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THE h × p FINITE ELEMENT METHOD FOR OPTIMAL CONTROL PROBLEMS
CONSTRAINED BY STOCHASTIC ELLIPTIC PDES

HYUNG-CHUN LEE1† AND JANGWOON LEE2

1DEPARTMENT OF MATHEMATICS, AJOU UNIVERSITY, SUWON, KOREA

E-mail address: hclee@ajou.ac.kr

2DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MARY WASHINGTON, FREDERICKSBURG, VA 22401
E-mail address: llee3@umw.edu

ABSTRACT. This paper analyzes the h × p version of the finite element method for optimal
control problems constrained by elliptic partial differential equations with random inputs. The
main result is that the h × p error bound for the control problems subject to stochastic partial
differential equations leads to an exponential rate of convergence with respect to p as for the
corresponding direct problems. Numerical examples are used to confirm the theoretical results.

1. INTRODUCTION

The finite element method (FEM) has been used as a major tool to solve partial differential
equations (PDEs), PDEs with random inputs or stochastic PDEs (SPDEs), and optimal control
problems constrained by PDEs or SPDEs. There are three basic approaches to the FEM: the h
version, the p version, and the h-p version of the FEM.

The h version of the FEM is the classical form of the FEM that has been used extensively
for many years producing both theoretical and computational results. In the h version of the
FEM, we fix the polynomial degree p, and then we reduce the mesh size h to obtain the desired
accuracy. In contrast, in the p version of the FEM, we use a fixed mesh h and increase the
polynomial degree p to get more accurate approximations. In the h-p version, we combine
the h version and the p version approaches to get better results; i.e., we refine the mesh and
increase the polynomial degree to have the numerical solutions converge faster to the exact
solution.

In recent years, there has been an increasing interest in the h-p version of the Galerkin FEM
(GFEM) including the discontinuous GFEM (DGFEM) [1, 2, 3, 4, 5] and the stochastic GFEM
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(SGFEM) [6, 7, 8]. All these works are considering the h and/or p error bounds for only direct
problems such as PDEs or SPDEs, not for control problems. It is well known that a control
problem adds difficulties to the analysis of (stochastic) PDEs because of its flexible input data
to control and its cost functional to be optimized; and hence, solving the control problem is
a challenge. In our work we introduce the h × p version of the SGFEM for optimal control
problems subject to stochastic elliptic problems. We then show for this h× p version approach
that an exponential convergence rate with respect to p for the optimal control problems can be
obtained.

The problem we consider is the optimization problem

J (u, f) = E
[
1

2

∫
D
|u− U |2 dx+

β

2

∫
D
|f |2 dx

]
(1.1)

constrained by the stochastic elliptic PDE under the Dirichlet boundary condition:

−∇ · [a(x, ω)∇u(x, ω)] = f(x) in D,

u(x, ω) = 0 on ∂D,
(1.2)

where E denotes expected value, D a convex bounded polygonal domain, ∂D its C1 boundary,
U a target solution to the constraint, β a positive constant that says the importance between two
terms in (1.1), a : D × Ω → R is a stochastic function with a bounded, continuous covariance
function and a uniformly bounded, continuous first derivative, and f ∈ L2(D) a deterministic
distributed control acting in the domain. For almost every ω ∈ Ω, with a flexible input f , we
look for a solution u, stochastic function from D×Ω to R to optimize our functional (1.1). We
would like to mention here that ∇ means differentiation with respect to x ∈ D only.

To analyze our optimal control problem using the h × p version approach, we use the
Karhunan-Loéve (KL) expansion [6, 7, 8, 9, 10, 11, 12, 13, 14, 15], transform stochastic PDEs
to deterministic high dimensional PDEs, and present a priori error estimates of the h × p ver-
sion of the SGFEM to the transformed model equation. After that, by using the method of
Lagrange multipliers, we derive the optimality system of equations. Then we apply the theory
of Brezzi-Rappaz-Raviart (BRR) [16, 17, 18, 19, 20] in uncoupling the optimality system, so
that we can develop a priori error estimate that gives exponentially fast convergent results for
the optimal solution of our optimal control problem.

Some remarks about the literature are in order. In 1980s, the p version was first studied in
[21], and its theoretical results show that the p version gives results that are not worse then
those obtained by the h version of the FEM when quasiuniform triangulations are used. In
[22, 23, 24], the detailed error analysis of the h, p, and h-p versions of the FEM in a one
dimensional setting was given. In [25], the exponential rate of the convergence of the h-p
version is proved in a special geometric domain such as a square or a parallelogram. The
work [26] analyzes the convergence of the h-p version of the FEM for elliptic problems with
piecewise analytic data on curved domains. In [27], the author generalized the exponential rate
of convergence of the h-p version of the FEM for elliptic equations of order 2m.

In 1990s, it is shown in [28] that the auxiliary mapping technique in the frame of the p
version of the FEM yields an exponential rate of convergence on domains with corners and
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infinite domains. In [29], the fundamental theoretical ideas behind the p version and h-p version
were discussed, and a benchmark comparison between the various versions was included. In
[30], a new FEM method, the “partition of unity FEM”, was presented that can be understood
as a generalization of the h, p, and h-p versions of the FEM and more efficient than the usual
FEM. In [31], the h-p version of the FEM was used to investigate the Galerkin FE solution to
the Helmholtz equation.

In 2000s, the work [5] analyzes the h-p version of the DGFEM for the time discretization
of parabolic equations to obtain exponential convergence results without severe restrictions on
the space discretization. In [2], optimal convergence rates for the h-p version of the DGFEM
to general advection diffusion-reaction problems were shown. In [3], the h-p version of the
DGFEM was considered for the biharmonic equation to establish an a prior error estimate
which is of optimal order with respect to the mesh h and nearly optimal with respect to the
polynomial degree p. The work [1] uses the h-p version interior penalty DGFEM for second-
order linear reaction-diffusion equations to obtain improved optimal error estimates. It is shown
in [6] that the h × p version of the SGFEM method yields an exponential rate of convergence
with respect to p for stochastic elliptic problems. In [4], the DGFEM to the biharmonic equa-
tion was used to obtain the h-p version bounds that are optimal with respect to the mesh size h
and suboptimal with respect to the degree of the piecewise polynomial p.

There have been also papers by other authors published on the subject of optimal control
with SPDE constraints (e.g., see recent three publications [32, 33, 34] and references therein).
In [32], the authors proved the uniqueness of the optimal solution to the stochastic saddle prob-
lem after showing that it is equivalent to their optimality system. In [33], the computational
solutions of optimal control problems constrained by SPDEs with uncertain controls were in-
vestigated, demonstrating the application of their methods via numerical examples. In the
work [34], the authors examined the use of stochastic collocation for the numerical solution
of optimal control problems subject to SPDEs, discussing generalized polynomial chaos thor-
oughly and presenting computational examples to show the performance of their method. Also,
after finishing this paper the authors became aware of the work [35] including recent develop-
ments on the adaptive stochastic Galerkin FEM approches, which gives us some future research
ideas. In the work [35], the authors developed adaptive refinement algorithms for SGFEM for
countably-parametric, elliptic boundary value problems and proved the convergence of their
adaptive algorithm.

The plan of the paper is as follows. In Section 2, we introduce stochastic function spaces and
notations and then mention the uniqueness of the solution to our direct problems. In Section
3, we deal models with finite dimensional information and their h × p version error bounds
on the solution of the models. In Section 4, we establish the h × p version error estimates to
the discrete approximations of the solution to our optimal control problem. Finally, in Section
5, we give numerical examples of stochastic optimal control problems to verify our theoretical
results.
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2. UNIQUENESS OF THE SOLUTION

Let (Ω,F , P ) be a complete probability space, where Ω is a set of outcomes, F is a σ-
algebra of events, and P : F → [0, 1] is a probability measure. Also, we use standard Sobolev
space notation (see [36]). With this in mind, we define a stochastic Sobolev space as follows
using strongly measurable functions:

L2(Ω;H1
0 (D)) = {v : D × Ω → R | ∥v∥L2(Ω;H1(D)) <∞},

where

∥v∥2L2(Ω;H1
0 (D)) =

∫
Ω
∥v∥2H1

0 (D) dP = E[∥v∥2H1
0 (D)].

Similarly, we can define L2(Ω;L2(D)). Then for simplicity, we let L2(D) = L2(Ω;L2(D))
and H1

0(D) = L2(Ω;H1
0 (D)).

We use the following notations to make our problem expressed easily:

b[u, v] = E
[∫

D
a∇u · ∇v dx

]
(2.1)

and

[u, v] = E
[∫

D
uv dx

]
. (2.2)

Using notations (2.1) and (2.2), we have the weak formulation of (1.2): seek u ∈ H1
0(D)

such that
b[u, v] = [f, v] ∀v ∈ H1

0(D). (2.3)
In this paper, we assume that there are positive m and M such that

m ≤ a(x, ω) ≤M a.e. (x, ω) ∈ D × Ω. (2.4)

For the condition (2.4), as a practical example, a could have a log normal distribution (see
[37]).

Then from the Lax-Milgram lemma (see [38]), for f ∈ L2(D), we have a unique solution
to (2.3).

3. THE h × p VERSION ERROR BOUNDS FOR HIGH-DIMENSIONAL MODELS

3.1. High-dimensional problems. We use the KL expansions (e.g., see [7, 8, 39, 40]) to ana-
lyze our problem: If a(x, ω) is a stochastic function that has a continuous and bounded covari-
ance function, it can be represented by

a(x, ω) = E[a(x, ω)] +
∑
n≥1

√
λnϕn(x)Xn(ω), (3.1)

where the real random variables, {Xn}, are mutually uncorrelated, E[XnXm] = δnm, E[Xn] =
0, and (λn, ϕn) are solutions to∫

D
C(x1, x2)ϕn(x1) dx1 = λnϕn(x2), (3.2)
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where C(x1, x2) = E[a(x1, ω)a(x2, ω)] − E[a(x1, ω)]E[a(x2, ω)]. (3.1) is called the KL ex-
pansion of a(x, ω), and its convergence result can be found in [6].

In this paper, we use the truncated KL expansion of a(x, ω)

a(x, ω) = E[a(x, ω)] +
N∑
n=1

√
λnϕn(x)Xn(ω), (3.3)

and we focus on our control problems to practical situations. To have the unique solution to
the problem with (3.3), we assume that there exist m,M > 0 such that

m ≤ a(x, ω) ≤M a.e. (x, ω) ∈ D × Ω. (3.4)

We also assume that each Xn(Ω) ≡ Γn ⊂ R is a bounded interval for n = 1, 2, · · · , N
and that each Xn has a density function ρn : Γn → R+. We use the joint density ρ(y)

for any y ∈ Γ =
∏N
n=1 Γn ⊂ RN of (X1, X2, · · · , XN ). Under these assumptions, the so-

lution of (2.3) can be expressed by the finite number of random variables; i.e., u(x, ω) =
u(x,X1(ω), X2(ω), · · · , XN (ω)); see e.g., [9, 6, 11]. Then we have the following high-
dimensional deterministic equivalent weak formulation of (2.3) that we will focus on through-
out the paper:∫

Γ
ρ(y)

∫
D
a(x, y)∇u(x, y) · ∇v(x, y) dxdy =

∫
Γ
ρ(y)

∫
D
f(x)v(x, y) dxdy. (3.5)

The strong formulation of (3.5) is

−∇ · [a(x, y)∇u(x, y)] = f(x) ∀(x, y) ∈ D × Γ,

u(x, y) = 0 ∀(x, y) ∈ ∂D × Γ
(3.6)

with its weak formulation: seek u ∈ H1
0(D) such that for all v ∈ H1

0(D),

b[u, v] = [f, v]; (3.7)

Note that we have well-posedness of (3.6) because a is bounded and that by using the tradi-
tional finite element method, we can provide the solution to a SPDE from solving (3.6).

For our high-dimensional problem, we use the following space and notions:

H1
0(D) = L2(Γ;H1

0 (D)) = {v : D × Γ → R | ∥v∥L2(Γ;H1
0 (D)) <∞},

b[u, v] =

∫
Γ
ρ

∫
D
a∇u · ∇v dxdy,

and

[u, v] =

∫
Γ
ρ

∫
D
uv dxdy.
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3.2. Error bounds of high-dimensional problems. Let Xh ⊂ H1
0 (D) and Gh ⊂ L2(D) be

finite element spaces that consist of piecewise linear continuous functions. We assume that the
following usual properties hold:

(i) for all ϕ ∈ H2(D) ∩H1
0 (D), there exists C > 0 such that

inf
ϕh∈Xh

∥ϕ− ϕh∥H1
0 (D) ≤ Ch∥ϕ∥H2(D); (3.8)

(ii) for all ϕ ∈ H1
0 (D), there exists C > 0 such that

inf
ϕh∈Gh

∥ϕ− ϕh∥L2(D) ≤ Ch∥ϕ∥H1
0 (D). (3.9)

For the space Γ, we define the following finite element space with pn that is the maximum
degree of polynomial in a yn-direction:

Pφ = Pφ1
1 ⊗Pφ2

2 ⊗ · · · ⊗ PφN
N ,

where φn = 1/pn, φ = (φ1, φ2, · · · , φN ), and

Pφn
n = {v : Γn → R : v ∈ span(1, yn, y

2
n, · · · , y1/φn

n )}.
We now consider the following finite element weak formulation in W = Xh ⊗ Pφ: find

uhφ ∈W such that for all vhφ ∈W ,

b[uhφ, vhφ] = [f, vhφ]. (3.10)

We also consider the following approximation property (e.g., see [6]).

Proposition 3.1. Let u ∈ Cp+1(Γ;H2(D) ∩H1
0 (D)) with p = (p1, p2, · · · , pN ). Then there

exists a positive constant C, which is independent of h, δ,N , and p, such that

inf
w∈W

∥u− w∥H1
0(D) ≤ C

h∥u∥H2(D) + δγ
N∑
j=1

∥∂pj+1
yj u∥H1

0(D)

(pj + 1)!

 , (3.11)

where 0 < δ = max
1≤j≤N

|Γj |/2 < 1 and γ = min
1≤j≤N

{pj + 1}.

Then we have the following result follows from (3.11).

Proposition 3.2. Let f(x) ∈ L2(D), u and uhφ be the solutions of (3.7) and (3.10), respec-
tively. Then there exists C > 0 such that

∥u− uhφ∥H1
0(D) ≤ C(h+ δγ)K∥f∥L2(D),

where K =
∑N

j=1max{1, ∥ϕj∥
pj+1

L∞(D)}.

Remark 3.3. With the same assumptions in Proposition 3.2, we have

∥E[u− uhφ]∥H1
0 (D) ≤ C(h+ δγ)K, (3.12)

where K =
∑N

j=1max{1,
√
λj∥ϕj∥

pj+1

L∞(D)}.
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Remark 3.4. For problems with g(x, y) ∈ Cp+1(Γ;L2(D)), we have

∥u− uhφ∥H1
0(D) ≤ C(h+ δγ)K∥g∥L2(D), (3.13)

where K =
∑N

j=1max{1, ∥ϕj∥
pj+1

L∞(D),
∑pj+1

k=1 ∥ϕj∥
pj+1−k
L∞(D) ∥∂

k
yjg∥L2(D)}.

Note that Proposition 3.2 gives the optimal order of convergence with respect to δ (recall
δ = max

1≤j≤N
|Γj |/2), not with respect to p (recall γ = min

1≤j≤N
{pj + 1}) unless we assume that

each |Γj | < 2, 1 ≤ j ≤ N . So, here we try to improve this situation in the following theorem
without the need of assumptions on Γj .

Theorem 3.5. Let ϵ ∈ (0, 1), n ∈ {1, 2, · · · , N}, f(x) ∈ L2(D), and u and uhφ be the solu-
tions of (3.7) and (3.10), respectively. Assume that there exists a constant c > 0, independent
of N , such that

min
x∈D

{E[a(x, y)] +
∑

1≤j≤N,j ̸=n

√
λjϕj(x)yj} −

√
λn∥ϕn∥L∞(D) max

y∈Γn

|y| ≥ c > 0

for any (y1, y2, · · · , yn−1, yn+1, · · · , yN ) ∈
∏

1≤j≤N,j ̸=n Γj . Then there exists C > 0 such
that

∥u− uhφ∥H1
0(D) ≤

C

(
h∥f∥L2(D) + ϵ−1

N∑
i=1

√
π|Γ|

(
1 + (1− r2i )

−1/2O(φ
1/3
i )

)
(ri)

1+1/φi

)
.

PROOF: Note that because the solution u ∈ H1
0(D) of (3.5) is analytic with respect to y ∈ Γ

onto the space H1
0 (D)⊗Pφ (e.g., see [6]), there exists a constant C > 0 such that

min
v∈H1

0 (D)⊗Pφ
∥u− v∥H1

0(D) ≤
C

ϵc

N∑
i=1

√
π|Γ|

(
1 + (1− r2i )

−1/2O(φ
1/3
i )

)
(ri)

1+1/φi ,

where 0 < ri ≡ (
√
σ2i − 1 + |σi|)−1 < 1 and σi <

2c(ϵ− 1)

|Γi|
√
λi∥ϕi∥L∞(D)

.

Note also that we have

∥u− uhφ∥H1
0(D) ≤ C min

v∈Xh⊗Pφ
∥u− v∥H1

0(D)

≤ C

(
min

v∈Xh⊗L2(Γ)
∥u− v∥H1

0(D) + min
v∈H1

0 (D)⊗Pφ
∥u− v∥H1

0(D)

)

≤ C

(
h∥u∥H2(D) + min

v∈H1
0 (D)⊗Pφ

∥u− v∥H1
0(D)

)
for some C > 0.
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Then the last two inequalities with H2-regularity imply that

∥u− uhφ∥H1
0(D) ≤

C

(
h∥f∥L2(D) + ϵ−1

N∑
i=1

√
π|Γ|

(
1 + (1− r2i )

−1/2O(φ
1/3
i )

)
(ri)

1+1/φi

)
for some positive constant C.

Remark 3.6. With the same assumptions in Theorem 3.5, there exist a constant C > 0 such
that

∥E[u− uhφ]∥H1
0 (D) ≤ C(h+ ϵ−1

N∑
i=1

(ri)
1+1/φi), (3.14)

where 0 < ri < 1 as in the proof of Theorem 3.5 above.

Remark 3.7. For problems with g(x, y) ∈ Cp+1(Γ;L2(D)), we have

∥u− uhφ∥H1
0(D) ≤

C

(
h∥g∥L2(D) + ϵ−1

N∑
i=1

√
π|Γ|

(
1 + (1− r2i )

−1/2O(φ
1/3
i )

)
(ri)

1+1/φi

)
.

4. THE h × p VERSION ERROR BOUND FOR OPTIMAL CONTROL PROBLEMS

In this section, we derive the optimality system for our control problem constrained by ellip-
tic PDE with random inputs and then analyze the control problem using the Brezzi-Rappaz-
Raviart (BRR) theory obtaining its error bound. Throughout this section, we assume that
f ∈ L2(D) for regularity of the solution.

4.1. The optimality system. We define the admissibility set as follows:

Uad = {(u, f) ∈ H1
0(D)× L2(D) such that (2.3) satisfied and J (u, f) <∞}. (4.1)

Then there exists an optimal solution (û, f̂) ∈ Uad of J (u, f) such that J (û, f̂) ≤ J (u, f)

for all (u, f) ∈ Uad satisfying ∥u− û∥H1
0(D) + ∥f − f̂∥L2(D) ≤ ϵ for some ϵ > 0.

Also, if (u, f) ∈ H1
0(D)× L2(D) be an optimal solution of

min
(u,f)∈Uad

J (u, f) subject to b[u, v] = [f, v] ∀v ∈ H1
0(D), (4.2)

then there exists a Lagrange multiplier ξ ∈ H1
0(D) such that

b[ξ, ζ] = [u− U, ζ] ∀ζ ∈ H1
0(D) (4.3)

and
[βf + ξ, z] = 0 ∀z ∈ L2(D). (4.4)
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Remark 4.1. The system formed by equations

b[u, v] = [f, v] ∀v ∈ H1
0(D),

b[ξ, ζ] = [u− U, ζ] ∀ζ ∈ H1
0(D), and (4.5)

[βf + ξ, z] = 0 ∀z ∈ L2(D).

is called an optimality system. By solving this system, we can find the optimal solution of (4.2).

4.2. The Brezzi-Rappaz-Raviart theory. Here for the sake of completeness, we will state
the relevant result based on the BRR theory for our needs (for details, see [41, 42, 43]).

For Banach spaces X and Y , let T ∈ L(Y;X ) and G be a C2 mapping from X into Y . Then
we consider the following nonlinear problem: Seek ψ ∈ X such that

ψ + T G(ψ) = 0. (4.6)

We assume that ψ is a regular solution of (4.6) and that there exists a Banach space Z continu-
ously embedded in Y such that

Gψ(ψ) ∈ L(X ;Z) ∀ψ ∈ X , (4.7)

where Gψ is the Fréchet derivative of G with respect to ψ.
Let X h be a finite dimensional subspace of X and T h ∈ L(Y;X h) be an approximating

operator. We assume the following properties for T h:

lim
h→0

∥(T h − T )ω∥X = 0 ∀ω ∈ Y; (4.8)

lim
h→0

∥T h − T ∥L(Z;X ) = 0. (4.9)

Then we set the following approximate problem to the nonlinear problem above: Seek ψh ∈
X h such that

ψh + T hG(ψh) = 0. (4.10)
We finally assume that D2G is bounded on all bounded sets of X , where D2G represents

any and all second Fréchet derivatives of G.
Then with all assumptions above, there exists a neighborhood O of the origin in X and, for

h ≤ h0 small enough, a unique ψh ∈ X h such that ψh is a regular solution of (4.10). Moreover,
there exists a constant C > 0, independent of h, such that

∥ψh − ψ∥X ≤ C∥(T h − T )G(ψ)∥X . (4.11)

4.3. Error bound of optimal control problems. In this section, we first fit our optimality
system and its discrete approximation into the BRR framework such as (4.6) and (4.10) so that
we can use the BRR theory. Then by proving all assumptions in Section 4.2, we get a error
bound for our control problem constrained by PDEs with random inputs.

We set X = H1
0(D)×L2(D)×H1

0(D) and Y = H−1(D)×H−1(D) and define the linear
operator T ∈ L(Y;X ) as follows:

(ũ, f̃ , ξ̃) = T (r̃, τ̃)
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if and only if
b[ũ, v] = [r̃, v] ∀v ∈ H1

0(D), (4.12)

b[ξ̃, ζ] = [τ̃ , ζ] ∀ζ ∈ H1
0(D), (4.13)

and
[βf̃ + ξ̃, z] = 0 ∀z ∈ L2(D). (4.14)

We also define G : X → Y by

G(ũ, f̃ , ξ̃) = (−f̃ ,−ũ+ U).

