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ABSTRACT. This paper presents two algorithms based on the Jamshidian equation which is

from the Black-Scholes partial differential equation. The first algorithm is for American call

options and the second one is for American put options. They compute numerically free bound-

ary and then option price, iteratively, because the free boundary and the option price are coupled

implicitly.

By the upwind finite-difference scheme, we discretize the Jamshidian equation with respect

to asset variable s and set up a linear system whose solution is an approximation to the option

value. Using the property that the coefficient matrix of this linear system is an M -matrix, we

prove several theorems in order to formulate a bisection method, which generates a sequence of

intervals converging to the fixed interval containing the free boundary value with error bound

h. These algorithms have the accuracy of O(k + h), where k and h are step sizes of variables

t and s, respectively. We prove that they are unconditionally stable.

We applied our algorithms for a series of numerical experiments and compared them with

other algorithms. Our algorithms are efficient and applicable to options with such constraints

as r > d, r ≤ d, long-time or short-time maturity T .

1. INTRODUCTION

The main stream of earlier option contracts was concerned with European options, but the

option markets nowadays has been related to American options. Unlike European option,
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American option may be exercised at any moment before its maturity time. Hence at each

time t, it is very important to know the option price depending on the asset price s. Addition-

ally, we have to know the optimal asset price s in order to decide whether to exercise the option

right.

As an approach to these questions, the Black-Scholes equation has been used widely [2].

Most of the models for pricing American options have been derived from parabolic free bound-

ary problems which are related with the Black-Scholes equations or with variational inequal-

ities [7, 8]. At each time t, let S(t) be the asset price optimal to exercise the option right.

The curve S(t) is called the free boundary or the optimal exercise curve of the option. Op-

tion price depends on the time variable t and the underlying asset variable s. Because option

price and free boundary are the solutions of implicitly coupled equations, option price can not

be computed without knowing the free boundary S(t). Unfortunately, no explicit formula of

the free boundary has been obtained yet. In option markets, Binomial Tree methods [3] have

been widely used in setting the option price, which is assumed to be independent of the free

boundary.

Assume that the underlying asset pays a continuous dividend d > 0 with a risk-free interest

rate r > 0. Let T denote the date of maturity, σ > 0 the constant volatility of the underlying

asset, and E the exercise price. Let C(t, s) be the price of an American call option and Sc(t)
its free boundary. Similarly, let P (t, s) be the price of an American put option and Sp(t) be its

free boundary.

The Jamshidian equation [5] option offers a particular approach to pricing the values of

American options. This equation is a non-homogeneous Black-Scholes equation of a parabolic

partial differential equation in the infinite domain D∞ = {(t, s) ∣∣ 0 < t < T, 0 < s < ∞}.
Let H(x) be the Heaviside function

H(x) =

{
0 for x < 0,
1 for x ≥ 0.

(1.1)

Let (x)+ = max(x, 0). It is shown in [5, 6] that the American call-option price C(t, s) with

exercise price E satisfies the Jamshidian equation

∂C

∂t
+

1

2
σ2s2

∂2C

∂s2
+ (r − d)s

∂C

∂s
− rC = −(ds− rE)+H(s− Sc(t)) on D∞, (1.2)

subject to the terminal condition of the pay-off function

C(T, s) = max(s− E, 0).

Similarly, the American put-option price P (t, s) with exercise price E satisfies the Jamshid-

ian equation

∂P

∂t
+

1

2
σ2s2

∂2P

∂s2
+ (r − d)s

∂P

∂s
− rP = −(rE − ds)+H(Sp(t)− s) on D∞, (1.3)
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subject to the terminal condition of the pay-off function

P (T, s) = max(E − s, 0).

A semi-explicit formula for an American call option was presented in Ševčoviç [10]. For

numerical approximations to C(t, s), the Jamshidian equation (1.2) was solved explicitly with

already somehow [6] known approximations to the free boundary.

Because of the relation of C(t, s) and Sc(t) in the Jamshidian equation (1.2), the option

price should be computed in connection with the values of the free boundary, which is the most

difficult part in pricing an American option. This problem has been overcome partially by

Kholodnyi [6]. In his work, he derived a semilinear Black-Scholes equation for an American

option and proved the existence and the uniqueness of the solution.

In this paper, unlike other explicit numerical schemes, Algorithm 3.10 for American call

options computes iteravively the implicit solution (C(t, s), Sc(t)) of System (2.4)– (2.5). A

bisection method implementing fixed-point iterations computes the free boundary Sc(t) and

then finite-difference upwind methods computes the option price C(t, s). The free boundary

Sc(t) is treated as a fixed point.

This paper is organized as follows. In Section 2, we shall review the Jamshidian equation

for American options to derive an implicitly coupled system of the Jamshidian equation and

the free boundary equation. The existence and the uniqueness of the solution to this system

was analyzed in Kholodnyi [6].

In Section 3, by using the upwind finite-difference scheme, we shall discretize the Jamshid-

ian equation and set up a linear system. The coefficient matrix of this system is an M -matrix.

We shall use the theory of M -matrix to derive Theorem 3.9, which generates a sequence of

intervals converging to the fixed interval which contains Sc(t) with error bound h. The free

boundary Sc(t) is treated as a fixed point. We shall present two main algorithms. Algorithm

3.10 is for American call options and Algorithm 3.11 is for American put options.

In Section 4, we shall report the numerical results computed by our algorithms for a series

of American call and put options to compare the algorithms with the method in Ševčoviç [10]

and the binomial tree method. We tested various model problems with such as r > d, r ≤ d,

long-time and short-time maturities.

In Section 5, we shall make some remarks on the conclusion and discuss about application

of our algorithms to some other research area.

2. THE IMPLICIT SYSTEM FOR OPTION PRICE AND FREE BOUNDARY

In this section, after reviewing the Jamshidian equation [5] which comes from the Black-

Scholes equation, we shall derive an implicitly coupled system of the option price and the free

boundary.
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Let us introduce some properties of the free boundary Sc(t) for an American call-option

price C(t, s). Although any explicit formula of Sc(t) has not yet been known, there are several

well-known results [1, 10, 12]:

(P1) At the maturity time T , the free boundary Sc(t) is independent of σ and satisfies the

condition Sc(T ) = max(E,
r

d
E).

(P2) The free boundary Sc(t) is a nonincreasing function.

(P3) The free boundary Sc(t) can be defined by Sc(t) = inf{ s ∣∣ C(t, s) = s− E for s ≥
Sc(T )}.

(P4) The free boundary Sc(t) has the lower and upper bounds such that

Sc(T ) ≤ Sc(t) ≤ Su =
λE

λ− 1
for t ∈ [0, T ],

where

λ =
σ2/2− r + d+

√
(σ2/2− r + d)2 + 2σ2r

σ2
.

By the definition in Property (P3), the free boundary Sc(t) divides the infinite region D∞
into Dc and De as in Figure 1; D∞ = Dc ∪De ([1, 12]), where

Dc = {(t, s) ∣∣ 0 < t < T, 0 < s < Sc(t)},
De = {(t, s) ∣∣ 0 < t < T, Sc(t) ≤ s < ∞)}.

We call De the exercise region where early exercise of option right is optimal and Dc the
continuation region where it is not optimal.

On the continuation region Dc, the call-option price C(t, s) is greater than the pay-off func-

tion and is the solution of the Black–Scholes equation:{
C(t, s) > max(s− E, 0), (t, s) ∈ Dc.

∂C
∂t + 1

2σ
2s2 ∂

2C
∂s2

+ (r − d)s∂C∂s − rC = 0, (t, s) ∈ Dc .
(2.1)

On the exercise region De, the call-option price C(t, s) is the pay-off function; C(t, s) =
s− E. Plugging the pay-off function s− E into C(t, s) of the above equation, we have

∂C

∂t
+

1

2
σ2s2

∂2C

∂s2
+ (r − d)s

∂C

∂s
− rC = rE − ds.

Hence, we have{
C(t, s) = s− E, (t, s) ∈ De,

∂C
∂t + 1

2σ
2s2 ∂

2C
∂s2

+ (r − d)s∂C∂s − rC = rE − ds, (t, s) ∈ De.
(2.2)
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0 T
0

Su

Exercise region: C(t,s) = s − E
BS C(t,s) = rE − ds 

Free boundary S
c
(t)

Continuation region: C(t,s)>(s − E)+
BS C(t,s) = 0 

FIGURE 1. Free boundary: continuation region and exercise region.

From Properties (P1)– (P2), it follows that for s ≥ Sc(t)

ds− rE ≥ dSc(T )− rE ≥ 0. (2.3)

Hence,

rE − ds = −(ds− rE) ≤ 0, (t, s) ∈ De.

Using the Heaviside function H in (1.1) and the free boundary Sc(t), we can represent the

differential equations in (2.1)– (2.2) by one equation over one region D∞ = Dc ∪De:

∂C

∂t
+

1

2
σ2s2

∂2C

∂s2
+ (r − d)s

∂C

∂s
− rC = −(ds− rE)+H(s− Sc(t)), (t, s) ∈ D∞.

This equation is called the Jamshidian equation [5, 6]. It can not be solved until the free

boundary Sc(t) is given.

For computations we need to restrict the infinite domain D∞ to a finite domain. Using the

upper bound Su in Property (P4), let us choose a sufficiently large underlying asset value S
with S > Su and take the finite domain

D = {(t, s) ∣∣ 0 < t < T, 0 < s < S} ⊃ Dc.

Since C(t, s) > s− E on Dc, for practical computations we replace the definition of the free

boundary in Property (P3) by

Sc(t) = inf{ s ∣∣ C(t, s) ≤ s− E for s ≥ Sc(T )}, (t, s) ∈ D,
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where “=” is replaced by “≤”.

In this paper, we shall consider the following system with the Jamshidian equation and the

free boundary, for (t, s) ∈ D,

∂C

∂t
+

1

2
σ2s2

∂2C

∂s2
+ (r − d)s

∂C

∂s
− rC = (rE − ds)H(s− Sc(t)), (2.4)

Sc(t) = inf{ s ∣∣ C(t, s) ≤ s− E for s ≥ Sc(T )}, (2.5)

subject to the terminal and boundary conditions

Sc(T ) = max(E,
r

d
E), C(T, s) = max(s− E, 0) for 0 ≤ s ≤ S, (2.6)

C(t, 0) = 0, C(t, S) = S − E, for 0 ≤ t ≤ T. (2.7)

Let φ be the function defined by

φ(u) = inf{ s ∣∣ C(t, s;u) ≤ s− E for s ≥ Sc(T )}, (2.8)

where

∂C(t, s;u)

∂t
+

1

2
σ2s2

∂2C(t, s;u)

∂s2
+ (r − d)s

∂C(t, s;u)

∂s
−rC(t, s;u) = (rE − ds)H(s− u).

Then, the free boundary Sc(t) in (2.4)– (2.5) is a fixed point of φ such that Sc(t) = φ(Sc(t)).

Similarly for the American put option, we consider the system coupled with the Jamshidian

equation and the free boundary, for (t, s) ∈ D,

∂P

∂t
+

1

2
σ2s2

∂2P

∂s2
+ (r − d)s

∂P

∂s
− rP = (ds− rE)H(Sp(t)− s), (2.9)

Sp(t) = sup{ s ∣∣ P (t, s) ≤ E − s for s ≤ Sp(T )}, (2.10)

subject to the terminal and boundary conditions

Sp(T ) = min(E,
r

d
E), P (T, s) = max(E − s, 0) for 0 ≤ s ≤ S, (2.11)

P (t, 0) = E, P (t, S) = 0, for 0 ≤ t ≤ T. (2.12)

Let ψ be the function defined by

ψ(u) = sup{ s ∣∣ P (t, s;u) ≤ E − s for s ≤ Sp(T )}, (2.13)

where

∂P (t, s;u)

∂t
+

1

2
σ2s2

∂2P (t, s;u)

∂s2
+ (r − d)s

∂P (t, s;u)

∂s
−rP (t, s;u) = (ds− rE)H(u− s).

Then, the free boundary Sp(t) in (2.9)– (2.10) is a fixed point of ψ such that Sp(t) = ψ(Sc(t)).
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3. NUMERICAL ALGORITHMS

In this section, we shall present Algorithm 3.10 to solve numerically the implicit system

(2.4)– (2.7) of American call options. Also, we shall present Algorithm 3.11 for American put

options. These algorithms are unconditionally stable.

Let us choose two positive integers N and M . Let k = T/N and h = S/M as the step

sizes of time variable t and underlying asset variable s, respectively. Divide the interval [0, T ]
into N sub-intervals with the grid points

tj = jk, j = N,N − 1, · · · , 0, (3.1)

and the interval [0, S] into M sub-intervals with the grid points

si = ih, i = 0, 1, · · · ,M. (3.2)

Plugging the forward-difference scheme

∂C(tj , si)

∂t
=

C(tj+1, si)− C(tj , si)

k
+O(h),

the central-difference scheme

∂2C(tj , si)

∂s2
=

C(tj , si−1)− 2C(tj , si) + C(tj , si+1)

h2
+O(h2),

and the up-wind scheme

∂C(tj , si)

∂s
= Dν(C(tj , si)) +O(k),

where

Dν(C(tj , si)) =

⎧⎪⎪⎨
⎪⎪⎩

C(tj , si+1)− C(tj , si)

h
if r ≥ d,

C(tj , si)− C(tj , si−1)

h
if r < d,

(3.3)

into the Jamshidian equation (2.4) and neglecting the O-small terms, we approximate the sys-

tem (2.4)– (2.7) by the following discrete system (3.4)– (3.7) for unknown values cji ≈ C(tj , si)

and sjc ≈ Sc(tj) with already known values cj+1
i and sj+1

c : for j = N − 1, · · · , 0 and

i = 1, 2 · · · ,M − 1

cj+1
i − cji

k
+

1

2
σ2s2i

cji−1 − 2cji + cji+1

h2
+ (r − d)siD

ν(cji )− rcji

= (rE − dsi)H(si − sjc), (3.4)

sjc = min{ si
∣∣ cji ≤ si − E for si ≥ sj+1

c }, (3.5)
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with terminal and boundary conditions

sNc = Sc(tN ) = max(E,
r

d
E), cNi = max(si − E, 0), (3.6)

cj0 = 0, cjM = sM − E, for j = N − 1, . . . , 1, 0. (3.7)

Since local truncation errors are O(h2), O(h), and O(k), the finite-difference equation (3.4) is

consistent with the Jamshidian equation (2.4) if ∂2C/∂t2(t, s) and ∂4C/∂s4(t, s) are continu-

ous.

Collecting the like terms of cji−1, cji , and cji+1 in the left-side and all the other terms in the

right-side gives the linear equations, for i = 1, 2, . . . ,M ,

ai,i−1c
j
i−1 + aiic

j
i + ai+1,ic

j
i+1 = cj+1

i + kbi, (3.8)

where

ai,i−1 = k

(
−σ2i2

2
+ min(0, r − d)i

)
,

aii = 1 + k
(
σ2i2 + |r − d|i+ r

)
,

ai,i+1 = k

(
−σ2i2

2
−max(0, r − d)i

)
,

bi = (dsi − rE)H(si − sjc).

Using the boundary conditions in (3.7), let us add two more equations

cj0 = cj+1
0 and cjM = cj+1

M . (3.9)

Let cj = (0, cj1, . . . , c
j
M−1, sM − E)t and b = (0, b1, . . . , bM−1, 0)

t be the column vectors

such that

cj =

⎡
⎢⎢⎢⎢⎢⎢⎣

0
...

cji
...

sM − E

⎤
⎥⎥⎥⎥⎥⎥⎦
, b =

⎡
⎢⎢⎢⎢⎢⎢⎣

0
...

(dsi − rE)H(si − sjc)
...

0

⎤
⎥⎥⎥⎥⎥⎥⎦
.

Using the equations (3.8) and (3.9), we set up the following system (3.10)– (3.11) with un-

known value sjc and vector cj : for j = N − 1, N − 2, . . . , 0

Acj = cj+1 + kb(sjc), (3.10)

sjc = min{ si
∣∣ cji ≤ si − E for si ≥ sj+1

c }, (3.11)
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where A = (aij) is the tri-diagonal (M + 1)× (M + 1) matrix such that

A =

⎡
⎢⎢⎢⎢⎣

1 0
a10 a11 a12

ai−1,i aii ai,i+1

aM−1,M−2 aM−1,M−1 aM−1,M

0 1

⎤
⎥⎥⎥⎥⎦ ,

In order to solve the above system for sjc and cj , let us introduce the theory of M -matrix [9].

Let x = (x1, . . . , xn)
t be a column vector and L = (lij) be an n× n matrix. Let

x ≥ 0 if and only if xi ≥ 0 for all i,

and

L ≥ 0 if and only if lij ≥ 0 for all i and j.

Definition 3.1. ([9]) A matrix L is an M -matrix, if its entries lij satisfy lij ≤ 0 for i 	= j
and its inverse L−1 exists with L−1 ≥ 0.

Let us use the vector and matrix norms defined by

‖x‖∞ = max
1≤i≤n

|xi|, ‖L‖∞ = max
1≤i≤n

n∑
j=1

|lij |.

The following theorem can be found in [9].

Theorem 3.2. (M-criterion, [9]) Let the matrix L satisfy lij ≤ 0 for i 	= j. Then L is an
M -matrix if and only if there exists a vector e > 0 such that Le > 0. Furthermore, if L is an
M -matrix, then there exists its inverse matrix L−1 with

‖L−1‖∞ ≤ ‖e‖∞
mini(Le)i

.

Theorem 3.3. The matrix A in (3.10) is an M -matrix. Furthermore, there exists its inverse
matrix A−1 with ‖A−1‖∞ ≤ 1.

Proof. Clearly, the tridiagonal matrix A satisfies the condition aij ≤ 0 for i 	= j. For the

column vector e = (1, 1, · · · , 1)t > 0, since r ≥ 0 we have

Ae ≥ (1, 1 + rk, . . . , 1 + rk, 1)t > 0.

Hence, by Theorem 3.2 the matrix A is an M -matrix. Furthermore,

‖A‖∞ ≤ ‖e‖∞
mini(Ae)i

=
‖e‖∞
(Ae)1

= 1.

This completes the proof. �
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Since A is nonsingular, the linear system system (3.10) can be written as

cj = A−1cj+1 + kA−1b(sjc), j = N − 1, N − 2, . . . , 0. (3.12)

Theorem 3.4. The problem to compute cj by (3.12) is unconditionally stable with respect to
the time-marching iteration j. This means that the initial error does not grow as j increases.
The step sizes k and h can be taken independently.

Proof. It is enough to prove that the spectral radius λ(A) ≤ 1. By Theorem 3.3, the matrix

A is an M -matrix with ‖A−1‖∞ ≤ 1. It is well-known that λ(A) ≤ ‖A−1|∞. Hence,

λ(A) ≤ 1. This completes the proof. �

3.1. Fixed-Point Iteration and Fixed Interval. Define a column vector b(u) with a variable

u by

b(u) =

⎡
⎢⎢⎢⎢⎢⎣

0
(ds1 − rE)H(s1 − u)

...

(dsM−1 − rE)H(sM−1 − u)
0

⎤
⎥⎥⎥⎥⎥⎦ . (3.13)

Specifying the dependency on variables cj and sjc, we rewrite the system (3.10)– (3.11) as{
cj(sjc) = A−1cj+1 + kA−1b(sjc),

sjc(c
j) = min{si

∣∣ cji (sjc) ≤ si − E for si ≥ Sc(T )},
(3.14)

for each j = N − 1, N − 2, · · · , 0.

Define the function φh of variable u by

φh(u) = min{ si
∣∣ cji (u) ≤ si − E for si ≥ Sc(T )}, (3.15)

where

cj(u) = A−1cj+1 + kA−1b(u) (3.16)

is defined with the terminal and boundary conditions in (3.6)– (3.7). Then, the free boundary

sjc is a fixed point of the function φh such that sjc = φh(s
j
c).

As for American put options, the free boundary sjp is a fixed point of the function ψh defined

by

ψh(u) = max{ si
∣∣ pji (u) ≤ E − si for si ≤ Sp(T )}, (3.17)

where

pj(u) = A−1pj+1 + kA−1b(u) (3.18)

is defined with the terminal and boundary conditions in (2.11)– (2.12).

