VOLUME 21 NUMBER 3 / September 2017

ISSN 1226-9433(print)
ISSN 1229-0645(electronic)

Journal of the KSIAM
Editor-in-Chief
Seo, Jin Keun (Yonsei University, Korea)

Associate Editor-In-Chief

Managing Editors

Chen, Zhiming (Chinese Academy of Sciences, China)
Lee, June-Yub (Ewha w. University, Korea)
Tang, Tao (Hong Kong Baptist University, Hong Kong)

Cho, Jin-Yeon (Inha University, Korea)
Kim, Junseok (Korea University, Korea)

Editorial Board
Ahn, Hyung Taek (University of Ulsan, Korea)
Ahn, Jaemyung (KAIST, Korea)
Campi, Marco C. (University of Brescia, Italy)
Ha, Tae Young (NIMS, Korea)
Han, Pigong (Chinese Academy of Sciences, P.R.China)
Hodges, Dewey (Georgia Tech., USA)
Hwang, Gang Uk (KAIST, Korea)
Jung, Il Hyo (Pusan Natl University, Korea)
Kim, Hyea Hyun (Kyung Hee University, Korea)
Kim, Hyoun Jin (Seoul Natl University, Korea)
Kim, Jeong-ho (Inha University, Korea)
Kim, Kyu Hong (Seoul Natl University, Korea)

Kim, Yunho (UNIST, Korea)
Lee, Eunjung (Yonsei University, Korea)
Lee, Jihoon (Chung-Ang University, Korea)
Li, Zhilin (North Carolina State University, USA)
Liu, Hongyu (Hong Kong Baptist University, Hong Kong)
Min, Chohong (Ewha w. University, Korea)
Park, Soo Hyung (Konkuk University, Korea)
Shim, Gyoocheol (Ajou University, Korea)
Shin, Eui Seop (Chobuk Natl University, Korea)
Shin, Sang Joon (Seoul Natl University, Korea)
Sohn, Sung-Ik (Gangneung-Wonju Natl University, Korea)
Wang, Zhi Jian (North Carolina State University, USA)

Aims and Scope

Journal of the KSIAM is devoted to theory, experimentation, algorithms, numerical simulation, or
applications in the ﬁelds of applied mathematics, engineering, economics, computer science, and physics as
long as the work is creative and sound.

Copyright

It is a fundamental condition that submitted manuscripts have not been published and will not be
simultaneously submitted or published elsewhere. By submitting a manuscript, the authors agree that the
copyright for their article is transferred to the publisher if and when the article is accepted for publication.
The copyright covers the exclusive rights to reproduce and distribute the article, including reprints,
photographic reproductions, microform or any other reproductions of similar nature, and translation.
Photographic reproduction, microform, or any other reproduction of text, ﬁgures or tables from this journal
is prohibited without permission obtained from the publisher.

Subscription

Subscription rate for individuals is $50/year; Domestic university library rate is $150/year; Foreign or
industrial institute rate is $300/year.

Contact info.
THE KOREAN SOCIETY FOR INDUSTRIAL AND APPLIED MATHEMATICS
Room 405, Industry-University Research Center, Yonsei Univ.
50, Yonsei-ro, Seodaemun-gu, Seoul 03722, Republic of Korea
Jung, Eunok (e-mail : jksiam@ksiam.org) Tel : +82-2-2123-8078
Journal of KSIAM was launched in 1997, is published four times a year by the Korean Society for Industrial
and Applied Mathematics. Total or part of the articles in this journal are abstracted in KSCI, Mathematical
Reviews, CrossRef, Korean Science, and NDSL . Full text is available at http://www.ksiam.org/archive.
Copyright © 2017, the Korean Society for Industrial and Applied Mathematics

The Korean Society for Industrial and Applied Mathematics
Volume 21, Number 3, September 2017
Contents
SPECTRAL LEGENDRE AND CHEBYSHEV APPROXIMATION FOR
THE STOKES INTERFACE PROBLEMS
PEYMAN HESSARI, BYEONG-CHUN SHIN ······································ 109

DEVELOPMENT OF AN IMPROVED THREE-DIMENSIONAL STATIC AND
DYNAMIC STRUCTURAL ANALYSIS BASED ON FETI-LOCAL METHOD
WITH PENALTY TERM
SEIL KIM, HYUNSHIG JOO, HAESEONG CHO, SANGJOON SHIN ·········· 125

OPTIMAL CONTROL ANALYSIS FOR THE MERS-COV OUTBREAK:
SOUTH KOREA PERSPECTIVES
DONGHO LEE, M. A. MASUD, BYUL NIM KIM, CHUNYOUNG OH ········ 143

DEVELOPMENT OF THE HANSEL-SPITTEL CONSTITUTIVE MODEL GAZED
FROM A PROBABILISTIC PERSPECTIVE
KYUNGHOON LEE, JI HOON KIM, BEOM-SOO KANG ························ 155

THE NOVELTY OF INFINITE SERIES FOR THE COMPLETE ELLIPTIC
INTEGRAL OF THE FIRST KIND
A.Y. ROHEDI, E. YAHYA, Y.H. PRAMONO, B. WIDODO ······················· 167

MOBILE PLATFORM FOR PRICING OF EQUITY-LINKED SECURITIES
WANG JIAN, JUNGYUP BAN, JUNHEE HAN, SEONGJIN LEE, DARAE JEONG ··· 181

J. KSIAM Vol.21, No.3, 109–124, 2017

http://dx.doi.org/10.12941/jksiam.2017.21.109

SPECTRAL LEGENDRE AND CHEBYSHEV APPROXIMATION FOR THE
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A BSTRACT. The numerical solution of the Stokes equation with discontinuous viscosity and
singular force term is challenging, due to the discontinuity of pressure, non-smoothness of
velocity, and coupled discontinuities along interface.In this paper, we give an efficient algorithm
to solve this problem by employing spectral Legendre and Chebyshev approximations.First, we
present the algorithm for a problem defined in rectangular domain with straight line interface.
Then it is generalized to a domain with smooth curve boundary and interface by employing
spectral element method. Numerical experiments demonstrate the accuracy and efficiency of
our algorithm and its spectral convergence.

1. I NTRODUCTION
Stokes and Navier-Stoles equations with discontinuous viscosity and singular forces have
several applications in science and engineering. The flow pattern of blood in the heart [14] is
a typical one of many examples. In this paper we present a simple and easy to implement, but
efficient algorithm to solve this problem numerically. To state the problem, let Ω be an open
bounded domain in R2 and Γ be a curve separating the domain Ω into two sub-domains Ω+ and
Ω− , such that Ω = Ω+ ∪ Ω− ∪ Γ. We refer to Γ as interface. The boundary of Ω is denoted by
∂Ω and also ∂Ω± = Ω± ∩ ∂Ω. We consider the Stokes equation with discontinuous viscosity
across the interface and singular force along the interface, that can be written as

 −ν∆u + ∇p = f + gδΓ , in Ω,
∇ · u = 0,
in Ω,
(1.1)

u = 0,
on ∂Ω,
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where u is the velocity vector, p is the pressure, f is an external force function, g is a force
density defined only on the interface Γ and δΓ is the 2-dimensional delta function with support
along the interface Γ. We assume that the viscosity ν is a piecewise constant defined by
 +
ν , (x, y) ∈ Ω+
ν(x, y) =
ν − , (x, y) ∈ Ω− .
The uniqueness of p can be achieved by imposing average zero, i.e.,
Z
pdx = 0.
Ω

We call this as “Stokes interface problem”. The existence and uniqueness of the weak solution of (1.1) can be found in [17]. It is well known that pressure is discontinuous and velocity
continuous but non-smooth along the interface, due to the presence of singular source term
and discontinuous viscosity. Several methods have been proposed for the case of continuous
viscosity with singular source term (See [12] and references therein). However, for discontinuous viscosity, the jump condition for velocity and pressure is coupled, and approximating the
solution is problematic. To get accurate numerical approximation, optimal interface conditions
([8, 12]) are necessary. Peskin’s immersed boundary model that was introduced to simulate
the blood flow in a human’s heart [14] is one of the most successful Cartesian grid methods.
LeVeque and Li [12] proposed immersed interface method for Stokes flows which has the second order accuracy. The authors in [9] introduced two augmented variables that are defined
only along the interface so that the jump conditions can be decoupled and immersed interface
method can be applied [11]. They get second order immersed interface method using finite difference discretization. Rutka [18] developed the explicit immersed interface method (EJIIM)
for two-dimensional Stokes flows on irregular domains which is up to second order derivatives
along the interface. The authors in [19] using finite volume method, reshaped immersed boundary cells and used polynomial interpolating functions to approximate the fluxes and gradients
on the faces of the boundary cells which is second order accurate.
However, the interface conditions which have been used in above works, include coupled
interface condition for pressure and velocity, as well as zeros, first and second order derivatives
of velocity and pressure. The numerous number of interface conditions and being coupled
cause an expensive computational. The presented algorithm here is generalization of our previous work for elliptic interface problems [5]. The advantages of this method beside its spectral
accuracy, is that we use only two interface conditions, one for continuity of velocity and the
other is coupled interface condition for pressure and velocity in which only the first derivative
of velocity is involved. Pseudo-spectral method also have been used to approximate solution
of 1-dimensional elliptic interface problem [16] and 2-dimensional one [5, 15].
The content of the paper is organized as follows. Interface condition are derived in section
2. The pseudo-spectral algorithm is presented in section 3. Numerical examples are given in
section 4 to show efficiency of the proposed algorithm. The paper is finalized with concluding
remarks in section 5.
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CONDITIONS

This section concerns deriving interface conditions. As stated earlier, interface condition
has an significant role for obtaining an accurate numerical approximation. In order to derive
interface conditions for the Stokes interface problem, we use finite element principle to the
Stokes equation (1.1). The weak formulation of the Stokes equation reads:
seek

(u, p) ∈ H01 (Ω)2 × L20 (Ω) such that
Z
Z
Z
Z
f · v + gvds,
p (∇ · v) =
∇u · ∇v −
ν
Γ
Ω
Ω
Ω
Z
q (∇ · u) = 0,
−
Ω

∀v ∈ H01 (Ω)2 ,

(2.1)

∀q ∈ L20 (Ω).

(2.2)

It is well known that pressure is discontinuous and velocity is continuous with discontinuous
derivatives along the interface. Suppose that u and p are smooth in each sub-domain Ω± . We
apply Green’s formula to (2.1) to get
Z
Z
Z
Z
∇p · v
∇p · v +
[∇ · (ν∇u)] · v +
[∇ · (ν∇u)] · v −
−
Ω−
Ω+
Ω−
Ω+
Z
Z

f · v.
[p · n − ν∇u · n] + g · v =
−
Ω

Γ

Here, the interface jump is defined as follows

[v]Γ = v + − v − ,

where v + and v − are the traces of v|Ω+ and v|Ω− , respectively, on Γ. Then, from the above
equation, we have the following strong equations:

 −ν ± ∆u± + ∇p± = f ± , in Ω± ,
∇ · u± = 0,
in Ω± ,
(2.3)
 ±
u = 0,
on ∂Ω± ,

along with the following jump condition:
[u]Γ = 0,

[ν∇u · n − p · n]Γ = g,

(2.4)

where n = (n1 , n2 ) denotes the unit normal vector on interface pointing into Ω− . It should be
noted that in our numerical algorithm given in section 3, we use only two interface conditions
(2.4), to get spectral accuracy.
3. P SEUDO - SPECTRAL

METHOD

In this section we present an algorithm for solving Stokes interface problem by pseudospectral method [5, 6, 10]. First, we start with a problem defined on the rectangle domain with
straight line interface and then we extend the algorithm to problems with arbitrary domain in
which the boundary and interface curves are smooth. We give some simple facts about pseudospectral method. We use standard notations and definitions for the weighted Sobolev spaces
Hωs (Ω) equipped with weighted inner product (·, ·)s,ω and corresponding weighted norms k ·
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ks,ω , s ≥ 0, where ω(x, y) = ω̂(x)ω̂(y) is the
√ Legendre weight function when ω̂(t) = 1 and
Chebyshev weight function when ω̂(t) = 1/ 1 − t2 . Let PN be the space of all polynomials
of degree less than or equal to N and let {ξi }N
i=0 be the Legendre Gauss Lobatto (LGL) or
Chebyshev Gauss Lobatto (CGL) points on [−1, 1] such that −1 =: ξ0 < ξ1 < · · · < ξN −1 <
2
′
th Legendre
ξN := 1. For Legendre case, {ξi }N
i=0 are zeros of (1−t )LN (t) where LN is the N
polynomial and the corresponding quadrature weights {wi }N
i=0 are given by
w0 = wN =

2
,
N (N + 1)

wj =

1
2
,
N (N + 1) [LN (ξj )]2

1 ≤ j ≤ N − 1.

(3.1)

2
′
th Chebyshev
For Chebyshev case, {ξi }N
i=0 are zeros of (1 − t )TN (t) where TN is the N
N
polynomial and the corresponding quadrature weights {wi }i=0 are given by
π
π
, wj = , 1 ≤ j ≤ N − 1.
(3.2)
w0 = wN =
2N
N
For any continuous function u on [−1, 1], let IN u denote its Lagrange interpolation at collocation points {ξi }N
i=0 , i.e.,

IN u(ξi ) = u(ξi ),

i = 0, 1 · · · , N.

Let {ψj }N
j=0 ⊂ PN be the Lagrange basis functions of degree N such that
ψj (ξk ) = δjk

∀ j, k = 0, 1, · · · , N.

Then
IN u(x) =

N
X

u(ξj )ψj (x).

j=0

The pseudo-spectral derivative ∂N u of a continuous function u is defined to be the exact derivative of the interpolant of u, that is
∂N u(ξi ) =

N
X

u(ξj )ψj′ (ξi ).

j=0

Then the pseudo-spectral derivative matrix DN is
DN (i, j) := ψj′ (ξi ).
Let U be the vector valued function containing nodal values of u at ξj , i.e. U = (u(ξ0 ), · · · ,
u(ξN ))T , then the derivative vector valued function of u′ is DN U = (u′ (ξ0 ) , . . . , u′ (ξN ))T .
If the interval [−1 , 1] is replaced by [a , b], then we can use the following linear transformation
t=

b−a
(x + 1) + a : [−1, 1] → [a, b]
2

N
to find Gauss-points {ξ̂j }N
j=0 and the quadrature weights {ŵj }j=1 , respectively given by

b−a
ξˆj =
(ξj + 1) + a
2

and

ŵj =

b−a
wj .
2
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Introducing
ψ̂j (t) := ψj (x) = ψj




2
(t − a) − 1 ,
b−a

we obtain the following spectral matrix D̂N
D̂N =

2
DN
b−a

where

D̂N (i, j) := ψ̂j′ (ξ̂i ) =

2
ψ ′ (ξi ).
b−a j

The two-dimensional LGL and CGL nodes {xij } and weights {wij } are defined as
xij = (ξi , ξj ),

wij = wi wj ,

i, j = 0, 1, · · · , N.

Let QN be the space of polynomials of degree less than or equal to N with respect to each
variable x and y. The basis functions are also defined
ψij (x, y) = ψi (x) ψj (y),

i, j = 0, 1, . . . , N.