Then the optimality system (2.3), (4.3), and (4.4) can be written as

(u, f, ξ) + T (G(u, f, ξ)) = 0. (4.15)

We now set X hφ = W ×Gh ×W , where W = Xh ⊗ Pφ and define the discrete operator
T hφ ∈ L(Y;X hφ) as follows:

(ũhφ, f̃h, ξ̃hφ) = T hφ(r̃, τ̃)

if and only if
b[ũhφ, vhφ] = [r̃, vhφ] ∀vhφ ∈W, (4.16)

b[ξ̃hφ, ζhφ] = [τ̃ , ζhφ] ∀ζhφ ∈W, (4.17)

and
[βf̃h + ξ̃hφ, zh] = 0 ∀zh ∈ Gh. (4.18)

Then the discrete optimality system

b[uhφ, vhφ] = [fh, vhφ] ∀vhφ ∈W,

b[ξhφ, ζhφ] = [uhφ − U, ζhφ] ∀ζhφ ∈W, and (4.19)

[βfh + ξhφ, zh] = 0 ∀zh ∈ Gh

can be written as
(uhφ, fh, ξhφ) + T hφ(G(uhφ, f, ξhφ)) = 0.

We now proceed to verify all assumptions mentioned in Section 4.2. To do this, we define
first a space Z = L2(D) × L2(D), which is continuously embedded into Y = H−1(D) ×
H−1(D).

We denote the Fréchet derivative of G with respect to (u, f, ξ) by DG(u, f, ξ). Then we
obtain for (u, f, ξ) ∈ X ,

DG(u, f, ξ) · (ũ, f̃ , ξ̃) = (−f̃ ,−ũ) ∀(ũ, f̃ , ξ̃) ∈ X .

We now state the following propositions to have the error analysis for our optimal control
problems constrained by PDEs with random inputs.

Proposition 4.2. DG(u, f, ξ) ∈ L(X ;Z) for all (u, f, ξ) ∈ X .
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PROOF: Note that we have

∥DG(u, f, ξ) · (ũ, f̃ , ξ̃)∥Z = ∥f̃∥L2(D) + ∥ũ∥L2(D)

≤ ∥f̃∥L2(D) + ∥ũ∥H1
0(D) + ∥ξ̃∥H1

0(D) <∞. (4.20)

Then the result follows using (4.20).

Proposition 4.3. D2G is bounded on all bounded sets of X .

PROOF: This can be shown from the fact that for any (u, f, ξ) ∈ X ,

D2G(u, f, ξ) · (ũ, f̃ , ξ̃) = (0, 0) ∀(ũ, f̃ , ξ̃) ∈ X .

Proposition 4.4. For any (r̃, τ̃) ∈ Y , ∥(T − T hφ)(r̃, τ̃)∥X → 0 as h, φ→ 0.

PROOF: We have

∥(T − T hφ)(r̃, τ̃)∥X = ∥(ũ− ũhφ, f̃ − f̃h, ξ̃ − ξ̃hφ)∥X (4.21)

= ∥ũ− ũhφ∥H1
0(D) + ∥ξ̃ − ξ̃hφ∥H1

0(D) + ∥f̃ − f̃h∥L2(D)

First, we show ∥ũ− ũhφ∥H1
0(D) → 0 as h, φ→ 0.

Let ϵ > 0 and let r̃ ∈ H−1(D). Then there exists a sequence of C∞ functions {r̃n} ⊂
L2(D) such that ∥r̃n − r̃∥H−1(D) → 0 as n → 0. That is, for some r̃n0 ∈ {r̃n}, we have
∥r̃n0 − r̃∥H−1(D) < ϵ.

We now use our weak formulation (3.7) with r̃n0 to get the following inequality for some
C > 0:

∥ũ− ũn0∥H1
0(D) < ϵC,

where ũn0 is a weak solution.
Similarly, with (3.10), we get the following result: there is a constant C > 0 such that

∥ũhφ − ũhφn0
∥H1

0(D) < ϵC,

where ũhφn0 is a weak solution.
These two inequalities imply that

∥ũ− ũhφ∥H1
0(D) ≤ ∥ũ− ũn0∥H1

0(D) + ∥ũn0 − ũhφn0∥H1
0(D) + ∥ũhφn0

− ũhφ∥H1
0(D)

≤ ∥ũn0 − ũhφn0
∥H1

0(D)

since ϵ is arbitrary. Then ∥ũ− ũhφ∥H1
0(D) → 0 as h, φ→ 0 from Theorem 3.5.

Similarly, ∥ξ̃ − ξ̃hφ∥H1
0(D) → 0 as h, φ→ 0.

Now we want to show that ∥f̃ − f̃h∥L2(D) → 0 as h → 0. Note from using (4.14) and
(4.18), we obtain

[f̃ − f̃h, f̃ − f̃h] = [f̃ − f̃h, f̃ − gh] + 1/β[ξ̃ − ξ̃hφ, f̃h − f̃ + f̃ − gh].
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Then by the Hölder, Cauchy, and Young inequalities, we have

∥f̃ − f̃h∥2L2(D) ≤ ∥f̃ − f̃h∥L2(D)∥f̃ − gh∥L2(D)

+ 1/β∥ξ̃ − ξ̃hφ∥L2(D)∥f̃h − f̃∥L2(D)

+ 1/β∥ξ̃ − ξ̃hφ∥L2(D)∥f̃ − gh∥L2(D) (4.22)

≤ 1/4∥f̃ − f̃h∥2L2(D) + ∥f̃ − gh∥2L2(D)

+ 1/β∥ξ̃ − ξ̃hφ∥2L2(D) + 1/4∥f̃h − f̃∥2L2(D)

+ 1/(2β)∥ξ̃ − ξ̃hφ∥2L2(D) + 1/2∥f̃ − gh∥2L2(D).

The Inequality (4.22) implies that

∥f̃ − f̃h∥2L2(D) ≤ C(∥ξ̃ − ξ̃hφ∥2L2(D) + ∥f̃ − gh∥2L2(D))

for someC > 0. Here we note that from (4.14) and the Hölder inequality, we have
∫
D |∇f̃ |2 dx <

∞. With choosing gh = P h(f̃), where P h is the standard L2-projection operator from L2(D)

to Gh, we have ∥f̃ − gh∥2L2(D) → 0 as h → 0. Thus, from the previous result above, as
h, φ→ 0, we have

∥f̃ − f̃h∥2L2(D) → 0.

Therefore, with all arguments mentioned above, we have the following result:

∥(T − T hφ)(r̃, τ̃)∥X = ∥ũ− ũhφ∥H1
0(D) + ∥ξ̃ − ξ̃hφ∥H1

0(D) + ∥f̃ − f̃h∥L2(D) → 0

as h→ 0 and φ→ 0.

Proposition 4.5. ∥T − T hφ∥L(Z,X ) → 0 as h, φ→ 0.

PROOF: We note that H1(D) is compactly embedded in L2(D) if D ⊂ Rd is a bounded
domain with C1 boundary by Morrey’s inequality and Arzela-Ascoli Compactness theorem
with d = 1, by Rellich’s theorem with d = 2, and by Rellich-Kondrachov Compactness
theorem with d = 3. Thus, by compact embedding results, Z ⊂ Y is compact. Thus, the
proof of this proposition follows from the result in Proposition 4.4.

Proposition 4.6. A solution of (4.15) is regular.

PROOF: A proof follows from the linearity and well-posedness of (4.12), (4.13), and (4.14).

Through Propositions 4.2 - 4.6 we have verified all of the assumptions in Section 4.2. Thus,
we obtain the following exponential convergence with respect to the polynomial degree p =
1/φ, which is our main result.

Theorem 4.7. Assume that U ∈ H1
0(D). Let (u, f, ξ) ∈ H1

0(D) × L2(D) × H1
0(D) be the

solution of the optimality system (4.5), (uhφ, fh, ξhφ) ∈ W × Gh ×W be the solution of the
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discrete optimality system (4.19), and ϵ ∈ (0, 1). Then we have

∥u− uhφ∥H1
0(D) + ∥ξ − ξhφ∥H1

0(D) + ∥f − fh∥L2(D) → 0 as h, φ→ 0.

Moreover, there exists C > 0 such that

∥u− uhφ∥H1
0(D) + ∥ξ − ξhφ∥H1

0(D) + ∥f − fh∥L2(D) ≤ (4.23)

C

(
h[∥f∥L2(D) + ∥u− U∥H1

0(D)] +
1

ϵ

N∑
i=1

√
π|Γ|

[
1 +

O(φ
1/3
i )

(1− r2i )
1/2

]
(ri)

1+1/φi

)
,

where 0 < ri ≡ (
√
σ2i − 1 + |σi|)−1 < 1 and σi <

2c(ϵ− 1)

|Γi|
√
λi∥ϕi∥L∞(D)

with a constant c > 0

and eigenpairs (λi, ϕi) in (3.3).

5. NUMERICAL COMPUTATION OF OPTIMAL CONTROL PROBLEMS

In this section, we verify our theoretical results using some numerical examples; i.e., we
report on some numerical experiments to show the exponential convergence results with re-
spect to the polynomial degree p = (p1, p2, · · · , pN ), where pn is the maximum degree of
polynomials in a yn-direction.

5.1. Numerical Setting. In our numerical experiments, we use that our deterministic domain
D is [−1, 1] and each stochastic domain Γn is [−

√
3,
√
3]. Also we suppose that we have a

constant density function. Then from the assumptions aboutXn in the KL expansion, we obtain
the joint probability density function ρ of (X1, X2, · · · , XN ) in our numerical experiments is
(2
√
3)−N .

Here we use a smooth covariance function C(x1, x2) = e−|x1−x2|/α, where α > 0 is the
correlation length. Then ∫

D
C(x1, x2)ϕn(x1) dx1 = λnϕn(x2).

gives the following eigenfunctions {ϕn} and eigenvalues {λn}:

ϕn(x) = cos(vnx)
(√

1 + (2vn)−1 sin(2vn)
)−1/2

if n is odd,

ϕn(x) = sin(wnx)
(√

1− (2wn)−1 sin(2wn)
)−1/2

if n is even,

λn = 2α(1 + α2v2n)
−1 if n is odd, and

λn = 2α(1 + α2w2
n)

−1 if n is even,
where vn is a solution of 1−αv tan(v) = 0 andwn is a solution of αw+tan(w) = 0. Note that
with the correlation length α = 1, our eigenvalues {λn} decay quickly enough as n increases
as we can see in Figure 5.1. Also, as we may guess from {λn} above and from the literature
(e.g., see [39, 44]), we see that the eigenvalue decay rate gets smaller when the correlation
length gets smaller; for example, when α = 0.01, the eigenvalue decay is hardly visible. Thus,
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FIGURE 5.1. Eigenvalue Decay with e−|x1−x2|

in this paper, we use C(x1, x2) = e−|x1−x2|, which gives a reasonable eigenvalue decay rate
so that we can use the first few terms of our KL expansion in numerical computation.

To confirm our theoretical results, we consider a model problem with the target solution
U = sin(πx) + sin(2πx): Find the solution of

−(a(x, y)u′(x, y))′ = f(x) ∀(x, y) ∈ (−1, 1)×
N∏
n=1

(−
√
3,
√
3), (5.1)

u(x, y) = 0 ∀(x, y) ∈ {−1, 1} ×
N∏
n=1

(−
√
3,
√
3),

where a(x, y) = E[a(x, y)] +
∑N

n=1

√
λnϕn(x)yn by controlling f(x) to minimize

J (u, f) =
1

2

∫ √
3

−
√
3

1

(2
√
3)N

∫ 1

−1
|u− U |2 dxdy + β

2

∫ 1

−1
|f |2 dx. (5.2)

5.2. Numerical Results. In this section, we provide the graphs of discrete optimal solutions
together with the target solution; we give the tables of the values of relative errors for the
optimal solutions with various polynomial degrees and their corresponding numbers of degrees
of freedom of the discretization with respect to one-, two-, and three-dimensional stochastic
domains; we finally present the figures of exponential convergence results with respect to p =
(p1, p2, · · · , pN ) in three different dimensional spaces.

In tables and figures for computational results, for simplicity, we use DP =
∑N

n=1 pn,
where pn is the maximum degree of polynomials in a yn-direction and DOF as the number



THE h × p FEM FOR OPTIMAL CONTROL PROBLEMS 401

DP (DOF ) Relative Error for u Relative Error for ξ Relative Error for f
1(2) 1.198032987982e-01 1.787953125199e-01 1.720684070324e-01
3(4) 9.562740236029e-03 1.524223854302e-02 1.341233756062e-02
5(6) 5.570898785792e-04 1.057333186124e-03 8.615989678717e-04
7(8) 2.795461789913e-05 6.309221819675e-05 4.901139558725e-05
9(10) 1.286833647831e-06 3.391536066446e-06 2.567358708683e-06

11(12) 4.560494644988e-08 1.362462543327e-07 1.019093421438e-07

TABLE 5.1. Dimension = 1, E[a(x, y)] = 2

DP (DOF ) Relative Error for u Relative Error for ξ Relative Error for f
1(2) 9.401289567930e-02 1.987307188342e-01 1.752373609462e-01
3(6) 1.021973093216e-02 2.469886703133e-02 1.951724713049e-02
5(12) 1.005212637175e-03 3.036986195881e-03 2.380145213483e-03
7(20) 9.899411004937e-05 3.609536395869e-04 2.891208795498e-04
9(30) 9.451679011477e-06 3.927211535465e-05 3.149626856263e-05

11(42) 3.335005157516e-07 2.710535612892e-06 2.420352397715e-06

TABLE 5.2. Dimension = 2, E[a(x, y)] = 3

DP (DOF ) Relative Error for u Relative Error for ξ Relative Error for f
1(2) 1.213041981628e-01 2.365082151581e-01 2.067441516861e-01
3(8) 3.705922498228e-02 6.324595325181e-02 5.759006750746e-02
5(18) 7.664352606772e-03 2.486450915935e-02 2.261773242123e-02
7(36) 1.714928430140e-03 8.617173569856e-03 9.261673667937e-03
9(64) 7.369214036585e-04 2.992784382786e-03 3.180578082762e-03

11(100) 1.650674990773e-05 1.329491864220e-04 1.672158841553e-04

TABLE 5.3. Dimension = 3, E[a(x, y)] = 3

of degrees of freedom of the discretization with respect to the random parameter space. For
instance, if we use p = (p1, p2) = (5, 4), then DP = 9 and DOF = 30.

We in our numerical examples focus on the convergence of the discrete optimal solutions,
uhφ, ξhφ, and fh, with respect to the polynomial degree p in terms of the relative error norms.
For example, for the state solution u and the Lagrange multiplier ξ, we use the H1

0 norm,
and for our control f , we use the L2 norm. Also, to satisfy the coercivity condition for our
coefficient a(x, y), we use appropriate values of E[a(x, y)] in each numerical experiment.

First, for the discrete optimal solutions’ graphs, we run our programs by increasing the
polynomial degree p with fixed step size on fixed spatial and stochastic domains as mentioned
above. We then provide solution graphs together with the given target for only two dimensional
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problem (we would like to mention that we have similar results in other dimensional cases as
well). The graphs of the expectations of our optimal solutions E[uhφ],E[ξhφ], and fh with our
target solution U = sin(πx) + sin(2πx) for different values of DP = 2, 4, 6, 8, and 10 are
shown in Figure 5.2.
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FIGURE 5.2. Dimension = 2, E[a(x, y)] = 3, U = sin(πx) + sin(2πx),
DP = 2 (Top left), DP = 4 (Top right), DP = 6 (Middle left), DP = 8
(Middle right), DP = 10 (Bottom)
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In addition, for each dimensional problem, we present figures of E[uhφ] together with U ,
E[ξhφ], and fh when DP is equal to 12 (see Figure 5.3). As we can see from Figures 5.2 and
5.3, in all different cases, we have the values of E[uhφ] closer to the target U as desired.

Second, as we may expect from our theoretical convergence results, when we solve the dis-
crete optimal control problems in one-, two-, and three-dimensional random parameter spaces,
the relative errors for the optimal solutions get much smaller as the polynomial degree increases
(see Tables 5.1, 5.2, and 5.3). Here we get errors a little bit more as we increase the dimension
of the random parameter space, but these are reasonable results because the upper bound of
each error include more and more terms as the dimension gets bigger and because the results
may depend on the coercivity condition of E[a(x, y)].
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FIGURE 5.3. U = sin(πx) + sin(2πx), DP = 12, Dimension = 1 (Top
left), Dimension = 2 (Top right), Dimension = 3 (Bottom)

Finally, as shown in Figure 5.4, based on the values in tables, we obtain exponential rates
of convergence for the discrete optimal solutions with respect to the polynomial degree; these
numerical results confirm our theoretical convergence rates of the optimal solutions.
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FIGURE 5.4. Convergence of Optimal Solutions

6. CONCLUSION REMARKS

Uncertainty can be found everywhere and we cannot just avoid it. In fact, many physical,
biological, chemical, social, economic, and financial systems always involve some types of
uncertainties. For example, we may consider media properties in oil reservoirs, which are very
costly to obtain by measurement. Also, we may think of rainfall amounts that are unpredictable.
From these examples, we see that data available are not always complete in modeling some
phenomena. As a result, mathematical model equations describing theses phenomena should
take uncertainty into account.
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In our model problem (constraint equation or stochastic elliptic PDE), we introduced an
element of randomness into incomplete input data to describe some degree of uncertainty of
measurement. Then we analyzed the stochastic PDE constrained optimal control problem by
reformulating in terms of a high dimensional parametric, deterministic problem. Although we
used a stochastic Galerkin finite element method to solve the problem numerically, one could
use a stochastic collocation method and/or a proper sparse grid discretization in a high dimen-
sional space to get better computational results. In addition we could model the Navier-Stokes
equation involving uncertainty and use our idea to analyze the equation describing the motion
of fluids more accurately and giving better predictions. These problems will be addressed in
our future papers.

REFERENCES

[1] E. H. Georgoulis and E. Suli, Optimal error estimates for the hp-version interior penalty discontinous Galerkin
finite element method, IMA J. Numer. Anal., 25 (2005), 205–220.

[2] P. Houston, C. Schwab, and E. Suli, Discontinuous hp-finite element methods for advection-diffusion-reaction
problems, SIAM J. Numer. Anal., 39 (2002), 2133–2163.

[3] I. Mozolevski and E. Suli, A priori error analysis for the hp-version of the discontinuous Galerkin finite
element method for the biharmonic equation, Comput. Meth. Appl. Math., 3 (2003), 1–12.

[4] I. Mozolevski, E. Suli, and P. R. Bosing, hp-version a priori error analysis of interior penalty discontinuous
Galerkin finite element approximations to the biharmonic equation, J. Sci. Comput., 30 (2007), 465–491.

[5] D. Schotzau and C. Schwab, Time discretization of parabolic problems by the hp-version of the discontinous
Galerkin finite element method, SIAM J. Numer. Anal., 38 (2000), 837–875.

[6] I. Babuska, R. Tempone, and G. E. Zouraris, Galerkin finite element approximations of stochastic elliptic
partial differential equations, SIAM J. Numer. Anal., 42 (2004), 800–825.

[7] I. Babuska, R. Tempone, and G. E. Zouraris, Solving elliptic boundary value problems with uncertain coef-
ficients by the finite element method: the stochastic formulation, Comput. Method Appl. Mech. Engrg., 194
(2005), 1251–1294.

[8] P. Frauenfelder, C. Schwab, and R. A. Todor, Finite elements for elliptic problems with stochastic coefficients,
Comput. Method Appl. Mech. Engrg., 194 (2005), 205–228.

[9] I. Babuska and P. Chatzipantelidis, On solving elliptic stochastic partial differential equations, Comput.
Method Appl. Mech. Engrg., 191 (2002), 4093–4122.

[10] I. Babuska, K. Liu, and R. Tempone, Solving stochastic partial differential equations based on the experimen-
tal data, Math. Models Methods Appl. Sci., 13 (2003), 415–444.

[11] M. K. Deb, I. Babuska, and J. T. Oden, Solution of stochastic partial differential equations using Galerkin
finite element techniques, Comput. Method Appl. Mech. Engrg., 190 (2001), 6359–6372.

[12] M. D. Gunzburger, H.-C. Lee, and J. Lee, Error estimates of stochastic optimal Neumann boundary control
problems, SIAM J. Numer. Anal., 49 (2011), 1532–1552.

[13] H.-C. Lee and J. Lee, A Stochastic Galerkin Method for Stochastic Control Problems, Commun. Comput.
Phys., 14 (2013), 77–106.

[14] L. S. Hou, J. Lee, and H. Manouzi Finite Element Approximations of Stochastic Optimal Control Problems
Constrained by Stochastic Elliptic PDEs, J. Math. Anal. Appl. Vol., 384 (2011), 87–103.

[15] C. Schwab and R. A. Todor, Sparse finite elements for elliptic problems with stochastic loading, Numer. Math.,
(2003), 707–734.

[16] K. Chrysafinos, Moving mesh finite element methods for an optimal control problem for the advection-diffusion
equation, J. Sci. Comput., 25 (2005), 401–421.



406 HYUNG-CHUN LEE AND JANGWOON LEE

[17] M. D. Gunzburger, L. S. Hou, and T. Svobodny, Analysis and finite element approximation of optimal control
problems for the stationary Navier–Stokes equations with distributed and Neumann controls, Math. Comp. 57
(1991), 123–151.

[18] M. D. Gunzburger, L. S. Hou, and T. Svobodny, Analysis and finite element approximation of optimal control
problems for the stationary Navier–Stokes equations with Cirichlet controls, RAIRO Model. Math. Anal.
Numer., 25 (1991), 711–748.

[19] M. D. Gunzburger and L. S. Hou, Finite-dimensional approximation of a class of constrained nonlinear opti-
mal control problems, SIAM J. Control. Optim., 34 (1996), 1001–1043.

[20] L. S. Hou and S. S. Lavindran, A penalized neumann control approach for solving an optimal dirichlet control
problem for the Navier–Stokes equations, SIAM J. Control. Optim., 36 (1998), 1795–1814.

[21] I. Babuska, B. A. Szabo, and I. N. Katz, The p-version of the finite element method, SIAM J. Numer. Anal.,
18 (1981), 515–545.

[22] W. Gui and I. Babuska, The h, p and h-p versions of the finite element method in 1 dimension. I. The error
analysis of the p-version, Numer. Math., 49 (1986), 577–612.

[23] W. Gui and I. Babuska, The h, p and h-p versions of the finite element method in 1 dimension. II. The error
analysis of the h- and h-p versions, Numer. Math., 49 (1986), 613–657.