Remark. Note that φh(u) and ψh(u) belong to the finite set {s0, s1, . . . , sM}.
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Theorem 3.5. For each u ≥ Sc(T ), the column vector cj(u) in (3.16) becomes positive:

cj(u) ≥ 0, j = N − 1, · · · , 1, 0. (3.19)

Proof. By (3.6), we have cN ≥ 0. Suppose that cj+1 ≥ 0 for j = N − 1, N − 2, . . . , 0.

From (2.3),

dsi − rE ≥ 0 if si ≥ u ≥ Sc(T ), i = 1, 2, . . . ,M − 1. (3.20)

This gives

bji (u) = (dsi − rE)H(si − u)

=

{
dsi − rE if si ≥ u,
0 if si < u,

≥ 0.

Consequently, bj(u) ≥ 0 for u ≥ Sc(T ). From Theorem 3.3, A is an M -matrix. Hence,

A−1 > 0. Therefore,

cj(u) = A−1(cj+1 + kbj(u)) ≥ 0.

This complete the proof. �

Theorem 3.6. (Inverse-Monotone) Let u1 ≥ Sc(T ) and u2 ≥ Sc(T ) be two numbers. If
u1 ≤ u2, then

cj(u1) ≥ cj(u2), j = N − 1, · · · , 1, 0. (3.21)

Proof. By (2.3), we have dsi − rE ≥ 0 for si ≥ u1. Hence,

bji (u1)− bji (u2) = (dsi − rE){H(si − u1)−H(si − u2)}
=

{
dsi − rE if u1 ≤ si < u2,
0 otherwise,

≥ 0,

for each i = 1, 2, . . . ,M − 1.

Thus, the inequality A−1 ≥ 0 gives

cj(u1)− cj(u2) = kA−1
(
bj(u1)− bj(u2)

)
= kA−1

(
0, bj1(u1)− bj1(u2), . . . , b

j
M−1(u1)− bjM−1(u2), 0

)t
≥ 0,

for each j = N − 1, N − 2, . . . , 0. This completes the proof. �
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Theorem 3.7. (Fixed Interval Theorem) Let ξ be the fixed point at time tj of the function φ in
(2.8). If h and k are sufficiently small, then there exists an interval [hq, h(q + 1)] = [sq, sq+1]
which has the properties:

ξ ∈ [sq, sq+1] and φh(u) ∈ [sq, sq+1] for each u ∈ [sq, sq+1]. (3.22)

This interval [sq, sq+1] is called the fixed interval of φh.

Proof. Since ξ is a fixed point of φ, there exists a number δ > 0 such that, for each δ1 < δ,

φ(u) ∈ [ξ − δ1, ξ + δ1] for each u ∈ [ξ − δ1, ξ + δ1].

Note that the component cji of the vector cj approximates C(tj , si) with error bound O(k+h).
Hence, if k and h are sufficiently small, then there exists a positive number δ2 with δ2 < δ1
such that

φh(u) ∈ [ξ − δ2, ξ + δ2] for each u ∈ [ξ − δ2, ξ + δ2].

For each h, there exists an unique interval [sq, sq+1] that contains ξ. Since the interval is

contained in [ξ − δ2, ξ + δ2] for sufficiently small h, we may assume that φh[sq, sq+1] ⊂
[sq, sq+1]. This completes the proof. �

Let us define the distance between an interval and a number ζ by

‖[a, b]− ζ‖∞ = max
w∈[a,b]

|w − η|.

Theorem 3.8. (Bracket Theorem) Let k and h be sufficiently small and [sq, sq+1] be the fixed
interval of φh. Then at time tj , we have

ξ ∈ [sq, sq+1] ⊂ [min(u, φ(u))− h, max(u, φ(u)) + h] for each u ≥ Sc(T ). (3.23)

Proof. Since both ξ and φh(ξ) are in the fixed interval [sq, sq+1],

sq ≤ ξ ≤ sq+1 and sq ≤ φh(ξ) ≤ sq+1.

(i) If u ∈ [sq, sq+1], then both u and φh(u) are in the fixed interval [sq, sq+1]. Hence,

[sq, sq+1] ⊂ [min(u, φ(u))− h, max(u, φ(u)) + h].

(ii) If Sc(T ) ≤ u < sq, then u ≤ ξ. By the inverse-monotone theorem 3.6, we have

φh(ξ) ≤ φh(u). Thus sq+1 ≤ φh(ξ) + h ≤ φh(u) + h. Hence,

[sq, sq+1] ⊂ [u, φh(u) + h] ⊂ [u− h, φ(u) + h].

(iii) If sq+1 < u, then ξ ≤ u. Thus φh(u) ≤ φh(ξ). Since φh(u)− h ≤ φh(ξ)− h ≤ sq,

[sq, sq+1] ⊂ [φ(u), u+ h] ⊂ [φ(u)− h, u+ h].
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Consequently, we have

[sq, sq+1] ⊂ [min(u, φ(u))− h, max(u, φ(u)) + h].

This completes the proof. �

3.2. Bisection Method. Choose a number u0 with Sc(T ) ≤ u0 ≤ S as an initial approxima-

tion to ξ = Sj
c and let I0 = [a0 − h, b0 + h] where

a0 = min(u0, φh(u0)) and b0 = max(u0, φh(u0)).

Then by (3.23) in Theorem 3.8, ξ ∈ [sq, sq+1] ⊂ I0.

Choose the mid point of I0 and denote it by u0 = (a0 + b0)/2. Again by (3.23) in Theorem

3.8, we have ξ ∈ [sq, sq+1] ⊂ [min(u0, φ(u0))− h, max(u0, φh(u0)) + h]. Hence,

ξ ∈ [sq, sq+1] ⊂ ([min(u0, φ(u0))− h, max(u0, φh(u0)) + h] ∩ I0)

If u0 < φh(u0), then set a1 = u0 and b1 = b0; otherwise, set a1 = a0 and b1 = u0. Let

I1 = [a1 − h, b1 + h], then ξ ∈ [sq, sq+1] ⊂ I1 ⊂ I0. Continuing this process n times, we

obtain a sequence of intervals {I0, I1, I2, . . . In} such that

ξ ∈ [sq, sq+1] ⊂ In ⊂ In−1 ⊂ · · · ⊂ I0, (3.24)

where In = [an−h, bn+h]. Since bn−an = (b0−a0)/2
n, we have |In| = |[an−h, bn+h]| =

(b0 − a0)/2
n + 2h. So far we have proved the following theorem.

Theorem 3.9. (Bisection Method) If h and k are sufficiently small, then the intervals in (3.24)
have the properties:

(i) |In| = (b0 − a0)/2
n + 2h for each n = 1, 2, . . . .

(ii) Since ξ ∈ In, ‖In − ξ‖∞ ≤ |In| for each n = 1, 2, . . . .

Now, we formulate the main algorithm 3.10, which implements the bisection method in

Theorem 3.9 to produce numerical values of sjc and cj , where sjc ≈ Sc(tj) and cji ≈ C(tj , si).

Algoritm 3.10. (Americal call option)

for j = N − 1, · · · , 1, 0
Choose an initial approximation u0 with Sc(T ) ≤ u0 ≤ S;
Compute cj(u0);
Compute φh(u0);
ua := min(u0, φh(u0));
ub := max(u0, φh(u0));
while (ub − ua ≥ ε)

uc := (ua + ub)/2;
Compute cj(uc);
Compute φh(uc);
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if (uc < φh(uc))
ua := uc;

else
ub := uc;

end
uc := (ua + ub)/2;
sjc := uc;
Compute cj(uc);
end

Since the free boundary Sc(t) is a nondecreasing function of t, sj+1
c ≥ Sc(T ). Thus at time

tj , the already computed value sj+1
c is recommended as a good initial approximation u0.

For American put options, we formulate the following algorithm:

Algoritm 3.11. (American put option)

for j = N − 1, · · · , 1, 0
Choose an initial value u0 with 0 < u0 ≤ Sp(T );
Compute pj(u0);
Compute ψh(u0);
ua := min(u0, ψh(u0));
ub := max(u0, ψh(u0));
while (ub − ua ≥ ε)

uc := (ua + ub)/2;
Compute pj(uc);
Compute ψh(uc);
if (uc < ψh(uc))

ua := uc;
else

ub := uc;
end

uc := (ua + ub)/2;
sp(tj) := uc;
Compute pj(uc);
end

4. NUMERICAL EXPERIMENTS

In this section, we tested Algorithm 3.10 and Algorithm 3.11 for American options with

various parameters as well as with short-time maturity T and long-time maturity T . We shall

report the numerical outputs computed by these Algorithms and compare them with the outputs

computed by other methods. All numerical computations were done with C-Language. Most of
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the comparisons were done together with Binomial Tree method, which is popular for pricing

American options.

Using the outputs done with American call options, we present Tables 1– 4 and Figures 2–

5. And also, with American put option, we present Table 5 and Figure 6. In Figures 2– 6, all

graphs have been plotted by linear interpolations obtained with numerical values on the grid

points.

4.1. Numerical Results for American Call Option. In Table 1, in the upper block we dupli-

cate the numerical outputs out of [10], where computations were done for parameters σ = 0.2,

r = 0.1, d = 0.05, E = 10, and the maturity T = 1. The free boundary value Sc(0) = 22.3754
was reported there. To compare Algorithm 3.10 with the algorithm in [10] fairly, we took the

same parameters σ, r, d, E, and T . With the numbers S = 25, M = 200, N = 200, and

ε = 0.5h, we tested Algorithm 3.10 and got the numerical value s0c = 22.4401 of the free

boundary Sc(0). In the lower block, we present the numerical outputs computed by Algorithm

3.10 and the output done by Binomial Tree method [4] with 100 depth of the tree.

In Figure 2, we plot the graphs of the output computed by Algorithm 3.10, with numerical

values of free boundary Sc(t) in the left-side, and with numerical values of option price C(0, s)
in the right-side. We plot together four graphs of free boundary obtained with M = N = 200,

400, 800, and 1600. For M = N = 1600 we had the numerical value sc(0) = 22.3833 of the

free boundary Sc(0).

TABLE 1. An American call option: numerical values of C(0, s).

method \ s 15 18 20 21 22.3754

Method of [10] (Table 1, [10]) 5.15 8.09 10.03 11.01 12.37

Trinomial Tree (Table 1, [10]) 5.15 8.09 10.03 11.01 12.37

Other Finite Difference (Table 1, [10]) 5.49 8.48 10.48 11.48 12.48

Analytic Approximation (Table 1, [10]) 5.23 8.10 10.04 11.02 12.38

method \ s 15 18 20 21 22.4401

Algorithm 3.10 5.2316 8.0936 10.0304 11.0106 12.4399

Binomial Tree 5.2308 8.0932 10.0301 11.0105 12.4401

Comparing the numerical values in Table 1, we see that the outputs of our Algorithm 3.10 are

likely best among all the methods for pricing the American call option. Since the algorithm uses

tridiagonal systems, it is fast and accurate. We see that the values C(0, s) done by Algorithm

3.10 are as accurate as those by Binary Tree.

In Figure 2, the graphs of the free boundary are non-increasing. They have staircases, but

seem to converge with the expected O(k + h)-error bound. For large asset variable s > E, the

graph of the price C(0, s) is sufficiently close to that of the pay-off function max(s− E, 0).
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FIGURE 2. An American call option: numerical values of Sc(t) and of C(0, s)
by Algorithm 3.10.

4.2. Numerical Results for Long-time American Call Option. We tested Algorithm 3.10

for a long-time American call option, with the numbers T = 100, S = 30, M = 30000,

N = 40000, and ε = 0.5h. We took the parameters σ = 0.2, r = 0.1, d = 0.05 and E = 10.

Property (P4) produced the upper bound Su = 26.4339 of the free boundary Sc(t). On the

other hand, Algorithm 3.10 produced the numerical value s0c = 26.4346 of the free boundary

Sc(0).

In Table 2, Algorithm 3.10 produced the numerical values of C(0, s) as accurately as Bi-

nomial Tree method did with 5000 depth of the tree. Algorithm 3.10 seems to be reliable and

stable for the numerical computations a long maturity T .

In Figure 3, Algorithm 3.10 plots graphs for numerical values for the free boundary Sc(t)
and the option price C(0, s). The graph of Sc(t) is non-increasing. For large asset variable

s > E, the graph of C(0, s) is sufficiently close to that of the pay-off function. Algorithm 3.10

behave correctly for the long-time American call option.

TABLE 2. A long-time American call option: numerical values of C(0, s).

method \ s 15 18 21 24 26.4346

Algorithm 3.10 6.6061 8.8573 11.3497 14.0690 16.4346

Binomial Tree 6.6042 8.8551 11.3484 14.0675 16.4346



BISECTION METHODS FOR AMERICAN OPTIONS 17

0 20 40 60 80 100
20

21

22

23

24

25

26

27

time t

S
c (

t)

0 5 10 15 20 25 30
0

5

10

15

20

asset value s
ca

ll−
op

tio
n 

va
lu

e

C(s,0)
max(s−E,0)

FIGURE 3. A long-time American call option: numerical values of Sc(t) and

of C(0, s) by Algorithm 3.10.

4.3. Numerical Results for Short-time American Call Option. We tested Algorithm 3.10

for a short-time American call option with numbers T = 1
365 , S = 25, M = N = 5000,

ε = 0.5h. The short-time behavior of Sc(t) for r > d is known in [12] as

Sc(t) ≈ rE

d

(
1 + ξ0

√
1

2
σ2(T − t) + · · ·

)
for ξ0 = 0.9034. (4.1)

We took parameters σ = 0.2, r = 0.1, d = 0.05, and E = 10. Algorithm 3.10 produced the

numerical value s0c = 20.1336 of Sc(0), while Approximation (4.1) did Sc(0) = 20.1337.

In Table 3, Algorithm 3.10 produced numerical values of C(0, s) as accurately as Binomial

Tree method did with 5000 depth of the tree.

In Figure 4, the graph of Sc(t) obtained by Algorithm 3.10 is non-increasing and close within

the accuracy to the graph done by Approximation (4.1). Algorithm 3.10 behaves correctly for

the short-time American call option.

TABLE 3. A short-time American call option: numerical values of C(0, s).

method \ s 10 12 15 18 20.1336

Algorithm 3.10 0.04244 2.00110 5.00069 8.00027 10.1336

Binomial Tree 0.04244 2.00110 5.00068 8.00027 10.1336
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Algorithm 3.10 and Approximation (4.1)

4.4. Numerical Results for American Call Option with r < d. We tested Algorithm 3.10

for an American call option with the parameters σ = 0.45, r = 0.05, d = 0.1, and E = 10.

In this case r < d. We took the numbers T = 1, S = 20, M = N = 2000, and ε = 0.5h.

Algorithm 3.10 produced the numerical value s0c = 17.5073 of the free boundary Sc(0).

In Table 4, Algorithm 3.10 produced numerical values of C(0, s) as accurate as Binomial

Tree method with 1000 depth of the tree.

In Figure 5, the numerical values of Sc(t) and C(0, s) computed by Algorithm 3.10 behave

correctly for the American call option with r < d

TABLE 4. An American call option for r < d: numerical values of C(0, s).

method \ s 8 10 12 15 17 17.5073

Algorithm 3.10 0.6393 1.5085 2.7441 5.1372 7.0052 7.5073

Binomial Tree 0.6392 1.5082 2.7443 5.1372 7.0052 7.5073

4.5. Numerical Results for American Put Option. Finally, we tested Algorithm 3.11 for the

American put option in the case r > d. We took parameters σ = 0.35, r = 0.07, d = 0.01
(r > d), E = 10, and numbers T = 1, S = 30.0, M = N = 3000, ε = 0.5h. Algorithm 3.11

produced the numerical value s0p = 6.6048 of the free boundary Sp(0).

In Table 5, the numerical values of P (0, s) computed by Algorithm 3.11 are as accurate as

those computed by Binomial Tree method with 1000 depth of the tree.
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FIGURE 5. An American call option for r < d: numerical values of Sc(t) and

of C(0, s) by Algorithm 3.10.

In Figure 6, the graph of numerical values of Sp(t) is non-decreasing. when s is small

with s < E, the graph of numerical values of P (0, s) is close to that of the pay-off function

max(E − s, 0) . Algorithm 3.11 behaves correctly for the American put option with r > d.

TABLE 5. An American put option for r > d: numerical values of P (0, s) by

Algorithm 3.11.

method \ s 6.6048 7 9 10 11 12

Algorithm 3.11 3.3952 3.0183 1.5967 1.1347 0.7968 0.5542

Binomial Tree 3.3952 3.0182 1.5966 1.1344 0.7968 0.5542

5. CONCLUSIONS

In this paper, we present two numerical algorithms. Algorithm 3.10 is for American call

options and Algorithm 3.11 is for American put option. Those algorithms compute numeri-

cal values of option price and free boundary. We showed that the system is unconditionally

stable. The option-price values are computed by the linear system derived by an upwind finite-

difference scheme to the Jamshidian equation (2.4), with O(k + h)-error bound. The free

boundary values related with the option price are computed by a bisection method, which gen-

erates a sequence of intervals converging to the fixed interval containing the free boundary

value within the error h.

Algorithms 3.10 is applicable to American call options not only with a wide range of param-

eters r and d but also with short-time and long-time maturities. It produced numerical values
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FIGURE 6. An American put option for r > d: numerical values of Sp(t) and

of P (0, s) by Algorithm 3.11.

of option price and free boundary as accurately and efficiently as Binomial Tree method did.

Also, Algorithm 3.11 for an American put option showed the same performance.

Both algorithms are applicable to the volatility depending on time variable t and asset-price

variable s. Hence, these algorithms can be used in estimating the local volatility with market

data of option prices.
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ABSTRACT. We consider counterparty risk in CDS rates. To do so, we use a multivariate jump

diffusion process for obligors’ default intensity, where jumps (i.e. magnitude of contribution of

primary events to default intensities) occur simultaneously and their sizes are dependent. For

these simultaneous jumps and their sizes, a homogeneous Poisson process. We apply copula-

dependent default intensities of multivariate Cox process to derive the joint Laplace transform

that provides us with joint survival/default probability and other relevant joint probabilities.

For that purpose, the piecewise deterministic Markov process (PDMP) theory developed in

[7] and the martingale methodology in [6] are used. We compute survival/default probability

using three copulas, which are Farlie-Gumbel-Morgenstern (FGM), Gaussian and Student-t

copulas, with exponential marginal distributions. We then apply the results to calculate CDS

rates assuming deterministic rate of interest and recovery rate. We also conduct sensitivity

analysis for the CDS rates by changing the relevant parameters and provide their figures.

1. INTRODUCTION

In practice, the insolvency of one firm can cause an increase in other firms’ default intensities

due to business links or ties between firms. The mismanagement of subprime mortgages in the

US in the year 2007 which had far reaching consequences provide a perfect illustration in

this effect, and thereby emphasizing the importance for incorporating shocks and dependence

structure in financial modeling.

The jump diffusion process that has been used to represent variables such as the default

intensity, asset returns as well as interest rate (such as the work by [10], [26], [28], [30] and [5])

allows us to capture the effects of shocks. Shock elements can arrive due to primary events such
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as oil and commodity prices, governments fiscal and monetary policies, the release of corporate

financial reports, political and social decisions, rumours of mergers and acquisitions among

firms, the collapse and bankruptcy of firms, the September 11 World Trade Centre catastrophe

and Hurricane Katrina. Each of these events cause jumps in the variable being modelled.

Readers are referred to [36] and [26] for a further discussion of the various motivations for

using a jump diffusion process.

This paper is based on the jump diffusion approach for the case when the firms in the com-

plementary or substitute industry/sector are affected by a common external event. Numerous

papers have examined the modelling for the dependence of default intensities via a point pro-

cess for the purpose of pricing derivative instruments (such as [35], [24], [6], [37], [17] and

[32]). The use of univariate jump diffusion model to represent the reference credit intensity

in pricing the CDS instrument was also explored in [2]. The analytical expression for CDS

and CDS swaptions prices offered in the literature was obtained using the Jamshidian option

decomposition trick as in [20].

Besides the construction of a point process, considerable attention was given to the default

dependence between the obligors. The work by [11] considered joint jumps in the default

intensity for this effect. [25] and [23] developed it further considering the possibility of default-

event triggers that cause joint default. Another approach to incorporate default dependence

between obligors is through the use of copulas ([27], [35], [24], [16] and [28]). The use of

FGM copula with multivariate shot noise process has been explored in [22] which was then

extended in [28] by adding diffusion term to the intensity processes. Both papers adopted

martingale methodology and PDMP technique to derive the survival probability. Using the

same methodology and technique, we examine a multivariate default intensity process where

the jumps occur simultaneously.