We reorder the LGL and CGL points from bottom to top and then from left to right such that
xk(N +1)+l := xkl = (ξk , ξl ) for k, l = 0, 1, · · · , N. Then pseudo-spectral derivative matrix in
2-dimensional space is defined via the Kronecker tensor product, that is
Sx = DN ⊗ IN ,

Sxx =

2
DN

⊗ IN ,

Sy = IN ⊗ DN ,

2
,
Syy = IN ⊗ DN

where IN denotes the identity matrix of the same order as DN .
Here we consider pseudo-spectral method for problem (2.3) and (2.4) with discontinuous
viscosity ν and singular force. Let Ω = (a, b) × (c, d) be a quadrilateral domain and Γ =
{α} × (c, d) be an interface separating the domain Ω into two sub-domains Ω+ and Ω− , as
depicted in F IGURE 1.
(a , d)

(b , d)

(α , d)
+

+

−

Ω ,ν

−

Ω ,ν

Γ

(a , c)

(α , c)

(b , c)

F IGURE 1. Schematic of domain Ω, its subdomains Ω± and interface Γ for
Stokes interface problem with discontinuous viscosity ν and singular force
along interface.
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Suppose that v ∈ QN is the pseudo-spectral approximation solution to problem (2.3)-(2.4)
where v could be velocity or pressure approximation. Then the approximation solution of the
interface problem (2.3) and (2.4) can be expressed by
±

v (x, y) =

N X
N
X

± ±
ψij (x, y).
vij

i=0 j=0

Although it is possible to use different polynomial order approximation on each subdomain,
we use the same polynomial order approximation, for the sake of simplicity. Suppose that
u± ∈ Q2N ∩ H01 (Ω± )2 and p± ∈ QM ∩ L20 (Ω± ) are respective pseudo-spectral approximation
of velocity and pressure of the Stokes interface problem (2.3) and (2.4). In this paper, we take
M = N − 2 for the compatibility (or inf-sup) condition([1, 2, 13]).
Hence we have the following equations
(
− ν ± ∆u± (ξi , ξj ) + ∇p± (ξi , ξj ) = f (ξi , ξj ), ∀(ξi , ξj ) ∈ Ω± , i, j = 0, 1, . . . , N,
(3.3)
∇ · u± (ξk , ξl ) = 0,
∀(ξk , ξl ) ∈ Ω± , k, l = 0, 1, . . . , M,
which can be written in matrix-vector form as

  + 
 +
X+
F
0
S
=
= F1 ,
A1 X =
−
−
0 S
X
F−

where,




 ±

± + S± )
−ν ± (Sxx
0
Ŝx±
f1 (ξi , ξj )
yy

± + S ± ) Ŝ ±  , F ± =  f ± (ξ , ξ ) 
S± = 
0
−ν ± (Sxx
i j
yy
y 
2
±
±
0
Ŝx
Ŝy
0
t

and X± = U1± , U2± , P ± . Here


2
2
2
2
+
2
+
2
Sxx =
DN ⊗ IN , Syy =
IN ⊗ DN
,
α−a
d−c


2
2
2
2
−
2
−
2
Sxx =
DN ⊗ IN , Syy =
IN ⊗ DN
,
b−α
d−c




2
2
+
+
+
S̃x , Ŝy =
S̃y+ ,
Ŝx =
α−a
d−c




2
2
−
−
−
S̃x , Ŝy =
S̃y− ,
Ŝx =
b−α
d−c

where S̃t± , (t = x or y) is pseudo-spectral derivative matrix of velocity interpolated at nodal
points of pressure, and U1 , U2 and P are vectors containing the nodal values of functions
u1 , u2 and p, respectively.
±
±
±
and vin
denote the approximation
, vbd
To impose the jump and boundary conditions, let vif
±
values of v at nodal points on the interface, boundaries, and interior of domain Ω± , respec−
tively. By jump conditions [u]Γ = 0 and [ν∇u · n − p · n]Γ = g, we have u+
if − uif = 0 and
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−
−
+
−
ν + ∇u+
if · n − pif · n − ν ∇uif · n + pif · n = G for xi on Γ respectively, where G = ( g(xi ) ).
The boundary conditions can be imposed as

u±
bd = 0.
Now, the boundary and jump conditions can be represented in matrix-vector form as




0
B1
X+
= F2
A2 X =  B2 −B2 
X−
+
−
B3 −B3
where



and




I 0 0 0 0 0 0 0 0
0 0 I 0 0 0 0 0 0
B1 =
, B2 =
,
0 0 0 I 0 0 0 0 0
0 0 0 0 0 I 0 0 0


0 0 ν ± (n1 Sx± + n2 Sy± ) 0 0
0
0 0 −n1 I
±
B3 =
,
0 0
0
0 0 ν ± (n1 Sx± + n2 Sy± ) 0 0 −n2 I
h
iT
±
±
±
±
±
±
±
±
X± = u1 ±
,
u
,
u
,
u
,
u
,
u
,
p
,
p
,
p
,
1 in
1 if
2 bd
2 in
2 if
in
bd
bd
if

F2 = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, G1 , 0, 0, G2 , 0, 0, 0]T .
Combining two systems, we have the following linear system
AX = F
where A = A1 + A2 and F = F1 + F2 .
In this paper we use the following stabilization technique (See [1, 2, 13]). If the divergence
operator is applied to the momentum equation in (2.3), owing to the fact that u is divergence
free, we have
∆p± = ∇ · f ± in Ω± .
(3.4)
Using the equation (3.4), we stabilized the continuity equation as
∇ · u± − γ∆p± = −γ∇ · f ±

in Ω

where γ is a constant. After stabilization, we have


± + S± )
0
Ŝx±
−ν ± (Sxx
yy


± + S± )
S± = 
0
−ν ± (Sxx
Ŝy±
,
yy
±
±
±
±
−γ(S̃xx + S̃yy )
Ŝx
Ŝy


f1± (ξi , ξj )

f2± (ξi , ξj )
F± = 
±
±
±
±
−γ S̃x f1 (ξk , ξl ) − γ S̃y f2 (ξk , ξl )
where




2
2
DM ⊗ IM , S̃y+ =
IM ⊗ DM ,
S̃x+ =
α−a
d−c
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=



−
S̃xx
=



+
S̃xx

2
α−a
2
b−α

2

2

2
DM

⊗ IM ,

2
DM
⊗ IM ,

=



−
S̃yy
=



+
S̃yy

2
d−c

2
d−c

2

2

2
IM ⊗ DM
,
2
IM ⊗ DM
.

± + S̃ ± ) is symmetric positive definite, the matrix S± become symSince the matrix −γ(S̃xx
yy
metric and positive definite. Hence the resulting algebraic system AX = F can be efficiently
solved by direct and iterative methods.

Remark 1. In the case of the Stokes interface problem defined on curved domain with curve
interface, a mapping so-called Gordon-Hall transformation [3, 4] can be used to transform
the domain and equations into a rectangular domain. For complete explanation and examples
of Gordon-Hall transformation see [5, 7]. It should be noted that a great advantage of using
Gordon-Hall map and pseudo-spectral method is that the collocation points always lie on the
interface and two neighboring domains share the same nodes on the interface, regardless of
interface shape.
4. N UMERICAL

RESULTS

In this section, we first give an example defined on rectangle domain with straight line
interface as in F IGURE 1. And then we present some examples defined on more complicated
domain which make us use pseudo-spectral element method to solve them. Denote by vN the
discrete solution of problem and by e = v − vN , the errors for v ∈ {u1 , u2 , p}. We present
their L2w (Ω) and Hw1 (Ω) discrete norm of error which is defined, respectively, as follows:
kek2w,N

=

N
X

i,j=0

wij e2 (xij ),

kek21,w,N = k∇ek2w,N + kek2w,N .

Example 1 (Straight line interface). Consider the Stokes interface problem with the following
exact solution
 2 3
x y + exp(y) + sin(πy), (x, y) ∈ Ω+ ,
u1 (x, y) =
2 3
−
3 x y + exp(y) + sin(πy), (x, y) ∈ Ω ,
 1 4
− 2 xy + cos(πx), (x, y) ∈ Ω+ ,
u2 (x, y) =
−x2 y 2 + cos(πx), (x, y) ∈ Ω− ,
 2
x (y − 1), (x, y) ∈ Ω+ ,
p(x, y) =
(y − 1)3 , (x, y) ∈ Ω− ,

where Ω+ = [−1, 0] × [0, 2], Ω− = [0, 1] × [0, 2] and Γ = {0} × [0, 2]. The singular source
term g = [ν∇u · n − p · n]Γ is given by using the above solutions.

The errors in L2w and Hw1 -norm discretization for Legendre and Chebyshev approximation
are given in Tables 1 and 2, respectively, which show the exponential rate of convergence with
respect to N regardless of discontinuous viscosity and singular source term.
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TABLE 1. Error discretization of Example 1 with ν + = 1 and ν − = 5 for
Legendre case.
u1
N

u2
kekH 1

kekL2

p
kekH 1

kekL2

kekH 1

kekL2

6

9.3152e-04

7.9018e-03

1.5884e-03

1.1424e-02

1.6454e-01

3.4110e-01

10

8.3228e-08

4.8696e-07

1.4383e-07

9.0609e-07

9.3467e-06

4.5888e-05

14

1.5397e-12

9.5044e-12

2.6967e-12

1.7453e-11

9.1089e-10

2.5590e-09

18

2.6239e-14

3.9698e-13

1.9463e-14

6.6407e-13

1.0726e-09

1.2253e-09

TABLE 2. Error discretization of Example 1 with ν + = 1 and ν − = 5 for
Chebyshev case.
u1
N

kekL2

u2
kekH 1

kekL2

p
kekH 1

kekL2

kekH 1

6

1.0644e-03

1.6923e-02

1.5043e-03

1.6272e-02

3.0275e-01

7.0536e-01

10

4.6437e-08

1.5634e-06

9.6710e-08

1.0340e-06

3.6578e-05

2.0598e-04

14

6.5587e-13

3.1726e-11

1.5445e-12

2.0782e-11

2.7876e-09

1.1828e-08

18

1.8977e-13

2.0595e-11

2.6345e-13

4.2578e-11

1.5852e-08

5.0606e-08

The exact solution, approximate solution and the error of pressure for Legendre case of this
example are plotted in F IGURE 2.
Example 2. Let the domain Ω be Ω = [−1, 1]×[−1, 1] and the interface curve be x2 +y 2 = 41 .
The decomposition of domain Ω is given in FIGURE 3. The exact solutions are
 y
 − y , if r>r0 ,
r r0
u1 (x, y) =
 0,
if r ≤ r0 ,
 x
 − + x , if r>r0 ,
r
r0
u2 (x, y) =
 0,
if r ≤ r0 ,
(
cos(πx) cos(πy), if r>r0 ,
p(x, y) =
0,
if r ≤ r0 ,
p
where r0 = 21 , and r = (x2 + y 2 ).

We note that along dashed line common sides, the conditions [u] = 0, [ν∇u · n − p ·
n] = 0 hold. The errors in L2w and Hw1 -norm discretization for Legendre and Chebyshev
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F IGURE 2. Exact and approximate solutions, and its error of pressure for N =
18 of Example 1.
approximation are given in Tables 3 and 4, respectively, which show the spectral convergence
of the proposed algorithm. The exact solution, approximate solution and the error of pressure
for Legendre case of this example are plotted in F IGURE 4.
TABLE 3. Error discretization of Example 2 for Legenre case, with ν + = 0.1.
u1
N

kekL2

u2
kekH 1

kekL2

p
kekH 1

kekL2

kekH 1

6

1.1195e-01

3.4194e+00

1.0728e-01

2.2860e+00

6.1792e-01

1.2231e+01

10

1.9327e-05

1.0323e-04

1.9193e-05

1.4186e-04

2.3266e-05

6.5461e-04

14

9.3725e-07

5.1590e-06

8.9838e-07

5.5775e-06

1.8696e-06

1.4162e-04

18

1.4382e-08

1.2166e-07

1.8357e-08

1.2493e-07

5.5682e-08

5.5863e-06

22

3.5617e-10

2.3544e-09

4.0336e-10

2.7923e-09

2.4732e-09

3.3634e-08

26

1.3608e-11

6.9920e-11

1.3506e-11

8.2877e-11

5.2944e-10

1.4156e-09

30

2.9087e-13

1.9949e-12

3.1573e-13

2.1529e-12

1.5060e-10

1.5746e-10
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TABLE 4. Error discretization of Example 2 for Chebychev case, with ν + = 0.1.
u1
N

kekL2

u2
kekH 1

kekL2

p
kekH 1

kekL2

kekH 1

6

5.7439e-02

2.0566e+00

6.4792e-02

1.5999e+00

5.0340e-01

8.0266e+00

10

1.4296e-05

2.7028e-04

1.3009e-05

3.5747e-04

1.2682e-03

5.1796e-03

14

2.6209e-07

2.6194e-06

2.4317e-07

4.4447e-06

1.6483e-05

1.7272e-04

18

7.2807e-09

5.3576e-08

6.1460e-09

1.0181e-07

5.0464e-07

2.9558e-06

22

1.6049e-10

1.4202e-09

1.4739e-10

2.7203e-09

1.9297e-08

1.2404e-07

26

4.5497e-12

4.1539e-11

4.0185e-12

8.5765e-11

9.3411e-10

6.2526e-09

30

1.5859e-13

1.6333e-12

1.4411e-13

2.8550e-12

4.2261e-11

2.9465e-10

Γ

Ω−

Ω+

ν−

ν+

F IGURE 3. Schematic of domain Ω, interface Γ and its decomposition for
Stokes interface problems in Examples 2 to 4.

Example 3. We consider an example with smooth velocity and discontinuous pressure across
interface where Ω = [−2, 2] × [−2, 2] and the interface curve is the unit circle, i.e., x2 + y 2 =
1. The decomposition of domain Ω is given in FIGURE 3. The exact solutions are
(
u1 (x, y) = y(x2 + y 2 − 1),
(x, y) ∈ Ω,
u2 (x, y) = −x(x2 + y 2 − 1), (x, y) ∈ Ω,
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F IGURE 4. Exact and approximate solutions, and its error of pressure for N =
18 of Example 2.

p(x, y) =

(

1, (x, y) ∈ Ω− ,
0, (x, y) ∈ Ω+ .

