loss of generality, we may assume M = 1, since φ(η) = n for all
η ∈ A(a−ε)n. Let

Bk = Ak \Ak−1 (3.13)

be the set of configurations of which the maximum cluster size is exactly k. For η ∈ Ωn, define
γ by

γ(η) = |{i : η(i) ≥ 1}|, (3.14)

where |A| denotes the number of elements in A. Note that γ indicates the total number of
occupied sites. Let Ck,l be the set of configurations in Bk with exactly l occupied sites. That
is,

Ck,l = {η ∈ Bk : γ(η) = l}. (3.15)

For any η ∈ Bk, it contains a k cluster, and there are n− k remaining particles. Therefore, for
k < n, Bk can be expressed by

Bk =

n−k+1⋃
l=1

Ck,l.

Note that there are
(
n
l

)
ways of choosing l occupied sites, there are l ways of locating the

largest k-cluster on the l sites. Since the number of ways locating the remaining n−k particles

on the l − 1 sites without empty site is bounded by P (n)

(
n
l

)
for some polynomial P (n),

|Ck,l| is bounded by P (n)

(
n
l

)(
n
l

)
.

Now, choose η0 = (an, b, 0, 0, · · · , 0) with an + b = n and b < an. For k, an/4 ≤ k ≤
(a− ε)n,

(1) If k ≤ b, then choose

η1 = (k, an− k, b, 0, · · · , 0) ∈ Ωn,

then, from Lemma 3.2, μn(η1) ≥ μn(η) for any η ∈ Ck,l. Moreover,
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μn(η1)

μn(η0)
=

(k!(an− k)!

(an)!

)α (3.16)

≤ P (n)(kk(an− k)an−k)α

(an)αan
(3.17)

= P (n)
((k/n)k/n(a− k/n)a−k/n

(a)a
)αn

. (3.18)

Let
f(x) = xx(a− x)a−x, (3.19)

and let g(x) = ln(f(x)), then

g′(x) = lnx+ 1− ln(a− x)− 1 = ln(
x

a− x
).

Since g′(x) = 0 implies x = a/2, f(x) has minimum at x = a/2 and f is strictly
decreasing for 0 < x < a/2, and strictly increasing for a/2 < x < a. Since
limx→0 f(x) = limx→a f(x) = aa, and a/4 ≤ k/n ≤ a − ε, there exists γ1, 0 <
γ1 < 1 such that

μn(η1)

μn(η0)
≤ P (n)γn1 . (3.20)

(2) If b < k ≤ b+ ε0n, for small ε0 satisfying 0 < ε0 < min(ε, a− 1/2), choose

η̃0 = (an− ε0n, b+ ε0n, 0, · · · , 0) ∈ Ωn,

and
η1 = (k, an− k − ε0n, b+ ε0n, 0, · · · , 0) ∈ Ωn,

then, from Lemma 3.2, μn(η0) ≥ μn(η̃0) and μn(η1) ≥ μn(η) for any η ∈ Ck,l.
Similarly we have

μn(η1)

μn(η0)
≤ μn(η1)

μn(η̃0)
≤ P (n)

((k/n)k/n(a− ε0 − k/n)a−ε0−k/n

(a− ε0)a−ε0
)αn

. (3.21)

and there exists γ2, 0 < γ2 < 1 such that

μn(η1)

μn(η̃0)
≤ P (n)γn2 . (3.22)

(3) If k > b+ ε0n then choose

η1 = (k, an− k + b, 0, · · · , 0) ∈ Ωn,

then, from Lemma 3.2, μn(η1) ≥ μn(η) for any η ∈ Ck,l. Moreover,
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μn(η1)

μn(η0)
=

(k!(an− k + b)!

(an)!b!

)α (3.23)

≤ P (n)(kk(an− k + b)an−k+b)α

((an)anbb)α
(3.24)

=
P (n)(kk(n− k)n−k)α

((an)an(n− an)(n−an))α
(3.25)

= P (n)
((k/n)k/n(1− k/n)1−k/n

(a)a(1− a)1−a
)αn (3.26)

Let
f1(x) = xx(1− x)1−x, (3.27)

then f1 is the case that a = 1 in (3.19). Therefore, f(x) has minimum at x = 1/2
and f is strictly decreasing for 0 < x < 1/2, and strictly increasing for 1/2 < x < 1.
Note that b + ε0n < k < (a − ε)n implies n − an + ε0n < k < (a − ε)n, i.e.,
1− a+ ε0 < k/n < a− ε. Since

f1(a) = f1(1− a) = aa(1− a)(1−a),

there exists γ3, 0 < γ3 < 1 such that

μn(η1)

μn(η0)
≤ P (n)γn3 . (3.28)

Let γ = max{γ1, γ2, γ3}, then γ < 1 and

νn
( (a−ε)n⋃
k=an/4

⋃
l

Ck,l

) ≤ μn

(⋃
k

⋃
l Ck,l

)
μn(η0)

(3.29)

≤
∑

k

∑
l μn(Ck,l)

μn(η0)
(3.30)

≤
∑
l

P (n)

(
n
l

)(
n
l

)
γn (3.31)

for some polynomial P (n).

Now, for ε1 > 0 sufficiently small,
(a) If l < ε1n, then, since (

n
l

)
≤

(
n
ε1n

)
,
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we have

νn
( (a−ε)n⋃
k=an/4

⋃
l≤ε1n

) ≤ n2P (n)

(
n
ε1n

)(
n
ε1n

)
γn (3.32)

≤ P (n)
( n!

(εn)!(n− εn)!

)2
γn (3.33)

≤ P (n)
( γ

(εε11 (1− ε1)1−ε1)2
)n

, (3.34)

for some polynomial P (n) which may vary in each expression. Since

lim
x→0

xx(1− x)1−x = 1, (3.35)

ε1 can be chosen to satisfy

(εε11 (1− ε1)
1−ε1)2 > γ.

(b) Now consider the case that l ≥ ε1n. If n− k − l − 2 ≤ an, we choose

η1 = (k, n− k − l − 2, 1, 1, · · · , 1, 0, · · · , 0).
Then, from Lemma 3.2, μn(η1) ≥ μn(η) for any η ∈ Ck,l. Moreover,

μn(η1)

μn(η0)
≤ (k!(n− k − l)!