[24] W. Gui and I. Babuska, The h, p and h-p versions of the finite element method in 1 dimension. III. The adaptive
h-p version, Numer. Math., 49 (1986), 659–683.

[25] B. Guo and I. Babuska, it The h-p version of the finite element method. I. The basic approximation results,
Comput. Mech., 1 (1986), 21–41.

[26] I. Babuska and B. Q. Guo, The h-p version of the finite element method for domains with curved boundaries,
SIAM J. Numer. Anal., 25 (1988), 837–861.

[27] B. Guo, The h-p version of the finite element method for elliptic equations of order 2m, Numer. Math., 53
(1988), 199–224.

[28] I. Babuska and H.-S. Oh, The p-version of the finite element method for domains with corners and for infinite
domains, Numer. Methods Partial Differential Eq., 6 (1990), 371–392.

[29] I. Babuska and M. Suri, The p and h-p versions of the finite element method, basic principles and properties,
SIAM Rev., 36 (1994), 578–632.

[30] I. Babuska and J. M. Melenk, The partition of unity finite element method, Technical Note BN-1185, Inst.
Phys. Sci. Tech., (1995).

[31] I. Babuska and F. Ihlenburg, Finite element solution of the Helmholtz equation with high wave number part
II: The h-p version of the FEM, SIAM J. Numer. Anal., 34 (1997), 315–358.

[32] P. Chen and A. Quarteroni, Weighted Reduced Basis Method for Stochastic Optimal Control Problems with
Elliptic PDE Constraint, SIAM/ASA J. Uncert. Quant., 2 (2014), 364–396.

[33] E. Rosseel and G. N. Wells, Optimal control with stochastic PDE constraints and uncertain controls, Comput.
Methods Appl. Mech. Engrg., (2012), 152–167.

[34] H. Tiesler, R. M. Kirby, D. Xiu, and T. Preusser, Stochastic collocation for optimal control problems with
stochastic PDE constraints, SIAM J. Control Optim., 50 (2012), 2659–2682.

[35] M. Eigel, C. J. Gittelson, C. Schwab, and E. Zander, A convergent adaptive stochastic Galerkin finite element
method with quasi-optimal spatial meshes, ESAIM: M2AN, 49 (2015), 1367–1398.

[36] R. Adams, Sobolev Spaces, Academic, New York, 1975.
[37] J. Galvis and M. Sarkis, Approximating infinity-dimensional stochastic Darcy’s equations without uniform

ellipticity, SIAM J. Numer. Anal., 47 (2009), 3624–3651.
[38] S. C. Brenner and L. R. Scott, The mathematical theory of finite element methods, Second Edition, Springer,

2002.
[39] R. G. Ghanem and P. D. Spanos, Stochastic finite elements: A spectral approach, Springer-Verlag, 1991.
[40] W. Luo, Wiener chaos expansion and numerical solutions of stochastic partial differential equations, Ph.D.

thesis, California institute of technology, Pasadena, California 2006.



THE h × p FEM FOR OPTIMAL CONTROL PROBLEMS 407

[41] F. Brezzi, J. Rappaz, and P. Raviart, Finite-dimensional approximation of nonlinear problems. Part I: Branches
of nonsingular solutions, Numer. Math., 36 (1980), 1–25.

[42] M. Crouzeix and J. Rappaz, On numerical approximation in bifurcation theory, Masson, Parix, 1990.
[43] V. Girault and P. Raviart, Finite element methods for Navier–Stokes equations, Springer, Berlin, 1986.
[44] D. Xiu, Numerical methods for stochastic computationss, Princeton, 2010.





J. KSIAM Vol.19, No.4, 409–416, 2015 http://dx.doi.org/10.12941/jksiam.2015.19.409

AN ELEMENTARY PROOF OF THE OPTIMAL RECOVERY OF THE THIN
PLATE SPLINE RADIAL BASIS FUNCTION

MORAN KIM1 AND CHOHONG MIN1†

1DEPARTMENT OF MATHEMATICS, EWHA WOMANS UNIVERSITY, KOREA

E-mail address: moran.kim.9@gmail.com, chohong@ewha.ac.kr

ABSTRACT. In many practical applications, we face the problem of reconstruction of an un-
known function sampled at some data points. Among infinitely many possible reconstructions,
the thin plate spline interpolation is known to be the least oscillatory one in the Beppo-Levi
semi norm, when the data points are sampled in R2. The traditional proofs supporting the argu-
ment are quite lengthy and complicated, keeping students and researchers off its understanding.
In this article, we introduce a simple and short proof for the optimal reconstruction. Our proof
is unique and reguires only elementary mathematical background.

1. INTRODUCTION

Scattered data approximation has been a fast growing research area. It deals with the prob-
lem of reconstruction of an unknown function from given scattered data [1]. Naturally, it has
many applications, such as surface reconstruction, fluid-structure interaction, the numerical
solution of partial differential equations and parameter estimation [2]. Moreover, these appli-
cations come from such different fields as applied mathematics, computer science, biology,
engineering. It is a well-established fact that a large data set is better dealt with by splines than
by polynomials [3].

One of the common scattered data approximation techniques is the Radial Basis Func-
tion(RBF). A one dimensional RBF is the natural cubic spline. RBFs consist of a finite linear
combination of translated basis functions. Sums of radial basis functions are typically used
to approximate given functions. One advantage of RBFs is that they are independent of di-
mension. Since the basis functions take Euclidean distance as input, they can be extended to
arbitrary dimensions. For solving practical problems of data fitting in two dimensions, one
of the most popular radial basis functions is the thin plate spline(TPS). The optimality and
solvability of radial basis function interpolation is already proved in general case, however the
proof is quite complex [4, 5]. In this paper, we introduce a proof of the optimality in the sense
of the L2-minimum norm and solvability of the interpolation with TPS, just with an elementary
mathematical background.
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In a traditional textbook of RBF by Wendland [5, 6], the understanding of the optimal recov-
ery of TPS can be obtained through seven theorems that takes up about ten pages. The proof
requires the concept of completely monotone, Helly’s theorem, Hausdorff-Bernstein-Widder
theorem, Schoenberg theorem and the Micchelli’s theorem that may sound new to most stu-
dents and researchers.

We can also find another proof in the paper by Madych and Nelson which generalizes the
approach of Bochner’s [7, 8] to the case of conditionally positive definite functions. It consists
of eight theorems that take up about eight pages [9]. The precise characterization of Madych-
Nelson requires the concepts of generalized fourier transforms. Compare to the Schoenberg-
Micchelli approach, the proof of the basic result of Madych-Nelson is rather easy but it is
technically difficult to apply the general result to specific basis functions [9, 10, 11]. Bochner’s
characterization provides direct proofs for RBFs but is not applicable to conditionally positive
definite functions [12, 13].

Contrary to the aforementioned references, this article introduces a simple and short proof
that requires only elmentary mathematical background. In section 2, we briefly review the
formulation of the optimal recovery problem and the definition of the TPS interpolation. In
section 3, we prove that the interpolation solves the optimal recovery problem.

2. PROBLEM SETTING

Given function values {f1, ..., fN} on a discrete set {x1, ...,xN} of scattered locations
xj ∈ R2, we want to reconstruct a function f in defined in R2. Among infinitely many smooth
functions that pass through all the data, we seek the least oscillatory one. The oscillation is
measured by the magnitude of the second order derivatives in L2-norm. The measurement of
the oscillation is through the Beppo-Levi semi-norm [14], which is denoted by || · ||V through-
out this paper. The space V is an inner product space defined as below.

V :={g : R2 → R|g ∈ C(R2), gxx, gxy, gyy ∈ L2(R2)}

< g1, g2 >V :=
∫
R2

∂2g1
∂x2

∂2g2
∂x2

+ 2 ∂
2g1

∂x∂y
∂2g2
∂x∂y +

∂2g1
∂y2

∂2g2
∂y2

dx

∥ g ∥V :=
√
< g, g >V

The problem of reconstruction can be cast into the following optimization problem for find-
ing g⋆ in M .

M := {g ∈ V |g(xi) = f(xi) ∀i}, g⋆ = argmin
g∈M

∥ g ∥2V (2.1)

The solution of the above optimization problem is known as the TPS interpolation. The
interpolation is called radial basis function interpolation, because it is a sum of translated basis
functions that are radially symmetric. In specific, for the data points, the TPS interpolation
takes the following form.
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gTPS(x) =

N∑
j=1

αjϕ(∥ x− xj ∥) + β1x+ β2y + β0, (2.2)

where ϕ(r) = r2 log(r). The coefficients are uniquely determined by the following conditions.

gTPS(xi) = f(xi) for i = 1, 2, ..., N

N∑
j=1

αj = 0,

N∑
j=1

αjxj = 0
(2.3)

As described in the introduction, it has been a painstaking and hard learning process to
understand why the TPS interpolation is the solution of the optimization problem, i.e., g⋆ =
gTPS . In the next section, we introduce a simple and short proof that requires only elementary
mathematical background.

3. ELEMENTARY PROOF

We provide an elementary proof that shows why the TPS interpolation (2.2) is the solution
of the optimization problem (2.1), i.e., g⋆ = gTPS . We begin with a standard lemma for the
distance minimization in an inner-product space.

Lemma 1. g⋆ = argmin
g∈M

∥ g ∥2V if and only if < g⋆, v >V= 0, ∀v ∈ M0. Here

M0 := {g ∈ V |g(xi) = 0 ∀i}.

Proof. (⇒) 0 ̸= ∀v ∈M0, ∀ϵ ∈ R, g⋆+ϵv ∈M . By the assumption that g⋆ is the minimizer,

∥ g⋆ + ϵv ∥2V ≥ ∥ g⋆ ∥2V , ∀ϵ ∈ R,

∥ v ∥2V ϵ2 + 2 < g⋆, v >V ϵ ≥ 0, ∀ϵ ∈ R.

The quadratic equation does not have a real root, and its discriminant should be nonpositive,
< g⋆, v >2

V≤ 0. Since < g⋆, v >2
V ≥ 0, finally we get < g⋆, v >V = 0.

(⇐) ∀g ∈M, g − g⋆ ∈M0. Using the orthogonality assumption,

∥ g ∥2V =∥ g⋆ + (g − g⋆) ∥2V
=∥ g⋆ ∥2V + ∥ g − g⋆ ∥2V ≥ ||g⋆||2V .

�
Before we provide the main theorem, we list the following calculation of elementary differ-

entiations.
• ∇ϕ(∥ x− xi ∥) =(2log(∥ x− xi ∥) + 1)(x− xi)
• ∇(∆ϕ(∥ x− xi ∥)) = 4 x−xi

∥x−xi∥2
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• ∆ϕ(∥ x− xi ∥) =4log(∥ x− xi ∥) + 4

• ∇2ϕ(∥ x− xi ∥)=(2log(∥ x− xi ∥) + 1)I + 2(x−xi)(x−xi)
T

∥x−xi∥2

• ∆2ϕ(∥ x− xi ∥) = 0

Theorem 3.1. The TPS interpolation in equation (2.2) is the optimal solution of the problem
(2.1).

Proof. We prove the argument in two steps. In the first step, we show gTPS ∈ M . In the
second, we show the orthogonality gTPS ⊥M0, which implies by the lemma on the optimality,
gTPS = argmin

g∈M
∥ g ∥2V .

(Step 1) : Show that gTPS ∈M .
Since gTPS(xi) = fi by equation (2.1), it is enough to check the L2-integrability only. We

want to show those elements are in L2, gTPSxx , gTPSxy , gTPSyy ∈ L2(R2), constituting the Hes-
sian matrix ∇2gTPS .

∇2gTPS(x)=
N∑
i=1

αi(2log(∥ x− xi ∥) + 1)I︸ ︷︷ ︸
(a)

+ 2

N∑
i=1

αi
(x− xi)(x− xi)

T

∥ x− xi ∥2︸ ︷︷ ︸
(b)

Since L2(R2) is a vector space, we may show that all the elements of ∇2gTPS are L2-
integrable by separately checking that the two components (a) and (b) are so.

(Step 1-a) : The component (a) is a scalar times constant matrix, hence it is enough to
check the L2-integrability of the scalar component. Using the condition

∑N
i=1 αi = 0 in

equation (2.3), the scalar is simplified as
∑N

i=1 2αi log(∥ x− xi ∥). We can simply check the
integrability of log(∥ x− xi ∥) around the singularity xi as∫

∥x−xi∥<1

log (∥x− xi∥)2 dx = 2π

1∫
0

(log r)2 r dr =
π

2
.

LetM = maxi ∥ xi ∥, then
∑N

i=1 αi log (∥x− xi∥) is L2-integrable, since the disk is compact
and it is integrable around all the singularity points.

For given x and xi, consider one-dimensional function f (t) = log (∥x− txi∥). Applying
the Taylor remainder theorem to the function at t = 0 gives f(1) = f(0) + f ′(0) + 1

2f
′′(ξi),

which is

log (∥x− xi∥) = log (∥x∥)− x · xi
∥x∥2

+
1

2

∥xi∥2

∥x− ξixi∥2
− ((x− ξixi) · xi)2

∥x− ξixi∥4
,

for some ξi ∈ (0, 1). Using the conditions
∑

i αi = 0 and
∑

i αixi = 0, we get

N∑
i=1

αi log (∥x− xi∥) =
N∑
i=1

αi

[
1

2

∥xi∥2

∥x− ξixi∥2
− ((x− ξixi) · xi)2

∥x− ξixi∥4

]
.
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Outside the disc, ∥x∥ > 2M and

1

2
∥x∥ ≤ ∥x∥ −M ≤ ∥x− ξixi∥ ≤ ∥x∥+M ≤ 2 ∥x∥ .

The integrand is bounded by an L2-integrable function outside the disc as below, which
completes the proof of step 1-a.∣∣∣∣∣12 ∥xi∥2

∥x− ξixi∥2
− ((x− ξixi) · xi)2

∥x− ξixi∥4

∣∣∣∣∣ ≤ 2M2

∥x∥2
+

64M2

∥x∥2

(Step 1-b) : The integrand of component (b) is matrix-valued. All the elements of the
matrix (x− xi) (x− xi)

T / ∥x− xi∥2 are bounded by one. Hence, it is integrable on the disc
{x| ∥x∥ < 2M}, although the integrand is singular at each xi. Outside the disc, similar to step
1-a, we take the following matrix-valued function.

g (t) =
(x− txi) (x− txi)

T

∥x− txi∥2

By the Taylor remainder theorem, we have g (1) = g (0)+g′ (0)+ 1
2g

′′ (ξi) for some ξi ∈ (0, 1),
which leads as

(x− xi) (x− xi)
T

∥x− xi∥2
=

xxT

∥x∥2
− xix

T + xix
T

∥x∥2
+

2x · xi
∥x∥4

xxT +
xix

T
i

∥x− ξixi∥2

−2
xi (x− ξixi)

T + (x− ξixi)x
T
i

∥x− ξixi∥4
(x− ξixi) · xi

−∥xi∥2 (x− ξixi) (x− ξixi)
T

∥x− ξixi∥4

+4
((x− ξixi) · xi)2 (x− ξixi) (x− ξixi)

T

∥x− ξixi∥6
.

Using the conditions
∑N

i=1 αi = 0 and
∑N

i=1 αixi = 0, we have

N∑
i=1

αi

(
xxT

∥x∥2
− xix

T + xix
T

∥x∥2
+

2x · xi
∥x∥4

xxT
)

= 0.

For a matrix A, let us denote the elementwise maximum by ∥A∥∞ = maxi,j |Aij |. For a
rank-one matrix xyT , we get

∥∥xyT∥∥∞ ≤ ∥x∥ ∥y∥. Outside the disk, 1
2 ∥x∥ ≤ ∥x− ξixi∥ ≤
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2 ∥x∥ and each integrand is bounded by an L2 integrable function as below.

∥∥∥∥ xix
T
i

∥x− ξixi∥2

∥∥∥∥
∞

≤ 4M2

∥x∥2∥∥∥∥∥xi (x− ξixi)
T + (x− ξixi)x

T
i

∥x− ξixi∥4
(x− ξixi) · xi

∥∥∥∥∥
∞

≤ 128M2

∥x∥2∥∥∥∥∥∥xi∥2 (x− ξixi) (x− ξixi)
T

∥x− ξixi∥4

∥∥∥∥∥
∞

≤ 64M2

∥x∥2∥∥∥∥∥((x− ξixi) · xi)2 (x− ξixi) (x− ξixi)
T

∥x− ξixi∥6

∥∥∥∥∥
∞

≤ 256M2

∥x∥2

Therefore, step 1-b is complete and so is step 1.

(Step 2) : We show that gTPS ⊥M0.
In step-1, it was shown that each element of ∇2gTPS is L2 integrable. For any v ∈M0, the

integral of
⟨
gTPS , v

⟩
V

=
∫
R2 ∇2gTPS : ∇2v dx is thus finite, and the following integration-

by-parts are valid.

⟨
gTPS , v

⟩
V

=

N∑
i=1

αi

∫
R2

∇2ϕ (∥x− xi∥) : ∇2v dx

= lim
ϵ→0+

N∑
i=1

αi

∫
∥x−xi∥>ϵ

∇2ϕ (∥x− xi∥) : ∇2v dx

= lim
ϵ→0+

N∑
i=1

αi

 ∫
∥x−xi∥>ϵ

−∇ (∆ϕ) · ∇v dx+

∫
∥x−xi∥=ϵ

nT∇2ϕ · ∇v dx


= lim

ϵ→0+

N∑
i=1

αi

 ∫
∥x−xi∥=ϵ

−v∇ (∆ϕ) · n ds+
∫

∥x−xi∥=ϵ

∇v ·
(
∇2ϕ

)
· n ds
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Note that ∆2ϕ = 0 was used in the above. On ∥x− xi∥ = ϵ, ∇ (∆ϕ) = −4
ϵn and ∇2ϕ =

(2 log ϵ+ 1) I + 2nnT , which give

⟨
gTPS , v

⟩
V

= lim
ϵ→0+

N∑
i=1

αi

4

ϵ

∫
∥x−xi∥=ϵ

v ds+ (2 log ϵ+ 3)

∫
∥x−xi∥=ϵ

∇v · n ds


= 8π

N∑
i=1

αiv (xi) + lim
ϵ→0+

(2 log ϵ+ 3)

 N∑
i=1

αi

∫
∥x−xi∥<ϵ

∆v dx


= 0.

In the above, we used v (xi) = 0, ∀i and
∣∣∣∫∥x−xi∥<ϵ∆v dx

∣∣∣ ≤ πϵ2max |∆v|.
∴ By step 1 and step 2, gTPS ≡ g⋆ is the optimal form of the solution. �

4. CONCLUSION

We introduced a simple and short proof for the optimal reconstruction of the TPS interpo-
lation. Our proof is unique and requires only elementary mathematical background such as
integraion-by-parts and Taylor’s remainder theorem. Contrary to the great importance of the
optimal reconstruction, the traditional proofs are quite complex and require very exotic the-
orems. Our simple and elementary proof will help many students and researchers to easily
understand the optimal property of the TPS interpolation and make successes in its applica-
tions.
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ABSTRACT. Although, in general, the random fluctuation of interest rates gives a limited im-
pact on portfolio optimization, their stochastic nature may exert a significant influence on the
process of selecting the proportions of various assets to be held in a given portfolio when the
stochastic volatility of risky assets is considered. The stochastic volatility covers a variety of
known models to fit in with diverse economic environments. In this paper, an optimal strat-
egy for portfolio selection as well as the smoothness properties of the relevant value function
are studied with the dynamic programming method under a market model of both stochastic
volatility and stochastic interest rates.

1. INTRODUCTION

Portfolio optimization arises from the well-known fact that an investor dynamically allocates
wealth between risky and riskless assets while he or she chooses a consumption rate with the
goal of maximizing the total expected discounted utility of consumption. It is known as the
Merton problem since the seminal works given by Merton [1, 2]. For a utility function of
hyperbolic average risk aversion (HARA) type, the problem has a simple explicit solution. The
optimal investment strategy is to put the fixed ratio of the total wealth onto the risky asset while
the optimal consumption rate is a constant times the wealth. See, for example, [3, 4] for general
reference.
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Unlike the constant interest rate in the classical Merton model, the interest rate may fluctuate
from time to time in our real world. In addition, the interest rate fluctuation can be strongly
correlated with the price fluctuation of a risky asset. Therefore, there are studies on portfolio
optimization considering the random character of the interest rate for a riskless asset. Some
examples of the relevant study include Lioui and Poncet [5], Korn and Kraft [6], Fleming and
Pang [7], Detemple and Rindisbacher [8], Liu [9], Li and Wu [10], Noh and Kim [11], Chang
and Chang [12], and Shen and Siu [13].

Another drawback of the Merton model comes from the constant volatility of a risky asset.
Since the concept of stochastic volatility has been used effectively to explain many well-known
empirical findings such as the volatility smile, the volatility clustering and the heavy-tailed na-
ture of return distributions, it is desirable for stochastic volatility to enter into the risky asset
price dynamics representing a complex economic factor. Zariphopoulou [14], Fleming and
Hernandez-Hernandez [15], Chacko and Viceira [16], Liu [9], and Noh and Kim [11] are exam-
ples of study on the optimal investment and consumption problems under stochastic volatility
models.

So, this article considers both stochastic interest rates and stochastic volatility for the dynam-
ics of a risky asset. One recent study [11] covers both stochastic interest rates and stochastic
volatility for a given underlying asset. However, it is limited because it assumes a specific
ergodic Markov diffusion process, i.e., fast mean reversion, for stochastic volatility. In fact,
there are other stochastic volatility models that can not be covered by [11]. See [17, 18, 19]
for instance. The main goal of this paper is to remove this assumption and extend the work by
using the dynamic programming method. We verify that the corresponding value function has
desired smooth properties and obtain the optimal investment strategies.

The rest of this paper is organized as follows. In Section 2, based on the correlation structure
among the underlying risky asset and its stochastic volatility and stochastic interest rates, a sto-
chastic portfolio optimization problem is formulated as a nonlinear partial differential equation
by the dynamic programming principle. Theorems on the value function and optimal control
policy are derived in Section 3 and 4, respectively. Section 5 provides concluding remarks.