The errors in L2w and Hw1 -norm discretization for Legendre and Chebyshev are given in
Tables 5 and 6, respectively, which are evidence of exponential convergence of the given algorithm.
Example 4. We consider the previous example with the same exact solution inside the unit
circle, but the solutions are set to be zero outside the unit circle. That is
(
y(x2 + y 2 − 1), (x, y) ∈ Ω− ,
u1 (x, y) =
0,
(x, y) ∈ Ω+ ,
(
−x(x2 + y 2 − 1), (x, y) ∈ Ω− ,
u2 (x, y) =
0,
(x, y) ∈ Ω+ ,
(
1, (x, y) ∈ Ω− ,
p(x, y) =
0, (x, y) ∈ Ω+ .
The errors in L2w and Hw1 -norm discretization for Legendre and Chebyshev are given in
Tables 7 and 8, respectively, which spectral accuracy of the proposed method is evident. Exact
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TABLE 5. Error discretization of Example 3 for Legenre case, with ν + =
0.5, ν − = 1.
u1
N

u2
kekH 1

kekL2

p
kekH 1

kekL2

kekH 1

kekL2

6

1.1024e-02

1.4136e-01

1.7768e-02

1.0353e-01

1.3103e-01

1.9335e+00

10

1.3774e-04

1.5536e-03

1.3028e-04

1.0648e-03

1.9761e-03

7.6296e-02

14

3.8301e-05

5.0922e-04

2.9098e-05

3.2607e-04

6.1366e-04

1.7891e-03

18

1.7160e-07

1.2512e-06

1.6626e-07

1.1818e-06

2.2675e-06

2.4578e-04

22

5.0688e-09

1.6974e-08

4.8894e-09

1.7565e-08

5.8622e-07

2.6011e-05

26

1.4857e-10

4.1623e-10

1.4310e-10

4.2503e-10

8.0753e-10

2.2968e-07

30

3.9334e-12

1.3770e-11

3.7632e-12

1.3742e-11

5.4204e-10

2.7457e-08

TABLE 6. Error discretization of Example 3 for Chebychev case, with ν + =
0.5, ν − = 1.
u1
N

kekL2

u2
kekH 1

kekL2

p
kekH 1

kekL2

kekH 1

6

1.5591e-02

2.5490e-01

1.7150e-02

1.9448e-01

4.6610e-01

4.6766e+00

10

1.0044e-04

4.0661e-03

1.0708e-04

2.6273e-03

4.5261e-03

3.9413e-01

14

3.8558e-05

1.1569e-03

2.1640e-05

8.5232e-04

2.3950e-03

1.0950e-02

18

8.0707e-08

5.6921e-07

7.2241e-08

6.8517e-07

9.1179e-07

9.4338e-04

22

2.0965e-09

1.5632e-08

1.8385e-09

1.6902e-08

2.8407e-08

2.5045e-05

26

5.6011e-11

3.8507e-10

4.8409e-11

4.4236e-10

7.3627e-09

7.2421e-07

30

1.8581e-12

3.4346e-11

1.6809e-12

7.4142e-11

7.5522e-09

5.6789e-08

solution, approximate solution and the error of velocity u2 for N = 18 of this example is
plotted in FIGURE 5.
5. C ONCLUDING

REMARKS

In this paper, we proposed pseudo-spectral method for Stokes problem with discontinuous
viscosity and singular source term. First, we derived interface conditions and Stokes equations
defined on each sub-domain. The interface conditions are continuity of velocity and coupled
interface condition for velocity and pressure. By using only these two interface conditions we
derive spectral accuracy. Then we obtain a simple and efficient algorithm applying pseudospectral method to each equation. It is shown that the proposed method can be applied to
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F IGURE 5. Exact and approximate solutions, and its error of velocity u2 for
N = 18 of Example 4.
TABLE 7. Error discretization of Example 4 for Legenre case, with ν + =
0.5, ν − = 1.
u1
N

kekL2

u2
kekH 1

kekL2

p
kekH 1

kekL2

kekH 1

6

3.1170e-03

1.9393e-02

2.1546e-03

1.8157e-02

1.7510e-02

2.3039e-01

10

8.5050e-05

4.9167e-04

7.1075e-05

4.1782e-04

6.9618e-04

5.6093e-02

14

7.0110e-07

1.0418e-05

1.0630e-06

8.4465e-06

1.2114e-05

1.7288e-03

18

2.1192e-08

1.2786e-07

3.4959e-08

1.6806e-07

1.5752e-07

2.3705e-05

22

2.1774e-09

3.5515e-08

3.2506e-09

3.6317e-08

5.4532e-08

1.5405e-05

26

4.0290e-11

4.1343e-10

4.5607e-11

4.7347e-10

1.0386e-09

1.8868e-07

30

1.4386e-12

5.2650e-11

2.3657e-12

4.8110e-11

8.2063e-09

2.3467e-08

Stokes interface problem defined on curved domain by using Gordon and Hall transformation.
This means that the method can be extended to pseudo-spectral element method to solve Stokes
interface problems defined on complicated domain. The numerical experiments also showed
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TABLE 8. Error discretization of Example 4 for Chebychev case, with ν + =
0.5, ν − = 1.
u1
N

kekL2

u2
kekH 1

kekL2

p
kekH 1

kekL2

kekH 1

6

4.0280e-03

3.6396e-02

2.6758e-03

3.8719e-02

2.6615e-02

4.8940e-01

10

2.2951e-05

3.6981e-04

2.9940e-05

4.0711e-04

3.8221e-04

5.9888e-02

14

4.7602e-07

4.1613e-05

6.9575e-07

3.0613e-05

5.1888e-05

9.5297e-03

18

9.9876e-09

2.9337e-07

1.6508e-08

3.5445e-07

4.3810e-07

1.0009e-04

22

2.3777e-10

7.5238e-09

3.4763e-10

7.8269e-09

9.6076e-09

3.0175e-06

26

7.1970e-12

4.9720e-10

1.0349e-11

5.4790e-10

1.6688e-09

2.3394e-07

30

5.7495e-13

5.4610e-11

7.3574e-13

1.0336e-10

1.0196e-08

3.5471e-08

that the method has the spectral convergence high accuracy. Furthermore the method can be
adopted to solve other interface problems such as Navier-Stokes interface problems.
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A BSTRACT. In this paper, development of the three-dimensional structural analysis is performed by applying FETI-local method. In the FETI-local method, the penalty term is added
as a preconditioner. The OPT-DKT shell element is used in the present structural analysis.
Newmark-β method is employed to conduct the dynamic analysis. The three-dimensional
FETI-local static structural analysis is conducted. The contour and the displacement of the results are compared following the different number of sub-domains. The computational time and
memory usage are compared with respect to the number of CPUs used. The three-dimensional
dynamic structural analysis is conducted while applying FETI-local method. The present results show appropriate scalability in terms of the computational time and memory usage. It is
expected to improve the computational efficiency by combining the advantages of the original
FETI method, i.e., FETI-mixed using the mixed local-global Lagrange multiplier.

1. I NTRODUCTION
Recently, the structural components used in the industrial fields have become more complicated and been required to alleviate the computational cost for the structural analysis. For
the structural analysis of a large-sized structure, which has an enormous number of degrees of
freedom, difficulties in terms of computational time and memory handling were generated.
Received by the editors June 29 2017; Accepted September 14 2017; Published online September 15 2017.
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Key words and phrases. FETI-local, Penalty Term, Three-Dimensional Static and Dynamic Analysis, OPT-DKT
Shell Element.
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One of the most advanced approaches to alleviate such cost was the finite element tearing and
interconnecting method (FETI). The basic idea of FETI method was to decompose the relevant
domain into non-overlapping sub-domains and each of these was assigned to an individual
CPU. And Lagrange multipliers were used to enforce the values of the degrees of freedom to
coincide on the interfaces among the sub-domains [1]. The original FETI method was applied
to a parallel computation algorithm for the second order partial differential equations (PDEs)
[2].
Farhat [2] proposed the original FETI method as a parallel finite element computational
method. He solved the local singularity problems of the floating sub-domains by using a pseudo
inverse matrix. The original FETI method was extended to the dual-primal FETI (FETI-DP)
method, which took standard preconditioned conjugate gradient algorithm (PCG), which was
not used in the original FETI method. Due to the singularity of the stiffness matrix under the
floating sub-domain, the original FETI method procedure was not used in the same way for application to static and transient dynamic analysis. On the other hand, the FETI-DP method was
applicable to both static and dynamic problems [3]. Park [4] suggested alternative constraints
modeling method to enforce the continuity of the displacement field by using the localized Lagrange multipliers. The local Lagrange multiplier formulations were set about the derivations
of the partitioned equilibrium equations for structure. Bauchau [5-6] proposed an augmented
Lagrangian formulation (ALF) with the use of global and local Lagrange multipliers. The application of augmented Lagrangian terms was shown to improve conditioning of the flexibility
matrix, and thereby improving the convergence rate of the iterative procedure used to solve
interface problem. In addition, he reported advanced accuracy by adopting localized Lagrange
multipliers as penalty formulations [5].
In this paper the three-dimensional structural analysis by applying FETI-local method will
be developed. The OPT-DKT shell element will be used in the structural analysis. Newmark-β
method will be employed to extend the dynamic analysis. The three-dimensional FETI-local
static structural analysis will be conducted. The computational time and memory usage will be
compared with respect to the number of CPUs used. The displacement results will be compared
while using different number of the sub-domains. The three-dimensional dynamic structural
analysis will be conducted. Finally, the computational time in terms of the number of CPUs
will be evaluated.
2. F ORMULATIONS
2.1. The FETI-local algorithm. In the FETI-local method, the given domain is divided into
non-overlapping sub-domains and each sub-domain is computed by a single CPU. The additional interface nodes are used to define localized displacement field. Each sub-domain and
additional interface node are connected by local Lagrange multipliers. The FETI-local method
is a combination of the localized Lagrange multiplier technique with the augmented Lagrangian
formulation and is ideally reasonable for the large size structural analysis. This method uses
a weighting penalty as a preconditioner unlike the original FETI method. This new approach
provides an ideal preconditioning of the flexibility matrix [7].
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(a) Classical Lagrange multipliers

(b) Localized Lagrange multipliers

F IGURE 1. Comparison between classical and localized Lagrange multipliers
In the original FETI method, continuity of the displacement was determined by Lagrange
multipliers directly as Fig. 1. (a). The constraint potential and constraint condition were
defined as follows:
Vc = λT C
(2.1)
C = u1 − u2

(2.2)

On the other hand, in the FETI-local method, continuity in the displacement field is enforced
by imposing additional interface nodes and local Lagrange multipliers as Fig. 1. (b). The
boundary nodes in each sub-domain are localized with additional interface nodes, which are
used to construct constraint condition. The constraint potential and constraint condition are
defined as follows:
Vc = λ(1)T C (1) + λ(2)T C (2)
(2.3)
(1)

C (2.1) = ub − u(1)
c ,

(2)

C (2) = ub − u(2)
c

(2.4)

F IGURE 2. Schematic description of FETI-local method
Figure 2 shows the configuration of the connected sub-domains, through localized Lagrange
multipliers. The number of additional interface nodes λ(i)T is added to the number of internal
nodes u(i)T at each sub-domain. Hence, the total number of nodes for each subdomain is
defined as follows:
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o
n T
T
û(i) = u(i) λ(i)

(2.5)

Π = A + Φ + Vc

(2.6)

The total potential energy of the object structure can be decomposed into three components:

Π is the total potential energy of the entire structure, A is the strain energy of the total number
of subdomains and defined as follows:
N

"

s
1X
û(i)T K̂ ii û(i)
A=
2
i=1
#

(2.7)



diag K αα
0
. K αα is the stiffness matrix for the ith sub-domain.
where K̂ ii =
0
0
Φ is the total potential of the external loads for each sub-domain and defined as follows:
Φ=−

Ns
X

û(i) Q̂(i)

(2.8)

i=1


where Q̂(i)T = Q(i)T , 0 . Q̂(i)T is the external load for the ith sub-domain.
And Vc is the potential of constraints defined by localized Lagrange multipliers.
(j)

C (j) = ub − u(j)
c

p
Vc(j) = pλ(j)T C (j) + C (j)T C (j)
2
(j)

(2.9)
(2.10)

ub is the boundary nodes with j th position put on additional interface nodes. λ(j) is the localized Lagrange multipliers used to enforce the local constraints.
In the original FETI method, the interface problem was solved by an iterative method. The
preconditioned conjugate gradient (PCG) algorithm was used for the solution of iteration problem. Schur complement method was applied for more efficient iteration. However, the additional Lagrange multipliers were needed at the cross point for the stable PCG iteration and
reasonably not scalable for fourth-order plate and shell problems [3].
On the other hand, in the FETI-local method, the penalty method is used. The penalty term
p is the scaling factor for the local Lagrange multiplier. The second term of Eq. (2.10) is
characteristic of the penalty method. The penalty term p plays a role as stiffness of a spring
placed between the sub-domains, and Lagrange multipliers are reaction forces that impose the
continuity of the displacement field along the boundary nodes. The penalty method yields an
exact solution if the penalty tends to infinity, but otherwise permits certain violations of the
constraint that the interpenetration has to be zero. It is necessary to estimate the magnitude of
(j)
the penalty parameter to limit the penetration [8]. Finally, the uc can be obtained by adding the
penalty term for problem with equality constraints in Eq. (2.10). Further details are expressed
in Ref. 10.
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To satisfy the array in Eq. (2.5), the generalized stiffness matrix and force vector can be decomposed into the boundary nodes and its additional interface nodes at each sub-domain. Additionally, f (j) is the force vector in the j-th interconnecting point at an arbitrary sub-domain,
and k (j) is the stiffness matrix of the boundary nodes [1].
oT 
)  n
(

 pλ(j) + pC (j) , pC (j)
(j)
fb
o
n
(2.11)
=
f (j) =

 −pλ(j) − pC (j)
Xfc (j)


pI
−pI
pI
0
−pI 
(2.12)
K (j) =
=  pI
−pI −pI pI
To assemble both the force vector and stiffness matrix into each sub-domain, the Boolean
(j)
matrix B b is used to connect the sub-domain boundary nodes directly to the global nodes.
Index (.)b and (.)c denote DOFs related to boundary and interface nodes, respectively [1]. More
information about the Boolean matrices is provided in [9].
Finally, the governing equation of the structure could be defined as follows:
" P
)
PNs (i) #   (
(i)
(i)
Ns
ˆ
Q̂
−
f
+
K
(
K̂
K
)
û
i=1
bb
bc
b
=
(2.13)
PN
Pi=1
(i)T
Ns
s
c
−f c
K (i)
K
"

i=1

bc

(j)

#



i=1

cc

(j)

K bb K bc
(j)
K cb K (j)
cc

Three computational algorithms are utilized to solve Eq. (2.13).
In the first step, a temporary stiffness matrix and force vector are created.
)


 (
K 11 K 12
Q̂ − fˆb
u
=
K 21 K 22
uc
−f b
where K (i)
11

(2.14)

(i)
(i)
(i)
Nb
Nb

P  (j)T (j) (j)
P
P
(j)
(j)T
(j)
=
=
=
pB b , K (i)
pB b
B e D e B e + pB b , K (i)
12
21

Nb

j=1

j=1

j=1

The localized Lagrange multipliers are evaluated in the second step.
uc = K ∗−1 f ∗

K 12 , f ∗ = −fb − K 21 K −1
(Q̂ − fˆb )
where K ∗ = K 22 − K 21 K −1
11
11
Finally, the displacement of the total number of degrees of freedom is derived.
o
n
−1
û = K 11 Q̂ − F̂ b − K 12 uc

(2.15)

(2.16)

Figure 3 shows the three steps for the present parallel computation algorithm. At first, the
full geometry is decomposed into the number of sub-domains by Message Passing Interface
(MPI). In Step I, Boolean matrices are defined to connect boundary nodes to interface nodes,
and define the stiffness matrix and force vector in each sub-domain. In this procedure, each
sub-domain is calculated in each CPU. To solve the interface problems, the assembling of
the stiffness matrix and force vectors of each sub-domain into the full stiffness matrix and
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F IGURE 3. Three steps in the present parallel computing algorithm
force vector, is required. Finally, all the degrees of freedoms of interface nodes are used to
solve the displacement of each sub-domain. In the third step, it is possible to solve all the
displacement problems in each CPU. Displacement of the structure is solved by MPI BCAST.
A sparse matrix library called PARDISO is used in every single CPU to handle the sparse
stiffness matrices. In Step, the computation of the stiffness matrix and the force vector at
each sub-domain are conducted by using Eq. (2.14). The localized Lagrange multipliers and
displacement of additional interface nodes are evaluated in Step by using Eq. (2.15). Finally,
the displacement of the total number of degrees of freedom is derived in Step by the Eq. (2.16).
In Step and Step, the computational time is related to the size of stiffness matrix of the entire
system. The size of stiffness matrix is proportional to the total number of degrees of freedom
including both subdomain and Lagrange multipliers. Specifically, the size of stiffness matrix
. In
of subdomain decrease in proportion to the amount of decomposed subdomain, i.e., K (i)
11
(i)
(i)
(i)
contrast, the size of Boolean matrix, i.e., K 12 , K 21 and K 22 , increases in proportion to the
number of local Lagrange multipliers to enhance the compatibility of displacement at each
subdomain in Eq. (2.14). In hence, the number of decomposed subdomain and its relevant
local Lagrange multipliers must be carefully considered.
2.2. Formulation of the dynamic analysis. For the dynamic analysis, the following governing equations are used.
t+∆t