We structure the article in the following order: In section 2.2 we define the multivariate jump

diffusion process for obligors’ default intensity and derive the relevant joint Laplace transform

using the PDMP theory and the martingale methodology. These joint Laplace transforms then

lead us to the joint survival/default probability and other relevant joint probabilities. This is fol-

lowed by a numerical example showing how the joint probabilities can be generated capturing

the dependence structure between the vector of event jumps, using three copulas as examples

which are the Farlie-Gumbel-Morgenstern (FGM) copula, Gaussian copula and Student-t cop-

ula. In section 3, we then illustrate how this jump diffusion process can be applied to calculate

CDS rates considering counterparty risk. For that purpose, we assume that the jumps of default

intensities of the CDS seller and reference credit (RC) occur simultaneously and that the de-

pendence structure between their jump sizes are captured by the three copulas. We also assume

deterministic short rate of interest and a deterministic recovery rate for simplicity. This is then

followed by a sensitivity analysis of the CDS rates with respect to relevant parameters such

as the diffusion rate, the constant reversion level, the decay rate at which the default intensity

would retract back to the constant reversion level as well as the jump size of both obligors.

Section 4 contains some concluding remarks.
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2. MODEL SETUP AND THEORETICAL RESULTS

For i = 1, 2, · · · , n denoting obligor i involved in the financial transaction, the multivariate

default intensity model we consider has the following structure:

dλ
(i)
t = c(i)

(
b(i) + a(i)λ

(i)
t

)
dt+ σ(i)

√
λ
(i)
t dW

(i)
t + dL

(i)
t , L

(i)
t =

Mt∑
j=1

X
(i)
j (2.1)

where

•
{
X

(1)
j , X

(2)
j , · · · , X(n)

j

}
j=1,2,···

is a vector sequence of dependent but not identically

distributed random variables with distribution function F (i) (x) (x > 0),
• Mt is the total number of events up to time t,

• W
(i)
t is a standard Brownian motion governing obligor i,

• a < 0, b ≥ 0 and c > 0 with c(i)a(i) being the rate of exponential decay for obligor

i = 1, 2, · · · , n and c(i)b(i) being the constant reversion level for default intensity of

obligor i; and

• σ(i) > 0 is the diffusion coefficient for obligor i.

We also make the additional assumption that the point process Mt is independent of the

vector sequence of jump sizes and that the vector sequence
{
X

(1)
k , X

(2)
k , · · · , X(n)

k

}
k=1,2,···

is

independent of another vector sequence for k 	= j. L
(i)
t is a compound process for the default

intensity of obligor i.

In this model, the dependence between the intensities λ
(i)
t comes from the common event ar-

rival process Mt, together with the dependence between the vector of jumps (X
(1)
j , X

(2)
j , · · · , X(n)

j ).
We assume that event arrival process Mt, (i.e. the simultaneous jump process) follows a homo-

geneous Poisson process with frequency ρ and the vector of jumps is modelled using copulas

([31] and [29]) - that is, the joint distribution of the vector (X
(1)
j , X

(2)
j , · · · , X(n)

j ) is assumed

to be of the form C(F (1), F (2), · · · , F (n)) with C being a given copula.

As specific examples for C in this paper, we use the FGM, the Gaussian and the Student-t

copulas which are given in consecutive manner by

CFGM (u1, . . . , un) =

n∏
i=1

⎛
⎝1 +

n∑
1≤i<j

θij (1− ui)

⎞
⎠ (2.2)

CG(u1, . . . , un) =

Φ−1(u1)∫
−∞

n· · ·
Φ−1(un)∫
−∞

1

2π
√|Θ| exp

(
−1

2
ωTΘ−1ω

)
dudv (2.3)

Ct
υ(u1, . . . , un) =

t−1
υ (u1)∫
−∞

n· · ·
t−1
υ (un)∫
−∞

Γ
(
ν+2
2

)
Γ
(
ν
2

)√
(πυ)2 |Θ|

(
1 +

ηTΘ−1η

ν

)
dudv (2.4)
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where ui ∈ [0, 1] for i = 1, · · · , n. For the elliptical copulas, the correlation paramater

θ ∈ [−1, 1] is contained in the correlation matrix Θ =

⎡
⎢⎣

1 · · · θ1j · · · θ1n
...

. . .
...

θn1 · · · θnj · · · 1

⎤
⎥⎦. We also

define ω=[ ω1 · · · ωn ]T and η=[ η1 · · · ηn ]T where ωi = Φ−1 (ui) and ηi= t−1
υ (ui)

are the inverse Gaussian and inverse Student-t distribution with degrees of freedom υ respec-

tively taken on the variables ui. For the marginal distributions of X
(i)
j in the vector of jumps

(X
(1)
j , X

(2)
j , · · · , X(n)

j ), any continuous distribution can be considered.

With F (i) (xj) = 1 − e−μ(i)xj
(
μ(i) > 0, xj > 0

)
, for i = 1, 2, · · · , n to represent the

marginal distribution, the FGM copula, which is illustrated in Figure 2, is used in this study

for its simplicity and analytical tractability, where it is also used in [22] and [28]. Its simplicity

allows for the closed-form expressions of final results to be easily derived. It is also used to

compare our numerical results against their counterparts in [28]. The Gaussian copula, shown

in Figure 3, is chosen so as to examine the effect of elliptical copula on simultaneous jumps

in the intensity process as it has not been explored previously in the context of CDS pricing

with counterparty risk. We also choose the Student-t copula to incorporate the possibility of

having more frequency of higher and/or smaller as well as opposing joint jumps size impact in

the obligors’ intensity, as shown in Figure 5.

The simulated paths of the jump diffusion process under each copula considered in this

study with exponential jump size distributions is also shown in Figures 2, 4 and 6, where

θ = −0.95, 0 and 0.95.

FIGURE 1. FGM copula with exponential margins and dependence parameter -0.95,

0, 0.95

2.1. Survival and Default Probabilities. Now, let us derive the joint survival probability and

relevant joint probabilities. To do so, we use a multivariate Cox process (N
(1)
t , · · · , N (n)

t ) with

the integrated default intensities Λ
(i)
t =

t∫
0

λ
(i)
s ds (i = 1, 2, · · · , n) to model the joint default

time. We define

τ (i) = inf{t : N (i)
t = 1

∣∣∣N (i)
0 = 0}
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FIGURE 2. Simulated paths of jump diffusion process with dependence struc-

ture capture by FGM copula

FIGURE 3. Gaussian copula with exponential margins and dependence parameter

-0.95, 0, 0.95

as the default arrival time for the firm i = 1, · · · , n, that is equivalent to the first jump time of

the Cox process N
(i)
t (i = 1, 2, · · · , n) respectively.

We derive the joint Laplace transform of the vector (Λ
(1)
t , · · · ,Λ(n)

t ), i.e.

E

(
e−

∑n
i=1 γ

(i)Λ
(i)
t

∣∣∣λ(1)
0 , · · · , λ(n)

0

)
(2.5)
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FIGURE 4. Simulated paths of jump diffusion process with dependence struc-

ture capture by Gaussian copula

FIGURE 5. Student-T copula with exponential margins and dependence parameter

-0.95, 0, 0.95

where γ(i) ≥ 0, as it provides the joint survival/default probabilities by setting γ(i) = 1 in the

equation (2.5) i.e.

Pr
(
τ (1) > t, · · · , τ (n) > t

∣∣∣λ(1)
0 , · · · , λ(n)

0

)
= E

[
e−

∑n
i=1 Λ

(i)
t

∣∣∣λ(1)
0 , · · · , λ(n)

0

]
. (2.6)
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FIGURE 6. Simulated paths of jump diffusion process with dependence struc-

ture capture by student-T copula

Similarly, the expression for joint default probability represented by the following:

Pr
(
τ (1) ≤ t, · · · , τ (n) ≤ t

∣∣∣λ(1)
0 , · · · , λ(n)

0

)
= E

[
(1− e−Λ

(1)
t ) · · · (1− e−Λ

(n)
t )
∣∣∣λ(1)

0 , · · · , λ(n)
0

]
. (2.7)

can be obtained using equation (2.5). For that purpose, the PDMP theory developed by [7] and

the martingale methodology by [6] are used.
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Analogous to the univariate case in [21], the generator A of the process

(Λ
(1)
t , · · · ,Λ(n)

t , λ
(1)
t , · · · , λ(n)

t , t) acting on a function f(Λ(1), · · · ,Λ(n), λ(1), · · · , λ(n), t) be-

longing to its domain is given by

Af(Λ(1), · · · ,Λ(n), λ(1), · · · , λ(n), t)

=
∂f

∂t
+

n∑
i=1

λ(i) ∂f

∂Λ(i)
+

n∑
i=1

c(i)(b(i) + a(i)λ(i))
∂f

∂λ(i))
+

1

2

n∑
i=1

(
σ(i)
√

λ(i)
)2 ∂2f

∂λ(i)2

+ρ

⎡
⎣ ∞∫

0

n· · ·
∞∫
0

f(Λ(1), · · · ,Λ(n), λ(1) + x1, · · · , λ(n) + xn, t)
∂nC(F

X(1) (x1),··· ,FX(n) (xn))

∂x1···∂xn

×dx1 · · · dxn − f(Λ(1), · · · ,Λ(n), λ(1), · · · , λ(n), t)

⎤
⎦

where
∂nC(F

X(1) (x1),··· ,FX(n) (xn))

∂x1···∂xn
is the joint density of event jump sizes.

For f(Λ(1), · · · ,Λ(n), λ(1), · · · , λ(n), t) to belong to the domain of the generator A, it is

sufficient that the function (Λ(1), · · · ,Λ(n), λ(1), · · · , λ(n), t) is differentiable w.r.t. Λ(i), λ(i), t
for i = 1, · · · , n and that

∥∥∥∥∥∥
∞∫
0

n· · ·
∞∫
0

f(·, λ(1) + x1, · · · , λ(n) + xn, ·)∂
nC(F

X(1) (x1),··· ,FX(n) (xn))

∂x1···∂xn
dx1 · · · dxn

−f(·, λ(1), · · · , λ(n), ·)

∥∥∥∥∥∥ < ∞.

Now we find a suitable martingale to derive the joint Laplace transform of the vector(
Λ(1), · · · ,Λ(n), λ(1), · · · , λ(n), t

)
at time t.

Theorem 2.1. Considering constant γ(i) ≥ 0 and k(i) ≥ 0,

exp

[
−

n∑
i=1

(
γ(i)Λ

(i)
t +A(i)(t)λ

(i)
t + c(i)b(i)

∫ t

0
A(i)(s)ds

)]

× exp

[
ρ

∫ t

0
[1− ĉ

(
A(1)(s), · · · , A(n)(s)

)
ds

]

is a martingale where

A(i)(t) =

[
D(i) + c(i)a(i)

]
+
[
D(i) − c(i)a(i)

]
exp
{
D(i)t− k(i)

}
(
σ(i)
)2 (

1− exp
{
D(i)t− k(i)

}) (2.8)

with

ĉ(ζ(1), · · · , ζ(n))

=

∞∫
0

n· · ·
∞∫
0

e−
∑n

i=1 ζ
(i)xi

∂2C(FX(1)(x1), · · · , FX(n)(xn))

∂x1 · · · ∂xn dx1 · · · dxn,
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and D(i) =
√

(c(i)a(i))2 + 2(σ(i))2γ(i).

Proof. The generator of the process has to satisfy Af = 0 for it to be a martingale. Setting

f = eB(t)−∑n
i=1[γ(i)Λ(i)+A(i)(t)λ(i)] obtains the equation

−
n∑

i=1

[
λ(i)A′(i) (t)− c(i)A(i)(t)

(
b(i) + a(i)λ(i)

)
− λ(i)γ(i)

]

−1

2

n∑
i=1

(
σ(i)
√

λ(i)
)2 ∂2f

∂λ(i)2
+B′ (t) + ρ[ĉ

(
A(1)(t), · · · , A(n)(t)

)
− 1] = 0

and solving it results in

A(i)(t) =
(D(i) + c(i)a(i)) + (D(i) − c(i)a(i)) exp

(
D(i)t− k(i)

)
(σ(i))2

[
1− exp

(
D(i)t− k(i)

)]
and B(t) =

n∑
i=1

c(i)b(i)
t∫

0

A(i)(s)ds+ ρ

t∫
0

[1− ĉ(A(1)(s), · · · , A(n)(s))]ds

with D(i) =
√

(c(i)a(i))2 + 2(σ(i))2γ(i) for i = 1, · · · , n.
Hence the result follows. �

Using the martingale in Theorem 2.1, we can easily obtain the joint Laplace transform of

the vector (Λ(1), · · · ,Λ(n), λ(1), · · · , λ(n), t) at time t.

Corollary 2.2. Considering constants α(i) ≥ 0, and γ(i) ≥ 0 ∀i = 1 , · · · ,n the joint Laplace
transform of the vector (Λ(1), · · · ,Λ(n), λ(1), · · · , λ(n), t) is given by

E

[
e−

∑n
i=1 γ

(i)Λ
(i)
t +α(i)λ

(i)
t

∣∣∣λ(1)
0 , · · · , λ(n)

0

]

=
n∏

i=1

[
H(i)(t)

2c(i)b(i)

σ(i)2

]
e
−
(∑n

i=1 G
(i)(t)λ

(i)
0 +ρ

t∫
0

[1−ĉ{G(1)(s),··· ,G(n)(s)}]ds
)

(2.9)

where t > 0, with

G(i)(t)

=
α(i)[(D(i) + c(i)a(i)) + (D(i) − c(i)a(i)) exp(−D(i)t)] + 2γ(i)(1− exp{−D(i)t})
σ(i)2α(i)[1− exp(−D(i)t)] + (D(i) − c(i)a(i)) + [D(i) + c(i)a(i)] exp(−D(i)t)

and

H(i)(t)

=
2D(i) exp[−D(i)+c(i)a(i)

2 t]

σ(i)2α(i)[1− exp(−D(i)t)] + (D(i) − c(i)a(i)) + [D(i) + c(i)a(i)] exp(−D(i)t)
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Proof. Set A(i)(T ) = α(i) for i = 1, 2, · · · , n using (2.8) where t < T , then we have

k(i) = D(i)T − ln

[
c(i)a(i) +D(i) − α(i)σ(i)2

c(i)a(i) −D(i) − α(i)σ(i)2

]
. (2.10)

Substitute (2.10) into (2.8) and the martingale in Theorem 2.1, the result follows immediately.

�
Corollary 2.3. The joint Laplace transform of the vector (Λ(1), · · · ,Λ(n), t) is given by

E

[
e−

∑n
i=1 γ

(i)Λ
(i)
t

∣∣∣λ(1)
0 , · · · , λ(n)

0

]

= exp

[
−

n∑
i=1

G(i)(t)λ
(i)
0

]
×

n∏
i=1

[
H(i)(t)

] 2c(i)b(i)

σ(i)2

× exp

⎡
⎣−ρ

t∫
0

[
1− ĉ

{
G(1)(s), · · · , G(n) (s)

}]
ds

⎤
⎦ (2.11)

Proof. Equation (2.11) follows immediately if we set α(i) = 0 ∀i = 1 , · · ·n in equation (2.9).

�
Using Corollary 2.3, we can easily derive the joint survival/default probability and other

relevant joint probabilities. While FGM copula admits a simple analytical expression, the

same can not be said for Gaussian and Student-t copulas. Hence, we evaluate the probabilities

numerically by replacing the suitable copula formulae in the third component of (2.11). Due to

the dependence of simultaneous event jumps of X(i)’s with sharing event jump frequency rate

ρ, we have that

E

[
e−

∑n
i=1 Λ

(i)
t

]
	= E

[
e−Λ

(1)
t

]
E

[
e−Λ

(2)
t

]
· · ·E

[
e−Λ

(n)
t

]
.

If the event jump X(i) for i = 1, 2, · · · , n occurs by a Poisson process M
(i)
t with its fre-

quency rate ρ(i) respectively and everything else is independent of each other, we have the joint

survival probability of firm i = 1, 2, · · · , n at time t, which is the product of each marginal

survival probability.

2.2. Numerical Examples. In this section, we use the results obtained in the previous section

to calculate survival/default probabilities and relevant joint probabilities. We assume bivariate

dependence structure and a 1-year period (t1 = 0, t2 = 1) for the simplicity of computation.

We also assume constant risk free rate, r = 0.023 and average annual event occurrence ρ = 4
per year. The following table summarizes the parameter values chosen:

In this example, Firm 1 is relatively more robust in terms of shock absorption than its coun-

terpart, Firm 2. The strength of Firm 1 is characterized by a higher decay rate, a lower diffusion

parameter, lower initial default intensity as well as higher jump size parameter (hence lower

average jump size) as opposed to Firm 2.
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TABLE 1. Parameter values for the intensity process in the hypothetical example

Firms c(i) a(i) b(i) σ(i) μ(i) ρ(i) λ
(i)
0

Firm 1 0.5 -1 0 0.025 20 4 0.04

Firm 2 0.05 -1 0 0.25 2 4 0.4

From the equations (2.6), (2.7) and relevant probabilities that accounts for the survival of

each Firm 1 and Firm 2, given by

Pr
(
τ (1) > t, τ (2) < t

∣∣∣λ(1)
0 , λ

(2)
0

)
= E

[
(1− e−Λ

(2)
t )e−Λ

(1)
t

∣∣∣λ(1)
0 , · · · , λ(n)

0

]
, (2.12)

and

Pr
(
τ (1) ≤ t, τ (2) ≥ t

∣∣∣λ(1)
0 , λ

(2)
0

)
= E

[
(1− e−Λ

(1)
t )e−Λ

(2)
t

∣∣∣λ(1)
0 , · · · , λ(n)

0

]
, (2.13)

the calculations of the joint survival/default probabilities and relevant joint probabilities are

shown in Table 3 and 4. The individual survival and default probabilities calculated for Firm 1

and Firm 2 are shown in Table 2.

TABLE 2. Individual survival and default probabilities.

FGM Gaussian Student-t

Pr(τ (1) > 1) 0.891870 0.891870 0.849264

Pr(τ (1) ≤ 1) 0.108130 0.108130 0.150736

Pr(τ (2) > 1) 0.322700 0.322700 0.294917

Pr(τ (2) ≤ 1) 0.677300 0.677300 0.705083

While the individual survival and default probability under the Gaussian and FGM copulas

are equal, those probabilities in Table 2 under the Student-t copula are different as dependent

parameter value θ = 0 does not imply the case of independence, in line with [33]. We also

found that the Student-t copula returns lower survival probability values and higher default

probability values as opposed to its FGM and Gaussian counterparts by 5%. In comparison

with the other 2 copulas, the default probability for Firm 2 (the weaker firm) is also greater

under Student-t copula, suggesting that dependence structure under a Student-t copula could

be a good candidate to depict a riskier environment.

Since Firm 1 is relatively stronger than Firm 2, the individual survival probability of Firm 1

is higher than its counterpart under all copula considered (see Table 2) with Student-t copula
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TABLE 3. Joint survival and default probabilities.

Pr(τ (1) > 1, τ (2) > 1) Pr(τ (1) ≤ 1, τ (2) ≤ 1)

θ FGM Gaussian Student-t θ FGM Gaussian Student-t

−0.95 0.292334 0.290216 0.260738 −0.95 0.077763 0.075646 0.116557
−0.9 0.292393 0.290359 0.260791 −0.9 0.077823 0.075788 0.116611
−0.5 0.292872 0.291711 0.261970 −0.5 0.078032 0.077140 0.117790
0 0.293472 0.293472 0.264586 0 0.078901 0.078901 0.120405
0.5 0.294072 0.295459 0.268433 0.5 0.079502 0.080889 0.124252
0.9 0.294554 0.297207 0.272726 0.9 0.079983 0.082636 0.128546
0.95 0.294614 0.297311 0.273423 0.95 0.080044 0.082740 0.129243

TABLE 4. Other relevant joint probabilities.