2. FORMULATION

Considering an investor who can allocate his or her wealth to a riskless asset and a risky
asset at each time t, we assume as in [15] that the unit price Pt of the risky asset fluctuates
randomly according with a diffusion process given by the stochastic differential equation

dPt = µPtdt+ σ(Yt)PtdB
p
t , t > 0, (2.1)

and the riskless asset denoted by βt is given by dβt = rtβtdt, where µ is a positive constant and
Bp
t is a standard one-dimensional Brownian motion. Here, Yt represents an economic factor

with a strong ergodic property and its dynamics, unlike the Merton model, are given by

dYt = g(Yt)dt+ βdB̂t, t > 0,

dB̂t = ρpydB
p
t +

√
1− ρ2pydB

y
t ,

(2.2)
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where ρpy ∈ [−1, 1] is the correlation coefficient of Bp
t and B̂t, B

y
t and Bp

t are independent
Brownian motions, β is a positive constant, g is a smooth function and the functions σ and g
satisfy σ, g ∈ C1(R), σl ≤ σ(·) ≤ σu, and g

′ ≤ −k, where σu and σl are positive constants
with σu > σl and k is a positive constant.

A typical example of stochastic interest rate rt is given by the Vasicek model [20] in which
rt fluctuates around a certain value at most of the time. In this paper, we take a general Vasicek
model for the interest rate which is correlated with the risky asset price process. Instead of
constant interest rate in [15], we consider a range of interest rate rl ≤ rt ≤ ru for some
positive constants rl and ru, where rt is randomly fluctuating in such a way that

drt = f(rt)dt+ σ̂dB̃t, t > 0,

dB̃t = ρprdB
p
t +

√
1− ρ2prdB

r
t

(2.3)

where σ̂ is a positive constant, ρpr ∈ [−1, 1] is the correlation coefficient ofBp
t and B̃t, B

p
t and

Br
t are independent Brownian motions and the function f satisfies f(r) ∈ C2(R), |f ′′

(r)| ≤
K(1+|r|ν), and c2 ≤ f

′
(r) ≤ c1, whereK and ν are positive constants and c1 and c2 are some

constants. Also, we assume that the Brownian motions By
t and Br

t are mutually independent.
Let us denote Xt as the total wealth of the agent at time t. Suppose at time t a fraction ut of

his or her money is invested on the risky asset and the consumption rate is Ct. Thus a fraction
of 1− ut will be invested on the riskless asset. Then, the dynamic of Xt is described by

dXt = utXt
dPt
Pt

+ (1− ut)Xt
dβt
βt

− Ctdt.

To factorize the right side of this equation into Xt and the rest, we use ct := Ct/Xt instead of
Ct. Given these assumptions, one can get a stochastic differential equation for Xt as follows:

dXt = Xt[(rt + (µ− rt)ut − ct)dt+ utσ(Yt)dB
p
t ], t > 0. (2.4)

Here, the control variables are ut and ct. It is assumed that ut takes values in a finite interval.
A negative ut stands for the disinvestment or short selling. We also assume that there is no
transaction cost and the risky asset can be traded any time.

We define the concept of admissible strategy (ut, ct) as follows:

Definition 2.1. A pair (u, c) is admissible strategy if ut and ct are Ft-progressively measurable
process such that

P[∀t > 0, |ut| ≤ A1, 0 ≤ ct ≤ A2] = 1 (2.5)

for some constantsA1 andA2 which may depend on the strategy, where the probability measure
P and the family {Ft} of σ-algebras are given. We denote the set of admissible strategies as
A.



420 MI-HYUN KIM, JEONG-HOON KIM, AND JI-HUN YOON

Using the well-known Ito lemma [21], one can solve (2.4) and obtain

Xt = x exp
{∫ t

0

[
rs + (µ− rs)us − cs −

1

2
u2sσ

2(Ys)

]
ds+

∫ t

0
usσ(Ys)dB

p
s

}
(2.6)

for (u, c) ∈ A, where X0 = x.
In this paper, we consider a utility function of the HARA type given by U(C) = 1

γC
γ ,

0 < γ < 1, and intend to maximize the expected discounted utility of consumption on the
infinite horizon defined by J(x, y, r; c, u) := E

∫∞
0

1
γ e

−αt(ctXt)
γdt over the set of admissible

strategies A. From (2.6) we have

J(x, y, r; c, u) =
xγ

γ
E

∫ ∞

0
cγt e

−αt+γ
∫ t
0 [rs+(µ−rs)us−cs− 1

2
u2sσ

2(Ys)]ds+γ
∫ t
0 usσ(Ys)dB

p
s dt.

(2.7)

To reduce the Brownian motion term, let us change the measure P using the Girsanov trans-
formation (cf. [22]) with the Radon-Nikodym derivative dP̃

dP | Ft = eγ
∫ t
0 usσ(Ys)dB

p
s− 1

2
γ2

∫ t
0 u

2
sσ

2(Ys)ds.
The process Bp

t − γ
∫ t
0 usσ(Ys)ds is a Brownian motion adapted to Ft under the new prob-

ability measure P̃. Also, under the new measure, the dynamics of Yt is given by dYt =
[g(Yt) + βγρprutσ(Yt)]dt + βdZt for some Brownian motion Zt. Then the objective func-
tion J(x, y, r; c, u) can be written as

J(x, y, r; c, u) =
xγ

γ
Ẽ

∫ ∞

0
cγt e

−αt+γ
∫ t
0 [rs+(µ−rs)us−cs]ds+ γ(γ−1)

2

∫ t
0 u

2
sσ

2(Ys)dsdt. (2.8)

In terms of a new process zt := −αt+ γ
∫ t
0 [rs + (µ− rs)us − cs]ds+

γ(γ−1)
2

∫ t
0 u

2
sσ

2(Ys)ds,
the objective function becomes

J(x, y, r; c, u) =
xγ

γ
Ẽ

∫ ∞

0
cγt e

ztdt :=
xγ

γ
J̃(y, r; c, u). (2.9)

Now, let us define the value function V (x, y, r) by V (x, y, r) := supc,u J(x, y, r; c, u).
Using the dynamic programming principle (cf. [22, 23]), one can write a differential equation
for V (x, y, r) as follows:

αV =sup
u

{
[r + (µ− r)u]xVx +

1

2
u2σ2(y)x2Vxx + βρpyuσ(y)xVxy + σ̂ρpruσ(y)xVxr

}
+ sup

c

{
−cxVx +

1

γ
(cx)γ

}
+ g(y)Vy +

β2

2
Vyy + f(r)Vr +

σ̂2

2
Vrr. (2.10)
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Alternatively, in terms of the value functionW (y, r) defined byW (y, r) := supc,u J̃(y, r; c, u),
a differential equation for W (y, r) is given by

αW =sup
u
γ

{
[r + (µ− r)u]W +

1

2
u2σ2(y)(γ − 1)W + βρpyuσ(y)Wy + σ̂ρpruσ(y)Wr

}
+ sup

c
{−cγW + cγ}+ g(y)Wy +

β2

2
Wyy + f(r)Wr +

σ̂2

2
Wrr. (2.11)

If W (y, r) > 0 and it is smooth enough, then the potential optimal control policy is given by

u∗(y, r) :=
(µ− r)W + βρpyσ(y)Wy + σ̂ρprσ(y)Wr

(1− γ)σ2(y)W
, c∗(y, r) :=W

1
γ−1 . (2.12)

In Section 4, this will be verified to be the actual optimal control policy.
From now on, we find a suitable solution of (2.11), say W̃ (y, r), and then verify that W̃ (y, r)

is equal to the value function W (y, r) defined by (2.10) when the optimal control (u∗, c∗) is
applied.

3. BOUNDEDNESS AND CONTINUITY OF THE VALUE FUNCTION

We consider a finite time horizon problem with T > 0 first. For each (u, c) ∈ A, we define
a finite horizon functional J(x, y, r; c, u, T ) by

J(x, y, r; c, u, T ) := E

∫ T

0

1

γ
e−αt(ctXt)

γdt

=
xγ

γ
E

∫ T

0
cγt e

−αt+γ
∫ t
0 [rs+(µ−rs)us−cs− 1

2
u2sσ

2(Ys)]ds+γ
∫ t
0 usσ(Ys)dB

p
s dt.

(3.1)

Here, the second equality follows from (2.6).
To reduce the Brownian motion term in (3.1), let us change the measure P using the Gir-

sanov transformation with the above Radon-Nikodym derivative dP̃
dP . Then under the measure

P̃ the process BP
t − γ

∫ t
0 usσ(Ys)ds is a Brownian motion adapted to Ft and the functional

J(x, y, r; c, u, T ) becomes

J(x, y, r; c, u, T ) =
xγ

γ
Ẽ

∫ T

0
cγt e

−αt+γ
∫ t
0 [rs+(µ−rs)us−cs]ds+ γ(γ−1)

2

∫ t
0 u

2
sσ

2(Ys)dsdt. (3.2)

In terms of zt, the functional J(x, y, r; c, u, T ) becomes

J(x, y, r; c, u, T ) =
xγ

γ
Ẽ

∫ T

0
cγt e

ztdt :=
xγ

γ
J̃(y, r; c, u, T ).

If we define the value function W (y, r, T ) by W (y, r, T ) := supc,u J̃(y, r; c, u, T ) and the
function W̄ (y, r) by W̄ (y, r) := limT↑∞W (y, r, T ), then we expect that the function W̄ (y, r)
coincides with the original value function W (y, r) given by (2.11).
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Now, we shall investigate main properties of the value functions W (y, r, T ) and W (y, r).
From (2.11) the corresponding dynamic programming equation associated with W (y, r, T ) is
given by

−WT + αW = g(y)Wy +
β2

2
Wyy + f(r)Wr +

σ̂2

2
Wrr

+ sup
u
γ{[r + (µ− r)u]W +

1

2
u2σ2(y)(γ − 1)W + βρpyuσ(y)Wy + σ̂ρpruσ(y)Wr}

+ sup
c
{−cγW + cγ}. (3.3)

Then an equation for W (y, r) is given by (3.3) without the WT term.
To prove the existence of the solution W (y, r) in the next section, it is required that the

value function W (y, r) is bounded and Lipschitz continuous. These properties are necessary
conditions for the Arzela-Ascoli theorem (cf. [24]) to be used in Section 4 as a main tool. So,
this section is devoted to prove the boundedness and Lipschitz continuity of W (y, r).

Lemma 3.1. Let us define λl := (µ−ra)2
2(1−γ)σ2

l
+ ru and ᾱ := α − γλl, where ra is rl or ru

maximizing |µ − ra|. Suppose that ᾱ > 0 holds. Then we have K1 ≤ W (y, r, T ), W̄ (y, r) ≤
K2, where

K1 =

(
α− γrl
1− γ

)γ−1

, K2 =

(
ᾱ

1− γ

)γ−1

. (3.4)

Proof Let us first obtain the upper bound K2. Since

rt + (µ− rt)ut +
γ − 1

2
σ2(y)u2t ≤

(µ− ra)
2

2(1− γ)σ2l
+ ru = λl

holds for each admissible consumption process ct ≥ 0, we have zt ≤ −ᾱt− γ
∫ t
0 csds and so

J̃(y, r; c, u, T ) ≤ Ẽ

∫ T

0
cγt e

−ᾱt−γ
∫ t
0 csdsdt = Ẽ

∫ T

0
e−ᾱtcγt ζ

γ
t dt, (3.5)

where ζt satisfies dζt = −ctζtdt with the initial condition ζ0 = 1.
Now, we define an auxiliary pure consumption maximizing problem in terms of v(ζ, T ) :=

maxc
∫ T
0 e−ᾱtcγt ζ

γ
t dt. Then the corresponding dynamic programming equation becomes vT +

ᾱv = maxc[−cζvζ + (cζ)γ ]. By adapting the same idea as in solving the classical Merton
problem to this problem, it can be seen that v(ζ, T ) = ζγw(T ), where w solves the ordinary

differential equation wT + ᾱw = (1−γ)w
γ

γ−1 . Moreover, we note that w(T ) →
(

ᾱ
1−γ

)γ−1
=

K2 as T → ∞. Since W (y, r, T ) ≤ v(1, T ) = w(T ) holds from (3.5), the above argument
implies that there exists T1 > 0 such that W (y, r, T ) ≤ K2 for T ≥ T1.

Next, by taking ut = 0, applying the inequality rl ≤ ru and maximizing J̃ with respect to
admissible ct ≥ 0, we obtain a positive lower bound K1 satisfying K1 ≤W (y, r, T ), W̄ (y, r).
2
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From now on, we shall assume the existence of c1 and cu such that c1 < cu, K
1

γ−1

2 ≤ cu,

cl ≤ K
1

γ−1

1 and the supremum with respect to c in (3.3) is achieved at c∗ = W
1

γ−1 ∈ [cl, cu].
Now, we verify that the value function W (y, r, T ) and W̄ (y, r) are Lipschitz continuous.

Lemma 3.2. Suppose that there exists a constant M independent of T such that M ≥ A1

and k − Mβγ|ρpy|∥σ
′∥ > 0 and cl − Mσ̂γ|ρpr|∥σ

′∥ > 0. Then W (y, r, T ) and W̄ (y, r)
are Lipschitz continuous for each fixed T . In addition, W (y, r, T ) → W̄ (y, r) uniformly in
compact sets as T → ∞.

Proof Given the initial condition (y, r), let Yt and rt be the corresponding solutions of the
stochastic differential equations (2.2) and (2.3), respectively. Also, given the initial condition
(ŷ, r̂), let Ŷt and r̂t be the corresponding solutions of (2.2) and (2.3), respectively, with ẑt
corresponding to zt. Then

J̃(ŷ, r̂; c, u, T )− J̃(y, r; c, u, T ) = Ẽ

∫ T

0
cγt (e

ẑt − ezt)dt ≤ Ẽ

∫ T

0
cγt e

ẑt(ẑt − zt)dt. (3.6)

On the other hand, since |ut| ≤ A1 from the admissibility condition (2.5),

ẑt − zt = γ

∫ t

0
((r̂s − rs) + (rs − r̂s)us) ds+

γ(γ − 1)

2

∫ t

0
u2s(σ

2(Ŷt)− σ2(Ys))ds

≤ (A1 + 1)γ

∫ t

0
|r̂s − rs|ds+A1

2σuγ(1− γ)∥σ′∥
∫ t

0
|Ŷs − Ys|ds,

(3.7)

where ∥σ′∥ denotes the supremum norm of the derivative σ
′
. Since the sample paths of Ŷt−Yt

are continuously differentiable, d|Ŷt − Yt|2 = 2(Ŷt − Yt)[g(Ŷt) − g(Yt) + βγρpyut(σ(Ŷt) −
σ(Yt))]dt holds and so we have

|Ŷt − Yt|2 = |ŷ − y|2 +
∫ t

0
2(Ŷs − Ys)(g(Ŷs)− g(Ys))ds

+

∫ t

0
2βγρpyus(Ŷs − Ys)(σ(Ŷs)− σ(Ys))ds

≤ |ŷ − y|2 − 2(k −A1βγ|ρpy|∥σ
′∥)
∫ t

0
|Ŷs − Ys|2ds.

Then, from the Gronwall inequality [25], we obtain

|Ŷt − Yt| ≤ |ŷ − y|e−(k−A1βγ|ρpy |∥σ
′∥)t. (3.8)

Similarly, since the sample paths of r̂t − rt are continuously differentiable, one can obtain

|r̂t − rt| ≤ |r̂ − r|e−(cl−A1σ̂γ|ρpr|∥σ
′∥)t. (3.9)
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The above results (3.7), (3.8) and (3.9) are put together and provide

|ẑt − zt| ≤ γ(A1 + 1)

∫ t

0
|r̂ − r|e−(cl−A1σ̂γ|ρpr|∥σ

′∥)sds

+ γ(1− γ)A1
2σu∥σ

′∥
∫ t

0
|ŷ − y|e−(k−A1βγ|ρpy |∥σ

′∥)sds

which leads to |ẑt − zt| ≤ L1(t)|r̂ − r|+ L2(t)|ŷ − y|, where

L1(t) :=
γ(A1 + 1)

2(cl −A1σ̂γ|ρpr|∥σ′∥)
(1− e−(cl−A1σ̂γ|ρpr|∥σ

′∥)t),

L2(t) :=
γ(1− γ)A1

2σu∥σ
′∥

2(k −A1βγ|ρpy|∥σ′∥)
(1− e−(k−A1βγ|ρpy |∥σ

′∥)t).

Thus, from (3.6), we have J̃(ŷ, r̂; c, u, T )− J̃(y, r; c, u, T ) ≤ L(|r̂−r|+ |ŷ−y|)Ẽ
∫ T
0 cγt e

ẑtdt,
where L := max{L1, L2}. Here, as pointed out by [5], L does not depend on T from the
hypothesis. Then it follows that

|W (ŷ, r̂, T )−W (y, r, T )| ≤ K2L(|r̂ − r|+ |ŷ − y|). (3.10)

Subsequently,W (y, r, T ) is Lipschitz continuous for each fixed T . Moreover, sinceW (y, r, T )
is bounded by Lemma 3.1, it converges uniformly to W̄ (y, r) in compact sets as T → ∞. 2

4. OPTIMAL PORTFOLIO SELECTION

Once Lemma 3.1 and Lemma 3.2 are established, it is ready to verify that the value function
W (y, r, T ) is the unique bounded solution of (3.3) and W̄ (y, r) is equal to the value function
W (y, r).

Theorem 4.1. W (y, r, T ) is the unique bounded classical solution of (3.3) with the initial
condition W (y, r, 0) = 0.

Proof The proof of this theorem is a straightforward extension of the argument in the book by
Fleming and Rishel [26] and so we do not repeat the proof here. 2

Next, we prove that W̄ (y, r) is the solution of (2.11).

Theorem 4.2. Suppose that ᾱ > 0 and the assumption of Lemma 3.2 hold. Then W̄ (y, r) ∈
C2,2(R2) and it is a classical solution of (2.11) with W̄ (y, r) and W̄−1(y, r) bounded.

Proof First, we shall estimate the partial derivative WT (y, r, T ). Since the inequality zt ≤
−ᾱt holds, for each (c, u) ∈ A and T ′ > T we have

J̃(y, r; c, u, T ′)− J̃(y, r; c, u, T ) = Ẽ

∫ T ′

T
cγt e

ztdt ≤ cγue
−ᾱT (T ′ − T ).
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This implies that W (y, r, T ′) −W (y, r, T ) ≤ cγue−ᾱT (T ′ − T ) or equivalently W (y, r, T +
h) −W (y, r, T ) ≤ cγue−ᾱTh, where T ′ = T + h, h > 0. Then dividing this inequality by h
and letting h→ 0 yield

0 ≤WT (y, r, T ) ≤ cγue
−ᾱT . (4.1)

Next, we shall estimate the first and second partial derivatives Wy, Wyy, Wr, Wrr and Wyr.
Taking ŷ = y + h, h > 0, from the inequality (3.10), we have |W (ŷ, r, T ) −W (y, r, T )| ≤
K2Lh. Then dividing this inequality by h and letting h→ 0, we obtain

|Wy(y, r, T )| ≤ K2L. (4.2)

Similarly, we have

|Wr(y, r, T )| ≤ K2L. (4.3)

In addition, Lemma 3.1 and (4.1)-(4.3) yield that |Wyy(y, r, T )|, |Wrr(y, r, T )| and |Wyr(y, r, T )|
are also uniformly bounded by a constant independent of T .

Moreover, since W (y, r, T ) is a classical solution of (3.3) and the part

sup
u
γ

{
[r + (µ− r)u+

1

2
u2σ2(y)(γ − 1)]W + βρpyuσ(y)Wy + σ̂ρpruσ(y)Wr

}
of (3.3) is locally Lipschitz, the well-known Arzela-Ascoli theorem implies that there is a sub-
sequence Tn which goes to infinite such that W (y, r, Tn), as well as its first and the second
derivatives, converges uniformly to W̄ (y, r) on compact sets. Hence, W̄ (y, r) ∈ C2,2(R2) and
it is a solution of (2.11). 2

Now, we obtain optimal consumption and investment controls as follows.

Theorem 4.3. (Verification Theorem) Suppose that ᾱ > 0 and the assumption of Lemma 3.2
holds and W (y, r) is the unique solution of the Hamilton-Jacobi-Bellman equation (2.11).
Then W̄ (y, r) =W (y, r) and the strategy (u∗, c∗) given by

u∗(y, r) :=
(µ− r)W + βρpyσ(y)Wy + σ̂ρprσ(y)Wr

(1− γ)σ2(y)W
, (4.4)

c∗(y, r) :=W
1

γ−1 (4.5)

is the optimal policy in A.

Proof Given (y, r), the inequality W̄ (y, r) ≤ W (y, r) holds clearly by definition. Given an
admissible strategy (u, c) ∈ A, equation (3.3) applied by the Feynman-Kac formula (cf. [22])
yields

W̄ (y, r) ≥ Ẽ

∫ T

0
cγt e

ztdt+ Ẽ[W̄ (YT , rT )e
zT ] (4.6)

Letting T → ∞ leads to W̄ (y, r) ≥ Ẽ
∫∞
0 cγt e

ztdt since the second term on the right side of
(4.6) goes to zero as T → ∞. So, we obtain the inequality W̄ (y, r) ≥W (y, r).
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Furthermore, the feed back controls given by

u∗(y, r) = argmaxuγ
{
[r + (µ− r)u+

1

2
u2σ2(y)(γ − 1)]W̄ + βρpyuσ(y)W̄y + σ̂ρpruσ(y)W̄r

}
,

c∗(y, r) := W̄
1

γ−1 ,

make inequality (4.6) become equality. Note that u∗ and c∗ are bounded and locally Lipschitz.
Therefore, we obtain the desired optimality of the policies u∗ and c∗. 2

Figure 1 shows the behavior of the optimal strategy (u∗, c∗) with respect to the stochastic
volatility level y and the interest rate r for some fixed parameters and functions. It shows that
the optimal strategy should be more sensitive to the volatility level as the interest rate goes up.

FIGURE 1. Typical surfaces for the optimal investment policy (u∗, c∗) are
drawn, where the parameters and functions used are given by γ = 0.4,
σ(y) = 1

10e
−y, ρpr = 0.2, µ = 0.08, α = 1, ρpy = −0.05, g(y) = α′(m−y),

f(r) = κ(m′ − r), β = 5, σ̂ = 0.5, α′ = 100, m = 0, m′ = 0 and κ = 5.

Figure 2 represents cross sections of the optimal policy given by fixing the volatility variable
for some choices of the correlation coefficient ρpr between the price of a risky asset and the
interest rate. It indicates that the optimal policy should be more irregular (careful) with respect
to the interest rate as the correlation becomes far away from zero.