M q̈ t+∆t + K t+∆t q t+∆t = F ext

(2.17)
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The mass matrix is derived from an element shape function (N ) in the two- and three-dimensional
finite element:


Z
(2.18)
M =  Ns T Ns dV 
V

The effective stiffness matrix (K 11 )and load vector (Q̂) in each sub-domain are
4
M +K
∆t2

K 11 =

Q̂ = M



(2.19)


4
4
ü +
u̇ + u + f ext
∆t2
∆t2

(2.20)

Newmark-β method is used to extend these for time transient dynamic analysis. It is widely
used in the dynamic response of structures. Newmark-β method is more versatile than the
central difference method and stable in terms of accuracy for the linear structural dynamics.
Additionally, it is simple to implement to the analysis.
The first-order time derivative is solved as follows:
q̇ n+1 = q̇ n + (1 − γ)∆tq̈ n + γ∆tq̈ n+1

(2.21)

Since the acceleration is proportional to time, the extended mean value formulation should be
extended to the second time derivative to obtain the correct displacement [10].
1
qn+1 = q n + ∆tq̇n + ∆t2 q̈β
2

(2.22)

Then, the followings are derived:
q̈ β = (1 − 2β)q̈ n + 2β q̈ n+1

0≤β≤1

(2.23)

Newmark-βmethod shows a reasonable value of γ = 0.5 [10].
The displacement, velocity, acceleration, and external load vectors are q, q̇, q̈ and f ext ,
respectively. For the constant average method, β = 1/4 [10].
q n+1 = q n + ∆tq̇ n +

1 − 2β 2
∆t q̈ n + β∆t2 q̈ n+1
2

q̇ n+1 = q̇ n +
q̈ n+1 =


∆t
ün + ün+1
2


4
un+1 − un − ∆tu̇n − ün
∆t

(2.24)

(2.25)
(2.26)
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2.3. Three-dimensional OPT-DKT shell element. In the three-dimensional structural analysis with parallel computation, the OPT-DKT shell element, which combines the optimal triangle (OPT) membrane element and discrete Kirchhoff plate (DKT) bending element is used.
Felippa [11] developed an optimal triangle element. Each element has 9 degrees of freedom
with a drilling degree of freedom. Batoz et al. [12] showed that the discrete Kirchhoff triangle
(DKT) would be the most reliable element for the analysis of thin plates. Each element has 9
degrees of freedom with a bending degree of freedom. Khosravi [13] developed a new threenode triangular shell element OPT membrane element and DKT plate bending element. Each
element has 18 degrees of freedom (3 translations and 3 rotation at each node) at each element.
The configuration of the OPT-DKT shell element is shown in Fig. 4.
The nodal displacement vector of the OPT-DKT shell element is represented by {dOP T −DKT }.
{dOP T −DKT } = {u1 ν1 ω1 θx1 θy1 θz1 u2 ν2 ω2 θx2 θy2 θz2 · · · θz3 }T

(2.27)

The stiffness matrix of the shell element corresponding to the displacement vector {dOP T −DKT }
can be described as follows:
R T e
#
"
Z
Bm D Bb dA
Km
K = B◦T D◦ B◦ dA = R T e
(2.28)
Bb D Bm dA K b
A

F IGURE 4. Configuration of the OPT-DKT shell element
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3. N UMERICAL

RESULTS

3.1. FETI-local static analysis of a cylinder. The three-dimensional FETI-local static structural analysis is implemented in a parallel computing hardware, using a message-passing interface (MPI). The Table 1 is the details of the present multi-core environment specifications.
TABLE 1. Specifications of the present multi-core environments
Processor
Number of nodes
Number of CPU
Memory
OS
Memory transfer per second

Intel R Xeon R E5-2420
4
50
24.6 GB
CentOS 6.5
1GB/s

Figure 5 shows the configuration of the three-dimensional static problem.

F IGURE 5. 3-D static FETI-local analysis
The key parameters of the analysis conditions are summarized in Table. 2. The number of
total degrees of freedom is kept to 55,440, whereas the number of CPUs increases from 4 to 48.
To validate the present three-dimensional FETI-local static analysis, the present result is compared with those by using NASTRAN. The Table. 3 is the comparison of the tip displacement
with NASTRAN. The present result is in good agreement with that by NASTRAN, within a
difference as small as 0.9%.
The three-dimensional FETI-local structural analysis is validated in the different number
of the sub-domains. The contour and the displacement are compared. Figure 7 shows the
comparison of the displacement in vertical-direction in terms of the number of the sub-domains.
For each different number of sub-domains, the results show the same contour and displacement.
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TABLE 2. Parameters for the FETI-local static analysis
Classification
Young’s modulus [GPa]
Thickness [m]
Poisson’s ratio
Density
Total tip loads [N]
Total element
Total nodes
Total degrees of freedom

Value
210
0.2
0.3
7850
144 ×105
18,432
9,240
55,440

Therefore, the present three-dimensional FETI-local structural analysis gives the same result
regardless of the number of the sub-domains.

(a) Displacement by NASTRAN analysis

(b) Displacement by the present

F IGURE 6. Comparison of the displacement in y-direction
TABLE 3. Tip displacement comparison with NASTRAN
External load NASTRAN
1,000KN
0.2152m
4,000KN
0.86m

Present
0.2154m
0.868m

Discrepancy
0.11%
0.87%

Figures 8 and 9 show the trend of the computational time and memory usage while increasing the number of CPUs used from 4 to 48. However, the computational time and memory
increase further when more than 48 CPUs are used. This is due to the increased degrees of
freedom as defined in Eq. (2.16). As the number of CPUs increases, the degrees of freedom
for the localized Lagrange multipliers will also increase. In terms of the stiffness matrix of
the entire structure, the size of the matrix is proportional to the number of degrees of freedom.
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(a) Displacement with
4 sub-domains

(b) Displacement with
16 sub-domains

(c) Displacement with
48 sub-domains

F IGURE 7. Comparison of the displacement in vertical-direction
Specifically, the computational time in Step increases when over 48 CPUs are used. This is
, K (i)
and K (i)
, which will increase in probecause the size of the Boolean matrices, i.e., K (i)
12
21
22
portion to the number of local Lagrange multipliers in Eq. (2.14). Hence, the stiffness matrix
of proportionally increased size at each decomposed sub-domain and localized Lagrange multipliers may increase the total computational time. Therefore, the number of CPUs are needed
to be carefully chosen to be as small as possible for efficient parallel computation. It shows
a 96.6% computational time and memory usage reduction by using 32 CPUs, when compared
with those obtained by using 4 CPUs. Therefore, the present FETI-local method is efficient
in the reduction of computational time and its memory usage in the three-dimensional static
analysis.

F IGURE 8. Scalability trend

F IGURE 9. Memory usage trend

3.2. FETI-local static analysis of a launch vehicle engine nozzle. Figure 10 shows the configuration of an engine nozzle, discretized by 120,300 degrees of freedom, i.e., 20,050 nodes
and 40,000 OPT-DKT shell elements.
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TABLE 4. Computational time consumed and percentage distribution
CPUs

4
Time
(s)
Step I
625
Step II 0
Step III 38
Total
663

8
Percent Time
(%)
(s)
94.3
133
0
0.007
5.7
12
145

F IGURE 10. Discretized
engine
nozzle
with
120,300 degrees of freedom

16
Percent Time
(%)
(s)
91.6
35.71
0.01
0.23
8.39
4.8
40.7

32
Percent Time
(%)
(s)
87.5
17.4
0.6
0.5
11.9
3
20.9

48
Percent Time
(%)
(s)
83
24.7
2.4
0.8
14.6
3
28.5

Percent
(%)
86
3
11

F IGURE 11. FETI-local analysis
under tip loads with fixed boundary condition

NASTRAN is used to validate the proposed FETI-local static analysis under tip loads with
a fixed boundary condition. The parameters for the FETI-local static analysis are presented in
Table 5.
TABLE 5. Parameters for the FETI-local static analysis
Classification
Young’s modulus [GPa]
Thickness [m]
Poisson’s ratio
Total tip loads [N]
Boundary condition
Total degrees of freedom

Value
200
0.002
0.3
1,000,000
All fixed
120,300
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Due to the limitation in the number of color contours available for both the present analysis
and NASTRAN, Fig. 12 does not provide the exact displacement contours. However, the
result still shows a good correlated displacement in each direction, when compared with those
obtained by NASTRAN, within less than a 2% difference, as listed in Table 6.

F IGURE 12. Displacement comparison against NASTRAN

TABLE 6. Tip displacement comparison against NASTRAN
Displacement
Longitudinal direction [m]
Vertical direction [m]
Out-of-plane direction [m]

Present
1.12 ×10−3
3.15×10−2
-8.63×10−5

NASTRAN
1.14×10−3
3.2×10−2
-8.78×10−5

Discrepancy (%)
1.7
1.6
1.7

The FETI-local static analysis is implemented in a parallel computing hardware. To conduct
an evaluation of the FETI-local analysis, the computational time is compared with those of
various CPUs. With this procedure, the number of degrees of freedom is kept to a total of
120,300, whereas the number of CPUs increases from 4 to 40.
Figures 13 and 14 show the trend of the computational time and memory usage while increasing the number of CPUs used from 4 to 40. The computational time and memory increase
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when more than 40 CPUs are used. This is due to the increased degrees of freedom, as defined
in Eq. (2.16). As the number of CPUs increases, the degrees of freedom for the localized
Lagrange multipliers will also increase. Therefore, the number of CPUs should be carefully
chosen to be as small as possible for efficient parallel computing. It shows a 94% computational
time and memory usage reduction by using 20 CPUs, when compared with those obtained by
using 4 CPUs. Therefore, the present FETI-local method is efficient for the reduction of computational time and its memory usage in parallel environments.

F IGURE 13. Scalability trend

F IGURE 14. Memory usage trend

TABLE 7. Trend of computaional time and memory usage
CPUs
4
8
10
20
40
Computational Time [sec] 2932.75 824.42 569.49 188.42 191.99
Memory Usage [GB]
15.02
2.72
2.65
1.01
1.36

3.3. FETI-local dynamic analysis of a cylinder. Regarding the isotropic cylinder configuration, as shown in Fig. 5, the three-dimensional FETI-local dynamic analysis is conducted.
Table 8 summarizes details of the present multi-core environment specifications. Its improved
TABLE 8. Specifications of the present multi-core environments
Processor
Number of nodes
Number of CPU
Memory
OS
Memory transfer per second

Intel R Xeon R E5-2420
7
108
500 GB
CentOS 6.5
56GB/s(InfiniBand)
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TABLE 9. Parameters for the FETI-local dynamic analysis
Classification
Young’s modulus [GPa]
Thickness [m]
Poisson’s ratio
Density
Total tip loads [N]
Total element
Total nodes
Total degrees of freedom
Time step [sec]

Value
210
0.2
0.3
7850
9.6 × 105
18,432
9,240
55,440
0.01

memory transfer capability is used in the present dynamic analysis. Newmark-β method is employed. The key parameters of the dynamic analysis are summarized in Table. 9. Figure 15 is
the comparison of the present result with ANSYS, for the vertical displacement at the cylinder
tip. The present result is good agreement with that obtained by ANSYS, within a difference as
small as 0.74% at the peak-to-peak.

F IGURE 15. Comparison of the vertical displacement against ANSYS
Figures 16 and 17 show the trend of the computational time and memory usage while increasing the number of CPUs used from 4 to 48.
Table 10 summarizes the trend of computational time and memory usage. The computational time and memory increase further when more than 48 CPUS are used. This is due to
the increased degrees of freedom for the localized Lagrange multipliers. Additionally for the
,
computation time in Step, it is affected by the the size of the Boolean matrices, i.e., K (i)
12
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F IGURE 16. Scalability trend

F IGURE 17. Memory usage trend

and K (i)
which will increase in proportion to the number of the local Lagrange multipliers
K (i)
21
22
in Eq. (2.14). It shows a 98.5% computational time and memory usage reduction when using
32 CPUs, when compared with those obtained by using 4 CPUs. It is expected to obtain better
efficiency in the dynamic analysis with a smaller size of the time step. Therefore, the present
FETI-local method will be efficient in the reduction of computational time and its memory
usage for the three-dimensional static analysis.
TABLE 10. Trend of computational time and memory usage
CPUs
4
8
16
32
48
Computational Time [sec] 850.383 197.9 32.9
12.978 17.15
Memory Usage [GB]
6.538
3.5463 2.11698 0.5713 1.82673
4. C ONCLUSIONS
This paper describes the development of three-dimensional structural analysis with FETIlocal method. The FETI-local method, is improved decomposition method from original FETI.
The original FETI method consisted of direct solution approach for each of the sub-domain
and iterative solvers for the interface problems. On the other hand, the FETI-local method is
capable to obtain the solutions of each of the sub-domain and interface problem by applying
the penalty term. The penalty term is added to the constraint problem and yields the ideal
precondition. The solution procedure is introduced by three steps. At first step, decomposed
stiffness matrices and load vectors are introduced from each CPU. Those terms are assembled
into a root CPU, and localized Lagrange multipliers are calculated in the second step. Finally,
displacement of each sub-domain can be obtained by localized Lagrange multipliers, its stiffness matrices and load vectors in the third step. A sparse direct solver library is used in every
single CPU to handle the sparse stiffness matrices in the first and third step.
The three-dimensional FETI-local static structural analysis is implemented. The present
result is validated in the different number of the sub-domains. The computational time and
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memory usage are compared with various CPUs. The present result shows the decreasing
trend of the computational time and memory usage when increasing the number of CPUs used
from 4 to 32. It shows a 96.6% computational time and memory usage reduction by using 32
CPUs, when compared with those obtained by using 4 CPUs. It is confirmed the number of
CPUs should be carefully chosen for efficient parallel computing.
The three-dimensional FETI-local dynamic analysis is conducted. The Newmark-β method
is employed to extend the dynamic analysis. The present result is compared with the result
obtained using ANSYS. The present result shows the decreasing trend of the computational
time and memory usage when increasing the number of CPUs used from 4 to 32. It shows a
98.5% computational time and memory usage reduction by using 32 CPUs, when compared
with those obtained by using 4 CPUs. It is expected to improve the computational efficiency
by combining the advantages of the original FETI method, i.e., FETI-mixed using the mixed
local-global Lagrange multiplier.
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A BSTRACT. This paper presents the mathematical model for the MERS-CoV outbreak in
South Korea, and the optimal control for two intervention strategies (contact, hospitalization)
is implemented. After the MERS-CoV outbreak, hospitalizing infected individuals did not help
to prevent the spread of infection. However, the intervention to control contact was effective.
It was effective the intervention to controlling both of contact and hospitalization of infection
population.