Pr(τ (1) > 1, τ (2) < 1) Pr(τ (1) < 1, τ (2) > 1)

θ FGM Gaussian Student-t θ FGM Gaussian Student-t

−0.95 0.599536 0.601654 0.588526 −0.95 0.030367 0.032484 0.034179
−0.9 0.599477 0.601511 0.588472 −0.9 0.030307 0.032342 0.034125
−0.5 0.598998 0.600159 0.587293 −0.5 0.029828 0.03099 0.032946
0 0.598398 0.598398 0.584678 0 0.029229 0.029229 0.030331
0.5 0.597798 0.596411 0.580831 0.5 0.028628 0.027241 0.026484
0.9 0.597316 0.594663 0.576537 0.9 0.028147 0.025494 0.022190
0.95 0.597256 0.594560 0.575841 0.95 0.028086 0.025390 0.021494

giving the lowest value, (approximately 0.85) whereas the FGM and Gaussian copula return

almost 0.90 probability of Firm 1 surviving after 1 year. Hence the joint probabilities given in

the FGM and Gaussian columns of Table 3 and 4 where the survivorship of Firm 2 is concerned,

approach the individual survival / default probabilities of Firm 2, which are approximately 0.3
and 0.7 as given in Table 2, respectively.

With a low individual default probability within 1 year of Firm 1 under each copula, the joint

defaultability of both firms also approaches Firm 1’s individual default probability. Combined

with the low individual survival probability of Firm 2 within 1 year, the probability that Firm 2

would survive after 1 year with Firm 1 defaulting within the same period, is very low (between

0.02 and 0.03) under each copula.

The results in Table 3 and 4 also demonstrate that the FGM, Gaussian and Student-t copulas

show the same pattern, i.e. either increasing or decreasing as the dependence structure repre-

sented by parameter θ progress from negative to positive. We also note that the spread (i.e.

the difference between probabilities corresponding to -0.95 and 0.95) is the widest under the
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Student-t copula (126.8511 bps), followed by Gaussian copula (70.9428 bps) and FGM copula

(22.8044 bps).

Table 3 shows that joint survival and default probability decrease as the value of copula

parameter θ moves from -0.95 to 0.95 as time to default for each firm moves in the same

direction. Thus, when θ = −0.95, we can consider applying the results to calculate joint

survival and default probability for the firms in the substitute industry/sector. For example

when θ = −0.95, consider that Firm 1 produces cars run by petrol and Firm 2 produces cars

run by battery. If the oil price surges due to an external event affecting the car manufacturing

industry, consumers are likely to begin changing their petrol-run cars to battery-run cars.

In contrast, Table 4 show that joint probabilities increase as the value of copula parameter θ
becomes −0.95 (or nearly -1) as time to default for each firm moves in the opposite direction.

Hence when θ = 0.95 (or nearly 1) we can consider applying the results to calculate joint sur-

vival and default probability for the firms in the complementary industry/sector - for instance,

Firm 1 being an air-liner and Firm 2 being a chain hotel. An occurrence of a catastrophic event

such as the September 11 World Trade Centre attacks or the disappearance of Malaysia Air-

lines flight MH370 may cause consumers to travel less via air and subsequently causing hotel

booking rates to fall.

When comparing joint default probability between complementary industries and substitute

industries, it was found that the joint default probability of firms in complementary indus-

tries was higher than its counterpart in substitute industries, which is economically intuitive

(see Pr(τ (1) ≤ 1, τ (2) ≤ 1) in Table 3). When comparing the joint survival probability be-

tween complementary industries and substitute industries, we also found that the joint survival

probability of firms in complementary industries was higher than its counterpart in substitute

industries, which is also economically intuitive (see Pr(τ (1) > 1, τ (2) > 1) in Table 3). The

relevant joint probabilities of the firms in substitute industries are higher than their counterparts

in complementary industries because it is more likely that one firm will fail (or survive) when

the other firm survives (or fails) if they are in substitute industries (see Table 4).

3. APPLICATIONS

3.1. CDS Pricing Under Counterparty Risk. This section applies the results in Section 2 to

the pricing of a financial product. For this purpose, the instrument credit default swaps (CDS) is

chosen as there are three parties involved in this contract - a reference credit, a CDS buyer and

a CDS seller. Note that the dependence is assumed only between the seller and the reference

credit and that the buyer is assumed to be default free.

In calculating the CDS rate, we assume that the deterministic instantaneous rate of interest

r = 0.0023 for a zero-coupon default-free bond. Then its price at time 0, paying 1 at time t is

given by B(0, t) = e−rt.

We denote the default intensity process of the CDS buyer, seller and reference credit by λ
(b)
t ,

λ
(s)
t and λ

(RC)
t respectively. The CDS rate formula, denoted by s, as adopted from [34] is given
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by

s = (1− π)

∑kN
k=1e

rc,s(0, tk−1, tk)∑N
n=1(tkn − tkn−1)B

b
(0, tkn)

(3.1)

where

erc,s(0, tk−1, tk)

= E

⎡
⎢⎢⎢⎢⎣

exp

(
−

tk∫
0

rsds

)[
exp

(
−

tk−1∫
0

λ
(RC)
s ds

)
− exp

(
−

tk∫
0

λ
(RC)
s ds

)]

×
[
exp

(
−

tk∫
0

λ
(s)
s ds

)] ∣∣∣r0, λ(RC)
0 , λ

(s)
0

]
⎤
⎥⎥⎥⎥⎦ ,

B
b
(0, tkn) = E

⎡
⎣exp

⎧⎨
⎩−

tkn∫
0

(
rs + λ(b)

s

)
ds

⎫⎬
⎭
∣∣∣r0, λ(b)

0

⎤
⎦ (3.2)

and tk1 < tk2 < · · · < tkn .

We assume that rt and λ
(i)
t are independent of each other and the recovery rate is determin-

istic. To keep the calculation simple, we use the case of 1-year CDS contract with premium

paid by the buyer every 6 months, i.e. N = 2, t0 = 0, tk1 = 0.5, and tk2 = 1, as well as

recovery rate π. We may also use equation (3.2) to price defaultable bonds as well as credit

spread between default-free bond and defaultable bond.

Assuming recovery rate π = 0.5 with the parameter values used in section 2.2, the parameter

values for the intensity process of the CDS counterparties are shown in Table 5 and the CDS

rate values are shown in Table 6.

TABLE 5. Parameter values for the intensity process of the CDS counterparties

Counterparty c(i) a(i) b(i) σ(i) μ(i) Jump frequency

CDS Seller 0.5 −1 0 0.025 10 4
Reference Credit 0.05 −1 0 0.25 2 4
CDS Buyer 0.2 −1 0 0.1 7 3

As opposed to the elliptical copulas, the CDS rates under FGM copula do not show much

difference as the dependence parameter varies from negative to positive dependence. This is

shown by the value of spread of only 13.2196 bps (given by 0.347543−0.346221) as compared

to the Gaussian copula (41.0831 bps) and Student-t copula (76.3648 bps). We also note that

the CDS rates show a decreasing pattern under all copulas considered as θ varies from neg-

ative correlation to positive correlation, which is a similar pattern to that seen in the survival

probabilities (see Figure 7).
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TABLE 6. CDS rates computed under various copulas dependence structure.

θ FGM Gaussian Student-t

−0.95 0.347543 0.348826 0.354295
−0.9 0.347509 0.348744 0.354262
−0.5 0.347231 0.347905 0.353553
0 0.346884 0.346884 0.351978
0.5 0.346535 0.345732 0.349662
0.9 0.346256 0.344721 0.347077
0.95 0.346221 0.344718 0.346658

Spread (bps) 13.2196 41.0831 76.3648

FIGURE 7. CDS rates under FGM, Gaussian and Student-t copulas.

3.2. CDS rates calculation: Sensitivity analysis. In this section, we conduct sensitivity anal-

ysis of CDS rates with respect to the seller’s and reference credit’s jump size rate, frequency

rate, diffusion rate, decay rate and the reversion level. Since the patterns of CDS rates sen-

sitivity analysis are the same under all copulas, only the findings under Student-t copula are

presented here and we refer the readers to Appendix A for the rest of findings under the Gauss-

ian and FGM copulas.

As shown in Figure 8 and Figure 11, the CDS rate is converging to 0 as the values of

μ(RC) and c(RC) are increased. In contrast, CDS rate also converge to 0 as the value of μ(s)

and c(s) are decreased for the CDS seller. These findings are similar to that of [28] in which
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FIGURE 8. Sensitivity of CDS rates under Student-t copula with respect to

seller’s (left) and RC’s (right) jump sizes, μ(s) and μ(RC) respectively.

FIGURE 9. Sensitivity of CDS rates under Student-t copula with respect to

seller’s and RC’s diffusion rates, i.e. σ(s) and σ(r) respectively.

FIGURE 10. Sensitivity of CDS rates under Student-t copula with respect to

the constant reversion level of seller, b(s), and RC b(RC), with c(s) = c(RC) =
1 and a(s) = a(RC) = −1.

increasing the value of the jump size and decay rate parameter, c(i) for i = s, rc will result in a

monotonically increasing value of CDS rates (for changes in μ(s) and c(s)) and decreasing (for

changes in μ(RC) and c(RC)). Intuitively, from the CDS buyers’ point of view, a CDS contract
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FIGURE 11. Sensitivity of CDS rates under Student-t copula with respect to

seller’s and RC’s decay rate, c(s) and c(r) respectively, where b(s) = b(RC) = 1
and a(s) = a(RC) = −1.

FIGURE 12. Sensitivity of CDS rates under Student-t copula with respect to

frequency of yearly jump events, ρ.

is more attractive when the CDS seller is less likely to default. As long as the CDS seller’s

credit is strong enough, they can hedge against the default risk of the reference credit using a

CDS contract. Hence the lower the CDS rate, the more likely the CDS seller defaults. The

worst case scenario for the CDS buyer is when both the reference credit and the CDS seller

default.

Figure 9 shows a decreasing CDS rates as we increase the value of σ(RC), as well as an

increasing CDS rates as we increase the value of σ(s). Intuitively, an increasing values of

reference credit’s diffusion rate σ(RC) will reduce the CDS rates because the CDS contract

is deemed as less safe since the defaultability of the reference credit becomes more certain,

thereby reducing the survival probability of the reference credit, as can be seen in equa-

tion (3.2). In contrast, while it is slightly difficult to see the intuition behind the increasing

CDS rates as we increase the seller’s diffusion rate σ(s), closely examining the numerator of
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CDS rate (equation (3.2)) easily verifies that the changes in numerator moves in upward direc-

tion as we increase seller’s diffusion rate σ(s), bearing in mind that

E

⎡
⎣exp

⎛
⎝−

tk∫
0

λ(s)
s ds

⎞
⎠∣∣∣r0, λ(RC)

0 , λ
(s)
0

⎤
⎦

have the same form as the default free bond price, as presented in Table 4.3 of [21], which

increased as σ increased.

We also found that the CDS rates show a monotonically increasing and decreasing be-

haviours with respect to changes in σ(s) and σ(RC) respectively. These are different from the

findings shown in Section 4 of [28] which presented a graph showing instability in the values

of the CDS rates resulting from the changes in the two parameters.

Comparing to other parameters of each counterparty, the constant reversion level parameters

b(s) and b(RC) give an opposite direction of changes in the CDS rates, as in Figure 10. Even

though the default threshold level will be discernible only after default occurs, higher b(s) and

b(RC) implies that the default is more likely to happen. Therefore, assuming that the seller has

strong credibility, higher b(RC) allows the seller to demand the buyer to pay higher premium for

the CDS contract as the default event is likely to happen. This is parallel to the justification of

insurers demanding higher premium from smokers for a life insurance contract as opposed to

a non-smoker. On the other hand, higher b(s) implies that the seller is likely to default. Hence,

the CDS rates decrease since reduced credibility of the seller will make the CDS contract less

attractive and induce the CDS buyer to obtain the protection from another seller.

By changing the values of the event jump frequency, ρ, we notice that the value of the CDS

rates will increase up to a certain threshold level under all copula, and decrease thereafter, as

seen in Figure 12. This implies that while initially the seller was able to withstand the default

risk of the reference credit, its ability to absorb that risk declines as the event jumps occur

more frequently. This is not examined extensively in the section 4 of [28] where they presented

a table showing an increasing values of the CDS rates up to ρ = 3.9 only. When the jump

occurrence is too frequent to the extent that it affects both the CDS seller and reference credit,

there is an increasing chance of both counterparties going bust. As aforementioned, this would

be the worst scenario for the CDS buyers and would subsequently make the CDS rates less

valuable from the buyers’ perspective.

4. CONCLUSION

For default intensities, we used the multivariate jump diffusion process in which jumps (i.e.

the magnitude of contribution of primary events to default intensities) occur simultaneously

and their sizes are dependent. To count simultaneous event jumps in default intensities, a

homogeneous Poisson process was used, while to model the dependence structure between

event jump sizes, the FGM copula, Gaussian copula and Student-t copula were used, together

with exponential margins. Simulated paths of the jump diffusion intensity processes under the

three copulas were also presented with various dependence parameter values, θ.
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By applying copula-dependent default intensity to the multivariate Cox process, joint sur-

vival/default probability and other relevant joint probabilities were derived via the joint Laplace

transforms for which the PDMP theory and standard martingale methodology were used. We

then showed an example to calculate joint survival/default probability, with an application to

CDS rate considering counterparty risk. We also conduct sensitivity analyses with respect to

the parameter values involved.

In this study, the multivariate jump diffusion process examined was used to model coun-

terparty risk in CDS rates. This process also has the potential to be applicable to a variety of

problems where multiple transition rates are involved in the realms of economics, finance and

insurance, which could be the object of further research.
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[35] P.J. Schönbucher and D. Schubert, Copula-dependent default risk in intensity models, Working Paper, Depart-

ment of Statistics, Bonn University, 2001.

[36] P. Tankov and E. Votchkova, Jump diffusion models: The practitioner’s guide, Report, Banque et Marchs.

2009.

[37] F. Yu, Correlated defaults in intensity-based models, Mathematical Finance, 17(2), (2006), 155-173.

APPENDIX A. CDS RATES SENSITIVITY ANALYSIS

A.1. FGM Copula.

FIGURE 13. Sensitivity of CDS rates under FGM copula with respect to

seller’s and RC’s jump size jump size (α and β respectively)
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FIGURE 14. Sensitivity of CDS rates under FGM copula with respect to

seller’s and RC’s diffusion rates (σ(s) and σ(r) respectively)

FIGURE 15. Sensitivity of CDS rates under FGM copula with respect to

seller’s and RC’s long term mean (b(s) and b(r) respectively)

FIGURE 16. Sensitivity of CDS rates under FGM copula with respect to

seller’s and RC’s decay rate (c(s) and c(r) respectively)
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FIGURE 17. Sensitivity of CDS rates under FGM copula with respect to fre-

quency of yearly jump events, ρ

A.2. Gaussian Copula.

FIGURE 18. Sensitivity of CDS rates under Gaussian copula with respect to

seller’s and RC’s jump size jump size (α and β respectively)

FIGURE 19. Sensitivity of CDS rates under Gaussian copula with respect to

seller’s and RC’s diffusion rates (σ(s) and σ(r) respectively)
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FIGURE 20. Sensitivity of CDS rates under Gaussian copula with respect to

seller’s and RC’s long term mean (b(s) and b(r) respectively)

FIGURE 21. Sensitivity of CDS rates under Gaussian copula with respect to

seller’s and RC’s decay rate (c(s) and c(r) respectively)

FIGURE 22. Sensitivity of CDS rates under Gaussian copula with respect to

frequency of yearly jump events, (ρ)
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ABSTRACT. In this paper, we present an implicit method for reconstructing a 3D solid model

from two 2D cross section images. The proposed method is based on the Cahn–Hilliard model

for the image inpainting. Image inpainting is the process of reconstructing lost parts of im-

ages based on information from neighboring areas. We treat the empty region between the

two cross sections as inpainting region and use two cross sections as neighboring information.

We initialize the empty region by the linear interpolation. We perform numerical experiments

demonstrating that our proposed method can generate a smooth 3D solid model from two cross

section data.

1. INTRODUCTION

Medical imaging, such as computerized tomography (CT), has greatly increased the infor-

mation available to surgeons and becomes one of the most important diagnostic methods [1].

Medical imaging devices produce three-dimensional medical data in the form of image slices.

In such slice images, the distance between consecutive slices is larger than the size of one pixel

of medical images [2].

To process medical imaging, there have been proposed many interpolation techniques. Among

them, the simplest one is using linear interpolation with gray scale slices [3, 4, 5, 6]. Grevera

and Udupa [7] proposed a shape-based interpolation method to multidimensional grey-level

images. The basic idea of the method consists of first segmenting the given slice image data

into a binary image data, second converting the binary image into a signed distance image

data wherein the point value represents its shortest distance, i.e., positive value for points of

the object and negative for those outside from the cross-sectional boundary. The first step,

called lifting step, transform n-dimensional grey scene to an (n+1)-dimensional binary scene.

Priorly, the method has been usually applied to binary data. To extend the idea to gray-level

images, they used the density distribution of the scene. In the final step, called collapsing step,
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(n+ 1)-dimensional binary scene generated by previous processes is inversely transformed to

n-dimensional grey scene. This method is considered as both scene- and object-based method.

The shape-based interpolation method was also studied in [8].

Guo et al. [1] developed a morphology-based interpolation method by means of a combined

operation of weighted dilation and erosion to overcome drawbacks of a shaped-based inter-

polation method. The significant advantage of the method is that the interpolation could be

successful when two given objects are disjointed. It has been considered as the drawback in

methods based on mathematical morphology. There are three major steps in its algorithm: (i)

make the source and target objects be overlapped on one image, (ii) derive dilation and erosion

vectors at contour of source image and (iii) Determine the size of structure and apply dilation or

erosion process. However, this method has still heavy computational cost and is not able to han-

dle heavy invaginated objects [9]. Lee and Wang proposed another kinds of morphology-based

interpolation method in [10]. Their method gave both reduced computational cost significantly

and flexibility of interpolating three-dimensional structure.

Moreover, Lee and Lin [2] proposed a feature-guided shape-based image interpolation scheme

which integrates feature line-segments to guide the shape-based method for better shape inter-

polation. Their proposed method is able to carry out basic image modification such as transla-

tion, rotation and scaling when given initial images are similar. Also, the scheme is also valid

to dissimilar images.

There are two classification in reconstruction method: explicit and implicit surface methods.

The explicit surface method prescribes the surface geometry in an explicit manner. Whereas,

the implicit surface method uses a scalar function and present the surface using a zero level set

of the function.

In this paper, we propose a fast and accurate implicit numerical method of a partial differen-

tial equation based mathematical model for the three-dimensional volume reconstruction from

two slice data.

This paper is organized as follows. In Section 2, we describe the governing equations for the

image segmentation and the volume reconstruction. Section 3 describes a numerical scheme for

the volume reconstruction. In Section 4, we perform some characteristic numerical experiments

with synthetic and real medical images for volume reconstruction. Finally, our conclusion is

given in Section 5.

2. RECONSTRUCTION PROCESS

To reconstruct a three-dimensional volume from a set of slice data, we consider the following

Cahn–Hilliard equation [11]:

∂φ(x, t)

∂t
= Δμ(x, t), x ∈ Ω, 0 < t ≤ T, (2.1)

μ(x, t) = F ′(φ(x, t))− ε2Δφ(x, t), (2.2)

where x = (x, y, z) is the three-dimensional coordinate, Ω ⊂ R
3 is a domain, φ(x, t) is a

phase-field, which is defined as 1 and −1 in the inside and outside of the reconstructed volume,

and F (φ) = 0.25(1− φ2)(1 + φ2). The surface of the volume is represented by the zero level
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set of φ. Let φtop(x, y) and φbottom(x, y) be the top and the bottom section data on slices S2

and S1, respectively (see Fig. 1).

S2

S1

.

.

.

FIGURE 1. Schematic of slice data

The initial condition is the linear interpolation from two slice data:

φ(x, y, θz2 + (1− θ)z1) = θφtop(x, y) + (1− θ)φbottom(x, y), 0 ≤ θ ≤ 1. (2.3)

Dirichlet boundary condition is applied to φ and homogeneous Neumann boundary condi-

tion is used to μ, i.e., n · ∇μ = 0 on ∂Ω. Here, n is the unit normal vector to the domain

boundary ∂Ω. From the boundary condition of μ, there is a constraint condition:
∫
Ω φ is con-

stant. Equations (3.1) and (3.2) is a gradient flow using an H−1 norm from the following total

energy functional [12]:

E(φ) =
∫
Ω

[
F (φ(x, t)) +

ε2

2
|∇φ(x, t)|2

]
dx. (2.4)

Detailed description of physical, mathematical, and numerical aspects of view can be shown

in [14]. We use the idea from the image inpainting problems [15] and volume reconstruction

problem [13]. The major difference comparing the previous work in [13] is that we do not use

a fidelity term. See [12] to details of a fidelity term.