5. CONCLUSION

By studying the consumption and investment controls maximizing the total expected dis-
counted HARA utility of consumption under the mixture of stochastic volatility and stochastic
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FIGURE 2. For a fixed level of stochastic volatility, the graphs of the optimal
policy (u∗, c∗) are drawn with respect to the interest rate for several choices
of the correlation between the price of a risky asset and the interest rate, i.e.,
ρpr = 0,±0.2,±0.4,±0.6. The parameters and functions used in this figure
are given by γ = 0.4, σ(y) = 1

10e
−y, µ = 0.08, α = 1, ρpy = −0.05,

g(y) = α′(m − y), f(r) = κ(m′ − r), β = 5, σ̂ = 0.5, α′ = 100, m = 0,
m′ = 0 and κ = 5.

interest rates, we verify that the associated Hamilton-Jacobi-Bellman equation has a unique so-
lution and the solution becomes a value function with the desired smooth properties. Moreover,
we obtain explicitly the dependence structure of the optimal policy on the correlation between
the price of an underlying risky asset and stochastic volatility or stochastic interest rates. As a
result, it requires more careful selection of a portfolio as the correlation between the underlying
asset and the interest rate becomes far away from zero. A possible next step of research work
on this type of mission is an extension to underlying models where interest rate and volatility
are operated not only by a continuous Ito diffusion but also by a discontinuous process.
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ABSTRACT. We study optimal consumption/investment and life insurance purchase rules for a
wage earner with mortality risk under regime-switching financial market conditions, in a con-
tinuous time-horizon. We apply the Markov chain approximation method and suggest an effi-
cient algorithm using parallel computing to solve the simultaneous Hamilton-Jaccobi-Bellman
equations arising from the optimization problem. We provide numerical results under the util-
ity functions of the constant relative risk aversion type, with which we illustrate the effects
of regime switching on the optimal policies by comparing them with those in the absence of
regime switching.

1. INTRODUCTION

Understanding an economic agent’s optimal behaviour is important in the analysis of the
financial market or the whole economy.

Insurance was analyzed first in a financial context by [1] by considering a consumption
choice problem (without risky investment) with life insurance in a random lifetime horizon.
[2] studied consumption and investment with life insurance in a discrete time horizon. Robert
C. Merton first studied a continuous time version of consumption and investment problem. He
provides a closed form solution in the case where the economic agent exhibits constant relative
risk aversion (CRRA) or constant absolute risk aversion (CARA) [3, 4]. [5] extended [3, 4] by
introducing life insurance which was considered as one of the assets of the economic agent. The
agent’s lifetime in Richard’s framework is random and bounded by a fixed planning horizon. [6]
studied optimal life insurance purchase and consumption (without risky investment) for a wage
earner with random and unbounded lifetime but with a fixed retirement time. They provided
an explicit solution assuming that the utilities from consumption, bequest, and terminal wealth
are the same CRRA function. [7, 8] apply martingale and dynamic programming method,
respectively, to solve an optimal life insurance purchase and consumption/investment problem.
[9] introduces a numerical method, Markov chain approximation (MCA), to solve the same
problem.
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These aforementioned studies do not consider regime switching of financial market and can
neglect abrupt changes of an economic situation observed in reality over a long time horizon.

[10] considered the fair valuation of a participating life insurance policy with surrender op-
tions, adopting regime switching Esscher transform. [11] investigated the optimal portfolio
under regime switching and value-at-risk constraint by involving regime switching Hamilton-
Jacobi-Bellman (HJB) equation. [12] studied the cost optimization of an insurance company,
where the surplus of insurance companies is modeled by a controlled regime-switching dif-
fusion. However, life insurance purchase and consumption/investment of an individual(wage
earner) demanding for the life insurance under regime switching environment has not studied,
although the study can provides his or her optimal policies for them considering possible struc-
tural changes in economic condition and can help insurance companies to analyze their target
market.

In this paper, we study optimal consumption/investment and life insurance purchase rules for
an economic agent (a wage earner) facing mortality risk with regime-switching financial mar-
ket parameters, in a continuous time-horizon where the agent’s fixed retirement time is given
exogenously. Thus the agent’s wealth evolves according to a Markov-modulated diffusion
(regime switching) process. We apply the Markov chain approximation(MCA) method and
suggest an efficient algorithm using parallel computing to solve the simultaneous Hamilton-
Jaccobi-Bellman(HJB) equations arising from the optimization problem. The MCA is one of
the most powerful method to solve stochastic control problems [13]. Over the past decade, G.
Yin and his colleague have developed the MCA approach for a Markov modulated diffusion,
based on the Kushner’s idea. They suggested the local consistency condition for a Markov
modulated diffusion, and showed weak convergence of the MCA under the condition. Sub-
sequently, they indicated the usefulness of the method, applying to several realistic model in
[14, 15, 16, 17, 18]. We provide numerical results under the utility functions of the constant
relative risk aversion (CRRA) type, with which we illustrate the effects of regime switching on
the optimal policies by comparing them with those in the absence of regime switching. The
optimal consumptions with the possibility of regime switching into a better (resp. worse) in-
vestment opportunity state are larger (resp. less) than those in the absence of regime switching.
Such effect of regime switching on the optimal consumption is strong when the agent is young,
while the effect is negligible when his age is near the retirement time since the regime switch-
ing opportunity decrease as the agent gets older. However, the effect of regime switching on
the risky investment is negligible although the agent is young. The intuitive reason for this is
because the risky investment depends only on the total wealth and the time to retirement does
not separately affect it in the absence of regime switching as shown in [9]. Without separate
time effect on the risky investment, the potential regime switching effect is negligible simi-
larly to consumption near retirement. The optimal insurance purchases with the possibility of
regime switching into a better (resp. worse) investment opportunity state are larger (resp. less)
than those in the absence of regime switching. Such effect of regime switching on the optimal
insurance purchases is strong when the agent is young, while the effect is negligible when his
age is near the retirement time as in the optimal consumptions. There has been some inconsis-
tency between empirical findings and theoretical results for the insurance demand. Empirical
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studies show that the wealth has a positive effect on purchasing insurance (See [19] which re-
view twenty six published empirical studies.), while theories suggest that negative [6, 20] or
no relationship [21, 22, 23]. Our result on the optimal insurance purchases shows the regime
switching effect is consistent with the empirical findings in the sense that the insurance pur-
chases are larger (resp. less) when the agent expect regime switching into a better (resp. worse)
investment opportunity state than in the absence of such an expectation.

The rest of the paper is structured as follows. In section 2, we model the optimization
problem. Section 3 derives the simultaneous HJB equations arising from the optimization. In
section 4, we apply the Markov chain approximation(MCA) method and suggest the algorithm
using parallel computing to solve the simultaneous Hamilton–Jaccobi–Bellman(HJB) equa-
tions. Section 5 provides numerical results under the utility functions of the constant relative
risk aversion (CRRA) and illustrates the effects of regime switching on the optimal policies by
comparing them with those in the absence of regime switching. Section 6 concludes.

2. MODEL SETUP

We investigate the optimal life insurance purchase, consumption and portfolio strategies
for an economic agent who is a wage earner, subject to mortality risk in a continuous-time
economy consisting of an insurance market and a financial market whose parameters change
stochastically according to business cycle, that is, whose regime changes stochastically.

Let (Ω,F ,P) be the underlying probability space. We denote the time-t state(regime) of
the financial market by α(t) for t ≥ 0, where

(
α(t)

)
t≥0

is a continuous-time Markov chain
with the finite state space M = {1, 2, ..., n} in the probability space (Ω,F ,P). We denote
the generator of the Markov chain by Q = (qij) ∈ Rn×n so that qij > 0 for i ̸= j, and∑n

j=1 qij = 0 for i ∈ M. There are one riskless asset and one risky asset in the financial
market. The price S0(t) of the riskless asset evolves according to

dS0(t) = r(α(t))S0(t)dt for t ≥ 0 with S0(0) = s0.

The price S1(t) of the risky asset evolves according to

dS1(t) = S1(t)[µ(α(t))dt+ σ(α(t))dW (t)] for t ≥ 0 with S1(0) = s1,

where (W (t))∞t=0 is a standard Brownian motion defined on the probability space (Ω,F ,P).
We let (Ft)∞t=0 be the augmentation under P of the natural filtration generated by the standard
Brownian motion (W (t))∞t=0 and assume that α(t) is independent of Ft for t ≥ 0.

The agent is alive at t = 0 and we denote his lifetime by τ which is an exogenously given
nonnegative random variable independent of

(
α(t)

)
t≥0

and (Ft)∞t=0 on the probability space
(Ω,F ,P).

The hazard function λ(t)(the instantaneous death rate for the agent surviving to time t) de-
fined by λ(t) , limδt→0

P(t≤τ<t+δt|τ≥t)
δt is assumed to be a given deterministic Borel measure

function such that
∫∞
0 λ(t)dt = ∞, as in [6, 7, 8, 9].

Let f(s, t) and F (s, t) denote the conditional probability density for death and the condi-
tional probability to be alive, respectively, at time s, conditional upon being alive at time t ≤ s.
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As is shown in [6], we have

f(s, t) = λ(s)e−
∫ s
t λ(u)du and F (s, t) = e−

∫ s
t λ(u)du. (2.1)

We consider a finite time horizon [0, T ] where T <∞ is interpreted as the agent’s retirement
time, as in [6, 7, 8, 9]: the agent will receive income with rate I(t) at each time t during the
period [0, T ∧ τ ], where T ∧ τ , min{T, τ} and I(t) : [0,T] → R+ is a given deterministic
function such that

∫ T
0 I(t)dt <∞.

A life insurance contract is offered continuously as in [1, 6, 7, 8, 9] etc., and the agent enters
it by paying premium at rate p(t) at each time t. In compensation, if the wage earner dies at
time t, then the insurance company pays an insurance amount p(t)

η(t) , where η : [0, T ] → R+

is a continuous and deterministic pre-specified function called the insurance premium-payout
ratio. That is, we consider term insurance where the length of the term is infinitesimally small
as mentioned in [6]. Negative insurance is allowed as in the existing literature considering term
insurance such as the above papers.

Let c(t) ≥ 0 and θ(t) be the consumption rate and the amount of money invested in the risky
asset at time t, respectively. Thus, the agent’ wealth process {X(t)}T∧τ0 until T ∧ τ described
by

dX(t) = [X(t)r(α(t)) + (µ(α(t))− r(α(t)))θ(t)− c(t)− p(t) + I(t)]dt

+ θ(t)σ(α(t))dW (t), X(0) = x.
(2.2)

The agent’s total legacy(bequest) Z(τ) at death time τ is the wealth plus insurance amount.
That is, the function Z(t) is defined by

Z(t) = X(t) +
p(t)

η(t)
for t ≥ 0. (2.3)

Let

b(t) ,
∫ T

t
I(s)e−

∫ s
t [r(α(v))+η(v)]dvds. (2.4)

Then, b(t) represents the present value of the agent’s future income and W (t) , X(t) + b(t)
can be regarded as his total available wealth, at time t, respectively, as explained in [8].

The agent endowed with the initial wealth X(0) = x, given the initial financial mar-
ket regime α(0) = i ∈ M, chooses a consumption/insurance/investment policy (c, p, θ) ,
(ct, pt, θt)

T∧τ
0 ∈ A to maximize

J(x, i; c, p, θ) , E
[ ∫ T∧τ

0
UC(c(t), t)dt+ UB(Z(τ), τ)1{τ≤T} + UL(X(T ), T )1{τ>T}

]
,

where UC , UB , and UL are the instantaneous utility function from consumption, bequest, and
terminal wealth, respectively, and A = A(x, i), called the admissible control set, denotes the
set of all policies under which c(t) ≥ 0 and Z(t) ≥ 0 for all t ∈ [0, T ], X(T ) ≥ 0, and
the above expectation is well defined. The three conditions c(t) ≥ 0 and Z(t) ≥ 0 for all
t ∈ [0, T ], X(T ) ≥ 0 are satisfied only if W (t) = X(t) + b(t) ≥ 0 for all t ∈ [0, T ] as
mentioned in [8]. Therefore we consider the case where X(0) = x ≥ −b(0) (The case where
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X(0) = x = −b(0) is omitted since the solution is trivial in this case.). Let (c∗, p∗, θ∗) and
V (x, i) be an optimal strategy and the value function, respectively, of the agent endowed with
the initial wealth X(0) = x > −b(0), given the initial financial market regime α(0) = i ∈ M.
That is, let

V (x, i) = max
(c,p,θ)∈A

J(x, i; c, p, θ) = J(x, i; c∗, p∗, θ∗) for x > −b(0) and i ∈ M.

3. SIMULTANEOUS HAMILTON–JACCOBI–BELLMAN EQUATIONS

For 0 ≤ t < T , x ≥ −b(t), and i ∈ M, let

J(x, t, i; c, p, θ) = E
[ ∫ T∧τ

t
UC(c(s), s)ds+ UB(Z(τ), τ)1{τ≤T}

+ UL(X(T ), T )1{τ>T}
∣∣τ > t,X(t) = x, α(t) = i

]
,

(3.1)

and let the value function at time t be given by

V (x, t, i) = max
(c,p,θ)∈A

J(x, t, i; c, p, θ). (3.2)

Thus, we have J(x, i; c, p, θ) = J(x, 0, i; c, p, θ) and V (x, i) = V (x, 0, i), for x > −b(0) and
i ∈ M.

By integrating over the random time τ which is independent of
(
α(t)

)
t≥0

and (Ft)∞t=0, and
by using (2.1), we obtain the equivalent form of J(x, t, i; c, p, θ) as follows (for example, see
[8]):

J(x, t, i; c, p, θ) = E
[ ∫ T

t
[f(s, t)UB(Z(s), s) + F (s, t)UC(c(s), s)]ds

+ F (T, t)UL(X(T ), T )
∣∣X(t) = x, α(t) = i

]
= E

[ ∫ T

t
[λ(s)e−

∫ s
t λ(u)duUB(Z(s), s) + e−

∫ s
t λ(u)duUC(c(s), s)]ds

+ e−
∫ T
t λ(u)duUL(X(T ), T )

∣∣X(t) = x, α(t) = i
]
,

(3.3)

where the second equality comes from (2.1).
Therefore the corresponding system of Hamilton–Jaccobi–Bellman(HJB) equations for 0 ≤

t < T and x > −b(t) is given by

λ(t)V (x, t, i) = max
c≥0,p≥−η(t)x,θ

[
λ(t)UB(x+

p

η(t)
, t) + UC(c, t) + Vt(x, t, i)

+ [xr(i) + (µ(i)− r(i))θ − c− p+ I(t)]Vx(x, t, i)

+
1

2
θ2σ2(i)Vxx(x, t, i) +

∑
j ̸=i,j∈M

qij(V (x, t, j)− V (x, t, i))
]
, i ∈ M, (3.4)

with the terminal conditions V (x, T, i) = UL(x, T ).
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4. NUMERICAL METHOD: MARKOV CHAIN APPROXIMATION METHOD

Mathematical models, which describe today’s very complex financial system in the real
world, are in many cases difficult to obtain explicit solutions, so the use of numerical methods
has become more and more attractive and important in finance. The development of algo-
rithms as well as computational resources enable us to explore more realistic problems with
various uncertain factors or economic constraints. The Markov Chain Approximation Method
(MCAM) is an efficient approach to obtain the numerical solution with the terminal condition
[13]. The basic idea of this technique is to approximate the original continuous Markov process
by a discrete-time, finite-state, controlled Markov chain which satisfies the local consistency
condition. Then, the approximated chain weakly converges to the original continuous Markov
process as an interval between grids approaches zero. The MCAM was extended to address
Markov modulated diffusion process [14], and then applied to a wide variety of fields. Thus,
we use the MCAM to solve numerically the system (3.4) of HJB equations with the terminal
condition which is not solved explicitly. The convergences and existence of the interpolated
wealth process, value function and controls are found in [13, 14, 16].

4.1. Approximation. To approximate the continuous Markov process, we use a finite differ-
ence method. That is, the first and the second derivatives of Ṽ (·, ·, i) are approximated in
following forms:

V̂ (u, t, i) −→ V̂ h,δ(u, t, i),

V̂t(u, t, i) −→
V̂ h,δ(u, t, i)− V̂ h,δ(u, t− δ, i)

h
,

V̂u(u, t, i) −→
V̂ h,δ(u+ h, t, i)− V̂ h,δ(u, t, i)

h
for b(u, t, i) ≥ 0, (4.1)

V̂u(u, t, i) −→
V̂ h,δ(u, t, i)− V̂ h,δ(u− h, t, i)

h
for b(u, t, i) < 0,

V̂uu(u, t, i) −→
V̂ h,δ(u+ h, t, i)− 2V̂ h,δ(u, t, i) + V̂ h,δ(u− h, t, i)

h2
,

where h and δ are a step-size for wealth u and for time t, respectively; and b(u, t, i) = r(t, i)+

(µ(i)− r(i))θ̂ − ĉ− η(t)Ẑ − 1
2σ

2(i)θ̂2. After calculations, we obtain

V̂ h,δ(u, nδ,i) = max
ĉ≥0,Ẑ≥0,θ

{
V̂ h,δ(u, nδ + δ, i)

[
1− σ2(i)θ2

δ

h2

− |b(u, nδ, i)| δ
h
− λ(nδ)δ + qiiδ

]
+ V̂ δ,h(u+ h, nδ + δ, i)

[
b+(u, nδ, i)

δ

h

]
+ V̂ δ,h(u− h, nδ + δ, i)

[
b−(u, nδ, i)

δ

h

]
+ λ(nδ)UB(e

uẐ, nδ)δ + UC(e
uĉ, nδ)δ

+
∑

j ̸=i,j∈M
qij V̂

h,δ(u, nδ + δ, j)δ
}
, i ∈ M, (4.2)
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where b+(u, nδ, i) (resp. b−(u, nδ, i)) is the positive (resp. negative) part of b(u, nδ, i) so that
b+(u, nδ, i) + b−(u, nδ, i) = |b(u, nδ, i)|. Then, we obtain the transition probabilities of the
wealth process satisfying the local consistency:

ph,δ((u, i), (u, i), nδ|ĉ, Ẑ, θ̂) = [1− (σ(i)θ̂)2(δ/h2)− |b(u, nδ, i)|(δ/h)]
G̃

,

ph,δ((u, i), (u+ h, i), nδ|ĉ, Ẑ, θ̂) = [((σ(i)θ̂)2/2)(δ/h2) + b+(u, nδ, i)(δ/h)]

G̃
, (4.3)

ph,δ((u, i), (u− h, i), nδ|ĉ, Ẑ, θ̂) = [((σ(i)θ̂)2/2)(δ/h2) + b−(u, nδ, i)(δ/h)]

G̃
,

where G̃ = 1 − λ(nδ)δ + qiiδ. In policy iteration, we can obtain optimal controls c∗, Z∗ and
θ∗ by solving the equation (4.2) and (4.3).

4.2. Algorithm. Because the computational method to solve (4.2) and (4.3) is based on the
dynamic programming principle (DPP), it suffers from the so-called “curse of dimensional-
ity” that means the extraordinarily rapid growth in the difficulty of problems as the number
of variables (or the dimension) increases. Furthermore, in multiple regimes, it would be an
impractical choice due to computing time or lack of memory. Since nowadays a multi-core
processor PC (or a large cluster) is well equipped and popular, parallel computation is easily
available, and so can be a useful alternative to solve the HJB equation as described in Algorithm
1. For parallel computing, we used the message passing interface (MPI) in C on a Linux cluster

Algorithm 1 Algorithm for solving (4.2) and (4.3)
1: Each regime i is allocated to each processor i (or node)
2: Set initial starting values
3: while Increase in the value function less than a prescribed tolerance do
4: Each processor i obtains optimal controls c∗, Z∗ and θ∗ by computing the equation

(4.2) and (4.3)
5: The value function (4.2) is updated with the obtained optimal controls
6: Every processors send their own value function to the other processors and receives

those from the others.
7: end while

and implemented MPI Sendrecv routine for communications. Because the amount of com-
municating information among processors is relatively less (i.e., just updated value functions),
it is very efficient methodology for solving the simultaneous HJB equations.
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5. NUMERICAL RESULTS

We consider the utility functions of constant relative risk aversion(CRRA) type which is
well accepted in finance. That is,

UC(c, t) =
e−ρt

γC
cγC , UB(Z, t) =

e−ρt

γB
ZγB , UL(x, T ) =

e−ρt

γL
xγL , (5.1)

where ρ > 0 is the subjective discount factor, and 0 ̸= γ and γk < 1 for k = C,B,L. We
consider systems consisting of two regimes (α(t) ∈ M = {1, 2}) with the generator,

Q = qij =

[
−0.5 0.5
0.5 −0.5

]
. (5.2)

Since the investment opportunity in the financial market becomes better as the value of(µ(α(t))−r(α(t))
σ(α(t))

)2 increases (See Remark 2.1 in [24].), we consider, without loss of generality,
the cases where the drift term of the price of the risky asset depends on the market regime
but the volatility and the risk free rate do not change. That is, we consider the case where
µ(1) ̸= µ(2), but r(1) = r(2) = r and σ(1) = σ(2) = σ. Let the parameters except µ(1) and
µ(2) be given as in the following: the initial time t0 = 25 (i.e., a 25 years old wage earner);
the retirement time T = 35; λ(t) = 0.001 + 1

10.54 exp(
t−87.24
10.54 ) (Gompertz-Makeham hazard

function), η(t) = λ(t), and I(t) = 10000 exp(0.03t) for t ≥ t0; γC = γB = γL = −1;
r = 0.04, σ = 0.18, and ρ = 0.03.

We illustrate the effects of regime switching on the optimal policies by comparing them, at
three different ages 25, 30, and 34.75, with those in the absence of regime switching which are
calculated in the same way as in [9].

In Figures 1, 2, 3, the two regimes are given by µ(1) = 0.09 (middle regime) and µ(2) =
0.13 (high regime).

Figure 1 compares the optimal consumptions at middle regime in our model (at coupled
middle regime) with those at middle regime in the absence of regime switching (at uncoupled
middle regime) and at high regime in the absence of regime switching, as a function of the total
wealth at each age. As expected, the optimal consumptions at middle regime in our model are
lager (resp. less) than those at middle (resp. high) regime in the absence of regime switching.
Such effect of regime switching on the optimal consumption is strong when the agent is young,
while the effect is negligible when his age is near the retirement time since the regime switching
opportunity decrease as he gets older.

Figure 2 compares the optimal investments in the risky asset in the three cases as in the
comparison of consumption, at each age. Differently from the consumption policy, the effect
of regime switching on the risky investment is negligible although the agent is young. The
intuitive reason for this is because the risky investment depends only on the total wealth and
the time to retirement does not separately affect it in the absence of regime switching (See [9]).
Without separate time effect on the risky investment, the potential regime switching effect is
negligible similarly to consumption near retirement.
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FIGURE 1. Optimal consumptions at age 25 (top-left), 30 (top-right), 34.75
(bottom). In this figure, y axis is the optimal consumption. “Coupled middle
regime” shows the consumptions in the middle regime coupled to the high one.
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FIGURE 2. Optimal investment at age 25 (top-left), 30 (top-right), 34.75 (bot-
tom). In this figure, y axis is the optimal investment. “Coupled middle regime”
shows the investments in the middle regime coupled to the high one.