1. I NTRODUCTION
Middle East respiratory syndrome(MERS) is a viral respiratory disease caused by a novel
coronavirus (Middle East respiratory syndrome coronavirus, or MERS-CoV) that was first
identified in Saudi Arabia in 2012. MERS-CoV is a zoonotic virus; that is, it is transmitted
between animals and people. Studies have shown that humans are infected by direct or indirect
contact with infected dromedary camels [17]. Close contact between a person and an infected
camel appears to be necessary for the transmission of MERS-CoV. It has been suggested that
the virus could infect humans through the air [16]. Mathematical modeling for disease transmission has been done by many different authors to understand the dynamic spread of disease
in humans. The case of the MERS-CoV Drosten et al [7] provide a description of a fatal case
of MERS-CoV infection and associated phylogenetic analyses. Guery et al [9] analyzed the
clinical features of infected cases, and Memish et al [12] and Al-Tawfiq et al [1] described the
epidemiological data in terms of family clusters and hospitalized patient, respectively.
Received by the editors June 29 2017; Accepted September 14 2017; Published online September 16 2017.
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After MERS was first reported in Saudi Arabia in 2012, an outbreak of Middle East respiratory syndrome coronavirus occurred in South Korea from May to July 2015. The number of
patients with MERS-CoV increased explosively in several hospitals in South Korea that were
not familiar with the symptoms of MERS. For Koreans, the prevalence of the infection was
shocking, because South Korea has advanced medical and public health systems. However,
some of hospitals became part of the route of the infection, even though the hospitals were
advanced medical centers. The best description of MERS-CoV in South Korea is presented
by Korea Centers for Disease Control and Prevention [11], although it was briefly mentioned
by Chowell et al [4] and Cho and Chu [2]. [15] formulated a mathematical model for MERS
transmission dynamics and estimating transmission rates. They estimated the basic reproduction number using the estimates of the transmission rates, in the first two periods.
Our aim is to minimize the MERS-CoV transmission. We present a mathematical model
for the dynamics of MERS-CoV transmission, including an asymptomatic class, as well as
strategies to reduce infections by means of two mechanisms: reducing the close contact rate
and increasing the hospitalized cases.
Numerical simulations show control strategies for MERS-CoV transmission in South Korea.
In Section 2, we formulate a mathematical model, and Section 4 presents numerical results
based on optimal control of the spread in Section 3. Conclusions are presented in the final
section.
2. M ATHEMATICAL M ODELING
Our model of MERS-CoV transmission is based on the model in Yunhwan et al [15] and
Chowell et al [3], and deals with the outbreak in South Korea.
The model uses six epidemiological classes. Each individual is in one of the six classes.
The classes are: susceptible S, exposed (or high-risk latent) E, symptomatic and infectious I,
infected but asymptotic A, hospitalized H, and recovered R. It is assumed that only infectious
and hospitalized individuals can infect others and asymptomatic individuals also can.
γI

A

R

κ(1 − ρ)
S

2 H)
β (I+l1 A+l
N

E

γI

γr

κρ
I

γa

H

F IGURE 1. A transmission diagram of individuals in the different epidemiological classes in our model.
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In Chowell et al [3], the actual data of the zoonotic cases were gathered so they were able
to take secondary cases as well as index cases into account. The model of [15] considered
a MERS-CoV model without the zoonotic case. Meanwhile, we added the susceptible class
and infection but asymptotic class A to the model [15] because asymptomatic individuals can
infect susceptible people. With the given assumptions and the illustration in Fig. 1, we obtain
the following six-dimensional system of nonlinear differential equations;
dS
dt
dE
dt
dI
dt
dA
dt
dH
dt
dR
dt

(I + l1 A + l2 H)
S,
N
(I + l1 A + l2 H)
=β
S − κE,
N
= −β

= κρE − (γa + γI )I,

(2.1)

= κ(1 − ρ)E − γI A,
= γa I − γr H,
= γI I + γr H + γI A.

Where N = S + E + I + A + H + R.
Here β is the human-to-human transmission rate per unit of time, l1 and l2 quantify the
relative transmissibility of infection by the asymptomatic class and hospitalized patients, respectively; κ is the rate at which an individual leaves the exposed class by becoming infectious
(symptomatic or asymptomatic); ρ is the proportion of progression from exposed class E to
symptomatic infectious class I, and (1 − ρ) is that of progression to asymptomatic class A;
γa is the average rate at which symptomatic individuals are hospitalized and γI is the recovery
rate without being hospitalized; γr is the recovery rate of hospitalized patients.
The variable domain of the model is
Ω = {(S, E, I, A, H, R) ∈ R6 |S, E, I, A, H, R ≥ 0}.
All parameters used in the model; β, l1 , l2 , κ, ρ, 1 − ρ, γa , γr and γI are positive. It can be verified that Ω is a positively invariant set with respect to the model. The model (2.1) has two equilibrium points which are given by (S, E, I, A, H, R) = (0, 0, 0, 0, 0, 0) and (S, E, I, A, H, R) =
(S, 0, 0, 0, 0, R).
For the prevalence of the disease, the basic reproductive number tells us whether the disease
will persist or disappear, so we consider the basic reproductive number.
2.1. Basic Reproductive Number. The dynamic behavior of the model can be classified by
the basic reproductive number. This threshold condition determines whether an infectious disease will spread in a susceptible population when the disease is introduced into the population
[10]. The threshold is calculated by using the spectral radius of a next-generation (infection)
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matrix of a model [6]. It is given mathematically as
R0 = ρ(F V −1 ),

where ρ is defined as the spectral radius of the next- generation matrix F V −1 . F is the rate of
appearance of new infections in class i, and V is the transfer of individuals out of class i by all
other means. Then, we find the Jacobian matrix of F(x) and V(x), and denote F = [∂Fi /∂xj ]
and V = [∂Vi /∂xj ] evaluated at the disease free equilibrium point E0 , which consists of
S = N. From the spectral radius, we get R0 as following;


ρ
ργa l2
(1 − ρ)l1
+
+
(2.2)
R0 = β
γa + γI
γr (γa + γI )
γI
As shown in (2.2), the basic reproductive number of system (2.1) depends on parameters
β, l1 , l2 , γr , ρ, γI , and γa . The disease-free equilibrium point will be locally asymptomatically
stable iff R0 < 1. The basic reproductive number R0 measures how quickly a disease spreads
in its initial phase as well as predicts whether a disease will become endemic or whether it will
die out.
Sensitivity indices allow us to measure the relative change in a variable when a parameter
changes. By the use R0 , the sensitivities are parameters; β, γa , i.e,
Sβ =
Sγa

∂R0 β
= 1,
∂β R0

∂R0 γa
=
=
∂γa R0

1
(γa +γI )2 )
.
l2(ρ−1)
+ γr(γ(γaal2ρ)
γI
+γI )

γa ρ(γI l2 −

ρ
(γa +γI )

−

The value of R0 could be reduced by reducing β and increasing γa .
The application of control measures changes of some parameter values in the model; moreover we would need to know the effects that the changes produce on R0 for control. The
control variables 0 ≤ u1 (t) ≤ 1 and 0 ≤ u2 (t) ≤ 1 represent the amount of intervention at
time t to reduce the contact rate β and to increase hospitalization γa .
Since the infection shapes a large cluster in a hospital, we consider the parameters related to
hospital and contact with asymptomatic classes.
3. MERS-C OV O PTIMAL C ONTROL A NALYSIS
For the outbreak of MERS-CoV in South Korea, the infection shapes a large cluster in a
hospital. Tracing the movements of patients at a South Korean hospital has helped identify
how the Middle East Respiratory Syndrome (MERS) virus was transmitted from a patient to
individuals(including patients, visitors and health-care workers) in an overcrowded emergency
room. In this section, we carry out optimal control analysis which focuses on the two intervention strategies(contact, hospitalization) considered in the model (3.1). The idea of adding
control terms was inspired by the model of Y. Kim et al [15].
Now we formulate an optimal control problem for the transmission dynamics of MERS-CoV
in South Korea. We add control terms to the our model (2.1). The model (2.1) is re-formulated

OPTIMAL CONTROL ANALYSIS FOR THE MERS-COV OUTBREAK: SOUTH KOREAN PERSPECTIVES

147

as an optimal control problem as follows;
dS
dt
dE
dt
dI
dt
dA
dt
dH
dt
dR
dt

(I + l1 A + l2 H)
S,
N
(I + l1 A + l2 H)
= β(1 − u1 (t))
S − κE,
N
= −β(1 − u1 (t))

= κρE − γI I − γa (1 + ωu2 (t))I,

(3.1)

= κ(1 − ρ)E − γI A,
= γa (1 + ωu2 (t))I − γr H,
= γI I + γr H + γI A.

The control variable u1 (t) represents the number of interventions needed to reduce the contact rate at time t. After control, the contact rate is (1 − u1 (t)) where u1 (t) measures the level
of successful prevention efforts. The control variable u2 (t) represents efforts to increase the
hospitalization rate. It is assumed that the hospitalization rate increases at a rate proportional
to u2 (t) and where ω is a rate constant.
We show that it is possible to implement time dependent control u1 (t) and u2 (t) while
minimizing the cost of implementation of such control measures.
We define the set of admissible controls as follows;
U = {(u1 (t), u2 (t))|u1 (t), u2 (t) are Lebesgue measurable on [0, T ], 0 ≤ u1 (t), u2 (t) ≤ 1}
where T is the final time.
Focusing the optimal control problem on minimizing the number of contacts and hospitalized individuals the problem reduces to minimizing the cost functional. To specify the cost, we
define the cost functional as

Z T
B2 2
B1 2
u (t) +
u (t) dt
(3.2)
J(u1 , u2 ) =
A1 I(t) + A2 A(t) + A3 H(t) +
2 1
2 2
0
subject to the differential equations (3.1).
In the objective functional the quantities A1 , A2 , and A2 represent the weight constants
of the symptomatic infectious class, asymptomatic class, and hospitalized individuals, respectively. In the objective functional, the weight coefficients B1 and B2 are constants that represent
cost. The terms 21 B1 u21 and 12 B2 u22 describe the costs associated with the transmission by contact rate with the susceptible individuals and hospitalization for minimizing the symptomatic
infectious individuals, respectively.
3.1. Existence of an Optimal Control. The necessary condition, to be satisfied by the control
and the corresponding states, is derived using Pontryagin’s Maximum Principle [13]. Using the
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differential equation of the state variable of the model (3.1), the Hamiltonian is given by:
H(X(t), U (t), Λ(t))



dX(t) T
B2 2
B1 2
u (t) +
u (t) + Λ(t)
=A1 I(t) + A2 A(t) + A3 H(t) +
2 1
2 2
dt
B2 2
B1 2
u1 (t) +
u2 (t)
=A1 I(t) + A2 A(t) + A3 H(t) +
2
2

(I + l1 A + l2 H)
S
+ λ1 −β(1 − u1 (t))
N


(I + l1 A + l2 H)
S − κE
+ λ2 β(1 − u1 (t))
N
+ λ3 {κρE − γI I − γa (1 + ωu2 )I}

(3.3)

+ λ4 {κ(1 − ρ)E − γI A}

+ λ5 {γa (1 + ωu2 (t))I − γr H}
+ λ6 {γI I + γr H + γI A} ,

where λj (j = 1, 2, ..., 6) are the adjoint variables and the state variables for the population
dynamics are denoted by X(t) = (S(t), I(t), E(t), A(t), H(t), R(t)), the existence of which
is guaranteed by the Pontryagin’s Maximum Principle [14].
Our goal is to find optimal controls u∗1 (t) and u∗2 (t) such that
J(u∗1 , u∗2 ) = min{J(u1 , u2 )|(u1 , u2 ) ∈ U }.

(3.4)

Such optimal control functions u∗1 and u∗2 exist and the optimality system can be derived, and
which satisfy conditions summarized in the following theorem:
Theorem 3.1. Let S ∗ (t), E ∗ (t), I ∗ (t), A∗ (t), H ∗ (t) and R∗ (t) be optimal state solutions with
associated optimal control variables u∗1 and u∗2 for the optimal control problem (3.1) and (3.2),
then there exists an adjoint variable Λ(t) = (λ1 (t), λ2 (t), λ3 (t), λ4 (t), λ5 (t), λ6 (t)) that satisfies
β(1 − u1 (t))(I + l1 A + l2 H)
(λ1 − λ2 )
N
λ′2 = λ2 κ − λ3 κρ − λ4 κ(1 − ρ)

λ′1 =

β(1 − u1 (t))S
(λ1 − λ2 ) + γa (1 + ωu2 )(λ3 − λ5 )+
N
γI (λ3 − λ6 )

λ′3 = −A1 +

β(1 − u1 (t))l1 S
(λ1 − λ2 ) + γI (λ4 − λ6 )
N
β(1 − u1 (t))l2 S
(λ1 − λ2 ) + γr (λ5 − λ6 )
λ′5 = −A3 +
N
λ′6 = 0
λ′4 = −A2 +

(3.5)
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with transversality conditions (or boundary conditions)
λj (T ) = 0, j = 1, 2, ..., 6.
Furthermore, the optimal controls u∗1 and u∗2 are given by



βS ∗ (I ∗ + l1 A∗ + l2 H ∗ )(λ2 − λ1 )
∗
,
u1 (t) = min 1, max 0,
N B1



γa ωI ∗ (λ3 − λ5 )
∗
.
u2 (t) = min 1, max 0,
B2

(3.6)

Proof. To determine the adjoint equations and the transversality conditions, we use the Hamiltonian (3.3). By Pontryagin’s Maximum Principle, S(t) = S ∗ (t), E(t) = E ∗ (t), I(t) = I ∗ (t),
A(t) = A∗ (t), H(t) = H ∗ (t) and R(t) = R∗ (t), and also differentiating the Hamiltonian
(3.3) with respect to S(t), E(t), I(t), A(t), H(t) and R(t), we obtain
∂H
β(1 − u∗1 (t)(I ∗ + l1 A∗ + l2 H ∗ )
=
(λ1 − λ2 )
∂S
N
∂H
= λ2 κ − λ3 κρ − λ4 κ(1 − ρ)
λ′2 = −
∂E
∂H
β(1 − u∗1 (t))S ∗
λ′3 = −
= −A1 +
(λ1 − λ2 ) + γa (1 + ωu2 )(λ3 − λ5 )+
∂I
N
γI (λ3 − λ6 )

λ′1 = −

(3.7)

u∗1 (t))l1 S ∗

β(1 −
∂H
= −A2 +
(λ1 − λ2 ) + γI (λ4 − λ6 )
∂A
N
∂H
β(1 − u∗1 (t))l2 S ∗
λ′5 = −
= −A3 +
(λ1 − λ2 ) + γr (λ5 − λ6 )
∂H
N
∂H
= 0.
λ′6 = −
∂R
λ′4 = −

To obtain the optimality condition (3.6), we also differentiate the Hamiltonian H with respect to u1 and u2 and set each of them equal to zero.
S ∗ β(I ∗ + l1 A∗ + l2 H ∗ )
∂H
= B1 u∗1 +
(λ1 − λ2 ),
∂u1
N
∂H
0=
= B2 u∗2 + γa ωI ∗ (λ5 − λ3 ).
∂u2

0=

Solving for the optimal controls, we obtain
βS ∗ (I ∗ + l1 A∗ + l2 H ∗ )(λ2 − λ1 )
,
N B1
γa ωI ∗ (λ3 − λ5 )
u∗2 =
.
B2

u∗1 =
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To determine an explicit expression for the optimal controls for 0 ≤ u∗1 ≤ 1 and 0 ≤ u∗2 ≤ 1,
we utilized a standard optimality technique. We consider the following three cases.
Case 1. On the set {t | 0 < u∗1 < 1}, we have