(an)!b!

)α (3.36)

=
( k!(n− k)!

(an)!b!(n− k − 1)(n− k − 2) · · · (n− k − l)

)α (3.37)

≤ ( n!

(an)!b!

1

(n− k − 1)(n− k − 2) · · · (n− k − ε1n)

)α (3.38)

≤ ( C

((ε− ε1)n)αε1

)n
. (3.39)

Therefore,

νn
( (a−ε)n⋃
k=an/4

⋃
l≥ε1n

Ck,l

)
=

μn

(⋃
k

⋃
l Ck,l

)
μn(η0)

(3.40)

≤
∑

k

∑
l μn(Ck,l)

μn(η0)
(3.41)

≤ P (n)

(
n
l

)(
n
l

)( C

((ε− ε1)n)αε1

)n (3.42)

≤ ( C
nδ

)n
, (3.43)

for large n with constant δ and C which may vary in each expression.
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Therefore, from (a) and (b), we conclude that

νn(A(a−ε)n \Aan
4
) → 0.

�

From Proposition 3.3 and Proposition 3.4 we have the theorem.

Theorem 3.5. Suppose that g is given by (3.1). Then, for any ε > 0, there exists M, 0 < M <
1, such that ,

Z∗n ≥ (a− ε)n (3.44)

for large n.

Now, let us consider the other part, i.e., the upper bound of the size of the largest cluster.

Theorem 3.6. For any ε > 0, there exists an M such that

Z∗n ≤ (a+ ε)n (3.45)

for large n.

Proof. For any l, 1 ≤ l ≤ n, let Bl be the set of configurations with maximum cluster size
exactly l. Let η1 = (an, b, 0, · · · , 0) ∈ Ωn, with an+ b = n, and let η2 = (l, n− l, 0, · · · , 0).
From Lemma 3.2, μn(η2) ≥ μn(η) for any η ∈ Bl. Therefore, for l ≥ (a+ ε)n,

P{Zn ∈ Bl} = νn(Bl)

≤ μn(Bl)

μn(η1)

≤
n

(
2n
n

)
μn(η2)

μn(η1)
.

Since
(
2n
n

)
∼ P (n)2n, with some polynomial P (n), we have, for M < 1,

P{Zn ∈ Bl} = νn(Bl)

≤ P (n)2nM (φ(η1)−φ(η2))( l!(n− l)!

(an)!b!

)α
≤ P (n)2nM εn

( l!(n− l)!

n!

n!

(an)!b!

)α
≤ P (n)M εnλn,

where λ > 0 is a constant independent of n and l, and P (n) may differ in each expression.
Therefore,

P{Zn ≥ (a+ ε)n)} ≤ nP (n)M εnλn,
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and if M < (1/λ)1/ε, the probability that the maximum cluster size is larger than (a + ε)n
tends to zero as n tends to infinity. �

Since μn(η) is monotone on M , if the above theorem is true for M0, then it is true for all
M ≤ M0. Therefore, together with Theorem 3.5 we have

Theorem 3.7. Suppose that g is given by (3.1). Then, for any ε > 0, there exists M∗ > 0, such
that

(a− ε)n ≤ Z∗n ≤ (a+ ε)n (3.46)
for all M ≤ M∗ and for large n.
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ABSTRACT. We are interested in an adaptive grid method for hyperbolic equations. A mul-
tiresolution analysis, based on a biorthogonal family of interpolating scaling functions and lifted
interpolating wavelets, is used to dynamically adapt grid points according to the physical field
profile in each time step. Traditional finite-difference schemes with fixed stencils produce high
oscillations around sharp discontinuities. In this paper, we hybridize high-resolution schemes,
which are suitable for capturing singularities, and apply a finite-difference approach to the scal-
ing functions at non-singular points. We use a total variation diminishing Runge–Kutta method
for the time integration. The computational cost is proportional to the number of points present
after compression. We provide several numerical examples to verify our approach.

1. INTRODUCTION

In this paper, we investigate an adaptive grid method for the simulation of hyperbolic con-
servation laws, which can be written as

Ut + F(U)x = 0, (1.1)

with some initial conditions and boundary conditions, where U is a d-dimensional vector field
(d ≥ 1) and F(U) is a vector-valued function of U. Equation (1.1) is said to be hyperbolic if

the Jacobian matrix A(U) =
∂F(U)

∂U
has real eigenvalues and is diagonalizable.

It is well known that non-physical oscillations behind shocks cannot be avoided in tradi-
tional finite-difference schemes that use the interpolation of polynomials or some other type of
basic functions with fixed stencils. One of the main issues in the hyperbolic conservation laws
is the effective capture of sharp singularities, and special treatment must be given to computa-
tions around such points. Many studies concerning high-resolution schemes (HRSs) have been
conducted with the aim of capturing these shocks. For example, such schemes as MINMOD,
SMART, ENO, and WENO have been developed (see [13, 35, 11, 34, 18]). These HRSs use the
piecewise combination of several finite-difference schemes, either with different orders or with
different stencil positions. We need a certain number of points with high-resolution in order to
effectively resolve singularities along the wave. This causes the excessive assignment of grid
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points, even around regions where the waves are smooth. In evolution equations, the position
of a shock often moves with time. It is even possible for new shocks to be created in regions
where the wave was previously continuous. Therefore, the dynamic assignment of grid points
according to wave profiles will improve computational efficiency for high data compression
rates.

In order to determine smooth regions and sharp discontinuities in a function, we apply the
concept of multiresolution analysis (MRA) [30, 31]. If we perform a wavelet decomposition
of a given function, we obtain the information needed to reconstruct the original field. Not all
details are important, as long as the field itself is highly localized or has sharp discontinuities in
only a small part of the whole domain. We can obtain high accuracy with low-resolution mesh
points in the smooth regions of the field, or in regions with unimportant details (or wavelet
coefficients).