Figure 3 compares the insurance premiums in the three cases as in the comparison of con-
sumption and risky investment, at each age. The optimal insurance premiums at middle regime
in our model are lager (resp. less) than those at middle (resp. high) regime in the absence of
regime switching. Such effect of regime switching on the optimal insurance premiums is strong
when the agent is young, while the effect is negligible when his age is near the retirement time
since the regime switching opportunity decrease as he gets older. As mentioned in Section 1,
there has been some inconsistency between empirical findings and theoretical results for the
insurance demand. Empirical studies show that the wealth has a positive effect on purchasing
insurance (See [19] which review twenty six published empirical studies.), while theories sug-
gest that negative [6, 20] or no relationship [21, 22, 23]. Figure 3 shows the regime switching
effect is consistent with the empirical findings in the sense that the premiums are larger when
the the regime is higher or can switch into higher one, although the wealth effect is negative as
in the theoretical results.

In Figures 4, 5, 6, the two regimes are given by µ(1) = 0.09 (middle regime) and µ(2) =
0.05 (low regime).
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FIGURE 3. Optimal premium payment at age 25 (top-left), 30 (top-right),
34.75 (bottom). In this figure, y axis is the optimal premium payment pay-
ment. “Coupled middle regime” shows the payments in the middle regime
coupled to the high one.

Figure 4 compares the optimal consumptions at middle regime in our model (at coupled
middle regime) with those at middle regime in the absence of regime switching (at uncoupled
middle regime) and at low regime in the absence of regime switching, as a function of the total
wealth at each age. As expected, the optimal consumptions at middle regime in our model are
less (resp. larger) than those at middle (resp. low) regime in the absence of regime switching.
Such effect of regime switching on the optimal consumption is strong when the agent is young,
while the effect is negligible when his age is near the retirement time in the same reason as in
Figure 1.
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FIGURE 4. Optimal consumptions at age 25 (top-left), 30 (top-right), 34.75
(bottom). In this figure, y axis is the optimal consumption. “Coupled middle
regime” shows the consumptions in the middle regime coupled to the low one.

Figure 5 compares the optimal investments in the risky asset in the three cases as in the com-
parison of consumption, at each age. The effect of regime switching on the risky investment is
negligible although the agent is young. The reason for this is the same as in Figure 2.

Figure 6 compares the insurance premiums in the three cases as in the comparison of con-
sumption and risky investment, at each age. The optimal insurance premiums at middle regime
in our model are less (resp. larger) than those at middle (resp. low) regime in the absence of



OPTIMAL CONSUMPTION/INVESTMENT AND LIFE INSURANCE WITH REGIME-SWITCHING 439

0 10 20 30 40 50
0

2

4

6

8

Total wealth (in thousand dollars)

Low regime
Coupled middle regime
Uncoupled middle regime

25 30 35 40
3.5
4.0
4.5
5.0
5.5
6.0
6.5

0 10 20 30 40 50
0

2

4

6

8

Total wealth (in thousand dollars)
In

ve
st

m
en

t

Low regime
Coupled middle regime
Uncoupled middle regime

25 30 35 40
3.5
4.0
4.5
5.0
5.5
6.0
6.5

0 10 20 30 40 50
0

2

4

6

8

Total wealth (in thousand dollars)

Low regime
Coupled middle regime
Uncoupled middle regime

25 30 35 40
3.5
4.0
4.5
5.0
5.5
6.0
6.5

FIGURE 5. Optimal investment at age 25 (top-left), 30 (top-right), 34.75 (bot-
tom). In this figure, y axis is the optimal investment. “Coupled middle regime”
shows the investments in the middle regime coupled to the low one.

regime switching. Such effect of regime switching on the optimal insurance premiums is strong
when the agent is young, while the effect is negligible when his age is near the retirement time
in the same reason as in Figure 3. Figure 6 shows the regime switching effect is consistent
with the empirical findings, as in Figure 3, in the sense that the premiums are less when the
regime is lower or can switch into a lower one, although the wealth effect is negative as in the
theoretical results.
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FIGURE 6. Optimal premium payment at age 25 (top-left), 30 (top-right),
34.75 (bottom). In this figure, y axis is the optimal premium payment. “Cou-
pled middle regime” shows the payments in the middle regime coupled to the
low one.

6. CONCLUSION

We have studied optimal consumption/investment and life insurance purchase rules for an
economic agent facing mortality risk with regime-switching financial market parameters which
cause the agent’s wealth to evolve according to a Markov-modulated diffusion (regime switch-
ing) process , in a continuous time-horizon where the agent’s fixed retirement time is given
exogenously. We have applied the Markov chain approximation(MCA) method and suggested
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an efficient algorithm using parallel computing to solve the simultaneous Hamilton-Jaccobi-
Bellman(HJB) equations arising from the optimization problem. We have provided numerical
results under the utility functions of the constant relative risk aversion (CRRA) type, with
which we illustrate the effects of regime switching on the optimal policies by comparing them
with those in the absence of regime switching. The optimal consumptions with the possibility
of regime switching into a better (resp. worse) investment opportunity state are larger (resp.
less) than those in the absence of regime switching. Such effect of regime switching on the
optimal consumption is strong when the agent is young, while the effect is negligible when his
age is near the retirement time since the regime switching opportunity decrease as the agent
gets older. However, the effect of regime switching on the risky investment is negligible al-
though the agent is young, since the risky investment depends only on the total wealth without
separate time effect. The optimal insurance purchases with the possibility of regime switching
into a better (resp. worse) investment opportunity state are larger (resp. less) than those in
the absence of regime switching. Such effect of regime switching on the optimal insurance
purchases is strong when the agent is young, while the effect is negligible when his age is
near the retirement time as in the optimal consumptions. There has been some inconsistency
between empirical findings and theoretical results for the insurance demand. Empirical studies
show that the wealth has a positive effect on purchasing insurance, while theories suggest that
negative or no relationship. Our result on the optimal insurance purchases shows the regime
switching effect is consistent with the empirical findings in the sense that the insurance pur-
chases are larger (resp. less) when the agent expect regime switching into a better (resp. worse)
investment opportunity state than in the absence of such an expectation.
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ABSTRACT. We consider the M/M/c/c queues in which the customers blocked to enter the
service facility retry after a random amount of time and some of idle servers can leave the
vacation. The vacation time and retrial time are assumed to be of phase type distribution.
Approximation formulae for the distribution of the number of customers in service facility
and the mean number of customers in orbit are presented. We provide an approximation for
M/M/c/c queue with general retrial time and general vacation time by approximating the
general distribution with phase type distribution. Some numerical results are presented.

1. INTRODUCTION

In the classicalM/M/c/c queueing system, it is assumed that the customers blocked to enter
the system are lost and servers are always available. However, in many practical situations the
blocked customers repeat their requests until the customers get into the service facility and the
servers may unavailable for a period of time due to a variety of reasons such as maintenance,
taking breaks and doing secondary job. For example, in call center with multiple agents that
answer the customer calls an arriving call joins the service facility if there is an available agent
or line. Otherwise, that is, if all the lines (buffer) are seized with other calls, the customer will
hang-up and retry to access the call center after random amount of time. Some of idle agents
may take a break or work secondary job like outbound calls. This type of call center with
multi-task agents can be modeled by the queueing system with retrials and vacations (RVQ).
Variety of queueing systems such as retrial queue and vacation queue has been introduced to
reduce the assumptions of classical model.
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Retrial queue is described by the feature that a customer enters the service facility if the
service facility is not full upon arrival, otherwise the customer joins the orbit and repeats its
request after random amount of time, called retrial time until the customer gets into the service
facility. Many efforts have been devoted to derive performance measures such as queue length
distribution, waiting times distribution, busy period distribution etc. in retrial queues. The
detailed overviews of the related references with retrial queues can be found in the monographs
[1, 2] and references therein.

Vacation queues reflect the situation that the servers may be temporary unavailable. The
time period that the servers do not provide their service is considered as the servers take a va-
cation and is called a vacation time. Vacation queue has been studied extensively for modeling
and analyzing the practical problems such as computer and communications systems, manu-
facturing systems and call centers with multitask employees. The detailed overview of single
server vacation queues can be found in the monograph [3] and for the multi-server vacation
queues, one can refer the recent monograph [4].

Retrial queues and vacation queues have been studied separately for last several decades.
Recently, the interests on the retrial queues with vacations is growing rapidly. However, almost
all the literature deals with the system with single-server and constant retrial policy that only
one customer in orbit can retry e.g., see [5, 6, 7, 8, 9]. The single server queue with Bernoulli
vacation schedule and linear retrial policy is considered in [10]. The call center with outgoing
calls and the call center with after-call work introduced in [11] can be considered as RVQ
with special vacation policy. An algorithmic solution for the MAP/M/c/K queue with PH-
vacation time and exponential retrial time is developed in [12].

The literature about the retrial queues with non-exponential retrial time is very limited. The
main difficulty for analyzing the system with non-exponential retrial times is due to the fact
that the model must keep track of the elapsed retrial time for each of possibly a very large
number of customers as stated in [1]. Recently, approximations for M/M/c/c retrial queue
and PH/PH/c retrial queue with PH-retrial time have been developed in [13, 14]. The
stability condition for MAP/PH/c/K queue with phase type distribution (PH) of vacation
time and PH-retrial time is given in [15].

In this paper, we consider the M/M/c/c queue with customer retrials and server vacations
in which the retrial times and vacation times are PH-distributions and develop an approximation
of the system. We also show the method can be applied to an approximation of the M/M/c/c
queue with general distributions of retrial time and vacation time by using the method in [14].

In Section 2, the mathematical model and stationary results are described. The approxima-
tion method is proposed in Section 3. Numerical results are given in Section 4. Application of
the method developed in Section 3 to the system with general vacation time and retrial time is
presented in Section 5. Conclusions are given in Section 6.

2. MODEL AND STATIONARY RESULTS

2.1. The model. Consider theM/M/c/c queue which consists of an orbit with infinite capac-
ity and a service facility with c identical servers in parallel and no waiting positions. Customers
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arrive from outside according to a Poisson process with rate λ. The service time distribution
of a customer is exponential with rate µ. We adopt the following vacation policy called (a, b)-
vacation policy [16]. If any a (1 ≤ a < c) or more servers are idle at a service completion, that
is, the number of customers at the service facility is less than or equal to a∗ = c−a upon a ser-
vice completion, then b (b ≤ a) servers among idle servers take a vacation and the remaining
b∗ = c−b servers are available. The vacation time distribution is assumed to be of a phase type
PH(δδδ,VVV ), where VVV = (vij) is a nonsingular w × w matrix with vii = −vi < 0, 1 ≤ i ≤ w
and δδδ = (δ1, · · · , δw) ≥ 0 with δδδe = 1 and e is the column vector of appropriate size whose
components are all 1. Let VVV 0 = −VVV e = (v01, · · · , v0w)T and mv = δδδ(−VVV )−1e be the mean
vacation time. We consider the single vacation policy under which the servers take only one
vacation and after the vacation the servers either serves the waiting customer in service facility
if any or stays idle.

If a customer finds that the number of customers in service facility is less than c upon ar-
rival, the customer enters the service facility, otherwise the customer joins to orbit and repeats
its request until the customer gets into the service facility. The customers in orbit retry inde-
pendently of other customers and retrial times of each customer are assumed to be independent
and identically distributed. We assume that the retrial time distribution of a customer in orbit
is of phase type PH(θθθ,UUU) whose distribution function is F (t) = 1 − θθθ exp(UUUt)e, t ≥ 0,
where θθθ = (θ1, · · · , θg) ≥ 0 with θθθe = 1 and UUU = (uij) is a nonsingular g × g matrix
with uii = −ui < 0, 1 ≤ i ≤ g. Let uuu = (u1, · · · , ug), γγγ = −UUUeee = (γ1, · · · , γg)T and
mr = θθθ(−UUU)−1e be the mean retrial time. We assume that U∗ = U + γγγθθθ is irreducible. For
detailed description of the PH-distribution and PH-renewal process, see [17, Chapter 2].

Let Xi(t) the number of customers in orbit whose service phase is of i, 1 ≤ i ≤ g and Y (t)
be the number of customers at service facility and J(t) be the server state at time t defined by

J(t) =

{
0, c servers are available
j, the phase of vacation time is of j, 1 ≤ j ≤ w.

Then ΨΨΨ = {(XXX(t), Y (t), J(t)), t ≥ 0} withXXX(t) = (X1(t), · · · , Xg(t)) is a continuous time
Markov chain on the state space

S = {(nnn, k, j) ∈ Zg+2
+ : nnn ≥ 0, 0 ≤ k ≤ c, 0 ≤ j ≤ w}

where Z+ = {0, 1, 2, · · · } and nnn = (n1, · · · , ng) ≥ 0 means ni ≥ 0, i = 1, 2, · · · , g.
In the following, denote the M/M/c/c queue with retrials and vacations in which the retrial

times and vacation times are PH-distributions by M/M/c/c RVQ with (Ret, Vac)=(PH, PH).
We assume that the stability condition ρ = λ

cµ < 1 for a > 1 and ρ < (c−1)µmv+1
cµmv+1 for a = 1,

see [15].

2.2. Stationary equations. Let (XXX,Y, J) be the stationary version of ΨΨΨ and P (nnn, k, j) =
P (XXX = nnn, Y = k, J = 0) = 0 for (nnn, k, j) ∈ S and P (nnn, k, j) = 0 for (nnn, k, j) /∈ S . Denote
the indicator function ofA by IA that is, IA = 1 ifA is true and IA = 0 otherwise. The balance
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equations for P (nnn, k, j) are as follows:

(λ+ µk +nnn · uuu)P (nnn, k, 0)

= λP (nnn, k − 1, 0) + λ

g∑
i=1

θiP (nnn− eeei, k, 0)I{k=c}

+

g∑
i=1

g∑
h=1,h̸=i

(ni + 1)uihP (nnn+ eeei − eeeh, k, 0) +

g∑
i=1

(ni + 1)γiP (nnn+ eeei, k − 1, 0)I{k≥1}

+

g∑
i=1

g∑
h=1,h̸=i

(ni + 1)γiθhP (nnn+ eeei − eeeh, k, 0)I{k=c} +

g∑
i=1

niγiθiP (nnn, k, 0)I{k=c}

+ µk+1P (nnn, k + 1, 0)I{a∗+1≤k≤c−1} +
w∑
j=1

v0jP (nnn, k, j), (2.1)

where µk = kµ and nnn · uuu =
∑g

i=1 niui is the inner product of two vectors nnn and uuu, and for
1 ≤ j ≤ w,

(λ+ µ∗k + vj +nnn · uuu)P (nnn, k, j)

= λP (nnn, k − 1, j) +

g∑
i=1

λθiP (nnn− eeei, k, j)I{k=c}

+

g∑
i=1

g∑
h=1,h ̸=i

(ni + 1)uihP (nnn+ eeei − eeeh, k, j) +

g∑
i=1

(ni + 1)γiP (nnn+ eeei, k − 1, j)I{k≥1}

+

g∑
i=1

g∑
h=1,h ̸=i

(ni + 1)γiθhP (nnn+ eeei − eeeh, k, j)I{k=c} +

g∑
i=1

niγiθiP (nnn, k, j)I{k=c}

+ µ∗k+1P (nnn, k + 1, j)I{0≤k≤c−1} + µk+1δjP (nnn, k + 1, 0)I{0≤k≤a∗}

+

w∑
h=1,h̸=j

P (nnn, k, h)vhj , (2.2)

where µ∗k = min(k, b∗)µ.
Let π(k, j) = P (Y = k, J = j), (k, j) ∈ Y = {(k, j) : 0 ≤ k ≤ c, 0 ≤ j ≤ w} and

γ(k, j) be retrial rate from orbit given that (Y, J) = (k, j), that is,

γ(k, j) =

g∑
i=1

γiLi(k, j), (k, j) ∈ Y,

where Li(k, j) = E[Xi|Y = k, J = j]. Summing over nnn ∈ Zg+ in (2.1) and (2.2), we have
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[
(λ+ γ(k, 0))I{k≤c−1} + µk

]
π(k, 0)

= (λ+ γ(k − 1, 0))π(k − 1, 0) + µk+1π(k + 1, 0)I{a∗+1≤k≤c−1}

+

w∑
h=1

v0hπ(k, h) (2.3)

and for j = 1, 2, · · · , w,[
(λ+ γ(k, j))I{k≤c−1} + µ∗k + vj

]
π(k, j)

= (λ+ γ(k − 1, j))π(k − 1, j) + µ∗k+1π(k + 1, j)I{0≤k≤c−1}

+µk+1δjπ(k + 1, 0)I{0≤k≤a∗} +
w∑

h=1,h̸=j

vhjπ(k, h). (2.4)

Equations (2.3) and (2.4) can be represented as πππQ = 0, where πππ = (π(k, j), (k, j) ∈ Y) and

Q =


B0 A0

C1 B1 A1

. . . . . . . . .
Cc−1 Bc−1 Ac−1

Cc Bc

 . (2.5)

The matrix Ak = Diag[λ + γ(k, j), j = 0, 1, · · · , w] is the diagonal matrix of size w + 1,
0 ≤ k ≤ c−1. The matrixBk is a square matrix of size w+1 whose (i, j)-componentBk(i, j)
is as follows: for 0 ≤ i, j ≤ w,

Bk(i, j) =


v0i , 1 ≤ i ≤ w, j = 0
vij , 1 ≤ i ̸= j ≤ w
−∆k(i), i = j
0, otherwise

where ∆k(i) is the positive number that makes Qe = 0 and the components not stated above
are all zero. The (i, j)-component of Ck, 1 ≤ k ≤ c is as follows:

Ck(i, j) =

 µkδj , 1 ≤ k ≤ a∗ + 1, i = 0, 1 ≤ j ≤ w
µk, a∗ + 2 ≤ k ≤ c, i = j = 0
µ∗k, 1 ≤ i = j ≤ w

and the components not stated above are all zero. The stationary distribution πππ = (πππ(k), 0 ≤
k ≤ c) with πππ(k) = (π(k, 0), π(k, 1), · · · , π(k,w)) of Q can be computed as

πππ(n) = π(0)R1 · · ·Rn, n = 1, 2, · · · ,K,
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where πππ(0) is the unique solution of the equations πππ(0)(B0 +R1C1) = 0 and

πππ(0)

(
e+

c∑
n=1

R1 · · ·Rne

)
= 1,

and the matrices Rn of size w + 1 are given recursively as

Rc = Ac−1(−Bc)−1,

Rn = An−1[−(Bn +Rn+1Cn+1)]
−1, n = c− 1, c− 2, · · · , 1.

Lemma 2.1. The marginal distributions Pi(n) = P (Xi = n), Pi(n, c) = P (Xi = n, Y = c)
and Pi(n, k, j) = P (Xi = n, Y = k, J = j), 1 ≤ i ≤ g satisfy the following relation :

(n+ 1)uiPi(n+ 1)− (n+ 1)γiθiPi(n+ 1, c)

= λθiPi(n, c) +

g∑
j=1,j ̸=i

ujiE[XjI{Xi=n}] +

g∑
j=1,j ̸=i

γjθiE[XjI{Xi=n,Y=c}], n ≥ 0.(2.6)

Proof. Let P (nnn) = P (XXX = nnn) and P (nnn, c) = P (XXX = nnn, Y = c). Summing over k =
0, 1, · · · , c and j = 0, 1, · · · , w in (2.1) and (2.2), we have

(nnn · uuu)P (nnn) + λP (nnn, c)− λ

g∑
i=1

θiP (nnn− eeei, c)

=

g∑
i=1

g∑
h=1,h ̸=i

(ni + 1)uihP (nnn+ eeei − eeeh)

+

g∑
i=1

(ni + 1)γiP (nnn+ eeei)−
g∑
i=1

(ni + 1)γiP (nnn+ eeei, c)

+

g∑
i=1

g∑
h=1,h ̸=i

(ni + 1)γiθhP (nnn+ eeei − eeeh, c) +

g∑
i=1

niγiθiP (nnn, c). (2.7)

Summing over nj (j ̸= i) for each ni = n in (2.7), we have after tedious algebra that

(n+ 1)uiPi(n+ 1)− nuiPi(n)− λθi(Pi(n, c)− Pi(n− 1, c))

= γiθi((n+ 1)Pi(n+ 1, c)− nPi(n, c)) +
∑

j=1,j ̸=i
uji(E[XjI{Xi=n}]− E[XjI{Xi=n−1}])

+
∑

j=1,j ̸=i
γjθi(E[XjI{Xi=n,Y=c}]− E[XjI{Xi=n−1,Y=c}]), n ≥ 0. (2.8)

Equation (2.6) is immediate from (2.8). �

Note that (2.6) is the local balance equations for Xi. Indeed, the left hand side of (2.6) is
the rate at which Xi enters state n from n + 1 and the right hand side of (2.6) is the rate at
which Xi enters state n+ 1 from n.
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Proposition 2.2. Let Li = E[Xi] and LLL = (L1, · · · , Lg). Then

LLL = Λθθθ(−UUU)−1, (2.9)

L =

g∑
i=1

Li = Λmr, (2.10)

where

Λ = λP (Y = c) +

g∑
i=1

γiE[XiI{Y=c}], (2.11)

is the total arrival rate to orbit.

Proof. Summing over n in (2.6) yields

uiLi =

g∑
j=1,j ̸=i

ujiLj + θiΛ, 1 ≤ i ≤ ν

and hence LLL(−UUU) = Λθθθ and (2.10) is immediate from (2.9) and θθθ(−UUU)−1e = mr. �
Note from (2.9) and θθθ(−UUU)−1γγγ = 1 that

∑g
i=1 γiLi = Λ. The proportion R(k, j) of

returning customers from orbit who find the arrival phase and service facility in state (k, j) is
given by (see [1, 2, 18])

R(k, j) =

∑g
i=1 γiE[XiI{Y=k,J=j}]∑g

i=1 γiLi

=
1

Λ
γ(k, j)π(k, j), (k, j) ∈ Y. (2.12)

It can be seen from (2.12) and (2.11) that the blocking probability RB =
∑w

j=0R(c, j) of a
returning customer is given by

RB =
1

Λ

g∑
i=1

γiE[XiI{Y=c}] = 1− λ

Λ
P (Y = c). (2.13)

Once R(k, j) is given, it follows from (2.10) and (2.13) that

L =
λPB

1−RB
mr, (2.14)

where PB = P (Y = c).