Hence the optimal control is

∂H
= 0.
∂u1

βS ∗ (I ∗ + l1 A∗ + l2 H ∗ )(λ2 − λ1 )
.
N B1
∂H
Case 2. On the set {t | u∗1 (t) = 0}, we have
≥ 0.
∂u1
This implies that
−βS ∗ (I ∗ + l1 A∗ + l2 H ∗ )(λ2 − λ1 ) ≥ 0
βS ∗ (I ∗ + l1 A∗ + l2 H ∗ )(λ2 − λ1 )
≤ 0 = u∗1 (t).
⇒
N B1
∂H
Case 3. On the set {t | u∗1 (t) = 1}. we have
≤ 0.
∂u1
This implies that
−βS ∗ (I ∗ + l1 A∗ + l2 H ∗ )(λ2 − λ1 ) ≤ −B1
βS ∗ (I ∗ + l1 A∗ + l2 H ∗ )(λ2 − λ1 )
≥ 1 = u∗1 (t).
⇒
N B1
Combining these three cases above, we find a characterization of u∗1 :



βS ∗ (I ∗ + l1 A∗ + l2 H ∗ )(λ2 − λ1 )
u∗1 = min 1, max 0,
.
N B1
Using the same arguments, we also obtain the second optimal control function



γa ωI ∗ (λ3 − λ5 )
∗
.
u2 (t) = min 1, max 0,
B2
u∗1 =



4. N UMERICAL S IMULATIONS
The system (3.1) is solved numerically using Forward-Backward Sweep Method [14] to deduce optimal controls u∗1 and u∗2 that minimize the cost functional (3.2). Here, we use numerical simulations to illustrate the effectiveness of optimal controls using the parameters values
mentioned in Table 1.
The effectiveness of the control measures are not always the same. Further, the controls
could not be 100% effective. So, the upper bounds of u∗1 and u∗2 were chosen to be 0.6.
To imitate the onset of the disease outbreak, we first consider a collection of 10, 000 individuals including two infected individuals. The control scenario along with the optimal solutions
is presented in Figs. 2, 3, and 4. The horizontal axis is the time measured in days and shows
the start of the 2015 MERS-CoV outbreak in South Korea. The graph on the left of each figure
shows the control scenario. Here, the dotted line is the control u∗2 and the solid line is the
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TABLE 1. The description and values of parameters for the model
Parameter
β
l1
l2
κ
ρ
γa
γI
γr

Description
Value Refs
Human-to-human transmission rate
0.0835 [15]
Quantifies the relative transmissibility of asymptomatic class
0.2
[15]
Quantifies the relative transmissibility of patients
22
[15]
Rate at which an individual leaves E class by becoming infectious 1/(6.6) [8]
The proportion of progression from class E to I class
0.585
[5]
Average rate at which symptomatic individuals hospitalize
0.6403 [5]
Average recovery rate without being hospitalized in I class
1/5
[5]
The recovery rate of hospitalized patients
1/7
[5]

control u∗1 . The state variables are presented in the graph on the right. Here, the dotted line
represents the state variables with control and the solid line represents the state variables without control. The outbreak of MERS-CoV occurred in South Korea from May to July 2015, and
was completely finished by November 2015. The duration of the epidemic was about 180 days
and about 12, 208 individuals were quarantined.
In Fig. 2, we considered no intervention (u∗1 = 0) only hospitalization (0 ≤ u∗2 ≤ 0.6). The
optimal control scenario and the corresponding solution of the state variables S, E, I, A, H, R
are shown on the graph, which shows almost identical curves for the with-control and withoutcontrol cases. It gives evidence that u∗2 is a poor control.
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F IGURE 2. The graph on the left shows the optimal control scenario for the
hospitalization only case (u∗1 = 0 and 0 ≤ u∗2 ≤ 0.6). The graphs on the right
represents population in each class(S, E, I, A, H, R), where solid lines represent state variables without control and dashed lines represent state variables
with control.
In Fig. 3, we considered no hospitalization (u∗2 = 0) only intervention (0 ≤ u∗1 ≤ 0.6). The
optimal control scenario and the corresponding solution of the state variables are shown in the
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graph, which reveals a significant decrease in infected individuals from implementing optimal
control. It establishes that u∗1 has the potential to control the disease outbreak.
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F IGURE 3. The graph on the left shows the optimal control scenario for the
prevention-only case (u∗2 = 0 and 0 ≤ u∗1 ≤ 0.6). The graph on the right
represents the population in each class (S, E, I, A, H, R), where solid lines
represent state variables without control and dashed lines represent state variables with control.
In Fig. 4, we considered both hospitalization (0 ≤ u∗2 ≤ 0.6) and intervention (0 ≤ u∗1 ≤
0.6). The optimal control scenario and the corresponding solution of the state variables are
shown in the graph which also reveals a significant decrease in infected individuals from implementing optimal control. It establishes that combined implementation of u∗1 and u∗2 could
also be planned to control the disease outbreak.
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F IGURE 4. The graph on the left shows the optimal control scenario for both
prevention (0 ≤ u∗1 ≤ 0.6) and hospitalization (0 ≤ u∗2 ≤ 0.6). The graph
on the right represents the population in each class (S, E, I, A, H, R), where
solid lines represent state variables without control and dashed lines represent
state variables with control.
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According to the simulation results, preventing the spread of infection by controlling u2
only is ineffective. However, the intervention to prevent by only controlling u1 as well as
intervention by both controls u1 and u2 is effective.
5. C ONCLUSIONS
In this paper, we tried to replicate the 2015 MERS outbreak scenario in South Korea and
suggested control strategies to reduce the outbreak. Preventive measures to reduce contact
rates and hospitalization are two candidate control measures.
Qualitative analysis of optimal implementation of these two control measures was performed
using numerical tools. Our analysis shows, that hospitalization only is not sufficient to reduce
the outbreak; rather, preventative efforts alone could reduce the outbreak. That is, hospitalizing infected individuals does not help to prevent the spread of infection after MERS-CoV
has occurred. It is more effective for the infected person to avoid contact from outside than
to be hospitalized after MERS-CoV occurred. It is worth mentioning that, in practice, selfquarantine for a number of individuals suspected of being exposed to MERS-CoV in the South
Korean case had a significant effect in stopping the epidemic.

A PPENDIX
A. Basic Reproduction Number R0 .


 (I+l A+l H) 
1
2
κE
S
β
N

−κρE + (γa + γI I)

0
,

V=
F = 

 −κ(1 − ρ)E + γI A 

0
−γa I + γr H
0



0 β βl1 βl2
κ
0
0
0 0 0

 −κρ
0
γ
+
γ
0
a
I
, V = 
F = 
0 0 0
−κ(1 − ρ)
0 
0
γI
0 0 0
0
0
−γa
0
 βρ
β(1−ρ)l1
β
βργa l2
βγa l2
βl1
γa +γI + γr (γa +γI ) +
γI
γa +γI + γr (γa +γI )
γr

−1
0
0
0
FV
=

0
0
0
0
0
0

(5.1)

0
0

0
γr

βl2
γr

(5.2)



0 

0 
0

Then the basic reproduction number, R0 , is calculated from the dominant eigenvalue of F V −1 :
γa γr l1 + γI γr l1 + γI γr ρ − γa γr l1 ρ − γI γr l1 ρ + γa γI l2 ρ
γI γr (γa + γI )


(1 − ρ)l1
ργa l2
ρ
+
+
.
=β
γa + γI
γr (γa + γI )
γI

R0 = β

(5.3)
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DEVELOPMENT OF THE HANSEL-SPITTEL CONSTITUTIVE MODEL GAZED
FROM A PROBABILISTIC PERSPECTIVE
KYUNGHOON LEE1 , JI HOON KIM2 , AND BEOM-SOO KANG1†
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D EPARTMENT OF A EROSPACE E NGINEERING , P USAN NATIONAL U NIVERSITY, B USAN 46241, KOREA
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2
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A BSTRACT. The Hansel-Spittel constitutive model requires a total of nine parameters for flow
stress prediction. Typically, the parameters are estimated by least squares methods for given
tensile test measurements from a deterministic perspective. In this research we took a different
approach, a probabilistic viewpoint, to see through the development of the Hansel-Spittel
constitutive model. This perspective change showed that deterministic least squares methods are
closely related to statistical maximum likelihood methods via Gaussian noise assumption. More
intriguingly, this perspective shift revealed that the Hansel-Spittel constitutive model may leave
out deterministic trends in residuals despite nearly perfect agreement with measurements. With
tensile test measurements of AA1070 aluminum alloy, we demonstrated this deficiency of the
Hansel-Spittel constitutive model, suggesting room for improvement.

1. I NTRODUCTION
The simulation of structural deformation inevitably necessitates a constitutive model, also
called a material model, that predicts a true stress at an effective plastic strain for a given
condition of temperature and strain rate. Many different forms of constitutive models have been
proposed based on diverse principles and utilized for a plethora of applications [1, 2, 3, 4, 5]. For
any constitutive model, one is required to determine constitutive parameters, namely material
constants, with experimental measurements. Constitutive parameter estimation has usually
been addressed by means of linear or nonlinear least squares methods that locate constitutive
parameters, optimal in the sense that they minimize the sum of squared residuals between actual
and predicted true stresses.
In contrast to the deterministic formulation for constitutive parameter estimation, we tackled
the same problem with probability and statistics theories. In this context, we first leveraged
probability theory to formulate a probability model of a measured stress assuming that of a
measurement noise. Subsequently, we capitalized on statistics theory to find out constitutive
Received by the editors June 14 2017; Accepted July 19 2017; Published online September 8 2017.
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parameters that maximize a likelihood function derived from the measurement probability
model for the given measurements. Unlike the deterministic approach, a probabilistic approach
allows us to quantify uncertainty in predicted true stress, which helps assess the credibility of a
constructed constitutive model.
To illustrate probabilistic constitutive parameter estimation, we attempted to develop a HanselSpittel constitutive model from a probabilistic perspective. For this purpose, we exploited the
linear structure of the Hansel-Spittel constitutive model in a log scale. Overall, this paper is
organized as follows. After the introduction, we elucidate the estimation formulation of the
Hansel-Spittel constitutive parameters from both deterministic and probabilistic perspectives.
Next, we demonstrate the developed formulations for the Hansel-Spittel constitutive model with
tensile test measurements of aluminum alloy. Finally, we conclude this paper with a suggestion
for future research.

2. F ORMULATIONS
2.1. Hansel-Spittel Constitutive Model. The Hansel-Spittel constitutive model [6] was proposed as
σt = f (T, ε̇, ε) = Aem1 T εm2 ε̇m3 e

m4
ε

(1 + ε)m5 T em7 ε ε̇m8 T T m9 ,

(2.1)

where σt ∈ R is a noise-free flow stress, ε ∈ R is an effective plastic strain, ε̇ ∈ R is a strain
rate, and T ∈ R is a temperature. In Equation (2.1), there are a total of nine constitutive
parameters to be determined: A, m1 , m2 , m3 , m4 , m5 , m7 , m8 , and m9 . By log-transformation,
Equation (2.1) can be recast into a linear form
yt = f (x; β) = xT β,
where yt = ln σt ∈ R is a log-scaled flow stress, x = [1, T, ln ε, ln ε̇, 1ε , T ln (1 + ε) ,
ε, T ln ε̇, ln T ]T ∈ R9 are the explanatory terms of the Hansel-Spittel constitutive model,
and β = [ln A, m1 , m2 , m3 , m4 , m5 , m7 , m8 , m9 ]T ∈ R9 are the Hansel-Spittel constitutive
parameters.
2.2. Measurement Noise Model. Presuming an additive measurement noise eij ∈ R, we can
express a log-scaled flow stress measurement yij ∈ R observed at xij ∈ R9 as
yij = f (xij ; β) + eij = xT
ij β + eij .
Here the ith and jth indices are associated with (ε̇i , Ti ) and εj , respectively. Note that an
additive noise model in a log scale implies a multiplicative noise model in the original scale.
2.3. Deterministic Least Squares Estimation.
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2.3.1. Ordinary Least Squares. Before estimating constitutive parameters, we group yij measured at a tensile test condition (ε̇i , Ti ) such that yi = [yi1 , . . . , yini ]T ∈ Rni . In a matrix form,
we can express the deterministic trend of yi as Xi β, where Xi ∈ Rni ×9 is a matrix composed
of xij . For the measure of a misfit between measured and predicted true stresses, we employ
a residual ri = yi − Xi β ∈ Rni and quantify total misfits by the sum of squared residuals J
defined as
m
1X
J({yi , Xi }m
;
β)
=
kyi − Xi βk2 ,
(2.2)
i=1
2
i=1

where m is the number of tensile test cases. Since J in Equation (2.2) is a quadratic function
of β, we can obtain the global minimum of J when the first derivative of J with respect to β
vanishes. By annihilating the first derivative of J as
m

m

i=1

i=1

X
X
∂J
=−
XiT yi +
XiT Xi β = 0,
∂β
we can achieve constitutive parameter estimates as follows:
!−1 m
!
m
X
X
T
T
βb =
X Xi
X yi .
i

(2.3)

i

i=1

i=1

2.3.2. Weighted Least Squares. In contrast to the preceding case of ordinary least squares in
Section 2.3.1, we form J by multiplying each ri by a different weight wi ∈ R such that
m

m
J({yi , Xi }m
i=1 ; β, {wi }i=1 ) =

1X
wi kyi − Xi βk2
2

(2.4)

i=1

to modulate the effect of ri on β estimation. As with Section 2.3.1, we find the stationary point
of J with the first derivative of J as
m

m

i=1

i=1

X
X
∂J
=−
wi XiT yi +
wi XiT Xi β = 0,
∂β
which yields
βb =

m
X

!−1
wi XiT Xi

i=1

m
X

!
wi XiT yi

.

(2.5)

i=1

Note that wi is typically unknown and has to be conjectured a priori. To determine wi , we may
use a residual ri obtained with βb in Equation (2.3) such that wi = 1/ri2 to mitigate the influence
of misfits on βb [7].
2.4. Statistical Maximum Likelihood Estimation.
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2.4.1. Probability Model. To formulate the probability distribution of yij , we introduce two
assumptions: (i) A measurement noise eij is a realization of a random variable E : Ω → R such
that eij = E(ω), where ω is an event in a probability space Ω; and (ii) A noise random variable
E is distributed as a zero-mean Gaussian distribution such that π(eij ; σ 2 ) = N (0, σ 2 ), where
T
σ 2 is a variance. Because of eij = yij − xT
ij β, yij − xij β follows the same noise distribution
2
for given β such that πE (yij − xT
ij β; β, σ ). Accordingly, yij given β is also a realization of a
2
random variable Yij : Ω → R and is distributed as yij ∼ N (xT
ij β; β, σ ).
2.4.2. Homogeneous Noise Variance. To P
derive the probability distributions of yi = [yi1 , . . . ,
m
yini ]T ∈ Rni and y = [y1 , . . . , ym ] ∈ R i=1 ni , we assume that (i) a sequence of random
ni
variables {Yij }j=1 is independent and identically distributed (i.i.d.); and (ii) a collection of
multivariate random variables {Yi }m
i=1 is also i.i.d. As a result, π(y) is found as
π(y; β, σ 2 ) =

m
Y

π(yi ; β, σ 2 ) = 2πσ 2

− P m
i=1 ni /2

i=1

 Pm

kyi − Xi βk2
exp − i=1
,
2σ 2

(2.6)

where Xi ∈ Rni ×9 is a design matrix containing xij .
From π(y; β, σ 2 ) in Equation (2.6), we derive a log-likelihood function
m
m
1X
1 X
2
ln L(β, σ ; y) ≈ −
ni ln σ − 2
kyi − Xi βk2 ,
2
2σ
2

i=1

(2.7)

i=1

after ignoring terms irrelevant to parameters β and σ 2 . With the help of the maximum likelihood
method, we evaluate the first derivatives of ln L in Equation (2.7) with respect to parameters β
and σ 2 as follows:
m

m

i=1

i=1

X
X
∂`
=
XiT yi −
XiT Xi β = 0,
∂β
m
m
1 X
1 X
∂`
=− 2
ni + 4
kyi − Xi βk2 = 0.
∂σ 2
2σ
2σ
i=1

i=1

Finally, we obtain the maximum likelihood estimates of β and σ 2 as shown below:
βb =

m
X
i=1

!−1
XiT Xi

m
X
i=1

!
XiT yi

,

and

2

σ
b =

Pm

kyi − Xi βk
i=1P
m
i=1 ni

2

.