There have been several other papers concerning adaptive multiresolution methods for hy-
perbolic conservation laws [1, 5, 17, 6]. Although these papers treated shocks with HRSs,
the MRA they used belongs to a biorthogonal family of interpolating scaling functions and
interpolating wavelets without lifting. Theoretically, the interpolating wavelets proposed by
Donoho [7] have zero vanishing moments and are not a suitable basis for MRA. The order of
the vanishing moments was increased by the lifting scheme developed by Sweldens [36]. To
our knowledge, the biorthogonal family of interpolating scaling functions and lifted interpolat-
ing wavelets applied in MRA was first used by Vasilyev et al. [41] for adaptive grid simulations
of time evolution problems. In [41], the authors used only the finite-difference of scaling func-
tions to approximate the spatial derivatives. An adaptive grid approach for shock computations
was presented by Regele and Vasilyev [43]. They used the wavelet transform and an assistant
function to locate shock positions, and modified the original equation by adding an artificial
viscosity term. In this paper, we are interested in solving the original equation instead of the
modified equation with artificial viscosity.

We will briefly describe HRSs for shock computations in the following section. In Section 3,
we discuss the adaptive wavelet collocation method. Section 4 presents the hybrid AWCM and
HRS algorithm for solving evolution PDEs. We give several numerical examples in Section 5,
before ending the paper with discussions and conclusions in Section 6.

2. HIGH RESOLUTION SCHEMES

There are a number of HRSs for efficiently capturing shocks in conservation laws. Most
of them start with a finite volume frame and fix their target by constructing a suitable flux
term across the cell faces. Such techniques include slope limiter and flux limiter approaches,
which are essentially equivalent (see for example [28]). These use different finite-difference
schemes according to the local slope condition. Other popular approaches include essentially
non-oscillatory (ENO) schemes [14, 34] and weighted essentially non-oscillatory (WENO)
schemes [29]. These choose different stencils for polynomial interpolation according to a com-
parison of the differencing.
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We now discuss the flux limiter approach. First-order upwind schemes retain the mono-
tonicity of the solution, although the accuracy can drop due to dissipation, even for smooth
waves. Second-order schemes, such as Lax–Wendroff [19] or Beam-Warming [44], give solu-
tions with better accuracy in the smooth part of the wave. However, they perform very poorly
in shock-capturing without oscillations. The idea of the flux limiter approach is to unite the
best properties of two or more methods in order to keep the discontinuous part of the solution
non-oscillatory and obtain the smooth part of the solution with higher accuracy [28].

It is convenient to consider the flux terms in a normalized variable formulation (NVF) or
normalized variable space formulation (NVSF) [26, 27, 3]. The convective flux F and the
coordinate x are normalized as

F̃ =
F − Fu

Fd − Fu
, x̃ =

x− xu
xd − xu

, (2.1)

where the subindexes d and u are the downstream and upstream nodes, respectively, of the
central node c (see Figure 1). The direction of the stream is determined by the sign of the local
velocity (e.g., ∂F/∂U for the scalar case). If we consider a cell centered at c (uniform mesh),
the normalized flux F̃ at the cell face f is a function of F̃c,

F̃f = Q
(
F̃c

)
. (2.2)

u f dc

i−1 i i+1/2 i+1

(a) positive local velocity

cd u

i i+1i+1/2 i+2

f

(b) negative local velocity

FIGURE 1. Description of face flux nodes according to stream direction: the
main purpose of an HRS is to construct a suitable face flux using neighboring
flux values.

Gaskell and Lau [11] introduced the convective boundedness criterion (CBC) for choosing
the face flux F̃f so as to avoid oscillations. In the normalized formulation, we assume values
of 0 at the upstream node u and 1 at the downstream node d. In order to avoid oscillations, Q
must satisfy the following conditions:

• Q must be continuous;
• F̃c ≤ Q

(
F̃c

)
≤ 1, for F̃c ∈ [0, 1];

• F̃f = F̃c, for F̃c /∈ [0, 1].

There are many choices for the construction of the face flux F̃f [28]. In most of our numer-
ical examples, we apply two popular schemes, MINMOD [13] and SMART [11], although in
the Eulerian gas dynamics problem, we used Roe’s method [33]. The fluxes given by MIN-
MOD and SMART are as follows:



282 H. LI AND M. KANG

• MINMOD: F̃f = max

(
F̃c,min

(
3

2
F̃c,

1

2
F̃c +

1

2

))
,

• SMART: F̃f = max

(
F̃c,min

(
3F̃c,

3

4
F̃c +

3

8
, 1

))
.

MINMOD can also be understood from the perspective of a slope limiter [20]–[24], as it
chooses the smaller slope magnitude from the Lax–Wendroff and Beam-Warming methods. If
the two slopes have different signs, the slope reverts to a first-order upwind scheme, whose
limiter is zero. This is why it is called the MINMOD scheme. SMART exhibits better behavior
than MINMOD, because it uses a higher-order scheme, called quadratic upstream interpolation
for convective kinematics (QUICK), for smooth portions of the solution.

Before we calculate the normalized flux F̃f , we must determine the direction of the stream
from the sign of the local velocity at the face. If the velocity is not known at a particular point,
we interpolate the local velocity using neighboring points on the face. We can then revert to
the original flux Ff at face position f using (2.1),

Ff = Fu + F̃f (Fd − Fu). (2.3)

By finite-differencing two successive face fluxes, we approximate the spatial derivative Fx

at the center position, i.e.,

Fx ≈ Fi+1/2 − Fi−1/2
Δx

. (2.4)

3. ADAPTIVE WAVELET COLLOCATION METHOD

Generally speaking, there are two adaptive wavelet methods for numerical solutions to
PDEs: adaptive wavelet Galerkin methods and adaptive wavelet collocation methods [16].
Wavelet Galerkin methods solve problems in wavelet space, and involve a complicated treat-
ment of non-linear terms and boundary values. We introduce an adaptive wavelet collocation
method (AWCM) that solves problems in physical space and easily handles non-linear terms
and boundary conditions. AWCM uses lifted interpolating wavelet transforms, and was first
proposed by Vasilyev et al. to solve evolution equations, mainly in the area of fluid mechanics
[41], [42].