3. APPROXIMATIONS

As noted in Section 2,Q is represented in terms of γ(k, j) that is closely related withR(k, j).
In this section, we present an approximation formula forR(k, j) and then propose an algorithm
for computing πππ. We adopt the following approximation assumption about the behavior of
service facility based on the observation that Q is the generator of the M/M/c/c vacation
queue with state dependent arrival rates.
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Assumption A. The service facility behaves like a level dependent quasi-birth-and-death
process with generator Q and is independent of the retrials.

Let ξξξ = {ξ(t), t ≥ 0} be the Markov chain with generator Q. We approximate R(k, j)
with the conditional probability that given a customer joins orbit at time 0, the customer finds
that ξξξ is in state (k, j) at the retrial instant. That is, R(k, j) is approximated by

R(k, j) ≈
∫ ∞

0
P (ξ(t) = (k, j) | a customer joins orbit at time t = 0) dF (t)

=
1

Λ

w∑
i=0

(λ+ γ(c, i))π(c, i)

[∫ ∞

0
eQt θθθeUUUtγγγdt

]
(c,i),(k,j)

, (3.1)

where

QU =

∫ ∞

0
eQt θθθeUUUtγγγdt

and [·]z,z′ is the (z, z′)-component of the matrix [·].
Once initial value of γ(k, j) is given, ΛR(k, j) is can be approximated by (3.1) using the

stationary distribution πππ and γ(k, j) is updated from ΛR(k, j) by the formula (2.12). The
following algorithm summarizes the results above. We write Q as Q(γ) to highlight the depen-
dence of γ.

Algorithm for computing Q
1. Initialization. Let γ(0)(k, j) = 0 and compute the stationary distribution πππ(0) of Q(0).
2. (Repeating procedure) Repeat the following steps until a stopping criterion is satisfied.

For n = 1, 2, · · · ,
(1) Set

Λ
(n)
j = (λ+ γ(n−1)(c, j))π(n−1)(c, j), j = 0, 1, · · · , w

and compute ΛR(n)(k, j) using (3.1). That is,

ΛR(n)(k, j) =

w∑
i=0

Λ
(n)
i [Q

(n−1)
U ](c,i),(k,j).

(2) Calculate

γ(n)(k, j) =
ΛR(n)(k, j)

π(n−1)(k, j)

and update Q(n) = Q(γ(n)(k, j)) and compute the stationary distribution πππ(n) of
Q(n).

(3) Check the stopping criterion. Let

TOL = max
(k,j)∈Y

|γ(n)(k, j)− γ(n−1)(k, j)|.

If TOL < ϵ for a given tolerance ϵ > 0, then stop the iteration. Otherwise,
continue iteration.
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Remarks. 1. Computing procedure can be interpreted as follows. Setting γ(0)(k, j) = 0

denotes that the retrial phenomena is ignored and Q(0) is the generator of M/M/c/c vacation
queue. Since γ(n)(k, j) =

∑g
i=1 γiL

(n−1)
i (k, j) is the arrival rate from the group of blocking

customers in the system Q(n−1), the system Q(n) is the M/M/c/c vacation queue with extra
arrivals with rates γ(n)(k, j) that depend on the system state. Although the convergence of
the iteration scheme for γ(n)(k, j) is not proved analytically, extensive numerical experiments
show the convergence of the sequence {γ(n)}∞n=0.

2. The integration in (3.1) can be computed using the method in [13]. Here we briefly sketch
the method. Note that the LST F̃ (ω) = θθθ(ωI −UUU)−1γγγ of the retrial time distribution F (t) is a
rational function and the probability density function f(t) of F (t) can be expressed by a linear
combination of the function of the form tne−ηt [19, Appendix E]. It can be easily seen that

H(n, η) =

∫ ∞

0
exp[Qt]tne−ηt dt = n![(ηI −Q)−1]n+1, n = 0, 1, · · · .

Thus R(k, j) is the linear combination of H(n, η). Using the algorithm in [20], one can calcu-
late the inversion (ηI −Q)−1 by computing inversions of the matrices of size w + 1.

3. The complexity of the algorithm for computing Q method is as follows. The most time
consuming parts in the algorithm are to compute π(n) and QU . In one iteration, we need to
invert cmatrices of sizew+1. Thus the time complexity of one iteration becomesO((w+1)3).
The number of iterations needed is difficult to predict because it depends on the tolerance ϵ and
the system parameters such as mean retrial time mr and traffic intensity ρ. We could see from
numerical experiments that the iteration increases as mr or ρ increases. For example, the algo-
rithm was run on a laptop computer at 1.20 GHz with 2.96 GB RAM using the Mathematicar6
and the command TimeUsed is used to capture the CPU time [21] for M/M/10/10 queue
with w = 2 and g = 4, mr = 1.0. The run times and the number of iterations are 1.95 seconds
with 12 iterations for ρ = 0.4 and 3.91 second with 38 iterations for ρ = 0.8 when ϵ = 10−5

is used.

4. NUMERICAL EXAMPLES AND REFINEMENT

In this section, some numerical results are presented for the accuracy check of approxima-
tions. The blocking probability PB = P (Y = c), the probability PV = 1 − P (J = 0) that
the servers are in vacation, the mean E[Y ] and standard deviation SD[Y ] of the number of
customers in service facility and the mean number of customers in orbit L =

∑g
i=1 E[Xi] are

considered.
Throughout this section, we consider theM/M/c/c queue with service rate µ = 1.0 and the

mean of vacation time is mv = 1.5. The arrival rate λ is determined by the formula ρ = λ
cµ ,

that is, λ = cρµ given traffic intensity ρ. In the numerical tables, denote the vacation time and
retrial time by Vac and Ret, respectively.

In Table 1, approximation results (App) for PB and PV are compared with the exact results
(Exact) for the system with exponential (EXP) vacation time and exponential retrial time with
mean mr = 0.1, 1.0, 10.0. For the number c of servers and the parameters (a, b) for vacation
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TABLE 1. PB , PV , E[Y ] and SD[Y ] with (Vac,Ret)=(EXP,EXP)

(c, a, b) = (5, 5, 3) (c, a, b) = (10, 7, 5)
ρ mr Exact App (Err(%)) Exact App (Err(%))

PB 0.4 0.1 0.0763 0.0763 (0.06) 0.0216 0.0215 (0.53)
1.0 0.0634 0.0622 (1.92) 0.0160 0.0157 (2.11)

10.0 0.0573 0.0570 (0.46) 0.0138 0.0136 (0.37)
0.8 0.1 0.5465 0.5154 (5.70) 0.4270 0.3896 (8.75)

1.0 0.4732 0.4470 (5.53) 0.3244 0.2975 (8.30)
10.0 0.4384 0.4342 (0.96) 0.2836 0.2798 (1.35)

PV 0.4 0.1 0.2703 0.2700 (0.12) 0.6305 0.6303 (0.03)
1.0 0.2669 0.2664 (0.18) 0.6294 0.6294 (0.00)

10.0 0.2657 0.2656 (0.00) 0.6302 0.6303 (0.02)
0.8 0.1 0.0523 0.0467 (10.9) 0.1315 0.1217 (7.42)

1.0 0.0374 0.0305 (18.6) 0.1036 0.0915 (11.7)
10.0 0.0282 0.0269 (4.33) 0.0856 0.0834 (2.59)

E[Y ] 0.4 0.1 2.104 2.108 (0.18) 4.230 4.234 (0.09)
1.0 2.101 2.102 (0.05) 4.224 4.225 (0.02)

10.0 2.103 2.104 (0.01) 4.224 4.224 (0.00)
0.8 0.1 4.063 4.062 (0.01) 8.280 8.287 (0.08)

1.0 4.049 4.046 (0.08) 8.230 8.225 (0.06)
10.0 4.046 4.046 (0.01) 8.225 8.225 (0.00)

SD[Y ] 0.4 0.1 1.427 1.428 (0.05) 2.185 2.187 (0.12)
1.0 1.395 1.391 (0.32) 2.155 2.152 (0.14)

10.0 1.371 1.370 (0.11) 2.131 2.129 (0.05)
0.8 0.1 1.266 1.217 (3.88) 2.031 1.958 (3.63)

1.0 1.147 1.092 (4.79) 1.830 1.742 (4.82)
10.0 1.071 1.061 (0.90) 1.690 1.673 (0.99)

policy, two cases (c, a, b) = (5, 5, 3) and (10, 7, 5) are presented. Exact results for exponential
retrial times are obtained by using the algorithm in Shin (2014a). The relative percentage errors
Err(%) of approximations are given by Err(%) = |App − Exact| × 100/Exact. We can see
from Table 1 that the relative percentage error Err(%) for PB is not sufficiently small for the
case of ρ = 0.8, mr = 0.1, 1.0 and (c, a, b) = (10, 7, 5). The maximal absolute error is 0.0373
for ρ = 0.8, mr = 0.1 and (c, a, b) = (10, 7, 5) and others seems to be small enough for
practical sense. The approximation for PV works well especially for ρ = 0.4. The relative
percentage error Err(%) does not seem to be sufficiently small for ρ = 0.8 and small mr.
However the values of PV for ρ = 0.8 are small and the maximal absolute error is 0.0121 for
ρ = 0.8, mr = 1.0 and (c, a, b) = (10, 7, 5) which do not seem particularly meaningful as
a measure of the practical accuracy of an approximation. Similar comparisons for E[Y ] and
SD[Y ] are given in Table 1 from which we see that E[Y ] is less sensitive with respect to the



M/M/c RETRIAL QUEUE WITH SERVER VACATIONS 453

TABLE 2. L with (Vac,Ret)=(EXP,EXP)

(c, a, b) = (5, 5, 3) (c, a, b) = (10, 7, 5)
ρ mr Exact App (Err(%)) Exact App (Err(%))

0.4 0.1 0.092 0.098 (5.87) 0.039 0.043 (10.4)
1.0 0.201 0.214 (6.76) 0.088 0.098 (10.6)

10.0 1.272 1.291 (1.44) 0.578 0.591 (2.19)
20.0 2.466 2.485 (0.76) 1.123 1.136 (1.15)

0.8 0.1 2.857 3.022 (5.79) 2.851 3.080 (8.03)
1.0 5.602 5.788 (3.32) 5.428 5.855 (7.86)

10.0 33.035 33.232 (0.59) 32.919 33.511 (1.80)
20.0 63.550 63.748 (0.31) 63.681 64.290 (0.96)

mean retrial time mr than other performance measures such as PB and the approximations for
E[Y ] and SD[Y ] works well. One can also see that the relative errors for (c, a, b) = (10, 7, 5)
are greater than those for (c, a, b) = (5, 5, 3).

Denote by L(mr) and LApp(mr) the exact and approximation of L as a function of mr.
In many numerical experiments, the approximation of L does not provide satisfactory accu-
racy for small value of mr. However, L increases rapidly and the the differences Err(mr) =

L(mr)− LApp(mr) varies slowly as mr increases. We adopt the modified formula L̂(mr) for
approximation of L(mr) in [13] as

L̂(mr) = LApp(mr) + (LV − LAppr(m
∗
r)), (4.1)

where LV is the mean number of customers waiting in the queue for the system with mr = 0.0
that is the ordinary M/M/c vacation queue and m∗

r is chosen to be small enough so that the
variation of LApp(mr) is negligible for mr ≤ m∗

r . In the numerical tables of this paper, L̂ with
m∗
r = 10−3 are presented for the approximation of L. Numerical results for the approximation

of L in Table 2 show that L̂ provides good approximation especially for large mr and all the
absolute error |App− Exact| are less than 1.0.

Approximations (App) for the system with PH-vacation time, PH-retrial times and (c, a, b) =
(10, 7, 5) are compared with simulations (Sim) in Tables 3-4. Let C2

v and C2
r be the squared

coefficients of variation (SCV) of vacation time and retrial time, respectively. For numeri-
cal examples, we consider the Erlang distribution of order two (E2) for SCV = 0.5 and the
hyperexponential distribution of order two (H2) for SCV = 2.0. The probability density
function of H2 distribution used in tables is f(t) = pµ1e

−µ1t + (1− p)µ2e
−µ2t, t ≥ 0, where

the parameters p, µ1 and µ2 are determined by the mean m and SCV of the distribution as
p = 1

2(1 +
√

(SCV − 1)/(SCV + 1)), µ1 = 2p
m , µ2 = 2(1−p)

m . Simulation models for the
system with E2 and H2 retrial times are developed with ARENA [22]. Simulation run time is
set to 110,000 unit times including 10,000 unit times of warm-up period, where the expected
value of service time is one unit time. Ten replications are conducted for each case and the
average value and the half length of 95% confidence interval (c.i.) are obtained.
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TABLE 3. PB and PV with (Vac, Ret)=(PH, PH) and (c, a, b) = (10, 7, 5)

PB PV
(Vac, Ret) ρ mr App Sim (c.i.) App Sim (c.i.)
(E2,H2) 0.4 0.1 0.0170 0.0175 (±0.0003) 0.6224 0.6216 (±0.0015)

1.0 0.0132 0.0138 (±0.0003) 0.6217 0.6218 (±0.0016)
10.0 0.0117 0.0120 (±0.0002) 0.6223 0.6214 (±0.0013)

0.8 0.1 0.3733 0.4103 (±0.0013) 0.1167 0.1264 (±0.0009)
1.0 0.2948 0.3192 (±0.0010) 0.0909 0.1014 (±0.0010)

10.0 0.2755 0.2790 (±0.0010) 0.0818 0.0839 (±0.0009)
(H2, E2) 0.4 0.1 0.0280 0.0281 (±0.0006) 0.6370 0.6363 (±0.0018)

1.0 0.0188 0.0200 (±0.0004) 0.6357 0.6358 (±0.0013)
10.0 0.0156 0.0158 (±0.0003) 0.6367 0.6363 (±0.0016)

0.8 0.1 0.4094 0.4468 (±0.0023) 0.1268 0.1363 (±0.0013)
1.0 0.2986 0.3321 (±0.0010) 0.0909 0.1063 (±0.0013)

10.0 0.2809 0.2848 (±0.0013) 0.0835 0.0859 (±0.0009)

TABLE 4. L with (Vac, Ret)=(PH, PH) and (c, a, b) = (10, 7, 5)

ρ = 0.4 ρ = 0.8
(Vac,Ret) mr App Sim (c.i.) App Sim (c.i.)
(E2,H2) 0.1 0.031 0.030 (±0.003) 2.807 2.807 (±0.021)

1.0 0.080 0.077 (±0.017) 5.681 5.681 (±0.026)
10.0 0.502 0.501 (±0.008) 32.736 32.736 (±0.199)

(H2, E2) 0.1 0.067 0.061 (±0.003) 3.766 3.564 (±0.069)
1.0 0.124 0.111 (±0.004) 6.189 5.725 (±0.048)

10.0 0.669 0.651 (±0.001) 33.769 32.776 (±0.251)

It can be seen from Table 3 that the absolute values of deviation Dev = |App − Sim| for
PB are all less than 0.01 except for the case ρ = 0.8 and mr = 0.1, 1.0. The values of Dev
are in (0.037, 0.038) for mr = 0.1 and (0.024, 0.033) for mr = 0.1. Table 3 also show that
Dev for PV are all less than 0.01 except for the case ρ = 0.8. The maximal value of Dev for
PV is 0.0154 for the case ρ = 0.8 and mr = 1.0 in the system with (Vac,Ret)=(H2, E2). It
can be seen from Table 4 for L that Dev is less than 1.0 for all cases. Overall the accuracy
of approximations in the system with the combinations of E2 and H2 distributions of vacation
times and retrial times is of the similar order of magnitude as that in the case of exponential
distributions of vacation time and retrial time.
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5. APPROXIMATION OF THE SYSTEM WITH GENERAL DISTRIBUTIONS OF VACATION TIME
AND RETRIAL TIME

In this section, we show that the method developed in the previous section can be applied
to the system with general distributions of vacation time and retrial time by an example, the
system with Weibul distribution (WEIB) of vacation time and lognormal distribution (LN) of
retrial time. We fit the first three moments of Weibul distribution and lognormal distribution
with PH-distributions and approximate the system with WEIB-vacation time and LN-retrial
time by the system with PH-vacation time and PH-retrial time.

Let mk, k = 1, 2, 3 be the kth moment of a positive random variable. If mk, k = 1, 2, 3
satisfy that m2 > 2m2

1 and m1m3 > 1.5m2
2, then the probability density function f(t) =

pµ1e
−µ1t + (1− p)µ2e

−µ2t, t ≥ 0 of the hyperexponential distribution H2(p;µ1, µ2) with the
preassigned moments mi, i = 1, 2, 3 is determined by the parameters, see [19, 23],

µ1 =
1

2

(
a1 +

√
a21 − 4a2

)
, µ2 =

1

2

(
a1 −

√
a21 − 4a2

)
, p =

µ1(1− µ2m1)

µ1 − µ2
, (5.1)

where

a2 =
6m2

1 − 3m2

1.5m2
2 −m1m3

, a1 =
1

m1

(
1 +

1

2
m2a2

)
.

The parameters of H2(p; t1/m, t2/m) for fitting the first three moments of lognormal dis-
tribution with mean m and SCV = 2.0 are given by p = 0.9714045207910316, t1 =
1.1380711874576983 and t2 = 0.19526214587563495 and the parameters for the Weibul dis-
tribution with meanm and SCV = 2.0 are p = 0.6587280978333091, t1 = 2.0364867918542
and t2 = 0.5044393653326359.

Coxian distribution with Erlang node denoted by CEk,j(p;µ1, µ2) is the composition of the
mixture of two Erlang distributions of order k and j whose Laplace transform f∗(s) of the
probability density function is given by

f∗(s) = p

(
µ1

µ1 + s

)k ( µ2
µ2 + s

)j
+ (1− p)

(
µ2

µ2 + s

)j
, s ≥ 0.

If the nth moment of CEk,j(p;µ1, µ2) is mn, then the nth moment of CEk,j(p;
µ1
a ,

µ2
a ) is

anmn. Following the method in [24], we fit the first three moments of LN with m and SCV =
0.5 with CE1,3(p ; t1/m, t2/m) whose phase type representation PH(ααα, T ) is given by ααα =
(p, 1− p, 0, 0) with p = 0.1167466452506409 and

T =
1

m


−t1 t1 0 0
0 −t2 t2 0
0 0 −t2 t2
0 0 0 −t2

 ,

where t1 = 0.9501281621, t2 = 3.4202636232. The first three moments of WEIB with mv

and C2
v = 0.5 is fitted by CE2,1(0.751282; 2.88098/mv, 2.09007/mv).

In Tables 5-6, the approximation results for PB , PV and L in the system with PH-vacation
time and PH-retrial time are compared with the simulations of the system with WEIB-vacation
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TABLE 5. PB and PV with (Vac, Ret)=(WEIB, LN) and (c, a, b) = (10, 7, 5)

PB PV
(C2

v , C
2
r ) ρ mr App Sim (c.i.) App Sim (c.i.)

(0.5, 2.0) 0.4 0.1 0.0171 0.0176 (±0.0003) 0.6233 0.6228 (±0.0017)
1.0 0.0131 0.0138 (±0.0003) 0.6225 0.6215 (±0.0012)

10.0 0.0118 0.0118 (±0.0003) 0.6233 0.6226 (±0.0012)
0.8 0.1 0.3755 0.4133 (±0.0017) 0.1184 0.1271 (±0.0007)

1.0 0.2927 0.3192 (±0.0012) 0.0904 0.1020 (±0.0012)
10.0 0.2759 0.2777 (±0.0011) 0.0820 0.0834 (±0.0007)

(2.0, 0.5) 0.4 0.1 0.0289 0.0291 (±0.0006) 0.6385 0.6397 (±0.0017)
1.0 0.0192 0.0202 (±0.0004) 0.6371 0.6387 (±0.0011)

10.0 0.0159 0.0163 (±0.0003) 0.6383 0.6394 (±0.0016)
0.8 0.1 0.4153 0.4536 (±0.0016) 0.1281 0.1394 (±0.0011)

1.0 0.2982 0.3344 (±0.0010) 0.0908 0.1083 (±0.0013)
10.0 0.2815 0.2878 (±0.0016) 0.0838 0.0877 (±0.0013)

TABLE 6. L with (Vac, Ret)=(WEIB, LN) and (c, a, b) = (10, 7, 5)

ρ = 0.4 ρ = 0.8
(C2

v , C
2
r ) mr App Sim (c.i.) App Sim (c.i.)

(0.5, 2.0) 0.1 0.030 0.029 (±0.001) 2.772 2.540 (±0.026)
1.0 0.077 0.073 (±0.002) 5.554 5.177 (±0.040)

10.0 0.500 0.491 (±0.016) 32.691 31.622 (±0.217)
(2.0, 0.5) 0.1 0.067 0.061 (±0.003) 3.756 3.545 (±0.073)

1.0 0.125 0.111 (±0.003) 6.123 5.689 (±0.060)
10.0 0.680 0.667 (±0.015) 33.821 33.260 (±0.308)

time and LN-retrial time. It can be seen from the tables that the approximation works similarly
to the case of the system with PH-vacation time and PH-retrial time investigated in Section 4.

6. CONCLUSIONS

Approximation method for some performance measures in M/M/c/c queue with server
vacations and customer retrials in which the vacation time and retrial time are of phase type
distributions has been presented. A sufficient condition for the system to be positive recurrent
is presented. We showed that the approach can be applied to the system with general distribu-
tions of vacation time and retrial time by fitting the general distribution with PH-distribution.
Accuracy of the approximations has been numerically investigated by comparing them with
exact results and simulation. The numerical examples show that the accuracy of approximation
is good in practical sense and tends to improve as the mean retrial time mr increases. The
approximate method has used vacation queue with finite capacity state dependent arrival rate
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and it is required to invert the matrix of size w + 1 for numerical implementation. Thus the
method can be applied to RVQ with many servers. Furthermore, the approach has potential
applications to the RVQ with various vacation policies and more complex arrival process.
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ABSTRACT. Two-dimensional steady laminar natural convection around a heat conducting and
generating solid body inside a square enclosure with different thermal boundaries is performed.
The mathematical model is governed by the coupled equation of mass, momentum and energy.
These equations are discretized by finite volume method with power-law scheme and solved
numerically by SIMPLE algorithm with under-relaxation technique. Effect of Rayleigh num-
ber, temperature difference ratio of solid-fluid, aspect ratio of solid-enclosure and the thermal
conductivity ratio of solid-fluid are investigated numerically for Pr = 0.7. The flow and heat
transfer aspects are demonstrated in the form of streamlines and isotherms respectively.