(2.8)

Note that βb in Equation (2.8) is identical to that in Equation (2.3), which shows that the ordinary
least squares method is related to the maximum likelihood method with a homogeneous noise
variance assumption.
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2.4.3. Heterogeneous Noise Variance. As with the previous case of a homogeneous noise
i
variance in Section 2.4.2, we assume that {Yij }nj=1
is i.i.d. to derive the probability distribution
of yi . Unlike the homogeneous noise variance case, however, we do not assume that {Yij }m
i=1 is
i.i.d. to account for a heterogeneous noise variance in formulating the probability distribution of
y. Consequently, π(y) is formed as
π(y; β, {σi2 }m
i=1 ) =
−

= (2π)

Pm

i=1 ni /2

m
Y

i=1
m
Y

π(yi ; β, σi2 )
−ni /2
σi2
exp

i=1

 Pm
2
i=1 kyi − Xi βk
.
−
2σi2

(2.9)

For parameter estimation, we formulate a log-likelihood function from π(y; β, {σi2 }m
i=1 )
in Equation (2.9) such that
m
m
1X
1X 1
2
ln L(β, {σi2 }m
;
y)
≈
−
n
ln
σ
−
kyi − Xi βk2 ,
i
i=1
i
2
2
σi2
i=1

i=1

after neglecting unnecessary terms for parameter estimation. By means of the maximum
likelihood method, we evaluate the first derivatives of ln L with respect to parameters β and σ 2
as
m
m
X
X
∂`
1 T
1 T
=
Xi yi −
X Xi β = 0,
2
∂β
σ
σ2 i
i=1 i
i=1 i
∂`
1
1
= − 2 ni + 4 kyi − Xi βk2 = 0,
2
∂σi
2σi
2σi
and obtain the maximum likelihood estimates of β and σ 2 as shown below:
!−1 m
!
m
X
X 1
kyi − Xi βk2
1
T
T
2
X
X
X
y
,
and
σ
b
=
.
βb =
i
i
i
i
i
ni
σ2
σ2
i=1 i
i=1 i

(2.10)

Note that βb in Equation (2.10) is the same as that in Equation (2.5) when wi = 1/σi2 , which
shows that the weighted least squares method is associated with the maximum likelihood method
with a heterogeneous noise variance assumption. Also note that the evaluation of βb and {b
σi2 }m
i=1
in Equation (2.10) is not as straightforward as that of βb and σ
b in Equation (2.8) because they
b
are coupled. Therefore, we determine βb and {b
σi2 }m
b
i=1 through iterations starting from β and σ
obtained by Equation (2.8).
3. R ESULTS AND D ISCUSSION
3.1. Measurements. To demonstrate, we employed the stress-strain measurements of AA1070
aluminum alloy published in Ref. [8]. We conducted uniaxial tensile tests in a total of nine
cases composed of the three temperatures and the three strain rates listed in Table 1. During
the experiments, we repeated each case three times and gathered the best measurement with
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the lowest fluctuation to form a data set for constitutive model development. The relationships
between true stresses and true strains observed in the nine cases are depicted in a log scale in
Figure 1. In the log-transformed space, true stresses exhibit smooth variation with respect to
effective plastic strains in Figure 1.
4.8
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◦C
1/s
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100
200

0.001
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ln ε

TABLE 1. Tensile test conditions
F IGURE 1. True stress measurements
3.2. Parameter Estimation. To evaluate the parameter estimates of the Hansel-Spittel constitutive model, we implemented the two estimation algorithms formulated from a probabilistic
standpoint in Section 2 and dubbed them “Ordinary Least Squares” and “Weighted Least
Squares.” Recall that the two least squares methods are germane to the two noise variance
assumptions, which was elaborated upon in Section 2. Instead of the type of noise variances, we
named the two implementations after the type of least squares for simplicity and clarity.
As for Weighted Least Squares, we devised it in a way that it (i) initiates iterations with
parameter estimates obtained by Ordinary Least Squares, and (ii) terminates iterations when the
norm of a relative difference between previous and current parameter estimates is less than the
preset convergence threshold. For the given measurements of aluminum alloy, Weighted Least
Squares required 14 iterations until the metric for convergence check dropped below 10−6 .
After invoking the two implementations, we attained the estimates of not only constitutive
parameters but also noise variances as tabulated in Tables 2 and 3, respectively. In Table 2, the
magnitudes of the constitutive parameter estimates are similar between the two least squares
implementations. In Table 3, Ordinary Least Squares permits only one noise variance, whereas
Weighted Least Squares admits nine dissimilar noise variances because of the disparate noise
variance assumption. Note that the 9th case involves the largest noise variance estimate, which
may insinuate adversities during the measurement process.
3.3. Validation Study. After estimating constitutive parameters, we constructed two versions
of the Hansel-Spittel constitutive model with the two sets of the parameter estimates in Table 2.
Henceforth, Ordinary Least Squares and Weighted Least Squares are being used for a HanselSpittel constitutive model with parameter estimates evaluated by a relevant least squares method
for convenience. With the given measurements, we validated the two Hansel-Spittel constitutive
models numerically and graphically.
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TABLE 2. Constitutive parameters estimates
Ordinary Least Squares Weighted Least Squares
b
ln A
m
b1
m
b2
m
b3
m
b4
m
b5
m
b7
m
b8
m
b9

4.9779
−2.2313e−3
3.2870e−1
1.9953e−2
9.8465e−3
−1.5308e−3
3.5397e−1
1.1672e−4
2.7724e−3

5.0203
−2.3124e−3
3.3991e−1
2.1069e−2
9.3387e−3
−1.6044e−3
2.8964e−1
1.0222e−4
2.5982e−3

TABLE 3. Noise variances estimates
Ordinary Least Squares Weighted Least Squares
σ
b12
σ
b22
σ
b32
σ
b42
σ
b52
σ
b62
σ
b72
σ
b82
σ
b92

6.8040e−6
"
"
"
"
"
"
"
"

1.5570e−6
2.2034e−6
9.5168e−5
5.0387e−6
8.2357e−6
3.9139e−5
1.3485e−5
1.2305e−5
3.2731e−4

TABLE 4. Numerical validation results
Ordinary Least Squares Weighted Least Squares
R2
Adjusted R2
MARE
Max ARE

9.9990e−1
9.9990e−1
4.6985e−4
3.7417e−3

9.9986e−1
9.9986e−1
4.8197e−4
5.9731e−3
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4.8

4.8

4.6

4.6

4.4

4.4

Acutal ln σ [MPa]

Acutal ln σ [MPa]

For residual investigation, we used standardized residual, i.e., a residual normalized by a
standard deviation. Begining with numerical validation, we utilized the following four numerical
metrics: (i) the coefficient of determination (R2 ), (ii) adjusted R2 , (iii) mean absolute relative
error (MARE), and (iv) maximum of absolute relative errors (Max ARE). As summarized in
Table 4, both values of R2 and adjusted R2 are over 0.99 regardless of least squares methods,
which indicates superior prediction accuracy of the two constitutive models. Between the two
least squares methods, the numerical validation results of Ordinary Least Squares are a bit better
than those of Weighted Least Squares, but overall none of them is significantly better than the
other. Thus, both of the two Hansel-Spittel constitutive models are fairly acceptable in view of
prediction accuracy.
For graphical validation, we plotted predicted true stresses against actual true stress measurements as delineate in Figure 2. As noted in Table 4, the predictions of Ordinary Least Squares
are closer to the actual measurements than those of Weighted Least Squares. For comparative
study, Figure 3 depicts both the predicted and the measured true stresses in a log scale. Note
that the predicted true stresses mostly coincide with the measured ones, and among the nine
cases, the 3rd and the 9th cases show minor disagreements.
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F IGURE 2. Actual versus predicted true stresses

3.4. Residual Analysis. Last but not least, we examined residuals by means of histograms and
scatter plots to see if the Gaussian noise assumptions actually hold. First, Figure 4 presents
residual histograms that look far from a bell-shaped distribution, which conveys that the residuals
are definitely not Gaussian. Next, Figure 5 delineates residual scatterings that exhibit distinctive
patterns, which insinuates that the residuals are unequivocally not random. As a result, we
found that neither of the two Hansel-Spittel constitutive models is compatible with the Gaussian
random noise assumptions that are the basis of probabilistic constitutive parameter estimation.
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F IGURE 3. Comparison of measured and estimated true stresses
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F IGURE 4. Histograms of standardized residuals
4. C ONCLUSION AND F UTURE W ORK
We adopted a probability and statistics framework to determine the parameters of the HanselSpittel constitutive model. In the context of constitutive parameter estimation, we demonstrated
that the statistical maximum likelihood methods are probabilistic generalization of deterministic
least squares methods under Gaussian noise assumptions. In particular, both the homogeneous
and the heterogeneous noise variances in the probabilistic viewpoint were associated with the
ordinary and weighted least squares methods in the deterministic standpoint, respectively.
As an illustration, we applied the ordinary and weighted least squares methods to the stressstrain measurements of aluminum alloy and constructed two different Hansel-Spittel constitutive
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F IGURE 5. Predicted responses versus standardized residuals
models. The validation study substantiated that both of the two Hansel-Spittel constitutive
models aligned well with the given measurements. However, the residual analysis disclosed
that neither of the two Hansel-Spittel constitutive models satisfied the Gaussian random noise
assumption, because unresolved deterministic trends were conspicuous in the residuals. Consequently, we found that the seemingly accurate Hansel-Spittel constitutive models may fail to
admit a Gaussian noise model as they are in a probabilistic sense.
Since the Hansel-Spittel constitutive model is pertinent to forming simulation with metals,
the current research work is useful for expressing the plastic behavior of metallic materials, such
as steel, magnesium, titanium, etc. Moreover, the proposed probabilistic strategy of constitutive
modeling helps one enhance the Hansel-Spittel constitutive model, as this strategy systematically
detects missing deterministic trends by residual analysis. For future studies, we are interested in
improving the form of the Hansel-Spittel constitutive model by identifying deterministic patterns
observed in the residuals. Through this follow-up research, we hope to develop a Hansel-Spittel
constitutive model that is consistent with the Gaussian noise assumption within a probability
and statistics framework.
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A BSTRACT. According to the fact that the low convergence level of the complete elliptic integral of the first kind for the modulus which having values approach to one. In this paper
we propose novelty of the complete elliptic integral which having new infinite series that consists of new modulus introduced as own modulus function. We apply scheme of iteration by
substituting the common modulus with own modulus function into the new infinite series. We
obtained so many new exact formulas of the complete elliptic integral derived from this method
correspond to the number of iterations. On the other hand, it has been also obtained a lot of new
transformation functions with the corresponding own modulus functions. The calculation results show that the enhancement of the number of significant figures of the new infinite series of
the complete elliptic integral of the first kind corresponds to the level of quadratic convergence.

1. I NTRODUCTION
The complete elliptic integral of the first kind K(k) is one of three elliptic integrals that
getting a lot of attentions. It is not only used by mathematicians but also by engineers. On
the development of scientifics for instance, the complete elliptic integral of the first kind was
commonly used in studying a wide variety of problems involving three dimensional lattices [1],
for creating Pi formula via Arithmetic Geometric Mean [2, 3], for building analytical solution
of the nonlinear pendulum [4], as the basis for generalizing incomplete elliptic integral of the
first kind [5], as the basis of development hypergeometric series [6], etc. Whereas in the fields
of application, it was widely used in the design of electromagnetic devices, namely as basic
function in conformal mapping which is mathematical tool for solving electromagnetic problems [7, 8, 9], as mathematical model for designing parallel plate capacitor [10], curved patch
capacitor [11], and microstrip [12, 13] that were encountered in the fields of communication
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especially for antennas application and detectors. The first kind K(k) can be used to obtain
the complete elliptic integral of the second kind E(k) because both of these functions having
relationship of ordinary differential equation [14], and Legendre relation [15]. However, K(k)
can be calculated in several ways, that are by using power series, Fourier series, theta functions,
and Landen transformation. The first three methods are only convenient and useful for small k
(approaching zero), unfortunately they are not convergent for the value of large k (approaching
one). On the other hand, the Landen transformation is rapidly convergent, but are non-trivial to
be applied [16]. Therefore the enhancement of convergence level of the K(k) which consisting
large k remains interesting to be considered.
In this early assignment, we focus to enhance the convergence level of the complete elliptic
integral of the first kind K(k) by transforming the value of modulus k into an appropriate
modulus functions to produce transformation functions. From the literature review that we
have conducted, there are two well known examples of such modulus transformation, namely
k → ik/k′ and k → (1 − k′ )/(1 + k′ ) that are as the generating transformation functions
√ of
2
′ )/(1 + k ′ )) respectively, in which i =
−1,
K((1
−
k
K(k) = k1′ K (ik/k′ ) and K(k) = 1+k
′
√
′
and k = 1 − k2 is the complementary of modulus k [17]. Nevertheless, it is necessarry
to find the other forms of transformation function that provide higher degree of convergence
level. For this purpose, we perform modification to the original integral form of K(k) to
obtain new form of its infinite series. Further, from this new infinite series will be known the
new transformation function of the elliptic integral and the corresponding modulus function.
The modulus function of k will be useful to enhance the level of K(k) convergence through
employing the other scheme of iteration beyond that has been applied on previous work as
mentioned in Borwein’s book [18].
2. E QUATIONS A ND T HEOREMS
2.1. Formulation Of The New Infinite Series Of The Complete Elliptic Integral Of The
First Kind. In order to obtain the new infinite series version of the K(k) , we firstly recall the
following definition of the complete elliptic integral of the first kind that available in so many
text books of mathematics, for instance in Carlson [17], Borwein [18], and Boas [19],
Z π
2
dθ
p
, k ∈ (0, 1).
K(k) =
(2.1)
0
1 − k2 sin2 θ
We call (2.1) as the original complete elliptic integral of the first kind that after expanding
(1 − k2 sinθ)−1/2 and integrating term by term, we obtained the following infinite series,
"
#
 2
 2
 2

2
π
1
3
5
35
K(k) =
1+
k2 +
k4 +
k6 +
k8 + · · · ,
(2.2)
2
2
8
16
128
in which the three dots means continuing on indefinitely. The infinite series of K(k) corresponds to the form,

∞ 
π X (2n − 1)!! 2 2n
k .
K(k) =
(2.3)
2
2n n!
n=0
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The fact that the double factorial of (2n − 1) can be represented as following,
(2n)!
,
2n n!
then the infinite series in (2.3) can be written in the following form,

∞ 
π X (2n)! 2 2n
k .
K(k) =
2
22n n!2

(2.4)

(2n − 1)!! =

(2.5)

n=0

In formulating the new version of the K(k) infinite series, we firstly modify the integral form in
(2.1) by varying the angle θ into the double angle 2θ through the relationship of the following
trigonometric identity,
1
(2.6)
sin2 θ = (1 − cos2θ).
2
Substituting (2.6) into (2.1) gives,
Z π
2
dθ
1
q
.
K(k)N = q
(2.7)
2
cos2θ
1 − 1−2/k
1 − k2 0
2
where the subscript N is included to distinguish the new integral from its original form. The
infinite series of the new elliptic integral of (2.7) is obtained in the form,
2n

∞
X
(4n)!
π
1
K(k)N = p
,
(2.8)
2 1 − k2 /2 n=0 (23n n!)2 (2n)! 1 − 2/k2

or it can be written as,

π


∞
X
(4n − 1)!