However, we do not use a fidelity term as used in the previous work [12]. Instead, we use a

Dirichlet type boundary condition.

3. NUMERICAL SOLUTION

For the temporal discretization, we use the unconditionally gradient stable Eyre’s scheme

[16, 17]. We discretize the governing Eqs. (2.1) and (2.2) in three-dimensional space, Ωd =
(0, Lx) × (0, Ly) × (0, Lz). Let xi = (i − 0.5)h, yj = (j − 0.5)h, zk = (k − 0.5)h,

1 ≤ i ≤ Nx, 1 ≤ j ≤ Ny, 1 ≤ k ≤ Nz , where Nx, Ny, and Nz are integers and h = Lx/Nx =
Ly/Ny = Lz/Nz is the uniform mesh size. Let φn

ijk be an approximation of φ(xi, yj , zk, nΔt),

where Δt = T/Nt is the time-step, T is the final time, and Nt is the total number of time-steps.
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Then, we have the following discretization:

φn+1
ijk = φn

ijk +Δt

(
μn+1
i+1,jk + μn+1

i−1,jk

h2

+
μn+1
i,j+1,k + μn+1

i,j−1,k + μn+1
ij,k+1 + μn+1

ij,k−1 − 6μn+1
ijk

h2

)
, (3.1)

μn+1
ijk = (φn+1

ijk )3 − φn
ijk − ε2

(
φn+1
i+1,jk + φn+1

i−1,jk

h2

+
φn+1
i,j+1,k + φn+1

i,j−1,k + φn+1
ij,k+1 + φn+1

ij,k−1 − 6φn+1
ijk

h2

)
. (3.2)

We solve the discrete system of Eqs. (3.1) and (3.2) by using a Gauss–Seidel iteration. It

should be remarked that since we use the Gauss–Seidel iteration there is no restriction on the

number of Nz , unlike in the multigrid method which has a better performance in a computa-

tional point of view.

Let φn+1,m
ijk and μn+1,m

ijk be m-th iterations of the Gauss–Seidel relaxation. Note that φn+1,m
ij

for i = 1, Nx, j = 1, Ny, and k = 1, Nk are not updated by the Gauss-Seidel relaxation

because of its Dirichlet boundary condition. To describe a Gauss–Seidel iteration process,

we first define the source term as (ϕn
ijk, ψ

n
ijk) =

(
φn
ijk/Δt,−φn

ijk

)
. Linearizing (φn+1

ijk )3 at

φn+1,m
ijk , we get (φn+1

ijk )3 ≈ (φn+1,m
ijk )3 + 3(φn+1,m

ijk )2(φn+1
ijk − φn+1,m

ijk ). Then, we can rewrite

Eqs. (3.1) and (3.2) as follows:

φn+1,m+1
ijk

Δt
+

6μn+1,m+1
ijk

h2

= ϕn
ijk +

(
μn+1,m
i+1,jk + μn+1,m

i−1,jk + μn+1,m
i,j+1,k + μn+1,m

i,j−1,k + μn+1,m
ij,k+1 + μn+1,m

ij,k−1

h2

)
,(3.3)

and

−3

(
2ε2

h2
+ (φn+1,m

ijk )2
)
φn+1,m+1
ijk + μn+1,m+1

ijk = ψn
ijk − 2(φn+1,m

ijk )3

−ε2

(
φn+1,m
i+1,jk + φn+1,m

i−1,jk + φn+1,m
i,j+1,k + φn+1,m

i,j−1,k + φn+1,m
ij,k+1 + φn+1,m

ij,k−1

h2

)
. (3.4)

One Gauss–Seidel iteration consists of solving the linear system (3.3) and (3.4) by inversion of

2 × 2 matrix for each i, j and k. This process will stop when the number of iteration is over

50 since it is practically enough, i.e., more number of iteration does not affect to the result,

or ∞-norm of error ||φn+1,m+1
ijk − φn+1,m

ijk ||∞ is less than a given tolerance, 10−5. We update
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values at the top and bottom sections using the following weighted average:

φn+1
ij1 = αφ0

ij1 + (1− α)(2φn+1
ij2 − φn+1

ij3 ), (3.5)

φn+1
ijNz

= αφ0
ijNz

+ (1− α)(2φn+1
ij,Nz−1 − φn+1

ij,Nz−2), (3.6)

where the weighted average constant α ∈ [0, 1].
We adaptively adjust the temporal step size Δt. If the number of Gauss-Seidel iterations is

less than or equal to 3, then we double the size. While the number of iterations is bigger than 3,

we divide the size in halves. From this adaptive time method, we can reduce a computational

cost in the time interval whose error is small enough or have more accuracy in the time interval

whose error is too large.

4. NUMERICAL TESTS

In this section, we perform several numerical experiments to demonstrate the performance

of our proposed scheme. Across the interfacial transition region, the concentration field varies

from −0.9 to 0.9 over a distance of approximately 2
√
2ε tanh−1(0.9). Therefore, if we want

this value to be approximately m grid points, the ε value needs to be taken as follows: εm =
hm/[2

√
2 tanh−1(0.9)] [18]. To overcome the phenomenon called “spontaneous shrinking”,

which would make unnatural reconstructed shapes, we consider the diffused initial condition.

If the spontaneous shrinking happens, a zero contour shrinks spontaneously while the phase-

variable φ shifts from its expected values in the bulk phases even though φ is conserved globally

[19]. Let εm be the coefficient we want to use, then we give an initial condition as φ0(x) =
tanh(x/(

√
2ε2m) rather than tanh(x/(

√
2εm). Unless otherwise specified, we will stop the

numerical computations after 100 time step iterations and parameters ε4, time step Δt = h,

and Nz = 7 are used.

4.1. Energy decreasing. We first check energy decreasing with time in discrete sense before

performing numerical simulations for volume reconstruction. From (2.4), the discrete energy

Eh(φ) can be defined as follow:

Eh(φn) =

Nx−1∑
i=1

Ny−1∑
j=1

Nz−1∑
k=1

ε2h3

2

[
(φi+1,jk − φijk)

2 + (φi,j+1,k − φijk)
2 + (φij,k+1 − φijk)

2
]

+

Nx∑
i=1

Ny∑
j=1

Nz∑
k=1

F (φn
ijk)h

3. (4.1)

Here, the initial conditions are given as two disks with radii 0.15:

φ0
ij1 = tanh

([
0.15−

√
(xi − 0.3)2 + (yj − 0.5)2

]/
(
√
2ε)

)
,

and

φ0
ijNz

= tanh

([
0.15−

√
(xi − 0.3)2 + (yj − 0.5)2

]/
(
√
2ε)

)
.
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Figure 2 represents the graph of Eh(φn) versus time. The result shows that the discrete energy

functional decreasing holds.

0.2 0.4 0.6 0.8
5.9

6

6.1

6.2

x 10
−3

t

Eh
(φ)

FIGURE 2. Graph of Eh(φn) versus time.

4.2. Effect of weight average constant α. We perform numerical simulations to compare the

effect of weight average constant α in Eqs. (3.5) and (3.6). We choose the slices S1 and S2 as

disks with radii 0.3 and 0.2:

φ0
ij1 = tanh

([
0.3−

√
(xi − 0.4)2 + (yj − 0.5)2

]/
(
√
2ε)

)

and

φ0
ijNz

= tanh

([
0.2−

√
(xi − 0.4)2 + (yj − 0.5)2

]/
(
√
2ε)

)
.

Figure (3) shows the reconstructed isosurface with (a) α = 0.1 and (b) α = 0.5. We can clearly

see that the case with α = 0.5 has much better performance than the other. Consequently, we

set α = 0.5 unless otherwise specified in later simulations.

(a) α = 0.1 (b) α = 0.5

FIGURE 3. Reconstructed isosurface with (a) α = 0.1 and (b) α = 0.5.
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4.3. Oblique cylinder. We observe the 3D reconstruction with two elliptic slices in this sec-

tion. Let S1 and S2 be as follows:

φ0
ij1 = tanh

([
0.2−

√
c(xi − 0.4)2 + 0.5(yj − 0.5)2

]/
(
√
2ε)

)

and

φ0
ijNz

= tanh

([
0.2−

√
c(xi − 0.6)2 + 0.5(yj − 0.5)2

]/
(
√
2ε)

)
,

where c = sin(tan−1(5(Nz − 1)h)). The expected reconstruction result is an oblique cylinder

whose cross section is a circle like x2 + y2 = 0.22 since the initial slices are given as elliptic

shapes. To see a relation of this initial condition and expected 3-dimensional structure, Fig. (4)

can be a helpful schematic.

circle

FIGURE 4. Schematic of an oblique cylinder.

Figure (5) shows the temporal evolution of the reconstructed isosurfaces. The temporal

step size Δt = 0.1h and the final iteration number is 1000. The final isosurface structure is

well-matched to our expectation from a little dented initial isosurface.

(a) Initial (b) 100 iteration (c) 1000 iterations

FIGURE 5. Temporal evolution of the reconstructed isosurfaces.
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4.4. Various initial data. We consider four different configurations. The slices S1 and S2 are

given as

(a) Bottom : φ0
ijNz

= tanh

([
0.3−

√
(xi − 0.5)2 + 0.5(yj − 0.5)2

]/
(
√
2ε)

)
,

Top : φ0
ij1 = tanh

([
0.3−

√
0.5(xi − 0.5)2 + (yj − 0.5)2

]/
(
√
2ε)

)
,

(b) Bottom : φ0
ijNz

= tanh

([
0.2−

√
(xi − 0.5)2 + (yj − 0.5)2

]/
(
√
2ε)

)
,

Top : φ0
ij1 =

1

2

[(
tanh

(
[x− 0.15]

/
(
√
2ε)
)
− tanh

(
[x− 0.85]

/
(
√
2ε)
))

×
(
tanh

(
[y − 0.15]

/
(
√
2ε)
)
− tanh

(
[y − 0.85]

/
(
√
2ε)
))

− 1
]
,

(c) Bottom : φ0
ijNz

= tanh

([
0.3−

√
(xi − 0.5)2 + (yj − 0.5)2

]/
(
√
2ε)

)
,

Top : φ0
ij1 = 1 + tanh

([
0.15−

√
(xi − 0.3)2 + (yj − 0.3)2

]/
(
√
2ε)

)

+tanh

([
0.15−

√
(xi − 0.7)2 + (yj − 0.7)2

]/
(
√
2ε)

)
,

(d) Bottom : φ0
ijNz

= tanh

([
0.3−

√
(xi − 0.5)2 + (yj − 0.5)2

]/
(
√
2ε)

)
,

Top : φ0
ij1 = 2 + tanh

([
0.1−

√
(xi − 0.3)2 + (yj − 0.3)2

]/
(
√
2ε)

)

+tanh

([
0.1−

√
(xi − 0.7)2 + (yj − 0.5)2

]/
(
√
2ε)

)

+tanh

([
0.1−

√
(xi − 0.3)2 + (yj − 0.7)2

]/
(
√
2ε)

)
.

In Fig. (6), left columns represent contours of S1 and S2. Right columns represent isosur-

faces reconstructed from respective contours. It is demonstrated that our proposed method has

a good performance of reconstruction with various initial slice data.

5. CONCLUSIONS

In this paper, we presented an implicit method for reconstructing a 3D solid model from

two 2D cross section images. Our proposed model was based on the Cahn–Hilliard equation

used in the image inpainting field. Reconstructing lost parts of images was proceeded based

on information from neighboring areas. As inpainting region, the empty region between the

two cross sections was treated and two cross sections were used as neighboring information.

Linear interpolation was used when initializing the empty region. We performed numerical

experiments demonstrating that our proposed method can generate a smooth 3D solid model
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(a) (b)

(c) (d)

FIGURE 6. Left columns represent contours of S1 and S2. Right columns

represent isosurfaces reconstructed from respective contours.

from two cross section data. Different constant for weighted average was considered for better

performance. Various cases such as oblique cylinder, perpendicular ellipses, circle and square

and branches showed a smooth 3D solid structures. As a future work, we will investigate the

extension of the proposed algorithm to multi-slice cross sections.
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ABSTRACT. When a straight channel formed by two parallel porous plates, through which two

immiscible liquids occupying different heights are flowing a secondary motion is set up. The

motion is caused by moving the upper plate with a uniform velocity about an axis perpendicular

to the plates. The solutions are exact solutions. Here we discuss the effect of suction parame-

ter and the position of interface on the flow phenomena in case of Couette flow. The velocity

distributions for the primary and secondary flows have been discussed and presented graphi-

cally. The skin-friction amplitude at the upper and lower plates has been discussed for various

physical parameters.

1. INTRODUCTION

The fluid flow between porous boundaries is of practical interest in hydrology and petroleum

industry. The problem of water coming is usually encountered in the oil industry when a layer

of water underlies a layer of water forming a system of immiscible fluids. The effect of suc-

tion is to supply an adverse pressure gradient to the fluid which intern causes back flow near

the stationary plate. The velocity profile due to the flow of two incompressible immiscible

fluids between two parallel plates and occupying equal heights was obtained by Bird et al [1].

The problem was extended by Kapur and Sukla [2] to the case of the flow of a number of

incompressible immiscible fluids occupying different heights. Vidyanidhi and Nigam[3] who

have studied the secondary flow when a straight channel, formed by two parallel plates through

which fluid is flowing under a constant pressure gradient, is rotated about an axis perpendicular

to the plates. This problem was later extended by Vidyanidhi [4] in the frame work of hydro-

magnetics and by Vidyanidhi, BalaPrasad and RamanaRao [5] to include the effects of uniform

suction and injection. The later analysis has been made use of by RamanaRao and Balaprasad

[6] in studying the temperature distribution
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Jana and Datta [7] have considered the Couette flow and the heat transfer of a various in-

compressible fluids between two infinite parallel plates which rotate with a uniform angular

velocity about an axis perpendicular to the plates.

V.V.RamanaRao and Narayana [8] extended the work of Jana and Datta [7] on the flow

of two incompressible immiscible fluids occupying equal heights between two parallel plates.

Ch.BabyRani [9] extended the work of V. V. RamanaRao and N. V. Narayana[10] on the flow

of two immiscible liquids occupying different heights between two parallel porous plates for

Poiseuille flow. Ch.Baby Rani [11] studied the heat transfer characteristics for the two liq-

uids occupying different heights in a rotating channel for poiseuille flow. Ch. Baby Rani [12]

considered the combined effect of the pressure gradient and motion of the upper plate and stud-

ied the velocity distributions for the liquids occupying different heights between two parallel

porous plates. Ch. Baby Rani [13] studied the heat transfer characteristics for Generalized

Couette flow of two immiscible liquids occupying different heights between two parallel plates

in a rotating channel.

Here we consider the two liquids occupying different heights between two parallel porous

plates in a rotating system for Couette flow and I discussed the primary flow and the secondary

flow for the two immiscible liquids to obtain the effects uniform suction and injection at the

plates. Olive oil and water can be taken as two immiscible liquids to test the theoretical con-

clusions of this work for setting up an experiment as suggested by Vidyanidhi and Nigam [3].

2. MATHEMATICAL FORMULATION AND ITS SOLUTION

The equations of motion and continuity for the steady state in a rotating frame of reference

O′X ′Y ′Z ′ as considered by Squire (1956) for two immiscible liquids as shown in Fig.1, with

negligible modified pressure, are(−→
U1
m.

−→
∇1

)−→
U1
m + 2

−→
Ω ×

−→
U1
m = vm

−→
∇′2−→U1

m (2.1)

−→
∇1.

−→
U1
m = 0 (m = 1, 2) (2.2)

Here the subscripts 1 and 2 refer to the upper and lower liquids in the ranges ε1 ≤ z1 ≤ L(zone-

I) and −L ≤ Z1 ≤ ε1(zone-II) respectively.
−→
U1
1 ,
−→
U1
2 ,
−→
Ω1 and

−→
r1 are the velocities of the upper

liquid, lower liquid, angular velocity and position vector respectively.

We choose a right handed Cartesian system such that Z1-axis is perpendicular to the mo-

tion of the liquids along the X1-axis between two infinite parallel plates Z1 = ±L(stationary

relative to O′X ′Y ′Z ′).
The motion is caused when the upper plate moves with uniform velocity U0 along the X1-

axis.

The velocities of the two fluids are then represented by

−→
U1
1 =

[
u11
(
z1
)
, v11
(
z1
)
,−Wo

]
,

−→
U1
2 =

[
u12
(
z1
)
, v12
(
z1
)
,−Wo

]
(2.3)

And Ω1 =
(
0, 0,Ω1

)
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FIGURE 1. Schematic diagram

Introducing, the non-dimensional quantities

x1 = xL, y1 = yL, z1 = zL, u11 = u1U0, v11 = v1U0,
u12 = u2U0, v12 = v2U0, ρ2 = λρ1, v2 = μ2v1,

Ω1 = α2v2/L
2 (Taylor number for the lower liquid)

βm =
LΩ1

m

νm
(Suction Reynolds number) (2.4)

Ω1
1ν2 = Ω1

2ν1 then β1 = β2 = β implying that the normal velocity at the plate z1 = −L is

a porous plate through which liquid is forced into the channel with a uniform velocity and the

rate of injection at the lower plate is equal to the suction rate at the upper plate.