1. INTRODUCTION

Natural convection is an important heat transfer mechanism in both nature and engineering
systems. In the past decade, the craze in buoyancy driven flow research has shifted to the
investigation of enclosure flow combined with heat transfer. These studies consist of various
technological applications such as in designing of solar collectors, heating of building, cooling
of electronic equipments and nuclear reactors, ventilation with radiators etc. The heat transfer
and fluid flow of natural convection has been intensively studied by Bejan [1]. The first work on
the numerical simulation of free convection heat transfer inside enclosure was the pioneering
work of De Vahl Davis [2].

The presence of two ingredient, a solid and a fluid, that would characterize the media as
heterogeneous. Analysis of transport circumstance in heterogeneous media is fundamental
for the design and optimization of several devices and processes including filters, catalytic
reactors, capillary circulation and human respiration, underground contaminant transport, oil
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and gas extraction and exploration, materials processing (e.g., casting, sintering, etching), heat
exchangers (e.g., porous-enhanced), grain storage, food processing and many others.

In numerous investigations [3-9], an enclosure include obstacles of different geometries (fin,
baffle, plate and square or circular body) has been studied by many authors. The main interest
in heat transfer is, a heated body should be cooled (For example, electrical chip) or should heat
the environment (For example, radiators inside building).

House et al. [3] and Oh et al. [4] surveyed the steady natural convection in an enclosure
with a heat generating conducting body numerically. They investigated the effect of Reyleigh
number and temperature difference across an enclosure on the fluid flow and heat transfer.
Roychowdhury et al. [5] analyzed the natural convective flow and heat transfer features for
a heated body placed in a square enclosure with different thermal boundary conditions. Con-
jugate natural convection inside the inclined square enclosure with an conducting block was
carried out by Das and Readdy [6]. Tasnim et al. [7] numerically analyzed the heat transfer in
a square enclosure with a baffle on the hot wall. Natural convection in a horizontal enclosure
with an interior conducting body was studied by Lee and Ha [8]. They compared the results
of conducting body with adiabatic and neutral isothermic bodies. Khozeymehnez and Mirbo-
zorigi [9] compared the results of natural convection around a circular cylinder with a square
cylinder inside a square enclosure.

Some researchers [10-12] interested in investigating obstacles with partially open enclo-
sures, ventilated enclosures and vertical channel respectively. Natural convection in a partially
open square enclosure with internal heat source of the opening mass flow was investigated by
Fontana et al. [10]. They suggested that the thermal and flow of the fluid are highly influenced
by the presence of heat source. Ahammad et al. [11] studied the effect of inlet and outlet posi-
tion in a ventilated enclosure with a heat generating square block. Flow behavior for combined
convection in a vertical channel controlled by a heat generating tube is examined by Nasrin and
Parvin [12].

Later on, Raji et al. [13] investigated the effect of the subdivision of an obstacle on the
natural convection heat transfer in a square enclosure. They showed that, the results of the
saturated porous medium are recovered when the number of blocks is large enough. Ahammad
et al. [14] analyzed the mixed convection flow and heat transfer behavior inside a vented
enclosure in the presence of heat generating obstacle. Singh et al. [15] observed the heat
transfer and fluid flow due to natural convection in air around heated square cylinder of different
sizes inside an enclosure. They showed that Nusselt number dependent of temperature and
heated square cylinder can absorb more energy by increasing the size of the heater. Taghithani
and Chavoshi [16] investigated the two-dimensional MHD free convection with internal heating
in a square enclosure. They observed that the effect of magnetic field which is to reduce the
convective heat transfer inside the enclosure. Recently, Bhuiyan et al. [17] studied the effect
of Hartmann number on free convective flow in a square enclosure with different positions of
heated square block.

Buoyancy driven flow with different thermal boundary conditions (isoflux, isothermal, lin-
early heated, sinusoidal heating and adiabatic) has many industrial applications such as energy
efficient design of building and room, nuclear reactors and convective heat transfer associated
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with boilers. Sathiyamoorthy et al. [18] and Basak et al. [19] studied the effect of different
thermal boundary conditions on natural convection flows with a square enclosure. They found
that non-uniform heating of the bottom wall enhances the heat transfer rate than the uniform
heating case for all Rayleigh number. At the same time the effect of different thermal bound-
ary conditions at bottom wall on natural convection in cavities was analyzed by Hussion and
Hussein [20] and Aswatha et al. [21].

In this paper, a numerical study of natural convection in a two-dimensional square enclosure
provided with heat conducting and generating block releasing a uniform heat flux is taken.
Enclosure walls experiences four different thermal boundary conditions. Left one is sinusoidal
heated, whereas the bottom and the right walls are maintained with constant temperature Th and
Tc respectively and the top one is adiabatic. The main objective of the study is to analyze the
fluid flow and heat transfer characteristics inside the square enclosure for various temperature
difference ratio of solid-fluid, aspect ratio of solid-enclosure, the thermal conductivity ratio of
solid-fluid and different Rayleigh numbers.

2. MATHEMATICAL FORMULATION
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FIGURE 1. Schematic of the Problem

Consider a system of steady state, two-dimensional natural convection heat transfer of lam-
inar flow in a square enclosure of length L, including a heat conducting and generating solid
square body of width W at its center. The left wall of the enclosure is heated sinusoidal as

Tc + (Th − Tc)A sin2(
2πy

L
), while the bottom and right wall are maintained at uniform tem-

perature Th and Tc (where Th > Tc ) respectively and the top one is kept adiabatic. The
physical problem as well as its boundary conditions in the present study is shown in Figure
1. The Boussinesq approximation is adopted for the variation of the density in the buoyancy
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term. Gravity acts normal to the x-axis and the radiation effect is assumed to be negligible.
With these assumptions, the governing equations including continuity, momentum and energy
as follows

∂u

∂x
+
∂v

∂y
= 0 (2.1)

u
∂u

∂x
+ v

∂u

∂y
= −1

ρ

∂p

∂x
+ ν∇2u (2.2)

u
∂v

∂x
+ v

∂v

∂y
= −1

ρ

∂p

∂y
+ ν∇2v + gβ(T − Tc) (2.3)

u
∂T

∂x
+ v

∂T

∂y
= α∇2T. (2.4)

For the solid body, the energy equation is,

Ks
∂2Ts
∂x2

+Ks
∂2Ts
∂y2

+ q̇ = 0. (2.5)

The dynamic and thermal boundary conditions in dimensional form are:

x = 0 : 0 < y < L u = v = 0, T = Tc + (Th − Tc)A sin2(2πyL )
x = L : 0 < y < L u = v = 0, T = Tc
y = 0 : 0 ≤ x ≤ L u = v = 0, T = Th

y = L : 0 ≤ x ≤ L u = v = 0,
∂T

∂y
= 0.

Boundary condition at the fluid-solid interface:

Kf

(
∂T

∂n

)
fluid

= Ks

(
∂Ts
∂n

)
solid

,

where n is the vector acting normal to the boundary. The above equations and boundary con-
dition can be non-dimensionalized using the following non-dimensional variables and param-
eters.

(X,Y ) = (x,y)
L , (U, V ) = (u,v)

α/L , P = pL2

ρα2 , θ = T−Tc
Th−Tc , θs =

Ts−Tc
Th−Tc , (Th > Tc).

Ra =
gβ(Th − Tc)L

3

αν
Rayleigh number, Pr =

ν

α
= 0.7 Prandtl number, K∗ =

Ks

Kf
solid

fluid thermal conductivity ratio, ∆T ∗ =
( q̇W

2

Kf
)

(Th − Tc)
temperature difference ratio and A∗ =

W 2

L2
aspect ratio, where α, ν, Ks, Kf are thermal diffusivity, kinematic viscosity, thermal

conductivity of solid and thermal conductivity of fluid respectively. In order to calculate the
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total heat transfer across the walls of the enclosure, Nu is used.

Nuleft wall = Nurightwall =

∫ L

0
−
(
∂T

∂x

)
wall

dy.

Nubottomwall =

∫ L

0
−
(
∂T

∂y

)
y=0

dx.

3. METHOD OF SOLUTION

The governing equations together with the boundary conditions are solved numerically by
using finite volume method based on control volume approach. The power law scheme is used
to discretize the convective and diffusion terms. In order to couple the velocity and the pressure
field in the momentum equations, the well-known SIMPLE algorithm by Patankar[22] is em-
ployed. All of the governing equations are solved by a line-by-line procedure, combining the
tri-diagonal matrix algorithm (TDMA). Under relaxation factor for U-velocity, V-velocity and
energy equation are chosen as 0.3, 0.3 and 0.5 respectively. The convergence of the numerical

method was achieved when the convergence criteria is

∣∣∣∣∣ϕ
n+1
i,j − ϕni,j

ϕn+1
i,j

∣∣∣∣∣ < 10−6. FORTRAN 77

code has been developed to compute the present problem. All the calculation are performed
with the help of INTEL PENTIUM CORE I5-4288U processor and the time requirement of
88,200 seconds.

3.1. Code Validation. A validation test is performed to verify the developed numerical code.
The present results are compared with the similar results of De Vahl Davis [2], House et al.
[3] and Oh et al. [4]. Table1 shows the comparison value of Nusselt number for the case of
enclosure with or without solid body at its center for various Reyleigh number and thermal
conductivity ratio.

TABLE 1. Comparison table for Nusselt number.

Ra Solid Body De Vahl Davis[2] House et al. [3] Oh et al. [4] Present
103 no 1.118 −− 1.119 1.117
105 no 4.519 −− 4.565 4.550
105 yes(A∗ = 0.25,K∗ = 0.2) −− 4.624 4.626 4.651
105 yes(A∗ = 0.25,K∗ = 5.0) −− 4.325 4.327 4.457

We observed that the present work is in good agreement with previous works. Based on this
successful validation, the code can be used to compute in the present problem.
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FIGURE 2. Grid test for the case of Ra = 105, K∗ = 1, ∆T ∗ = 0

3.2. Grid Independent Study. A staggered grid system in which the velocity components are
placed in between the scalar components, is employed. Six different grid sizes of 51×51, 61×
61, 71 × 71, 81 × 81, 91 × 91 and 101 × 101 are chosen for the present simulation to test
the independence of the result with the grid size variations. Grids from 81 × 81 to 101 × 101
provides the nearer result, it is decided to utilize the 81× 81 grid size.

4. RESULT AND DISCUSSION

Natural convection phenomena of fluid flow and heat transfer inside an enclosure having an
conducting and heat generating solid square body are presented. The study focuses on influence
of the Rayleigh number, aspect ratio of the solid and enclosure, temperature difference ratio
of fluid and solid and thermal conductivity ratio of fluid and solid on the flow and temperature
fields which are ranging from 103 to 5 × 106, 0.0625 to 0.5625, 0 to 50 and from 1 to 5
respectively. The flow field is represented by streamlines, whereas the temperature field is
illustrated by isotherms.

Isotherms are plotted as color graphs to indicate the distribution of heat transfer. Here violet
color demonstrate the low heat near the cold wall and red color isotherms near the hot wall show
the highest amount of heat. Basically in maximum isothermal graphs, the red color isotherms
occurs at the middle of the enclosure showing that the temperature is high in solid body when
compare to fluid region. This is because, the solid body considered here is a conducting and
heat generating one.

4.1. Effect of Temperature difference Ratio as a Function of Thermal Conductivity Ratio.
Streamlines and isotherms for Ra = 105, A∗ = 0.25 and for varying ∆T ∗ and K∗ are pre-
sented in Figure 3 and 4, respectively. At the absence of temperature difference ratio, stream-
lines are similar for all K∗ indicating the central core of the enclosure is relatively stagnant.
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FIGURE 3. Streamlines for different K∗ and , ∆T ∗ while A∗ = 0.25 with
Ra = 105

On increasing ∆T ∗ to 4, heat is generated and transferred by the body to the fluid and the flow
is accelerated. Thus secondary eddy is formed near the right side wall of the solid body due
to the temperature difference between the hot fluid near solid body and the cold fluid near the
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FIGURE 4. Isotherms for different K∗ and , ∆T ∗ while A∗ = 0.25 with Ra = 105

cold wall. However cool fluid near the right cold wall moves downwards and get heated near
the bottom hot wall and reaches the left sinusoidal heated wall. There, these fluids experience
the non-uniform heating and this leads to the formation of few secondary eddies near the left
wall. Further increasing of ∆T ∗ causes the growth of the secondary eddies. The secondary ed-
dies near the sinusoidal wall become enlarged and merged together. Finally, single large eddy
on both sides (left and right) covers the conducting body indicating the weak convection and
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thermal equilibrium around the solid body. The flow field remains almost same for all values
of K∗. Eddies remains unaffected with the increasing value of K∗.

On gradually increasing ∆T ∗ from zero, The red color isotherms get concentrated at the
solid region. At ∆T ∗ = 50, these red isotherms are more crowed inside the solid body. This
shows that the heat generation increases for the increasing value of ∆T ∗. On the other hand,
For K∗ = 1, Thermal boundary layer is found near the cold wall. But the gradual increase
of K∗ leads to decrease in boundary layer thickness and it also decreases the concentration of
the isotherms. This shows that low thermal conductivity of the solid body enhances the heat
transfer and the heat transfer is reduced by high thermal conductivity of the body.

4.2. Effect of Temperature difference Ratio as a Function of Aspect Ratio. Figures 5 and
6 illustrate the fluid and temperature field for the case of Ra = 105, K∗ = 2 and for varying
∆T ∗ and A∗. For ∆T ∗ = 0, we can observe undisturbed flow pattern inside the enclosure.
On increasing ∆T ∗ to 4 secondary eddies are formed. The right cold wall and bottom hot
wall together with the heat generation of the solid body causes the circulating zone of major
secondary eddy near the right bottom corner of the solid body. On Further increasing of ∆T ∗,
the secondary eddies get enlarged and eddies near the sinusoidal heated wall get merged to be-
come the single large eddy. It seems that flow near the sinusoidal heated wall is more confused
when compare to other thermal boundaries because of heating the wall non-uniformly using sin
function. This leads to high heat transfer at the left half region of the enclosure. On increasing
A∗, free fluid flow is restricted by the massive blockage. This situation leads to the reduction
of buoyant force. For A∗ = 0.5625 there is no noticeable effect inside enclosure. Significant
change is noticed only for the high value of ∆T ∗.

At the early stage, for ∆T ∗ = 0, low convective green isotherms appears all over the enclo-
sure. After increasing ∆T ∗, red isotherms becomes denser at the solid region. When increasing
the area ratio A∗, there is no significant change because the blockage occupies the major part
of the enclosure. The flow of the fluid is blocked. Maximum heat transfer occurs in the case of
A∗ = 0.25 at ∆T ∗ = 50 when compare to other two area ratios.

4.3. Effect of Rayleigh Number as a Function of Aspect Ratio. Effect of Rayleigh number
with respect to various area ratio is depicted in Figures 7 and 8 for the case of K∗ = 2 and
∆T ∗ = 10. For the low value of Rayleigh number (Ra = 103, 104), convection inside the
enclosure is weak. By increasing Ra, buoyancy get induced, convection become stronger and
eddies inside the enclosure get strengthen and enlarged.

The flows at the left half of the enclosure are more vigorous and many secondary eddies
are formed because of thermal imbalance. At the left top corner of the enclosure heat transfer
attains its maximum level due to this thermal imbalance caused by sinusoidal heating. Since
fluid region is small, fluid flow induced by buoyancy force is very low in A∗ = 0.5625 for all
values of Ra, when compare with other two aspect ratios. As mentioned earlier, there is no
such change appears in isotherms for small value of Ra. i.e., the isotherms spread uniformly
all over the enclosure showing the absence of heat generation in solid region. After increasing
the value of Ra, the lines get denser inside the solid region. For the large values of Ra,
convective distortion of isotherms occurs throughout the enclosure due to the high influence of
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FIGURE 5. Streamlines for different A∗ and ∆T ∗, while Ra = 105 with
K∗ = 2.
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FIGURE 6. Isotherms for different A∗ and ∆T ∗, while Ra = 105 with K∗ = 2.

the convective current in the enclosure. Probably, for A∗ = 0.5625 the effect of increasing Ra
is weak and only slight changes is seen in the isotherms for high value of Ra.

4.4. Effect of Average Nusselt Number on Three Different Thermal Boundaries. Figure
9 shows the effect of Rayleigh number on average Nusselt number for different values of K∗,
A∗ = 0.0625 and 0.5625, while ∆T ∗ = 4. As increasing the value of Ra, the average Nusselt
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FIGURE 7. Streamlines for different A∗ and Ra , while K∗ = 2 and with
∆T ∗ = 10.
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FIGURE 8. Isotherms for different A∗ and Ra , while K∗ = 2 and with
∆T ∗ = 10.
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FIGURE 9. Effect of Ra on Nu for different values of K∗ at A∗ = 0.0625
and 0.5625 with ∆T ∗ = 4

number gets increased. In the case of sinusoidal heating, the temperature of the wall gets os-
cillated as well as the fluid temperature near this wall sometimes exceeds the wall temperature.
At this situations, the direction of the heat transfer becomes reversed and rate of heat transfer
reduced. i.e, heat is transferred from fluid to the wall. Local Nusselt number becomes negative
but average Nusselt number is still positive. So non-linearity occurs in the graph of sinusoidal
heated wall. For A∗ = 0.0625, the average Nusselt number get increase up to Ra = 105 after
that it experience a non-linearity. But, for A∗ = 0.5625 the non-linearity occurs at 5 × 106.
Average Nusselt number attain its maximum only for the hot wall with A∗ = 0.0625 and
Ra = 106.

Figure 10 shows the effect of temperature difference ratio on average Nusselt number for
different value of K∗ with A∗ = 0.0625 and 0.5625 while Ra = 105. By increasing the
value of temperature difference ratio, the average Nusselt number get increased for the case
of sinusoidal heated wall and the cold wall. But considering the constantly heated hot wall, it
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FIGURE 10. Effect of ∆T ∗ on Nu for different values of K∗ at A∗ = 0.0625
and 0.5625 with Ra = 105

gets decreased. This shows that rate of heat transfer is high in sinusoidal heated wall and cold
wall. Opposite reactions were observed in heating the wall as sinusoidal and constant. Here
maximum heat is gained by the cold wall for A∗ = 0.0625 with ∆T ∗ = 50.

4.5. Velocity Profile. Figures 11 and 12 demonstrates the mid-height velocity profile of U
and V respectively. This indicates the fluid flow at the middle of the enclosure with respect
to different parameters analyzed here. When Ra = 105, K∗ = 2, A∗ = 0.25 were kept
fixed and by varying ∆T ∗ from 0 to 50, similar oscillations were seen in case of 0, 4, 10 and
for ∆T ∗ = 50, the velocity profile get more oscillated near the walls of the enclosure. Also
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FIGURE 11. Horizontal Mid-height velocity for different ∆T ∗ , A∗, Ra and K∗.

the graph is a straight line attaining zero value showing conduction mode of heat transfer at
the middle of the enclosure where the solid body is placed. i.e, u = 0 and v = 0 at solid
region. On varying the A∗ from 0.0625 to 0.5625 with fixed value of Ra = 105, K∗ = 2 and
∆T ∗ = 10, the graph reaches the value of zero at solid region and get oscillated all over the
enclosure. According to the changes in A∗, the graph attains the maximum oscillation for the
case of 0.0625, this leads to the formation of secondary eddies near the walls of the enclosure.
In the case of the increasing the values of Ra with fixed values of K∗ = 2, A∗ = 0.25 and
∆T ∗ = 10, graph is a straight line showing conduction mode of heat transfer for Ra form 103

to 105, the graph is more active when Ra = 5 × 106 showing convection is the only mode
of heat transfer. For fixed Ra = 105, A∗ = 0.25 with ∆T ∗ = 10 and increasing the value
of K∗ from 1 to 5 slight variation is observed indicating that the flow is independent of K∗.
Same results are observed for the case of vertical velocity profile. Figures 13 and 14 show the
velocity profile of U and V for solid body having different aspect ratios at different positions
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FIGURE 12. Vertical Mid-height velocity for different ∆T ∗ , A∗, Ra and K∗.

of the enclosure with Ra = 105, K∗ = 2 and ∆T ∗ = 10. For A∗ = 0.0625, the velocity graph
spreads all over the enclosure for three different positions. This is because of the free fluid
flow inside the enclosure (solid region is very small). Particularly for U, more oscillation occur
at the bottom of the enclosure, whereas for V it is observed at the right side of the enclosure.
While at 0.25, average oscillation are observed. Only at 0.75 the flow get vigorous for U.
Especially for V, we get the vigorous flow for the position at 0.25. Small changes are noticed
for the case of A∗ = 0.5625, because of insufficient space in the enclosure.

4.6. Nusselt Number Ratio. Nusselt number ratio is calculated for constantly heated hot wall
and cold wall. Graphs were drawn to express the effect of Nusselt number ratio on ∆T ∗ for
three different A∗ with fixed K∗ = 2 (Figure 15). It is seen that for A∗ = 0.0625 and 0.25,
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FIGURE 13. Horizontal Mid-height velocity for different ∆T ∗ , A∗, Ra and K∗.

the graph get oscillated only for ∆T ∗ < 10 and for ∆T ∗ > 10 Nusselt number ratio get
increased for the increasing ∆T ∗ and approaching unity for all value of Ra. This shows that
heat is transferred maximum in hot wall. But for A∗ = 0.5625, the graph get increased only
for 103, 104, 5× 106 and it get decreased for 105, 106, which shows the heat transfer in cold
wall is maximum for this case.

5. CONCLUSION

Numerical simulation of natural convection around heat conducting and generating solid
square body inside an enclosure were demonstrated in the form of streamlines and isotherms.
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FIGURE 14. Vertical Mid-height velocity for different ∆T ∗ , A∗, Ra and K∗.

Aim of this study was to analyze the effect of various Rayleigh numbers, aspect ratios, tempera-
ture difference ratios and thermal conductivity ratios on fluid flow and temperature distribution
inside the enclosure. For the increasing value of ∆T ∗, the heat transfer rate get increased
for sinusoidal heating and cold wall and also it gets decreased for constantly heated hot wall.
Especially at ∆T ∗ = 0, we observe the similar effect in heat transfer for all values of K∗

(K∗ = 1, 2 and 5). By increasing the thermal conductivity ratio, the amount of heat transfer
was gradually reduced for sinusoidal heated wall and the cold wall. At the same time, the
heat transfer rate was increased monotonically in the constantly heated wall. The sinusoidal
heated wall and constantly heated wall experiences the opposite effects for all parameters an-
alyzed here, whereas the sinusoidal heated wall and the cold wall experiences the same effect.
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FIGURE 15. Vertical Mid-height velocity for different ∆T ∗ , A∗, Ra and K∗.

Rayleigh number effect shows that the Nusselt number was always increased for the increasing
Ra, But non-linearity occurs only for sinusoidal heated wall.
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