We begin with the concept of wavelet decompositions [32, 7]. For a given L2 function f , its
wavelet decomposition is defined as

f =
∑
k∈Z

αj0,kφj0,k +

+∞∑
j=j0

∑
m∈Z

βj,mψj,m, (3.1)

where φ and ψ are a scaling function and a wavelet function, respectively. We denote the
dilating and shifting of a function g by the abbreviation gj,k(·) = 2j/2g(2j · −k). In equation
(3.1), the first single sum is the rough information contained in f , and the double sum represents
details of f at various resolution levels. We call the detail coefficient βj,m a wavelet coefficient.
It is clear that a denser set of grid points is needed around the region with larger |βj,m|. If a
field or function is highly localized, we do not need to store huge amounts of information at
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regions that are far from the position where the fields are concentrated. We only need more
detailed information around the high peak, and some rough information in other regions.

There are many types of scaling functions and wavelets. In this paper, we choose the lifted
interpolating wavelet transform ([37, 41, 42]), because its interpolating property enables us to
treat non-linear terms and boundary conditions very conveniently, and the lifting property of
the scheme provides a better approximation of functions. As we are solving equation (1.1)
in finite intervals, basis functions that are close to the boundary should be changed according
to the contribution of basis functions outside the original interval. We take this idea from
Donoho [7], as did Vasilyev and his co-authors. Near the boundary, the shape of the basis
functions changes, and therefore the notation φj,k is not valid. This is not a problem if we
use the concept of second-generation wavelets [37, 41, 42], which discards the properties of
translating and shifting.

3.1. Adaptive grid with wavelet compression. Assume f to be a L2 function with resolution
level jmax(∈ N) defined on a finite interval, i.e.,

f =
∑
k∈Z

αjmax,kφjmax,k. (3.2)

We consider its wavelet decomposition to be

f =
∑
k∈Z

αjmin,kφjmin,k +

jmax−1∑
j=jmin

∑
m∈Z

βj,mψj,m. (3.3)

The scaling and wavelet coefficients are calculated by the following normalized forward wavelet
transform (FWT),

dj,k =
1

2

(
cj+1,2k+1 −

∑
l

s̃−lcj+1,2k+2l

)
, (3.4a)

cj,k = cj+1,2k +
∑
l

s−ldj,k+l, (3.4b)

where cj,k = 2j/2αj,k, dj,k = 2j/2βj,k, and the coefficients s−l and s̃−l are Lagrangian in-
terpolating weights. We involve Lagrangian weights following [37]. Note that the difference
between this wavelet transform and other adaptive multiresolution methods [1, 5, 6, 17] lies in
the lifting term in (3.4b). The non-lifted interpolating wavelets have zero vanishing moments.
This may be dangerous for numerical approximations. Furthermore, the wavelet coefficients
cannot provide information at certain frequency levels while only showing low-pass filter in-
formation [41, 36]. With these facts in mind, we prefer to use the lifted interpolating wavelet
transform for grid adaptation.

In the double sum in (3.3), only a small number of wavelet coefficients are significant if f
is highly localized. We want to compress the information below a certain threshold tolerance,
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ε (> 0). Thus, we obtain the following approximated information fε,

fε =
∑
k∈Z

αjmin,kφjmin,k +

jmax−1∑
j=jmin

∑
m∈Z

|βj,m|≥εj

βj,mψj,m. (3.5)

where εj = 2−j/2ε. Because ψ is bounded and compactly supported, it is easy to estimate the
compression error,

‖f − fε‖∞ ≤ Cε, (3.6)
where C is a constant.

3.2. Calculation of the spatial derivatives on the adaptive grid. When we calculate the
spatial derivatives at a point on the adaptive grid, we need to determine the corresponding
resolution level of that point and interpolate those neighboring points that are missing because
of the compression. For an adaptive grid G, the level of the point P is defined as

Lev(P ) = jmax − log2(dist(P, P
′)/Δx),

where Δx is the finest mesh size. We can then approximate f locally in the neighborhood of
P by

f =
∑
k∈Z

αLev(P ),kφLev(P ),k, in some neighborhood of P. (3.7)

We then differentiate the scaling function representation (3.7) of f at point P to approximate
the spatial derivative fx at P . This works well for problems with smooth functions. However,
it is not sufficient to use only scaling function derivatives for those functions that contain dis-
continuities. In this paper, we use an HRS at those points with the highest resolution level,
jmax. At other points, we simply differentiate the scaling function. Of course, the range of
points at which the HRS is used can be adjusted. It is clear that the computational burden will
become heavier if the HRS is used at more points. Our experience shows that it is sufficient to
use HRS only at points with the maximum level jmax.

4. ADAPTIVE GRID METHOD FOR CONSERVATION LAWS

In this section, we will discuss the proposed algorithm. We begin with an FWT of the
initial wave, and compress away unimportant information using a given threshold value ε(> 0).
After compression, we obtain a much lighter grid. Note that some points in the adaptive grid
with low resolution levels may become important with time if the propagating singularities
approach. Therefore, in each time step, we should extend the adjacent zone [41] of every
surviving grid point correspondingly. For spatial differentiation, we also need the values at
those points neighboring an adaptive grid point, if they are missing due to the compression.
We only perform FWT on a fully dense grid in the first time step. After this point, FWT is
applied on the adaptive grid. In order to perform FWT, some neighboring point values may
need to be interpolated if they are missing. We extend all these missing points into the adaptive
grid, and finally perform an inverse wavelet transform (IWT) to reconstruct the physical values.
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This completes the preparations for the spatial calculation on the adaptive grid, as discussed in
the previous section.

When the approximate spatial derivatives are obtained, we perform a time integration of the
wave using a total variation diminishing (TVD) Runge–Kutta method [34]. We now present
the second- and third-order TVD Runge–Kutta methods used in the numerical tests. Assume
that we want to integrate an ODE ut = L(u), where L is a differential operator.

• Second-order TVD-RK:

u(1) = un +ΔtL(un),

un+1 =
1

2
un +

1

2
u(1) +

1

2
ΔtL(u(1)),

• Third-order TVD-RK:

u(1) = un +ΔtL(un),

u(2) =
3

4
un +

1

4
u(1) +

1

4
ΔtL(u(1)),

un+1 =
1

3
un +

2

3
u(2) +

2

3
ΔtL(u(2)).