Equation (2.1) reduces to

The equations in zone-I (ε ≤ z ≤ L) are

d2u1
dz2

− β
du1
dz

= −2α2μ2v1,
d2v1
dz2

− β
dv1
dz

= 2α2μ2u1 (2.5)

The equations in zone-II are (−L ≤ z ≤ ε)are

d2u2
dz2

− β
du2
dz

= −2α2v2,
d2v2
dz2

− β
dv2
dz

= 2α2u2 (2.6)

We seek the solutions of equations (2.6) and (2.7) subject to the boundary conditions.

u1 = 1, v1 = 0 at z = 1

u2 = v2 = 0 at z = −1 (2.7)

Interface conditions are

u1 = u2, v1 = v2 at z = ε
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du1
dz

= λμ2du2
dz

at z = ε,
dv1
dz

= λμ2dv2
dz

at z = ε

In terms of complex notation q1 = u1 + iv1, q2 = u2 + iv2
In zone-I

d2q1
dz2

− β
dq1
dz

− 2iμ2α2q1 = 0 (2.8)

In zone-II
d2q2
dz2

− β
dq2
dz

− 2iα2q2 = 0 (2.9)

Subject to the boundary conditions

q1 = 1 at z = 1,

Interface condition

q1 = q2 at z = ε, (−1 < ε < 1)

dq1
dz

= λμ2dq2
dz

at z = ε,

q2 = 0 at z = −1 (2.10)

Let

m1 =

[√
β4 + 64α4μ4 + β2

2

] 1
2

, n1 =

[√
β4 + 64α4μ4 − β2

2

] 1
2

(2.11)

m2 =

[√
β4 + 64α4 + β2

2

] 1
2

, n2 =

[√
β4 + 64α4 − β2

2

] 1
2

(2.12)

We get

q1 = e
βz
2

[
A Sh

(m1

2
+ i

n1

2

)
z + B Ch

(m1

2
+ i

n1

2

)
z
]

(2.13)

q2 = e
βz
2

[
C Sh

(m2

2
+ i

n2

2

)
z + D Ch

(m2

2
+ i

n2

2

)
z
]

(2.14)

q1 = e
βz
2

[
1

a21 + b21

{
e−

β
2 (a1 − ib1)− H1G2 −H2G1

F1G2 − F2G1
{(a1e1 + b1f1) + i (a1f1 − b1e1)}

}

Sh
(m1z

2
+ i

n1z

2

)
+

H1G2 −H2G1

F1G2 − F2G1
Ch
(m1z

2
+ i

n1z

2

)]
(2.15)

q2 = e
βz
2

[
1

a22 + b22

{
H2F1 −H1F2

F1G2 − F2G1
{(a2e2 + b2f2) + i (a2f2 − b2e2)}

}
Sh
(m2z

2
+ i

n2z

2

)

+
H2F1 −H1F2

F1G2 − F2G1
Ch
(m2z

2
+ i

n2z

2

)]
(2.16)
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Separating the real and imaginary parts

U1 =
e

βz
2(

a21 + b21
) (

λ2
1 + λ2

3

) [e−β
2
(
λ2
1 + λ2

3

) (
a1Sh

m1z

2
cos

n1z

2
+ b1Ch

m1z

2
sin

n1z

2

)

+ {(λ1λ2 + λ3λ4) (a1e1 + b1f1)− (λ1λ4 − λ2λ3) (a1f1 − b1e1)}Shm1z

2
cos

n1z

2

−{(λ1λ2 + λ3λ4) (a1f1 − b1e1) + (λ1λ4 − λ2λ3) (a1e1 + b1f1)}Ch
m1z

2
sin

n1z

2

+
(
a21 + b21

){
(λ1λ4 − λ2λ3)Sh

m1z

2
sin

n1z

2
− (λ1λ2 + λ3λ4)Ch

m1z

2
cos

n1z

2

}]
(2.17)

V1 =
e

βz
2(

a21 + b21
) (

λ2
1 + λ2

3

) [e−β
2
(
λ2
1 + λ2

3

) (
a1Ch

m1z

2
sin

n1z

2
− b1Sh

m1z

2
cos

n1z

2

)

+ {(λ1λ2 + λ3λ4) (a1e1 + b1f1)− (λ1λ4 − λ2λ3) (a1f1 − b1e1)}Ch
m1z

2
sin

n1z

2

+ {(λ1λ2 + λ3λ4) (a1f1 − b1e1) + (λ1λ4 − λ2λ3) (a1e1 + b1f1)}Shm1z

2
cos

n1z

2

− (a21 + b21
){

(λ1λ4 − λ2λ3)Ch
m1z

2
cos

n1z

2
+ (λ1λ2 + λ3λ4)Sh

m1z

2
sin

n1z

2

}]
(2.18)

U2 =
−e

βz
2

(a22+b22)(λ2
1+λ2

3)
[{(λ1λ5 + λ3λ6) (a2e2 + b2f2)

− (λ1λ6 − λ3λ5) (a2f2 − b2e2)}Shm2z
2 cos n2z

2

−{(λ1λ5 + λ3λ6) (a2f2 − b2e2) + (λ1λ6 − λ3λ5) (a2e2 + b2f2)}Ch
m2z

2
sin

n2z

2

+
(
a22 + b22

){
(λ1λ5 + λ3λ6)Ch

m2z

2
cos

n2z

2
− (λ1λ6 − λ3λ5)Sh

m2z

2
sin

n2z

2

}]
(2.19)

V2 =
−e

βz
2

(a22+b22)(λ2
1+λ2

3)
[{(λ1λ5 + λ3λ6) (a2e2 + b2f2)

− (λ1λ6 − λ3λ5) (a2f2 − b2e2)}Chm2z
2 sin n2z

2

+ {(λ1λ5 + λ3λ6) (a2f2 − b2e2) + (λ1λ6 − λ3λ5) (a2e2 + b2f2)}Shm2z

2
cos

n2z

2

+
(
a22 + b22

){
(λ1λ6 − λ3λ5)Ch

m2z

2
cos

n2z

2
+ (λ1λ5 + λ3λ6)Sh

m2z

2
sin

n2z

2

}]
(2.20)

The skin-friction at the upper plate is given by τU = dU1
dz

∣∣∣
z=1

τU =
e

β
2

2
(
a21 + b21

) (
λ2
1 + λ2

3

) [(βT1 + T3n1 − T4m1) a1 + (−βT4 + T1m1 + T2n1) e1

+(βT3 + T2m1 − T1n1) f1 + (βT2 + T3m1 + T4n1) b1] (2.21)

Where

T1 = a1e
−β

2
(
λ2
1 + λ2

3

)
+ (λ1λ2 + λ3λ4) (a1e1 + b1f1)− (λ1λ4 − λ2λ3) (a1f1 − b1e1)

(2.22)



62 CH. BABY RANI

T2 = b1e
−β

2
(
λ2
1 + λ2

3

)− (λ1λ2 + λ3λ4) (a1f1 − b1e1)− (λ1λ4 − λ2λ3) (a1e1 + b1f1)
(2.23)

T3 =
(
a21 + b21

)
(λ1λ4 − λ2λ3) (2.24)

T4 =
(
a21 + b21

)
(λ1λ2 + λ3λ4) (2.25)

The skin-friction at the lower plate is given by τL = dU2
dz

∣∣∣
z=−1

τL =
e−

β
2

2
(
a22 + b22

) (
λ2
1 + λ2

3

) [(−βS2 + S3n2 + S4m2) a2 + (−βS4 + S1n2 + S2m2) e2

+(βS3 + S1m2 − S2n2) f2 − (βS1 + S3m2 + S4n2) b2] (2.26)

Where

S1 = {(λ1λ5 + λ3λ6) (a2f2 − b2e2) + (λ1λ6 − λ3λ5) (a2e2 + b2f2)} (2.27)

S2 = {(λ1λ6 − λ3λ5) (a2f2 − b2e2) − (λ1λ5 + λ3λ6) (a2e2 + b2f2)} (2.28)

S3 =
(
a22 + b22

)
(λ1λ6 − λ3λ5) (2.29)

S4 =
(
a22 + b22

)
(λ1λ5 + λ3λ6) (2.30)

3. RESULTS & DISCUSSION

The velocity distributions for the primary and secondary flows have been shown in figures

(3.1) to (3.14) illustrate the effect of the parameters α, λ and μ corresponding to both the

liquids occupying different heights for both porous and non-porous cases.

The velocity distribution for the primary flow have been shown in Figs. 2(a) and (b) to

illustrate the effect of the parameters α, μ and λ for ε = −0.4when β =0 and 1. As α
increase the primary flow decreases at point of the channel irrespective of the existence of the

porosity. With increase of λ and μ the primary flow depreciates irrespective of the existence of

the porosity. The significance of β is marginal.

(a) (b)

FIGURE 2. (a) and (b) are velocity profiles for the primary flow.
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Figures 3(a) and (b) show the primary flow at ε = 0 for β = 0 and 1. With increase of α, μ
and λ the primary flow decreases in both cases. The results are in agreement with RamanaRao

and Narayana (1980) for β = 0 and ε = 0.

(a)

(b)

FIGURE 3. (a) and (b) are velocity profiles for the primary flow.

Figures 4(a) and (b) represent the primary flow at ε = 0.6 for β = 0 and 1. With increase

of α, μ and λ the primary flow decreases, for large values of α and μ the primary flow changes

from negative to positive as we move from zone-II to zone-I irrespective of the existence of the

porosity.

(a) (b)

FIGURE 4. (a) and (b) are velocity profiles for the primary flow.

The velocity distribution for secondary flow have been shown in Figs. 5(a) and (b) for

ε = −0.4when β = 0 and 1. The secondary flow depreciates with increase of α, μ and λ
for β = 0 and 1. The secondary velocity changes from positive to negative as we move from

zone-II to zone-I for large values of α, μ and λ.
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(a)
(b)

FIGURE 5. (a) and (b) are velocity profiles for the secondary flow.

Figures 6(a) and (b) show the secondary flow for β = 0 and 1 when ε = 0. It is concluded

that the secondary flow depreciates with increase in any one of the parameters irrespective of

the existence of the porosity. Similar results were found by RamanaRao & Narayana (1980)

for ε = 0 and β = 0.

(a) (b)

FIGURE 6. (a) and (b) are velocity profiles for the secondary flow.

Figures 7(a) and (b) show the secondary flow for ε = 0.6 for β = 0 and 1. The secondary

flow depreciates with increase in any one of the parameters irrespective of the existence of the

porosity.
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(a)
(b)

FIGURE 7. (a) and (b) are velocity profiles for the secondary flow.

With the increase of the interface the primary flow enhances for β = 0 and 1 (in Fig. 8(a)),

the secondary flow depreciates for β = 0 and 1 (in Fig. 8(b)).

(a) (b)

FIGURE 8. (a) and (b) are velocity profiles for the secondary flow.

The skin-friction amplitude at the upper and lower plates has been shown in Fig. 9 to Fig.

13 for various parameters. The skin-friction at the lower plate is greater than that of the upper

plate.

(a) (b)

FIGURE 9. (a) and (b) are skin-friction amplitude at the upper plate.
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(a) (b)

FIGURE 10. (a) and (b) are skin-friction amplitude at the upper plate.

(a)
(b)

FIGURE 11. (a) and (b) are skin-friction amplitude at the lower plate.

(a)
(b)

FIGURE 12. (a) and (b) are skin-friction amplitude at the lower plate.
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(a) (b)

FIGURE 13. (a) and (b) are skin-friction amplitude at the lower plate.

The skin-friction amplitude is found to increase at the upper plate with increase of α while

λ andμ are fixed for ε = −0.4, 0 and 0.6 irrespective of the existence of the porosity. As

λ andμ increases the skin-friction amplitude at the upper plate increases, the remaining values

being fixed for ε = −0.4, 0 and 0.6 irrespective of the existence of the porosity.

As ε value increases the skin-friction at the upper plate decreases for large values of α and

slightly increases for the remaining parameters being fixed whether there is porosity or not.

The skin-friction amplitude is found to be increase at the lower plate with increase of α the

remaining values being fixed for ε = −0.4 and 0 irrespective of the existence of the poros-

ity.The skin-friction at the lower plate decreases at α =2, when ε = 0.6 for both porous and

non-porous cases, while μand λ being fixed. As μincreases the skin-friction amplitude at the

lower plate decreases for ε = −0.4, 0 and 0.6 irrespective of the existence of the porosity,

while α and λ being fixed.

As λ increases the skin-friction at the lower plate decreases for ε = −0.4 and 0, it remains

constant for ε = 0.6, while α and μ being fixed. This result holds for both porous and non-

porous cases. As εincreases from −0.4 to 0.6 the skin-friction amplitude at the lower plate

decreases for various parameters whether there is porosity or not.

4. CONCLUSION

The primary flow of the upper liquid increases to 1, from its value at z = ε, where as that

of the lower liquid increases from zero to its value at z = ε, both the values at z = ε being the

same. The secondary flow of the upper liquid decreases to zero from its value at z = ε whereas

that of the lower liquid increases from zero to its value at z = ε, both the values at z = ε being

the same. This results valid for small values of α, μ and λ. For large values of α, μ and λ, the

secondary flow of the upper liquid increases to zero from its value at z = ε whereas that of the

lower liquid decreases from zero to its value at z = ε, both the values at z = ε being the same.

In this analysis we discuss the effect of suction parameter β and position of the interface on

the flow phenomena in the case of Couette flow. It is found that the variation in ε leads to an

enhancement in the primary flow and depreciation in the secondary flow irrespective of β.
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In the absence of porosity (β =0), the secondary velocity changes from positive to negative

as we move from zone-II to zone-I. The region of transition from positive to negative enlarges

with increase in the interface ε, while for β 	= 0 the transition zone depreciates in zone-II and

enlarges in zone-I for ε = 0.6 the transition zone enlarge marginally in both the zones.

REFERENCES

[1] R.B. Bird, W.E. Stewart and E. N. Lightfoot: Transport Phenomena, John Wiley & Sons, 1960.

[2] J. N. Kapur and J. B. Shukla:The flow of incompressible immiscible fluids between two plates, Applied

Scientific Research, 13(1964),pp. 55–60.

[3] V. Vidyanidhi and S. D. Nigam: Couette Flow between Rotating Parallel Plates under Constant Pressure
Gradient, Journal of Mathematical Physics, 1(1967), pp. 85–98.

[4] V. Vidyanidhi: Secondary flow of a conducting liquid in a roatating channel, Journal of Maths. Phy. Sci.

3(1969), pp. 193–199.

[5] V. Vidyanidhi, V. Bala Prasad and V. V. RamanaRao: Secondary Flow between Two Parallel Porous Walls
in a Rotating System, J. Phys. Soc. Jpn. 39(1975), pp. 1077–1081.

[6] V. V. RamanaRao and V. Bala Prasad:Heat transfer in a rotating channel with porous walls,Acta Physics

Academic ScientiaremHungaricae,42(1977), pp. 143–149.

[7] R. N. Jana and N. Dutta: Couette Flow and Heat Transfer in a Rotating System, ActaMechanica, 26(1977),

pp. 301–306.

[8] V. V. RamanaRao and N. V. Narayana: Indian J. Technology, 18(1980).

[9] Ch. Baby Rani: Poiseuille flow of two immiscible liquids occupying different heights in a rotating
Channel, International Journal of Mathematical Sciences, 34(2014), pp. 1458–1471.

[10] V. V. RamanaRao and N. V. Narayana:Secondary flow and heat transfer of two incompressible lmr-
niscible fluids between two parallel plates in a rotating system,Defence Science Journal, 31(1981), No.3, pp.

181–198.

[11] Ch. Baby Rani: Heat transfer of Poiseuille flow of two immiscible liquids in a roatating system,J. Pure

and Apply Physics, 23(2011), pp. 47–57.

[12] Ch. Baby Rani: Generalized couette flow of two immiscible liquids occupying different heights in a
rotating system, Proc. Of .ICMS-2014, published by Elsevier, pp. 363–366, 2014.

[13] Ch. Baby Rani: Heat transfer of Generalizedcouette flow of two immiscible liquids in a roatating system,

Ultra Scientist of Physical Sciences, Vol. 25(2013),pp. 253–264.

[14] H. B. Squire: Survey’s in Mechanics, Cambridge University Press, Londan, Vol. 139, 1956.



J. KSIAM Vol.19, No.1, 69–81, 2015 http://dx.doi.org/10.12941/jksiam.2015.19.069

MATHEMATICAL MODELLING AND ITS SIMULATION OF A QUASI-STATIC
THERMOELASTIC PROBLEM IN A SEMI-INFINITE HOLLOW CIRCULAR

DISK DUE TO INTERNAL HEAT GENERATION

KISHOR R. GAIKWAD

POST GRADUATE DEPARTMENT OF MATHEMATICS, NES, SCIENCE COLLEGE, NANDED, MAHARASHTRA

431605, INDIA

E-mail address: drkr.gaikwad@yahoo.in

ABSTRACT. The present paper deals with the determination of temperature, displacement and

thermal stresses in a semi-infinite hollow circular disk due to internal heat generation within

it. Initially the disk is kept at arbitrary temperature F (r, z). For times t > 0 heat is generated

within the circular disk at a rate of g(r, z, t) Btu/hr.ft3. The heat flux is applied on the inner

circular boundary (r = a) and the outer circular boundary (r = b). Also, the lower surface

(z = 0) is kept at temperature Q3(r, t) and the upper surface (z = ∞) is kept at zero temper-

ature. Hollow circular disk extends in the z-direction from z = 0 to infinity. The governing

heat conduction equation has been solved by using finite Hankel transform and the general-

ized finite Fourier transform. As a special case mathematical model is constructed for different

metallic disk have been considered. The results are obtained in series form in terms of Bessel’s

functions. These have been computed numerically and illustrated graphically.

1. INTRODUCTION

During the second half of the twentieth century, non-isothermal problems of the theory of

elasticity became increasingly important. This is mainly due to their many applications in

widely diverse fields. First, the high velocities of modern aircraft give rise to aerodynamic

heating, which produces intense thermal stresses, reducing the strength of the aircraft struc-

ture. Second, in the nuclear field, the extremely high temperatures and temperature gradients

originating inside nuclear reactors influence their design and operations [1].

Nowacki [2] has determined the steady-state thermal stresses in a circular plate subjected

to an axi-symmetric temperature distribution on the upper surface with zero temperature on

the lower surface and with the circular edge thermally insulated. Obata and Noda [3] stud-

ied the steady thermal stresses in a hollow circular cylinder and a hollow sphere made of a

functionally gradient material. Ootao et al. [4] have studied the theoretical analysis of a three

Received by the editors January 3 2015; Revised February 12 2015; Accepted in revised form February 12 2015;

Published online March 18 2015.

2010 Mathematics Subject Classification. 35B07, 35G30, 35K05, 44A10.

Key words and phrases. Quasi-static, Thermal Stresses, Internal Heat Generation, Unsteady-State Temperature,

Circular Disk.

69



70 K. R. GAIKWAD

dimensional transient thermal stress problem for a nonhomogeneous hollow circular cylinder

due to a moving heat source in the axial direction from the inner and outer surfaces. Ishihara at

al. [5] discussed the theoretical analysis of thermoelastoplastic deformation of a circular plate

due to a partially distributed heat supply. Eduardo at al. [6] discussed the generalized boundary

integral equation for heat conduction in non-homogeneous media. Bao-Lin Wang et al. [7]

have establishes a solution method for the one-dimensional transient temperature and thermal

stress fields in non-homogeneous materials. Cheng-Hung Huang et al. [8] have determined

an inverse hyperbolic heat conduction problem in estimating surface heat flux by the conju-

gate gradient method. Zhengzhu Dong et al. [9] have studied the thermal bending of circular

plates for non-axisymmetrical problems. Ghadle et al. [10] have solved nonhomogeneous heat

conduction problem and its thermal deflection due to internal heat generation in a thin hollow

circular disk. Recently, Gaikwad [11] analysed thermoelastic deformation of a thin hollow

circular disk due to partially distributed heat supply.

In this article, we analyzed the quasi-static thermal stresses in a semi-infinite hollow cir-

cular disk due to internal heat generation under unsteady-state temperature distribution and

determined the expressions for temperature, displacement and thermal stresses. Initially the

disk is kept at arbitrary temperature F (r, z). For times t > 0 heat is generated within the circu-

lar disk at a rate of g(r, z, t) Btu/hr.ft3. The heat flux is applied on the inner circular boundary

(r = a) and the outer circular boundary (r = b). Also, the lower surface (z = 0) is kept

at temperature Q3(r, t) and the upper surface (z = ∞) is kept at zero temperature. Hollow

circular disk extends in the z-direction from z = 0 to infinity. The governing heat conduction

equation has been solved by using finite Hankel transform and the generalized finite Fourier

transform. The results are obtained in series form in terms of Bessel’s functions. As a special

case mathematical model is constructed for different metallic disk have been considered. The

results are obtained in series form in terms of Bessels functions and these have been computed

numerically and illustrated graphically.

It is believed that, this particular problem has not been considered by any one. This is new

and novel contribution to the field of thermoelasticity. The results presented here will be more

useful in engineering problem particularly, in the determination of the state of strain in hollow

circular disk constituting foundations of containers for hot gases or liquids, in the foundations

for furnaces etc.

2. MATHEMATICAL FORMULATION OF THE PROBLEM

Consider a semi-infinite hollow circular disk occupying the space D: a ≤ r ≤ b, 0 ≤ z < ∞
under an unsteady temperature field due to internal heat generation within it. Initially, the

circular disk is at arbitrary temperature F (r, z). For times t > 0 heat is generated within the

circular disk at a rate of g(r, z, t) Btu/hr.ft3. The heat flux is applied on the inner circular

boundary (r = a) and the outer circular boundary (r = b). Also, the lower surface (z = 0)
is kept at temperature Q3(r, t) and the upper surface (z = ∞) is kept at zero temperature.

Hollow circular disk extends in the z-direction from z = 0 to infinity.
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Under these realistic prescribed conditions, temperature, displacement and thermal stresses

in a semi-infinite hollow circular disk due to internal heat generation are required to be deter-

mined.

The temperature of the disk satisfies the heat conduction equation as

∂2T

∂r2
+

1

r

∂T

∂r
+

∂2T

∂z2
+

g(r, z, t)

K
=

1

α

∂T

∂t
in a ≤ r ≤ b, 0 ≤ z < ∞, for t > 0 (1)

with boundary conditions,

K
∂T

∂r
= Q1(z, t) at r = a, for t > 0 (2)

K
∂T

∂r
= Q2(z, t) at r = b, for t > 0 (3)

T = Q3(r, t) at z = 0, for t > 0 (4)

T = 0 at z = ∞, for t > 0 (5)

and the initial condition

T = F (r, z) in a ≤ r ≤ b, 0 ≤ z < ∞ for t = 0, (6)

where T = T (r, z, t), K, α are the thermal conductivity and thermal diffusivity of the material

of the circular disk.