We summarize the proposed algorithm as follows.
The Algorithm: given un at time step n and the corresponding adaptive grid mask Gn,

(1) perform an FWT of un at Gn,
(2) extend Gn for computation of the next time step, n+ 1,
(3) perform IWT to reconstruct physical values,
(4) calculate spatial derivatives (using HRS at points with level jmax),
(5) use TVD Runge–Kutta time integration to update un to un+1,
(6) if n < NT : n = n+ 1, go to step 1; else: stop.

5. NUMERICAL EXAMPLES

In this section, we present the results of several numerical experiments using the linear ad-
vection equation, Burgers’ equation, and Euler gas dynamics problems. For the first two equa-
tions, we applied both continuous and discontinuous initial conditions. For the Euler systems,
we tested our algorithm with a well-known initial condition given by Sod [35]. In order to ob-
tain well-compressed but highly accurate results, we must be careful in our choice of threshold
value ε. A large threshold value makes the computation faster at the expense of accuracy, and
vice versa. Our choice of threshold ε in the experiments varied from 10−4 to 10−6. We used
cp to denote the compression percentage of the adaptive grid, i.e.,

cp =
cardinality of adaptive grid points

cardinality of full grid points
× 100%.



286 H. LI AND M. KANG

5.1. Linear advection equation. Our first numerical experiment considers the simplest case,
the linear advection equation

ut + ux = 0, in Ω. (5.1)

We solved (5.1) with two types of initial condition. One is a highly localized Gaussian peak,
which is continuous, and the other is a discontinuous wave. The boundary conditions in both
examples were the zero Neumann conditions, ∂u/∂n = 0 at ∂Ω. We are aware that this is an
approximation in the case of the Gaussian peak example, but we ignore this influence from the
boundary to the propagating peak.

5.1.1. Highly localized Gaussian peak as the initial condition. In this example, the compu-
tational domain Ω was (−0.5, 0.5), and the initial condition was a Gaussian pulse u(x, 0) =
exp

(−3200(x+ 0.4)2
)

in Ω. In this problem, as the Gaussian pulse is continuous even though
it is “steep,” we did not use an HRS to compute spatial derivatives anywhere. We used the scal-
ing function-based finite-difference scheme, as in AWCM [41]. The adaptive parameters in this
test were jmax = 12, jmin = 3, and ε = 10−6. Figure 2 shows the evolution of the numerical
solution and the numerical grid. We can observe that the numerical grid points of finer levels
follow the peak region as the peak propagates to the right.

5.1.2. Discontinuous initial condition. In this experiment, the computational domain Ω =
(−0.5, 0.5), and the initial condition was a discontinuous step function given by:

u(x, 0) =

{
1.0, if x < 0,
−0.5, otherwise in Ω.

For this problem, we used a hybrid differentiation for the spatial derivatives. The adaptive
parameters were jmax = 12, jmin = 3, and ε = 10−6. Figure 3 shows the evolution of the
wave and the adaptive numerical grid.

5.2. Burgers’ equation. Burgers’ equation can be written as:

ut + uux = 0, in Ω = (−0.5, 0.5). (5.2)

Unlike the linear wave equation, the shape of the solution to Burgers’ equation changes
during its evolution, because the local velocities are not constant. This creates a new singularity,
even if the initial wave is continuous. Therefore, for Burgers’ equation, we always use a hybrid
differentiation consisting of an HRS and scaling function-based finite-difference scheme. We
also test two cases for Burgers’ equation. One is a continuous initial condition, and the other is
a discontinuous initial condition.

5.2.1. Sine functions as the initial condition. We applied a continuous initial condition com-
posed of sine functions,

u(x, 0) = sin(2π(x+ 0.5)) + sin(π(x+ 0.5))/3, in Ω.

The boundary condition in this test problem was the zero Dirichlet condition. We set jmax =
10, jmin = 3, and ε = 10−4.
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FIGURE 2. Evolution of linear advection equation: a Gaussian peak.

In the beginning, before the shock was created, the numerical grids were coarse. Therefore,
the spatial derivatives were obtained by finite-difference scheme. However, the steep part of the
domain became steeper and converted into a shock. After this, HRS was used to approximate
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FIGURE 3. Evolution of linear advection equation: a discontinuous wave.

the spatial derivatives at the points around the shock region. We can see that the levels of grid
points around the shock region reach the maximum (see Figure 4). If we tested this equation
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with an initial condition composed only of a sine function with a single frequency, we would
observe that the position of the newly created shock is fixed at its origin.

FIGURE 4. Numerical solution of Burgers’ equation: sine functions as initial condition.
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5.2.2. Riemann problem. For the discontinuous case, we tested a Riemann problem:

u(x, 0) =

{
1, x ≤ 0,

−0.5, x > 0,
in Ω

with the boundary condition ∂u/∂x = 0. In this example, we considered the function before
the discontinuity reached the right boundary. Our adaptive parameters in this problem were
jmax = 12, jmin = 3, and ε = 10−5. The evolution of the wave and its adaptive grid is plotted
in Figure 5.

5.3. Euler conservation laws. We now consider the system:

∂

∂t

⎛⎝ ρ
ρu
E

⎞⎠+
∂

∂x

⎛⎝ ρu
ρu2 + p
u(E + p)

⎞⎠ = 0,

where

ρ : density
u : velocity
E : total energy
p : pressure

and p = (γ − 1)(E − ρu2/2) (in air, γ = 1.4).
We solve a Riemann problem of this system:

(ρ ρu E)|t=0 =

{
(1 0 2.5), x < 0,

(0.125 0 0.25), x > 0.

In this example, we applied Roe’s scheme [33] for shock computations. We adapted the
grid according to the wavelet decomposition of the density ρ at each time step. The adaptive
parameters were jmax = 12, jmin = 3, and ε = 10−4. Figure 6 shows the evolution of density
with the corresponding adaptive grid.

6. CONCLUSIONS

In this paper, we tested an adaptive grid method for shock computations in one-dimensional
hyperbolic conservation laws by hybridizing HRS and AWCM. The effectiveness of the pro-
posed method was demonstrated by several numerical experiments that exhibited high com-
pression rates for the grid points. We used a wavelet representation for both grid adaptation
and discretization of the spatial derivatives at smooth points. The computation time of the al-
gorithm is proportional to the number of surviving grid points as time evolves. The higher the
compression rate of adaptive grid points, the faster the method. This method is suitable for
simulating highly localized problems.
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FIGURE 5. Numerical solution of Burgers’ equation: discontinuous initial condition.
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ABSTRACT. In this paper, we consider the adaptive multigrid method for solving the Black–
Scholes equation to improve the efficiency of the option pricing. Adaptive meshing is generally
regarded as an indispensable tool because of reduction of the computational costs. The Black–
Scholes equation is discretized using a Crank–Nicolson scheme on block-structured adaptively
refined rectangular meshes. And the resulting discrete equations are solved by a fast solver such
as a multigrid method. Numerical simulations are performed to confirm the efficiency of the
adaptive multigrid technique. In particular, through the comparison of computational results
on adaptively refined mesh and uniform mesh, we show that adaptively refined mesh solver is
superior to a standard method.

1. INTRODUCTION

Financial option pricing model developed by Black and Scholes [1] in 1973 and extended
by Merton [2]. Since then, methods for option pricing have been discovered and improved
by many scholars. Details can be found in reference [3] which is a good review of valuation
models and applications to the option pricing. However, because a closed-form solution cannot
be obtained or the formulas for the exact solutions are too difficult to be practically usable,
numerical solution has been a natural way to solve the problem in financial engineering [4].

To obtain an approximation of the option value, option pricing problems have been solved
by the lattice method [5, 6, 7, 8], the finite difference method [7, 9, 10, 11, 12, 13, 14, 15,
16, 17, 18], the finite elements method [19, 20, 21, 22, 23, 24], and the finite volume method
[25, 26]. In this paper, we propose an efficient and accurate method based on multigrid method
and adaptive grid refinement method. Among the popular methods in recent years, multigrid
methods [27, 28, 29, 30] are widely used for the numerical solution of partial differential equa-
tions (PDE). In reference [31], authors evaluated the option price by using multigrid method
under Black–Scholes. Also, adaptive time-stepping has been proposed by some researchers
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[32], but few researchers use space-adaptive methods. Some examples, though, can be found
in Achdou and Pironneau [33] and Pironneau and Hecht [34] who use a space-adaptive finite
element method for discretization of the Black–Scholes PDE. In [35], an adaptive finite dif-
ference method is developed with full control of the local discretization error which is shown
to be very efficient. In this paper, for the option pricing, we consider an adaptive mesh re-
finement (AMR) method. The AMR method [36] is very useful to combine the two goals of
good accuracy and efficiency. In many science and engineering areas, such as fluid mechanics
[37], electromagnetics [38], and materials science [39], an adaptive finite difference method
has been very successful.

The purpose of our work is to propose an efficient adaptive FDM to solve the Black–Scholes
PDEs. We computationally show that applying an adaptive method to this problem is very effi-
cient compared to a standard FDM. We use the Crank–Nicolson method for the discretization.
Other key components of the algorithm are the use of dynamic, block-structured Cartesian
mesh refinement (see e.g., [40, 41]) and the use of an adaptive multigrid method [30] to solve
the equations at an implicit time level. Locally refined block-structured Cartesian meshes are
very natural to use together with multilevel multigrid methods. We note that other multilevel
multigrid algorithms have been developed as part of the CHOMBO [42] software packages.
Here, we follow the framework of a block-structured multilevel adaptive technique (MLAT)
developed by Brandt [43].

The outline of this paper is the following. In Section 2 we describe the two-dimensional
Black–Scholes PDE. In Section 3 we discretize the BS equation with finite difference method
and we explain the adaptive mesh refinement method in Section 4. In Section 5, we show the
numerical results by the proposed method. We draw conclusions in Section 6.

2. BLACK–SCHOLES MODEL

In their award-winning work [1, 2], Black, Scholes, and Merton derived a parabolic second
order PDE for the value u(x, y, t) of an option on a stock. We use the original Black–Scholes
model with two underlying assets to keep this presentation simple. Let u(x, y, t) denote the
value of the option at the underlying two assets x, y, and time t. The option value u(x, y, t) is
governed by the following two-asset Black–Scholes equation:

∂u(x, y, t)

∂t
+

1

2
σ2
1x

2∂
2u(x, y, t)

∂x2
+

1

2
σ2
2y

2∂
2u(x, y, t)

∂y2
+ ρσ1σ2xy

∂2u(x, y, t)

∂x∂y

+ rx
∂u(x, y, t)

∂x
+ ry

∂u(x, y, t)

∂y
= ru(x, y, t), (2.1)

where σ1, σ2 are the constant volatilities, ρ is the correlation, and r > 0 is a constant riskless
interest rate. The final condition is the payoff function Λ(x, y) at expiry date T

u(x, y, T ) = Λ(x, y). (2.2)

For instance, for European vanilla call option, the payoff at expiry is Λ(x, y) = max(x −
K, y −K, 0) with a given strike price K.
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3. DISCRETIZATION WITH FINITE DIFFERENCES

A finite difference method approximates derivatives by difference operators and is a common
numerical method. For an introduction to these methods we can recommend the books [10,
12, 13, 14, 15]. The original option pricing problems are defined in the unbounded domain
{(x, y, t)|x ≥ 0, y ≥ 0, t ∈ [0, T ]}. We need to truncate this domain into a finite computational
domain Ω = {(x, y, t)|0 ≤ x ≤ L, 0 ≤ y ≤ M, t ∈ [0, T ]}, where L and M are large enough
so that the error of the price u arisen by the truncation is negligible [44]. Using τ = T − t, we
have

∂u

∂τ
=

1

2
(σ1x)

2∂
2u

∂x2
+

1

2
(σ2y)