FIGURE 1. Geometry of the heat conduction problem.
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The displacements equations of thermoelasticity have the form

Ui,k,k +

(
1 + ν

1− ν

)
e,i = 2

(
1 + ν

1− ν

)
atT,i

e = Uk,k; k, i = 1, 2

where Ui is the displacements component, e is the dilatation, T is the temperature and ν and at
are respectively, the Poisson ratio and linear coefficients of thermal expansions of the circular

disk material.

Introducing Ui = U,i i = 1, 2,
we have

∇2
1U = (1 + ν)atT,

∇2
1 =

∂2

∂k21
+

∂2

∂k22
σij = 2μ(U,ij − δijU,kk) i, j, k = 1, 2

where μ is Lames constant and δij is the well-known Kronecker symbol.

In the axisymmetric case,

U = U(r, z, t) T = (r, z, t)

and the differential equation governing the displacements function U = U(r, z, t) is given by

∂2U

∂r2
+

1

r

∂U

∂r
= (1 + ν)atT (7)

with U = 0 at r = a, r = b for all time t (8)

Initially

T = U = σrr = σθθ = F (r, z) at t= 0. (9)

The stress components σrr and σθθ of the circular disk are given by,

σrr = −2μ

r

∂U

∂r
(10)

σθθ = −2μ
∂2U

∂r2
(11)

while each case of the stress functions σrz , σzz and σθz are zero within the circular disk in the

plane stress of the stress.

Equations (1) to (11) constitute the mathematical formulation of the problem under consid-

eration.
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3. SOLUTION OF THE HEAT CONDUCTION PROBLEM

To obtain the expression for temperature function T (r, z, t); firstly we define the finite

Fourier transform and its inverse transform over the variable z in the range 0 ≤ z < ∞
defined in [12] as,

T (r, η, t) =

∫ ∞

z′=0
K(η, z′).T (r, z′, t).dz′ (12)

T (r, z, t) =

∫ ∞

η=0
K(η, z).T (r, η, t).dη (13)

where

K(η, z) =

√
2

π
sin(ηz).

and η1, η2, . . . are the positive roots of the transcendental equation

sin(ηph) = 0, p = 1, 2, . . .

i.e.

ηp =
pπ

h
, p = 1, 2, 3, . . .

Applying the finite Fourier transform defined in Eq. (12) to Eq. (1) and using the conditions

(2)-(6), one obtains

∂2T

∂r2
+

1

r

∂T

∂r
− η2p +

g(r, ηp, t)

K
=

1

α

∂T

∂t
(14)

with

K
∂T

∂r
= Q1(ηp, t) at r = a, for t > 0 (15)

K
∂T

∂r
= Q2(ηp, t) at r = b, for t > 0 (16)

T = F (r, ηp) in a ≤ r ≤ b, for t = 0, (17)

where T = T (r, ηp, t).
Secondly, we define finite Hankel transform and its inverse transform over the variable r in

the range a ≤ r ≤ b as defined in [12] respectively as,

T (βm, ηp, t) =

∫ b

r′=a
r′.K0(βm, r′).T (r′, η, t).dr′ (18)

T (r, η, t) =

∞∑
m=1

K0(βm, r).T (βm, η, t) (19)

where

K0(βm, r) =
π√
2

βmJ ′
0(βmb).Y ′

0(βmb)[
1− J

′2
0 (βmb)

J
′2
0 (βma)

] [
J0(βmr)

J ′
0(βmb)

− Y0(βmr)

Y ′
0(βmb)

]
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and β1, β2, β3, . . . are the positive root of transcendental equation

J ′
0(βa)

J ′
0(βb)

− Y ′
0(βa)

Y ′
0(βb)

= 0

This transform satisfies the relation

H

[
∂2T

∂r2
+

1

r

∂T

∂r

]
= −β2

mT (βm, t)

Applying the finite Hankel transform defined in Eq. (18) to Eq. (14) and using the conditions

(15)-(17, one obtains

∂T (βm, ηp, t)

∂t
+ α(β2

m + η2p)T (βm, ηp, t) = A(βm, ηp, t) (20)

T (βm, ηp, t) = F (βm, ηp), for t = 0, (21)

where

A(βm, ηp, t) =
α

K
g(βm, ηp, t) +

α

K

{
aK0(βm, a)Q1(ηp, t)− bK0(βm, b)Q2(ηp, t)

+
dK0(ηp, z)

dz

∣∣∣
z=0

Q3(βm, t)

} (22)

Solution of the Eq. (20) is obtained as

T (βm, ηp, t) = e−α(β2
m+η2p)t

[
F (βm, ηp) +

∫ t

t′=0
eα(β

2
m+η2p)t

′
A(βm, ηp, t

′).dt′
]

(23)

Finally taking inverse finite Hankel transform defined in Eq. (19) and inverse finite Fourier

transform defined in Eq. (13), one obtains the expressions of the temperature T (r, z, t) as

T (r, z, t) =

∞∑
m=1

K0(βm, r)

∫ ∞

η=0
K(η, z).e−α(β2

m+η2)t

{∫ b

r′=a

∫ ∞

z′=0
r′.K0(βm, r′).K(η, z′).F (r′, z′).dr′.dz′

+

∫ t

t′=0
e−α(β2

m+η2)t′ .

[
α

k

∫ b

r′=a

∫ ∞

z′=0
r′.K0(βm, r′).K(η, z′).g(r′, z′, t′).dr′.dz′

+
α

K
(a.K0(βm, a)− b.K0(βm, b))

∫ ∞

z′=0
K(η, z′).Q1,2(z

′, t′).dz′

+

√
2

π

α

K
.η.

∫ b

r′=a
r′.K0(βm, r′).Q3(r

′, t′).dr′
]
dt′
}
dη

(24)
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4. THERMOELASTIC DISPLACEMENT POTENTIAL U

To obtain the displacement function U , using Eq. (24) in Eq. (7) one obtains,

∂2U

∂r2
+

1

r

∂U

∂r
= (1 + ν)at

∞∑
m=1

K0(βm, r)

∫ ∞

η=0
K(η, z).e−α(β2

m+η2)t

{∫ b

r′=a

∫ ∞

z′=0
r′.K0(βm, r′).K(η, z′).F (r′, z′).dr′.dz′

+

∫ t

t′=0
e−α(β2

m+η2)t′ .

[
α

k

∫ b

r′=a

∫ ∞

z′=0
r′.K0(βm, r′).K(η, z′).g(r′, z′, t′).dr′.dz′

+
α

K
(a.K0(βm, a)− b.K0(βm, b))

∫ ∞

z′=0
K(η, z′).Q1,2(z

′, t′).dz′

+

√
2

π

α

K
.η.

∫ b

r′=a
r′.K0(βm, r′).Q3(r

′, t′).dr′
]
dt′
}
dη

(25)

Solving Eq. (25), one obtains

U = −(1 + ν)at

∞∑
m=1

1

β2
m

K0(βm, r)

∫ ∞

η=0
K(η, z).e−α(β2

m+η2)t

{∫ b

r′=a

∫ ∞

z′=0
r′.K0(βm, r′).K(η, z′).F (r′, z′).dr′.dz′

+

∫ t

t′=0
e−α(β2

m+η2)t′ .

[
α

k

∫ b

r′=a

∫ ∞

z′=0
r′.K0(βm, r′).K(η, z′).g(r′, z′, t′).dr′.dz′

+
α

K
(a.K0(βm, a)− b.K0(βm, b))

∫ ∞

z′=0
K(η, z′).Q1,2(z

′, t′).dz′

+

√
2

π

α

K
.η.

∫ b

r′=a
r′.K0(βm, r′).Q3(r

′, t′).dr′
]
dt′
}
dη

(26)

5. QUASI-STATIC THERMAL STRESSES

Using Eq. (26) in Eqs. (10) and (11), one obtains the expression for thermal stresses as,

σrr = −2(1 + ν)atμ
∞∑

m=1

1

rβm
.K1(βm, r)

∫ ∞

η=0
K(η, z).e−α(β2

m+η2)t

{∫ b

r′=a

∫ ∞

z′=0
r′.K0(βm, r′).K(η, z′).F (r′, z′).dr′.dz′

+

∫ t

t′=0
e−α(β2

m+η2)t′ .

[
α

k

∫ b

r′=a

∫ ∞

z′=0
r′.K0(βm, r′).K(η, z′).g(r′, z′, t′).dr′.dz′
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+
α

K
(a.K0(βm, a)− b.K0(βm, b))

∫ ∞

z′=0
K(η, z′).Q1,2(z

′, t′).dz′

+

√
2

π

α

K
.η.

∫ b

r′=a
r′.K0(βm, r′).Q3(r

′, t′).dr′
]
dt′
}
dη

(27)

σθθ = −2(1 + ν)atμ

∞∑
m=1

1

βm

(
βmK0(βm, r)− K1(βm, r)

r

)∫ ∞

η=0
K(η, z).e−α(β2

m+η2)t

{∫ b

r′=a

∫ ∞

z′=0
r′.K0(βm, r′).K(η, z′).F (r′, z′).dr′.dz′

+

∫ t

t′=0
e−α(β2

m+η2)t′ .

[
α

k

∫ b

r′=a

∫ ∞

z′=0
r′.K0(βm, r′).K(η, z′).g(r′, z′, t′).dr′.dz′

+
α

K
(a.K0(βm, a)− b.K0(βm, b))

∫ ∞

z′=0
K(η, z′).Q1,2(z

′, t′).dz′

+

√
2

π

α

K
.η.

∫ b

r′=a
r′.K0(βm, r′).Q3(r

′, t′).dr′
]
dt′
}
dη

(28)

where K1(βm, r) = ∂
∂r [K0(βm, r)]

6. SPECIAL CASES AND NUMERICAL CALCULATIONS

Setting
Q1(z, t) = Q2(z, t) = e−z.e−At,

Q3(r, t) = (r2 − a2)2(r2 − b2)2.e−At,

F (r, z) = (r2 − a2)2(r2 − b2)2.e−z ,

g(r, z, t) = giδ(r − r1)δ(z − z1)δ(t− τ)Btu/hr.ft3,

where δ is the Derac-delta function and A > 0.

We noticed that

∫ b

r′=a
r′.K0(βm, r′).Q3(r

′, t′).dr′ =

8

{
b(40a2b2β4

m − 32b4β4
m − 8a4β4

m + 2304b2β2
m − 576a2β2

m − 18432)J1(βma)
−b(40a2b2β4

m − 32b4β4
m − 8a4β4

m + 2304b2β2
m − 576a2β2

m − 18432)J1(βma)

}
π
√
Nβ11

m J1(βma)J1(βmb)Y1(βmb)
(29)
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r′=a

∫ ∞

z′=0
r′.K0(βm, r′).K(ηp, z

′).g(r′, z′, t′).dr′.dz′ =

√
π.r1

βmJ0(βmb).Y0(βmb)[
1− J2

0 (βmb)

J2
0 (βma)

]1/2
[
J0(βmr1)

J0(βmb)
− Y0(βmr1)

Y0(βmb)

]
× sin(ηpz1)

(30)

The heat source g(r, z, t) is an instantaneous line heat source of strength gi=50 Btu/hr.ft3,

situated at center of the circular disk along radial direction and releases its instantaneously at

the time t = τ = 2 hr.

Dimension
The constants associated with the numerical calculation are taken as

Inner radius of a circular disk a = 1 ft,

outer radius of a circular disk b = 2 ft,

Central circular path of circular disk r1= 1.5 ft,

Height of a circular disk z = 10 ft,

Central height of a circular disk z1 = 5 ft,

Material properties
The numerical calculation has been carried out for a semi-infinite hollow circular disk with

the material properties as,

TABLE 1. Thermal properties of materials.

Material K, cp, ρ, α, λ, E, ν
Btu/hr. ft. 0F Btu/lb 0F lb/ft3 ft2/hr 1/F GPa

Aluminum(Al) 117 0.208 169 3.33 12.84 ×10−6 70 0.35

Copper(Cu) 224 0.091 558 4.42 9.3 ×10−6 117 0.36

Iron(Fe) 36 0.104 491 0.70 6.7 ×10−6 193 0.21

Silver(Ag) 242 0.056 655 6.60 10.7 ×10−6 83 0.37

Roots of the transcendental equation

The first five positive root of the transcendental equation
J ′
0(βa)

J ′
0(βb)

− Y ′
0(βa)

Y ′
0(βb)

= 0 as defined

in [12] are β1 = 3.1965, β2 = 6.3123, β3 = 9.4445, β4 = 12.5812, β5 = 15.7199.

For convenience, we set

A =
1

103
, B =

−2(1 + ν) at
103

, C =
−2(1 + ν)μat

103
.

The numerical calculation has been carried out with help of computational mathematical soft-

ware Mathcad-2007, and the graphs are plotted with the help of Excel (MS Office-2007).
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7. DISCUSSION OF THE RESULTS

In this study, we analyzed quasi static thermal stresses in a semi-infinite hollow circular disk

due to internal heat generation under unsteady-state temperature distribution. As an illustration,

we carried out numerical calculations for a hollow circular disk made up of different metals viz.

Aluminium, Copper, Iron (pure), Silver and examined the thermoelastic behavior in the state

for the temperature, displacement and thermal stresses in the radial direction.

FIGURE 2. Temperature distribution T/A in radial direction.

Figure 1, shows the variation of temperature T versus radius r, it is clear that temperature

is maximum at the inner boundary surface (r = 1) and decreases from outer boundary surface

with the increase of radius r. It becomes zero at the (r = 1.75) of the circular disk.

Figure 2, shows the variation of displacement U versus radius r, it is clear that displacement

is zero at (r = 1.9) and maximum is occur at (r = 1.4) of the circular disk.

Figure 3, shows the variation of radial stresses versus radius, it is seen that σrr is zero at

the inner boundary surface (r = 1) and increases from outer boundary surface (r = 2) with

the increase of radius r. It is clear that maximum stress is occur at the middle surface of the

circular disk.

Figure 4, shows the variation of axial stresses versus radius, it is seen that σθθ is maximum

at (r = 1.4) and develops the compressive stresses in radial direction.

We can summarize that, the temperature, displacement and thermal stresses occurs near heat

source, due to internal heat generation in a hollow circular disk within it. The numerical values

of the temperature, displacement and stresses for the disk of metals Steel, Iron, Aluminum and

Copper are in the proportion and follows relation Iron ≤ Aluminum ≤ Copper ≤ Silver. It is

clear that, these values are directly proportional to the thermal conductivity.
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FIGURE 3. Displacement function U/B in radial direction.

FIGURE 4. Radial Stress function σrr/C in radial direction.

8. CONCLUDING REMARKS

In this article, we analyzed the quasi-static thermoelastic problem in a semi-infinite hollow

circular cylinder under unsteady-state temperature field due to internal heat generation within
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FIGURE 5. Axial Stress function σθθ/C in radial direction.

it. The present method is based on the direct method, using the finite Hankel transform and

the generalized finite Fourier transform. As a special case mathematical model is constructed

for different metallic disk have been considered. The numerical results are compared with

different metal disks. We conclude that, the displacement and stresses are proportional to the

thermal conductivity of the metal of the disk. From the figure of displacement and stresses, it

can be observed that direction of heat flow and direction of body displacement are opposite.

Due to heat generation within the hollow circular disk, the displacement function develops the

tensile stresses, whereas the radial and axial stresses develops the compressive stresses in radial

direction.

The results presented here will be useful in engineering problems, particularly in aerospace

engineering for stations of a missile body not influenced by nose tapering. Also, any partic-

ular case of special interest can be derived by assigning suitable values to the parameters and

functions in the expressions (24)–(28).
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ABSTRACT. The present paper analyses the radiation effects of mass transfer on steady non-

linear MHD boundary layer flow of a viscous incompressible fluid over a nonlinear porous

stretching surface in a porous medium in presence of heat generation. The liquid metal is

assumed to be gray, emitting, and absorbing but non-scattering medium. Governing nonlinear

partial differential equations are transformed to nonlinear ordinary differential equations by uti-

lizing suitable similarity transformation. The resulting nonlinear ordinary differential equations

are solved numerically using Runge–Kutta fourth order method along with shooting technique.

Comparison with previously published work is obtained and good agreement is found. The

effects of various governing parameters on the liquid metal fluid dimensionless velocity, di-

mensionless temperature, dimensionless concentration, skin-friction coefficient, Nusselt num-

ber and Sherwood number are discussed with the aid of graphs.

1. INTRODUCTION

In recent years, the flows of fluid through porous media are of principal interest because

these are quite prevalent in nature. Such flows have attracted the attention of a number of

scholars due to their application in many branches of science and technology, viz., in the field

of agriculture engineering to study the underground water resources, seepage of water in river-

beds, in petroleum technology to study the movement of natural gas, oil and water through

oil reservoirs, in chemical engineering for filtration and purification processes. The convec-

tion problem in porous medium has also important applications in geothermal reservoirs and
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geothermal energy extractions. The heat transfer enhancement is one of the most important

technical aims for engineering systems due to its wide applications in electronics cooling sys-

tems, next-generation solar film collectors, heat exchangers technology, and various thermal

systems. Liquid metals are a specific class of coolants. Their basic advantage is a high molec-

ular thermal conductivity for which identical flow parameters, enhances heat transfer coef-

ficients. Another distinguishing feature of liquid metals is the low pressure of their vapors,

which allows their use in power engineering equipment at high temperature and low pressure,

thus alleviating solution of mechanical strength problems. The most widespread liquid metals

used in engineering are alkali metals. Among them sodium is first and foremost, used as a

coolant of fast reactors and a working fluid of high-temperature heat pipes. Liquid metal heat

transfer plays an important role in modern life, since the liquid metals are used as coolant in

nuclear reactor and as working fluids in space power plants. Therefore it is essential to con-

sider the variable thermal properties of liquid metals heat transfer problem (Arunachalam and

Rajappa [1], Lubarsky and Kaufman [2], Lyon [3]).

In recent years, a great deal of interest has been generated in the area of heat and mass

transfer of the boundary layer flow over a nonlinear stretching sheet, in view of its numerous

and wide-ranging applications in various fields like polymer processing industry in particular in

manufacturing process of artificial film and artificial fibers and in some applications of dilute

polymer solution. Sakiadis [4] initiated the study of boundary layer flow over a continuous

solid surface moving with constant speed as result of ambient fluid movement; this boundary

flow is generally different from boundary layer flow over a semi-infinite flat plate. Erickson

[5] studied this problem to the case in which the transverse velocity at the moving surface is

nonzero with the effects of heat and mass transfer being taken in to account. Danberg and

Fansler [6], by using non-similar solution method, studied the flow inside the boundary layer

past a wall that is stretched with a velocity proportional to the distance along the wall. Gupta

and Gupta [7] by using the similar solution method analysed heat and mass transfer in the

boundary layer over a stretching sheet subject to suction or blowing.

The laminar boundary layer on an inextensible continues flat surface moving with a constant

velocity in a non-Newtonian fluid characterized by a power-law model is studied by Fox et al.
[8], using both exact and approximate methods. Raja Gopal et al. [9] studied the flow behaviour

of viscoelastic fluid over stretching sheet and gave an approximate solution to the flow field.

Troy et al. [10] presented an exact solution for Raja Gopal problem. Vajravelu and Roper

[11] studied the flow and heat transfer in a viscoelastic fluid over a continues stretching sheet

with power law surface temperature, including the effects of viscous dissipation, internal heat

generation or absorption, and work due to deformation in the energy equation. Vajravelu [12]

studied the flow and heat transfer characteristics in a viscous fluid over a nonlinearly stretching

sheet without heat dissipation effect. Cortell [13], [14] has worked on viscous flow and heat

transfer over a nonlinearly stretching sheet. Cortell [15] investigated the influence of similarity

solution for flow and heat transfer of a quiescent fluid over a nonlinear stretching surface.

The deep interest in the porous medium is easily understandable since porous medium is

used in vast applications, which covers many engineering disciplines. For instance, applica-

tions of the porous media includes, thermal insulations of buildings, heat exchangers, solar
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energy collectors, geophysical applications, solidification of alloys, nuclear waste disposals,

drying processes, chemical reactors, energy recovery of petroleum resources etc., More appli-

cations and good understanding of the subject is given in the recent books by Nield and Bejan

[16], Vafai [17], Pop and Ingham [18].