2∂
2u

∂y2
+ σ1σ2ρxy

∂2u

∂x∂y
+ rx

∂u

∂x
+ ry

∂u

∂y
− ru, (3.1)

for (x, y, τ) ∈ Ω × (0, T ] with an initial condition u(x, y, 0) = Λ(x, y). Now, let us first
discretize the given computational domain Ω as a uniform grid with a space step h = L/Nx =
M/Ny and a time step Δτ = T/Nτ . Here, Nx, Ny, and Nτ are the number of space and time
steps, respectively. Let us denote the numerical approximation of the solution by

unij = u(xi, yj , τ
n) = u ((i− 0.5)h, (j − 0.5)h, nΔτ) ,

where i = 1, . . . , Nx, j = 1, . . . , Ny, and n = 1, . . . , Nτ . By applying the Crank–Nicolson
scheme to Eq. (3.1), which has an accuracy O(Δτ2 + h2), we have

un+1
ij − unij

Δτ
=

1

2

(
Lun+1

ij + Lunij
)
,

where the discrete difference operator L is defined by

Lunij =
(σ1xi)

2

2

uni−1,j − 2unij + uni+1,j

h2
+

(σ2yj)
2

2

uni,j−1 − 2unij + uni,j+1

h2

+σ1σ2ρxiyj
uni+1,j+1 + uni−1,j−1 − uni−1,j+1 − uni+1,j−1

4h2
(3.2)

+rxi
uni+1,j − uni−1,j

2h
+ ryj

uni,j+1 − uni,j−1
2h

− runij .

We rewrite Eq. (3.2) by

N(un+1
ij ) = φn

ij , (3.3)

where N(un+1
ij ) = un+1

ij − Δτ
2 Lun+1

ij and φn
ij = unij +

Δτ
2 Lunij .

4. NUMERICAL METHOD

4.1. Dynamic adaptive mesh refinement method. In this section, we present an adaptive
hierarchy of nested rectangular grids [37]. Both the initial creation of the grid hierarchy and the
subsequent regriding operations in which the grids are dynamically changed to reflect changing
solution conditions use the same procedure to create new grids [45]. Cells requiring additional
refinement are identified and tagged using user-supplied criteria. The tagged cells are grouped
into rectangular patches using the clustering algorithm given in Berger and Rigoutsos [46].
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These rectangular patches are refined to form the grids at the next level. The process is repeated
until a specified maximum level is reached. We consider a hierarchy of grids

Ω0, . . . ,Ωl,Ωl+1, . . . ,Ωl+l∗ ,

where Ω0, . . . ,Ωl are global and Ωl+1, . . . ,Ωl+l∗ are local grids. A typical hierarchy of grids
for the solution of the problem is shown in Fig. 1.

0 50 100 150 200 250 300
0

50

100

150

200

250

300

Ω0

0 50 100 150 200 250 300
0

50

100

150

200

250

300

Ω1

0 50 100 150 200 250 300
0

50

100

150

200

250

300

Ω1+1

0 50 100 150 200 250 300
0

50

100

150

200

250

300

Ω1+2

FIGURE 1. Hierarchy of grids when l = 1 and l∗ = 2.

In this case, Ω0 and Ω1 are global grids (l = 1) and the refined grids Ωl+1, Ωl+2 (l∗ = 2)
cover increasingly smaller subdomains as indicated in Fig. 2. For instance, we can apply
the refined local grids near the strike price since the values of options are not smooth near the
strike price. We note that the grid refinement is automatically done by user-specified criteria. In
addition to the global and the local grids, we consider their “composition”. The corresponding
sequence of composite grids (see Fig. 2) is defined by
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FIGURE 2. Composite grids corresponding to the hierarchy of grids in Fig. 1
when l = 1 and l∗ = 2.

Ω̂k := Ωk (k = 0, . . . , l) and Ω̂l+k := Ωl ∪
k⋃

j=1

Ωl+j (k = 1, . . . , l∗).
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We use the original multi-level adaptive technique (MLAT) proposed by Brandt [47]. We
now describe an adaptive multigrid cycle. Let us use the operator in Eq. (3.3) Nk (k =
0, 1, . . . , l, l + 1, . . . , l + l∗) and the restriction and interpolation operators between Ωk and
Ωk−1, Ik−1k , Ikk−1 (k = 1, 2, . . . , l, l+1, . . . , l+ l∗) respectively. Let us assume the parameter
γ (the number of smoothing iterations), and starting on the finest grid k = l+l∗, the calculation
of a new iterate um+1

k from a given approximation umk proceeds: The details of overall steps
are given in Algorithm 1.

Algorithm 1 Adaptive cycle

um+1
k = adapcyc(k, umk , umk−1, Nk, φk, γ)

1. Presmoothing

- Compute ūmk by applying γ smoothing steps, Eq. (4.3), to umk on Ωk.
2. Coarse-grid correction

- Compute

ūmk−1 =
{
Ik−1k ūmk on Ωk−1 ∩ Ωk

ūmk−1 on Ωk−1 − Ωk

- Compute the right-hand side

φn
k−1 =

{
Ik−1k (φn

k −Nk(ū
m
k )) +Nk−1Ik−1k ūmk on Ωk−1 ∩ Ωk

φn
k−1 on Ωk−1 − Ωk

- Compute an approximate solution ŵm
k−1 of the coarse grid equation on Ωk−1

Nk−1(wm
k−1) = φn

k−1. (4.1)

If k = 1, employ smoothing steps.
If k > 1, solve Eq. (4.1) using ūmk−1 as an initial approximation.

ŵm
k−1 = adapcyc(k − 1, ūmk−1, u

m
k−2, Nk−1, φk−1, γ).

- Compute the correction v̂mk−1 = ŵm
k−1 − ūmk−1, on Ωk−1 ∩ Ωk.

- Set the solution um+1
k−1 = ŵm

k−1, on Ωk−1 − Ωk.
- Interpolate the correction v̂mk = Ikk−1v̂

m
k−1, on Ωk.

- Compute the corrected approximation um, after CGC
k =ūmk + v̂mk , on Ωk.

- Carry out a quadratic interpolation at the ghost points.
3. Postsmoothing

- Compute um+1
k by applying γ smoothing steps to um, after CGC

k on Ωk.

Our implementation of this algorithm is constructed using the CHOMBO infrastructure [42],
which has simplified the implementation of the locally adaptive algorithm. To perform the
nonlinear multilevel AMR solver, we use and modify the CHOMBO AMR elliptic solver. This
solver is based on a linear multigrid algorithm.
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4.2. Relaxation method in a multigrid cycle. Now we derive a Gauss–Seidel relaxation op-
erator. First, we rewrite Eq. (3.3) as

un+1
ij =

[
φn
ij +

Δτ

2

(
(σ1xi)

2

2

un+1
i−1,j + un+1

i+1,j

h2
+

(σ2yj)
2

2

un+1
i,j−1 + un+1

i,j+1

h2

+σ1σ2ρxiyj
un+1
i+1,j+1 + un+1

i−1,j−1 − un+1
i−1,j+1 − un+1

i+1,j−1
4h2

(4.2)

+ rxi
un+1
i+1,j − un+1

i−1,j
2h

+ ryj
un+1
i,j+1 − un+1

i,j−1
2h

)]
/[

1 +
Δτ

2

(
(σ1xi)

2 + (σ2yj)
2

h2
+ r

)]
.

Next, we replace un+1
kl in Eq. (4.2) with ūmkl if (k < i) or (k = i and l ≤ j), otherwise with

umkl , i.e.,

ūmij =

[
φn
ij +

Δτ

2

(
(σ1xi)

2

2

ūmi−1,j + umi+1,j

h2
+

(σ2yj)
2

2

ūmi,j−1 + umi,j+1

h2

+σ1σ2ρxiyj
umi+1,j+1 + ūmi−1,j−1 − ūmi−1,j+1 − umi+1,j−1

4h2
(4.3)

+ rxi
umi+1,j − ūmi−1,j

2h
+ ryj

umi,j+1 − ūmi,j−1
2h

)]
/[

1 +
Δτ

2

(
(σ1xi)

2 + (σ2yj)
2

h2
+ r

)]
.

Therefore, in a multigrid cycle, one smooth relaxation operator step consists of solving Eq.
(4.3) given above.

5. COMPUTATIONAL RESULTS

In this section, several numerical experiments are performed. To demonstrate its effective-
ness, we compare the total computational cost, i.e., the CPU times with uniform mesh results
on a test problem on the computational domain Ω = (0, 1200)× (0, 1200) with Δτ = 1/1024.
The calculations have been performed on an IBM personal computer with 3.0GHz speed of
3.48GB RAM.

5.1. European vanilla call option. As the benchmark problem, we consider the European
vanilla option problem. This problem is of great interest to academicians in the finance litera-
ture and often used to show the accuracy of a given numerical scheme [7, 48, 49]. The initial
state is u(x, y, 0) = max[max(x, y) − 100, 0]. For the parameters, we take σ1 = σ2 = 0.5,
ρ = 0.5, and r = 0.03. We perform an adaptive mesh refinement every 5 time steps. The
refinement is based on the range of values of u, i.e., we refine the grids if 0.3 < u < 10. We
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compute this with a base 642 mesh with 3, 4, and 5 levels of refinements. To estimate the cost
of the equivalent uniform-grid solution, we compute 1024 time steps on the equivalent 5122,
10242, and 20482 meshes. In Fig. 3, (a) and (b) show the initial profile and the final configu-
ration at time τ = 1 on the adaptive mesh, respectively. We can observe fine meshes around
the region of our interests which are neighborhood of strike prices. And Fig. 3(c) and (d) show
magnified representations of (a) and (b), respectively.

(a) (b)

(c) (d)

FIGURE 3. European vanilla call option: (a) The initial configuration at time
τ = 0. (b) The final configuration at time τ = 1. (c) and (d): Magnified
representations of (a) and (b), respectively.

Next, we compare the CPU times with AMR and uniform mesh results. The computational
results are shown in Table 1 and it is clear that AMR is more efficient than the uniform mesh
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method. We scale CPU time with the AMR method. Here, 1 in CPU time of AMR stands for
the calculation time for AMR method.

TABLE 1. CPU time comparison between uniform mesh and AMR of Euro-
pean vanilla call option.

Case Uniform mesh 5122 AMR with base mesh size, 642

3 levels, effective mesh size 5122

CPU time 68.3 1
Case Uniform mesh 10242 AMR with base mesh size, 642

4 levels, effective mesh size 10242

CPU time 169.7 1
Case Uniform mesh 20482 AMR with base mesh size, 642

5 levels, effective mesh size 20482

CPU time 285.3 1

5.2. Cash-or-Nothing option. Next, we perform the comparison with a cash-or-nothing op-
tion. The initial state is

u(x, y, 0) =

{
Cash if x ≥ K and y ≥ K
0 otherwise.

Here, we simply set Cash = 1 and K = 100. And the other parameters and computational
conditions are chosen as the same in the numerical experiment of European call option. Figure
4(a) and (b) show the initial profile and the final configuration at time τ = 1 on the adaptive
mesh, respectively. And Fig. 4(c) and (d) show magnified representations of (a) and (b),
respectively. Next, the CPU times with AMR and uniform mesh results are presented in Table
2. As shown in Table 2, it is clear that AMR is more efficient than the uniform mesh method.

TABLE 2. CPU time comparison between uniform mesh and AMR of Cash-
or-Nothing option.

Case Uniform mesh 5122 AMR with base mesh size, 642

3 levels, effective mesh size 5122

CPU time 80.2 1
Case Uniform mesh 10242 AMR with base mesh size, 642

4 levels, effective mesh size 10242

CPU time 167.2 1
Case Uniform mesh 20482 AMR with base mesh size, 642

5 levels, effective mesh size 20482

CPU time 180.5 1
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FIGURE 4. Cash-or-Nothing option: (a) The initial configuration at time
τ = 0. (b) The final configuration at time τ = 1. (c) and (d): Magnified
representations of (a) and (b), respectively.

6. CONCLUSIONS

In this paper, we focused on two major aspects that we encounter when applying numerical
methods to option pricing problems such as grid resolutions and domain sizes. We proposed
an adaptive mesh refinement method to solve the Black–Scholes equation. We computation-
ally showed that the proposed adaptive scheme gave much better efficiency than the standard
FDM. In particular, we showed that the use of local refinement resulted in significant savings
in computational time and memory when compared to the equivalent uniform-mesh solution.
Studies of these methods in higher dimensions will be the subject of future research.
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