The radiation effects have important applications in physics and engineering particularly in

space technology and high temperature processes. But very little is known about the effects

of radiation on the boundary layer. Thermal radiation effects on the boundary layer may play

important role in controlling heat transfer in polymer processing industry where the quality of

the final product depends on the heat controlling factors to some extent. High temperature plas-

mas, cooling of nuclear reactors, liquid metal fluids, and power generation systems are some

important applications of radiative heat transfer. Nuclear power plants, gas turbines and the

various propulsion devices for aircraft, missiles, satellites and space vehicles are examples of

such engineering areas. Moreover, when radiative heat transfer takes place, the fluid involved

can be electrically conducting since it is ionized due to the high operating temperature. Ac-

cordingly, it is of interest to examine the effect of the magnetic field on the flow. Studying

such effect has great importance in the application fields where thermal radiation and MHD are

correlative.

The process of fusing of metals in an electrical furnace by applying a magnetic field and

the process of cooling of the first wall inside a nuclear reactor containment vessel where the

hot plasma is isolated from the wall by applying a magnetic field are examples of such fields.

Elbashbeshy [19] free convection flow with variable viscosity and thermal diffusivity along a

vertical plate in the presence of magnetic field. Raptis and Perdikis [20] studied viscous flow

over a nonlinear stretching sheet in the presence of a chemical reaction and magnetic field.

Awang and Hashim [21] obtained the series solution for flow over a nonlinearly stretching

sheet with chemical reaction and magnetic field. Abbas and Hayat [22] addressed the radi-

ation effects on MHD flow due to a stretching sheet in porous space. Effect of radiation on

MHD steady asymmetric flow of an electrically conducting fluid past a stretching porous sheet

has been analysed analytically by Ouaf [23], Mukhopadhyay and Layek [24] investigated the

effects of thermal radiation and variable fluid viscosity on free convection flow and heat trans-

fer past a porous stretching surface. Gururaj and Pavithra [25] investigated nonlinear MHD

boundary layer flow of a liquid metal over a porous stretching surface in presence of radiation.

The effects of variable viscosity and nonlinear radiation on MHD flow over a stretching surface

with power-law velocity were reported by Anjali Devi and Gururaj [26].

A study on MHD heat and mass transfer free convection flow along a vertical stretching

sheet in the presence of magnetic field with heat generation was carried out by Samad and

Mohebujjaman [27]. Singh [28] analyzed the MHD free convection and mass transfer flow

with heat source and thermal diffusion. Kesavaiah et al. [29] reported that the effects of

the chemical reaction and radiation on MHD convective heat and mass transfer flow past a

semi-infinite vertical permeable moving plate embedded in porous medium with heat source

and suction. Mohammed Ibrahim and Bhaskar Reddy [30] proposed the effects of thermal

radiation on steady MHD free convective flow past along a stretching surface in presence of

viscous dissipation and heat source. MHD heat and mass transfer free convection flow along
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a vertical stretching sheet in presence of magnetic field with heat generation was studied by

Samad and Mobebujjaman [31].

However the interaction of nonlinear radiation with mass transfer of an electrically conduct-

ing and diffusing fluid past a nonlinear stretching surface has received little attention. Hence an

attempt is made to investigate the nonlinear radiation effects on a steady convective flow over

nonlinear stretching surface in presence of magnetic field, porous medium and heat generation.

The governing equations are transformed by using similarity transformation and the resultant

dimensionless equations are solved numerically using the Runge–Kutta fourth order method

with shooting technique. The effects of various governing parameters on the velocity, tempera-

ture, concentration, skin-friction coefficient, Nusselt number and Sherwood number are shown

in Figures.

2. FORMULATION OF THE PROBLEM

Consider the coupled radiation and forced convection along a horizontal porous stretching

surface which is kept at uniform temperature Tw and moving with velocity uw = u0x
m through

and stationary liquid metal. The liquid metal is assumed to be a gray, emitting, absorbing and

electrically conducting, but non-scattering medium at temperature T∞. A variable magnetic

field is applied normal to the horizontal surface B(x) = B0x
m−1

2 in accordance with Chiam

[32].

The following assumptions are made

(1) Flow is two-dimensional, steady and laminar.

(2) The fluid has constant physical properties.

(3) The usual boundary layer assumptions are made [Ali [33]].

(4) The x- axis runs along the continuous surface in the direction of motion and y- axis

perpendicular to it. and

(5) The radiation dissipation in the x-axis is negligible in comparison with that in the y-

axis following the lines of Michael F. Modest (Radiative Heat Transfer. Page 696)

[34].

The continuity, momentum, energy conservation and mass conservation equations under the

above assumption are written as follows:

Continuity equation:
∂u

∂x
+

∂v

∂y
= 0 (2.1)

Momentum conservation equation:

u
∂u

∂x
+ v

∂u

∂y
= ν

∂2u

∂y2
−
(
σB2(x)

ρ

)
u− ν

K
u (2.2)

Energy conservation equation:

ρcp

(
u
∂T

∂x
+ v

∂T

∂y

)
= k

∂2T

∂y2
− ∂qr

∂y
+Q0T (2.3)
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Species conservation equation:

u
∂C

∂x
+ v

∂C

∂y
= D

∂2C

∂y2
(2.4)

The boundary conditions for velocity, temperature and concentration fields are

u = U(x) = u0x
m, v = v0(x), T = Tw, C = Cw at y = 0

u → 0, T → T∞, C → C∞ as y → ∞ (2.5)

where u and v are the velocity components of fluid in x and y directions respectively, ρ is the

density of the fluid, ν is the kinematic viscosity, K is the permeability coefficient of porous

medium, σ is the electric conductivity, k is the thermal conductivity, B0 is constant applied

magnetic induction, cp is specific heat at constant pressure, B(x) is the variable applied mag-

netic induction, v0(x) is the variable injection velocity
(
v0(x) = c

√
νuw
x

)
, T is temperature of

the fluid, C is the concentration of the fluid, Tw is the temperature of the heated surface, T∞
is the temperature of the ambient fluid, Cw is the concentration of the heated surface, C∞ is

the concentration of the ambient fluid, D is the mass diffusivity, Qo is the dimensional heat

generation/absorption coefficient, qr is the component of radiative heat flux, c is a stretching

constant, u0 is a constant, m is the velocity exponent parameter.

The radiative heat flux term is simplified by using the Roseland diffusion approximation

(Hossian et al. [35]) and accordingly

qr = −4σ∗

3α∗
∂T 4

∂y
(2.6)

where σ∗ is Stefan-Boltzmann constant, α∗ is the Rosseland mean absorption coefficient. We

assume that the temperature difference within the flow is sufficiently small such that T 4 may

be expressed as a linear function of the temperature. This is accomplished by expanding in a

Taylor series about the free stream temperature T∞ and neglecting higher order terms, thus

T 4 ∼= 4T 3
∞T − 3T 4

∞ (2.7)

By using equations (2.6) and (2.7), in equation (2.3) we get

u
∂T

∂x
+ v

∂T

∂y
=

k

ρcp

[
1 +

16σ∗T 3∞
3α∗k

]
∂2T

∂y2
+

Q0T

ρcp
(2.8)

The equation of continuity is satisfied if we choose a stream function ψ(x, y) such that

u =
∂ψ

∂y
and v = −∂ψ

∂x
(2.9)

Now we introduce the following usual similarity transformations [Ali [33]].

η(x, y) = y
√

m+1
2

√
u0xm−1

ν , ψ(x, y) =
√

2
m+1

√
νu0xm+1f(η),

θ(η) = T−T∞
Tw−T∞ , φ(η) = C−C∞

Cw−C∞ , θw = Tw
T∞

(2.10)

where η is the similarity variable, ψ is the stream function, f is the non-dimensional stream

function, θ is the non-dimensional temperature and φis the non-dimensional concentration.
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With these changes of variables equation (2.1) is identically satisfied and equations (2.2),

(2.4) and (2.8) are transformed into nonlinear ordinary differential equations as follows

f ′′′ + ff ′′ −
(

2m

m+ 1

)
f ′2 −

(
M2 +

1

K

)
f ′ = 0 (2.11)

[
1 +

4

3R
(1 + (θw − 1) θ)3

]
θ′′ +

4

R

(
[1 + (θw − 1) θ]2

)
θ′2 + Pr fθ′ + PrQθ = 0 (2.12)

φ′′ + Scfφ′ − Scf ′φ = 0 (2.13)

where primes denote the differentiation with respect to η, m− is the velocity exponent param-

eter, M =
√

2σB2
0

ρu0(m+1) is the magnetic interaction parameter, K = K′u0
ν is the permeability

parameter, R = Kα∗
4σ∗T 3∞

is the radiation parameter, θw = Tw
T∞ is the surface temperature param-

eter, Pr =
νρCp

κ Prandtl number, Q = Q0

u0
is the heat generation parameter, Sc = ν

D is the

Schmidt number.

The corresponding boundary conditions can take the form.

f(0) = −S, f ′(0) = 1, θ(0) = 1, φ(0) = 1 at η = 0
f ′(∞) → 0, θ(∞) → 0, φ(∞) → 0 as η → ∞ (2.14)

where S =
√

2
m+1c is the porosity parameter (For injection S >0 and for suction S <0 ) and c

is non-dimensional constant.

The important physical quantities of our interest are:

The local skin-friction

Cf =
τw

ρU2/2
(2.15)

The local Nusselt number

Nux =
xqw

k (Tw − T∞)
(2.16)

The local Sherwood number

Shx =
xmw

k (Cw − C∞)
(2.17)

Where, the surface shear stress

τw = μ

(
∂u

∂y

)
y=0

(2.18)

The surface heat flux

qw = −k

(
∂T

∂y

)
y=0

(2.19)

The mass flux

mw = −k

(
∂C

∂y

)
y=0

(2.20)

with μ and k being the dynamic viscosity and thermal conductivity respectively.
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Using the non-dimensional variables in equation (2.10) we obtain

1

2
Cf

√
Rex = f ′′ (0) ,

Nux√
Rex

= −θ′ (0) ,
Shx√
Rex

= −φ′ (0) (2.21)

where Rex = Ux
υ is the local Reynolds number.

3. SOLUTION OF THE PROBLEM

The set of coupled non-linear governing boundary layer equations (2.11) – (2.13) together

with the boundary conditions (2.14) are solved numerically by using Runge–Kutta fourth order

technique along with shooting method. First of all, higher order non-linear differential equa-

tions (2.11) – (2.13) are converted into simultaneous linear differential equations of first order

and they are further transformed into initial value problem by applying the shooting technique

(Jain et al. [36]). The resultant initial value problem is solved by employing Runge–Kutta

fourth order technique. The step size Δη = 0.05 is used to obtain the numerical solution

with five decimal place accuracy as the criterion of convergence. From the process of numer-

ical computation, the skin-friction coefficient, the Nusselt number and the Sherwood number,

which are respectively proportional to f ′′(0), θ′(0) and φ′(0), are also displayed in the graphs.

4. RESULTS AND DISCUSSION

As a result of the numerical calculations, the dimensionless velocity f ′(η), dimensionless

temperature θ(η) and dimensionless concentration φ(η) distributions for the flow under con-

sideration are obtained and their behaviour have been discussed for variations in the govern-

ing parameters viz., the Magnetic interaction parameter M , Velocity exponent parameter m,

Permeability parameter K, Porosity parameter S, Radiation parameter R, Prandtl number Pr,

Surface temperature parameter θw, Heat generation parameter Q and Schmidt number Sc. In

the present study, the following default parametric values are adopted. M = 1.0, m = 1.0,

K = 1.0, S = 0.1, Pr = 0.71,R = 1.0, θw = 1.1, Q = 0.05, Sc = 0.6.

In order to ascertain the accuracy of our numerical results, the present study is compared

with the previous study. The temperature profiles are compared with available theoretical solu-

tion of Elbashbeshy [19], free convection flow with variable viscosity and thermal diffusivity

along a vertical plate in the presence of magnetic field in Figure 1 and Figure 2. It is observed

that the present results are in good agreement with that of Elbashbeshy [19]. Figure 3(a) dis-

plays the plot of dimensionless velocity f ′(η) for different values of M. It is noted that as

magnetic interaction parameter M increases, transverse velocity f ′(η) decreases elucidating

the fact that the effect of magnetic field is to decelerate the velocity. The effect of magnetic

interaction parameter M over the dimensionless temperature θ(η) and dimensionless concen-

tration φ(η) is shown with the help of Figure 3(b) and 3(c). It is observed that temperature and

concentration increases with an increase in the magnetic interaction parameter M.
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FIGURE 1. Temperature profiles for different Values of Radiation parameter R.

FIGURE 2. Temperature profiles for different values of Surface temperature parameterθw.

The effect of velocity exponent parameter m over the dimensionless velocity field f ′(η) is

shown in the graph of Figure 4(a). It is observed that the effect of velocity exponent parameter

is to increase the velocity. Figure 4(b) and 4(c) show the dimensionless temperature profiles

and dimensionless concentration profiles for different values of exponent parameter m. It is

noticed that the temperature and concentration reduce with an increase of exponent parameter

m. Figure 5(a) shows the effect of permeability parameter K on the velocity. It is noticed that

as the permeability parameter K increases, the velocity is also increases. Figure 5(b) displays
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(a) (b)

(c)

FIGURE 3. (a) Velocity Profiles for different values of Magnetic Parameter

M. (b) Temperature profiles for different values of Magnetic Parameter M. (c)

Concentration profiles for different values of Magnetic Parameter M.

the variation of the thermal boundary-layer with permeability parameter K. It is found that

the thermal boundary layer thickness decreases with an increase in the permeability parameter

K. The influence of the permeability parameter K on the concentration field is shown in

Figure 5(c). It is observed that the concentration reduces with an increase of the permeability

parameter K. Prandtl number variation over the dimensionless temperature profile is elucidated

through Figure 6. As Prandtl number Pr increases, the temperature θ(η) decreases, illustrates

the face that the effect of Prandtl number Pr is to decrease the temperature in the magnetic field.

Furthermore, the effect of Prandtl number Pr is to reduce the thickness of thermal boundary

layer.
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(a) (b)

(c)

FIGURE 4. (a) Velocity Profiles for different values Velocity exponent param-

eter m. (b) Temperature Profiles for different values Velocity exponent pa-

rameter m. (c) Concentration profiles for different values Velocity exponent

parameter m.

Figure 7 illustrates the effects of radiation parameter R over the dimensionless temperatureθ(η).
It is observed that the effect radiation parameter is to reduce the temperature, elucidating the

face that the thermal boundary layer thickness decreases as R increases. The effect of sur-

face temperature parameter θw over the dimensionless temperature θ(η) is shown in Figure 8.

Increasing surface temperature parameter θw is to increase the temperature.

Figure 9 depict the dimensionless temperature profiles for different values of the heat gen-

eration parameter Q. It is observed that the temperature increase with an increase in Q. The

influence of the Schmidt number Sc on the dimensionless concentration profiles is plotted in

Figure 10. As the Schmidt number increases the concentration decreases.
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(a) (b) (c)

FIGURE 5. (a) Velocity Profiles for different values of Permeability parameter

K. (b) Temperature profiles for different values of Permeability parameter K.

(c) Concentration profiles for different values of Permeability parameter K.

FIGURE 6. Temperature profiles for different values of Prandtl number Pr.

FIGURE 7. Temperature profiles for different values of Radiation parameter R.
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FIGURE 8. Temperature profiles for different values of Surface temperature parameter θw

FIGURE 9. Temperature profiles for different values Heat generation parame-

ter Q.

FIGURE 10. Concentration profiles for different values of Schmidt number Sc.
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(a) (b)

(c)

FIGURE 11. (a) Velocity Profiles for different values of Suction parameter

S. (b) Temperature Profiles for different values of Suction parameter S. (c)

Concentration Profiles for different values of Suction parameter S.

The non-dimensionless velocity, temperature and concentration profiles for the different val-

ues of suction S are shown through Figure 11(a), 11(b) and 11(c) respectively. From these

Figures it is observed that velocity, temperature and concentration profiles are increases with

an increase of suction parameter S. Figure 12 displays the variation of skin-friction coefficient

f ′′(0) against the magnetic interaction parameter M for different values of velocity exponent

parameter m. It is seen that the skin-friction coefficient f ′′(0) decreases with increase of veloc-

ity exponent parameter m and it decreases for increasing magnetic interaction parameter M .

It is observed from Figure 13 that the dimensionless rate of heat transfer θ′(0) increases with

increase of velocity exponent parameter m. further, it is noted that the dimensionless rate of

heat transfer θ′(0) increases in magnitude for increasing magnetic interaction parameter M .
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Figure 14 shows the dimensionless rate of mass transfer φ′(0) increases with increase of veloc-

ity exponent parameter m. also it is observed that the dimensionless rate of mass transfer φ′(0)
increases in magnitude for increasing magnetic interaction parameter M .

FIGURE 12. Skin friction coefficient for different values of velocity exponent

parameter m.

FIGURE 13. Dimensionless rate of heat transfer for different values Velocity

exponent parameter m.

Figure 15 illustrates the effect of magnetic interaction parameter M over the dimensionless

rate of heat transfer θ′(0) for different values of radiation parameter R. It is seen that the
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FIGURE 14. Dimensionless rate of mass transfer for different values Velocity

exponent parameter m.

FIGURE 15. Dimensionless rate of heat transfer for different values of Radia-

tion parameter R.

dimensionless rate of heat transfer θ′(0) decreases with increase of radiation parameter R and

increases with respect to magnetic interaction parameter M . Figure 16. portrays the variation

of dimensionless rate of heat transfer θ′(0) against the magnetic interaction parameter M for

different values of heat generation parameter Q. it is apparent that increasing the dimensionless

rate of heat transfer θ′(0) decreases with increase of heat generation parameter Q and increases
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with respect to magnetic interaction parameter M . Figure 17 displays the variation of skin-

friction coefficient f ′′(0) against the magnetic interaction parameter M for different values of

permeability parameter K. It is seen that the skin-friction coefficient f ′′(0) decreases with

increase of velocity exponent parameter m and it decreases for increasing magnetic interaction

parameter M .

FIGURE 16. Dimensionless rate of heat transfer for different values of Heat

generation parameter Q.

FIGURE 17. Skin friction coefficient for different values of Permeability pa-

rameter K.
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It is observed that from Figure 18 the dimensionless rate of heat transfer θ′(0) increases with

increase of permeability parameter K. further, it is noted that the dimensionless rate of heat

transfer θ′(0) increases in magnitude for increasing magnetic interaction parameter M . Figure

19 shows the dimensionless rate of mass transfer φ′(0) increases with increase of permeability

parameter K. also it is observed that the dimensionless rate of mass transfer φ′(0) increases

in magnitude for increasing magnetic interaction parameter M . Figure 20 depicts the effect

of radiation parameter R on the velocity f ′(η) of the flow field. Here the velocity profiles are

drawn against η for four different values of R. The radiation parameter is found to decelerate

the velocity of the flow field at all points.

FIGURE 18. Dimensionless rate of heat transfer for different values of Per-

meability parameter K.

5. CONCLUSIONS

In this paper numerically investigated the radiation effects on MHD boundary layer flow

of liquid metal over a porous stretching surface in porous medium with heat generation. The

important findings of the paper are:

(1) The fluid temperature profiles are increases if the values of the surface temperature

parameter, magnetic parameter, heat generation parameter and suction parameter are

increases. The fluid temperature profiles are decreases if the values of the radiation

parameter, velocity exponent parameter, permeability parameter, prandtl number are

increases. At any point in the flow field, the cooling of the plate is faster as prandtl

number becomes larger. Thus prandtl number leads to faster cooling of the plate.

(2) The fluid velocity profiles are increases if the values of the velocity exponent parame-

ter, permeability parameter and suction parameter are increases. The fluid velocity is

decreases if the value of magnetic parameter and radiation parameter increases.
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FIGURE 19. Dimensionless rate of mass transfer for different values of Per-

meability parameter K.

FIGURE 20. Velocity profiles for different values of radiation parameter R.

(3) The fluid concentration profiles are increases if the values of the magnetic parameter

and suction parameter are increases. The fluid concentration profiles are decreases if

the values of the velocity exponent parameter, permeability parameter, and Schmidt

number are increases.

(4) The Skin-friction coefficient is decreases if the values of the velocity exponent param-

eter and permeability parameter are increases.
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(5) The Nusselt number is increases if the values of the velocity exponent parameter and

permeability parameter are increases and it is decreases if the values of the Radiation

parameter and heat generation parameter are increases. The Sherwood number is in-

creases if the values of the velocity exponent parameter and permeability parameter are

increases.
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