K(k)N = p
2 1 − k2 /2 n=0 (22n n!)2

1
1 − 2/k2

2n

,

(2.9)

On both (2.8) and (2.9), we have employed the following relationship of (2.4) by replacing
with , namely,
(4n)!
(4n − 1)!! = n
,
(2.10)
2 (2n)!
Other form of the new complete elliptic integral of the first kind is of form,
Z π
2
1
dθ
s
K(k)N = p
,


2
2
1 − k /2 0
(2.11)
p
1 + 0.5 k
1 − k2 /2 cos2θ
which having infinite series in the form,
π

∞
X
(4n − 1)!!

K(k)N = p
2 1 − k2 /2 n=0 (23n n!)2

k
p

1 − k2 /2

!4n

,

(2.12)
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where for the first four terms as following,

!4

1.3.5.7
1.3
k
π
+
1+ 2 p
K(k)N = p
2
2

8
1282
2 1 − k /2
1 − k /2
+

1.3.5.7.9.11
30722

k

p

1 − k2 /2

!12

+ ···

which can further be simplified to the form,

!2

3 35
13
π
1
p
1+
+
K(k)N = p
28
8 128
2 1 − k2 /2 
1 − 2/k2

!6

1
5 231
p
+ ···
+

16 1024
1 − 2/k2

k
p

1 − k2 /2

!8




(2.13)


1
p

1 − 2/k2

!4
(2.14)

It appears that (2.14) is the expansion of (2.8) and/or (2.9).

2.2. Formulation Of New Transformation Function For The Complete Elliptic Integral
Of The First Kind. Before performing the step of formulation for finding the new transformation function of K(k) and/or K(k)N , it is necessary to show that really both original and new
version of the complete elliptic integral of first kind are equal. Both integrals are only different
in the convergence level of its infinite series. Of course K(k)N will reduce to K(k) when
2θ is varied back into θ. Nevertheless, because cos 2θ has two definitions, then varying the
cosine of cos 2θ must be performed one by one of each definition. Beginning by introducing
the following variable,
1
,
x= p
(2.15)
1 − k2 /2
so that K(k)N in (2.11) can be written in the form,
Z π/2
dθ
p
K(k)N = x
.
1 + 0.5(kx)2 cos 2θ
0

(2.16)

Further, into (2.16) we firstly subtitute the following cosine of 2θ ,
cos 2θ = 1 − 2 sin2 θ,

(2.17)

which giving the following integral form,
K(k)N = A

Z

π/2
0

dθ
q

2 sin2 θ
1 − k1N

,

(2.18)
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where
A= p

and

x

=p

1 + 0.5(kx)2

1

1

1 − k2 /2
kx

q

1+

1
k2
2 1−k 2 /2

= 1,
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(2.19)

= k.
(2.20)
1 + 0.5(kx)2
= k , it appears that (2.18) has verified the equality

k1N = p

With the above values of A = 1 and k1N
of
K(k)N = K(k).

(2.21)

After using the following cosine of 2θ
cos 2θ = 2 cos2 θ − 1,

(2.22)

then K(k)N in (2.11) can be written as,

K(k)N = B

Z

π/2
0

where,

and

B=p

x
1−

0.5(kx)2

=p

dθ
q

2 cos2 θ
1 − k2N

1
1−

1
k2 /2

q

1−

k2
1
2 1−k 2 /2

,

1
1
= ′,
=√
2
k
1−k

ik
ikx
= ′,
2
k
1 − 0.5(kx)
Further, by using both values of B and k2N above then (2.23) becomes,
Z
dθ
1 π/2
q
.
K(k)N = ′
k 0
1 − (ik/k ′ )2 cos2 θ
k2N = p

(2.23)

(2.24)

(2.25)

(2.26)

Equation (2.26) indicates that there is the other form of the complete elliptic integral of first
kind K(k) than the original form on (2.1), namely in the form,
Z π/2
dθ
(2.27)
√
K(k) =
.
1 − k2 cos2 θ
0
Further, by involving the new definition of K(k), then from (2.26) we obtain the following
transformation function,
 
ik
1
.
(2.28)
K(k)N = ′ K
k
k′
Due to the equality of (2.21), then from (2.28) it can also be formed the following transformation function,
 
1
ik
K(k) = ′ K
.
(2.29)
k
k′

172

A.Y. ROHEDI, E.YAHYA, Y.H. PRAMONO, AND B.WIDODO

Ones can also verify (2.21) and (2.27) form (2.11). Applying cos 2θ from the (2.17) gives
transformation function in (2.21), while applying cos 2θ from (2.22) produces transformation
function in (2.28). The equality of K(k)N and K(k) also presents the equality of transformation function in (2.29) that giving,
 
ik
1
.
K(k)N = ′ K
(2.30)
k
k′ N
Also, the following transformation function,

2
K(k) =
K
1 + k′
gives,



1 − k′
1 + k′



,

(2.31)



2
1 − k′
K(k)N =
K
,
(2.32)
1 + k′
1 + k′ N
Nevertheless, due to both infinite series K(k) and K(k)N are different then the convergence
level of (2.29) and (2.31) are also different with (2.30) and (2.32), respectively. In order to
obtain the new transformation function of K(k)N , we explore the right side of (2.32) by
exerting the change of modulus k → (1 − k′ )/(1 + k′ ) into K(k)N in (2.7), so we find,
√


Z π/2
2(1 + k′ )
dθ
1 − k′
q
,
=p
K
(2.33)
′
′
2
′
2
(1−k ′ )2 cos 2θ
1+k N
2(1 + k ) − (1 − k ) 0
1 − (1−k
′ )2 −2(1+k ′ )2
after applying the following identity,

(1 + k′ )2 = 4k′ + (1 − k′ )2 ,
then (2.33) becomes,
√


Z π/2
2(1 + k′ )
1 − k′
dθ
p
q
K
.
=
′ 2
′
2
′
(1−k
2θ
1 + k′ N
(1 + k ) + 4k 0
1 + (1−k′))2cos
′
+4k

In addition, applying the cosine of 2θ from (2.17), then (2.35) can be simplified as,


Z π/2
dθ
1 − k′
q
.
=
K
′
1+k N
2
2
0
′
′
1 − ((1 − k )/(1 + k )) sin θ

(2.34)

(2.35)

(2.36)

As previous explanation, from (2.36) appears that applying the cosine of 2θ as in (2.21) only
gives an equality, i.e.,




1 − k′
1 − k′
=K
K
.
(2.37)
1 + k′ N
1 + k′
while applying the cosine of 2θ from (2.22) gives,


Z
dθ
1 − k′
1 + k′ π/2
r
K
,
= √

′
(2.38)
√ 2
1 + k′ N
2 k 0
′
2
1 − (1 − k)/(2i k ) cos θ

THE NOVELTY OF COMPLETE ELLIPTIC INTEGRAL OF THE FIRST KIND

while applying the cosine of 2θ from (2.22) gives,




1 + k′
1 − k′
1 − k′
√
= √ K
K
.
1 + k′ N
2 k′
2i k′
Here we introduce

′
1−k
√
2i k ′
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as own modulus function. By considering (2.32), then we obtain,


1 − k′
1
√
.
(2.40)
K(k)N = √ K
k′
2i k′

Finally, we obtain a new transformation function in the following form,


1 − k′
1
√
.
K(k)N = √ K
k′
2i k′ N

(2.41)

2.3. Enhancement The Level Of Convergence Of The Complete Elliptic Integral Of The
First Kind By Applying The Scheme Of Iteration To Its New Transformation Function.
As mentioned previously that the infinite series of the complete elliptic integral of the first
kind is slowly convergence. To enhance the level of convergence, we implement the scheme of
iteration to the transformation functions of K(k). Here, we just involving two transformation
functions in (2.30) and (2.41). Starting with (2.30), after exerting the change of modulus k →
ik/k′ into (2.8) to forms K (ik/k′ )N so we obtain,
!2n
∞
X
(4n)!
π
1
1
,
K1 (k)N = ′ q
(2.42)

2
k
(23n n!)2 (2n)! 1 − 2 k′ 2
n=0
2 1 − 21 ik
ik
′
k
√
substituting the complementary modulus k′ = 1 − k2 into (2.42), then we have,
√
2n

∞
k2
2π X
(4n)!
√
K1 (k)N =
.
(2.43)
2 2 − k2 n=0 (23n n!)2 (2n)! 2 − k2
Due to (2.43) can reduce to (2.8), we conclude that the scheme of iteration by the change
modulus k → ik
k ′ can not be used to enhance the level of convergence of the complete elliptic
integral of the first kind. Therefore, the implemetation of the iteration scheme is now focused
on (2.41),


1 − k′
1
√
, m = 1, 2, 3...
Km (k)N = √ Km−1
(2.44)
k′
2i k′ N
here m is the step of iteration, whereas K0 (k)N is the infinite series of the new version of
elliptic integral in (2.8) and/or (2.9). But for simplicity we choose the form of infinite series of
(2.9), where for the first iteration (m = 1), we obtain


1 − k′
1
√
.
K1 (k)N = √ K0
(2.45)
k′
2i k′ N
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1−k
√ into (2.9), we obtain the following infinite
After exerting the change of modulus k → 2i
k′
series of K1 (k) , namely:
√
 √
4n
∞
X
( 1 − k′ )2
2π
(4n − 1)!!
√
K1 (k)N = √
.
(2.46)
1 + k′2 + 6k′ n=0 (22n n!)2
1 + k′2 + 6k′

Further, for the second iteration (m = 2) we obtain,


1 − k′
1
√
K2 (k)N = √ K1
.
k′
2i k′ N

(2.47)

′

√ into K1 (k)N on (2.46), we must
However, before applying the change of modulus k → 2i1−k
k′
√
′
2
substitute k = 1 − k so that (2.47) forms the following infinite series, namely,
!4n
√
√
∞
X
1
1 − 1 − k2
2π
(4n − 1)!!
p
K2 (k)N = √ p
.
√
√
k′ 2 − k2 + 6 1 − k2 n=0 (22n n!)2
2 − k2 + 6 1 − k2
(2.48)
′
√ into (2.48) gives,
Finally, the change of modulus k → 2i1−k
k′
√
2 2π
K2 (k)N = q
√
1 + k′2 + 6k′ + 6(1 + k′ ) 4k′
4n

(2.49)
√
∞
X
(4n − 1)!! 
(1 − k′ )2
 .
q
×
√
(22n n!)2
′2
′
′
′
n=0
1 + k + 6k + 6(1 + k ) 4k

The same procedure to the second iteration, for the third iteration (m = 3),


1 − k′
1
√
K3 (k)N = √ K2
.
(2.50)
k′
2i k′ N
we obtain the following infinite series,
√
4 2π
K3 (k)N = r
q
√
√
√
′
′
2
′2
′
′
1 + k + 6k + 6(1 + k ) 4k + 6(1 + k ) 4(1 + k′ ) 4k′

4n
√
√
∞
X

(4n − 1)!! 
( 1 + k′ − 4 4k′ )2
r
 .
×
q


2n
2
(2
n!)
√
√
√
n=0
′
′2
′
′
′
′
2
′
1 + k + 6k + 6(1 + k ) 4k + 6(1 + k ) 4(1 + k ) 4k
(2.51)

By similarly way for the fourth iteration (m = 4), we obtain


1 − k′
1
√
.
K4 (k)N = √ K3
k′
2i k′ N

(2.52)
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which giving the following infinite series,

√
8 2π
K4 (k)N = v
q
u
√
√
√
u 1 + k′2 + 6k′ + 6(1 + k′ ) 4k′ + 6(1 + k′ )2 4(1 + k′ ) 4k′
u
t
√
√ q
√
√
4
4
2
′
′
+ 12( 1 + k + 4k ) (1 + k′ ) 4(1 + k′ ) 4k′

2
q
√
√
′ − 4 4(1 + k ′ ) 4k ′
k
1
+
∞
X
(4n − 1)!!
v
×
.
q
√
√
√
(22n n!)2 u
u 1 + k′2 + 6k′ + 6(1 + k′ ) 4k′ + 6(1 + k′ )2 4(1 + k′ ) 4k′
n=0
u
t
√
√ q
√
√
4
4
2
′
′
+ 12( 1 + k + 4k ) (1 + k′ ) 4(1 + k′ ) 4k′
(2.53)
After performing the simplification of algebra processes, the first four exact formulas of Km (k)N
infinite series above can be expressed in each transformation function, namely,
1 − k′
1
√
K(k
)
,
k
=
1
N
1
k′
2i k′
√
2K(k2 )N
(1 − k′ )2
K2 (k)N = q
√ , k2 = q
√
(1 + k′ ) 4k′
2i (1 + k′ ) 4k′
√
√
4K(k3 )N
( 1 + k′ − 4 4k′ )2
=
√ q
√ , k3 =
√ q
√
(1 + k′ ) 4 4(1 + k′ ) 4k′
2i(1 + k′ ) 4 4(1 + k′ ) 4k′
K1 (k)N =

K3 (k)N
and

8K(k )
r 4 N
,
K4 (k)N = 

√
√ q
√
√
4
4
1 + k′ + 4k′
2(1 + k′ ) (1 + k′ ) 4k′

2
q
√
√
4
′
′
′
1 + k − 4(1 + k ) 4k
k4 = 
r
√
√
√ q
√
4
′
′
2i
1 + k + 4k
2(1 + k′ ) 4 (1 + k′ ) 4k′

(2.54)

(2.55)

(2.56)

(2.57)

where k1 , k2 ,k3 , and k4 are the corresponding own modulus functions of first four iterations.
3. R ESULT

AND

D ISCUSSION

The discussion about the enhance of the convergence level of the complete elliptic integral
of the first kind here is focused to give some comments to achievement of significant figures
of both original and new infinite series. All calculations were performed by using the facilities
of integral, summation, and evaluation of function that available on MapleV-Soft. Beginning
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by presenting the calculations results of the significant figures of infinite series of the original K(k) in (2.2) as shown in Table 1. Here, l denotes the highest term in each infinite
TABLE 1. Significant figures of infinite series of the original for the number
of terms multiple of ten
l
0
10
20
30
40

k=1/10
1.570796326. . .
1.574745562. . .
1.574745562. . .
1.574745562. . .
1.574745562. . .

k=9/10
1.570796326. . .
2.262667579. . .
2.279280028. . .
2.280439683. . .
2.280538812. . .

series of K(l) After comparing the numerical values of the original integral form in (2.1) i.e.,
K(1/10) = 1.574745562 1517356 . . . and K(9/10) = 2.28054913 8422770 . . ., the number of significant figures for the modulus K(9/10) that are too little and slow for the number
of terms multiple of ten comparing with the achievement of k = 1/10 . It has verified the
statement in [16] that power series of the complete elliptic integral of the first kind is slowly
convergent for the value of modulus k approaches one. Further, to verify our statement above
that really the exact values of the original elliptic integral in (2.1) and both of its new version
in (2.7) and (2.11) are equal, we present the results of calculation in Table 2 below. Here we
truncate numerical value of all calculations up to 16 significant figures. However, as shown in
TABLE 2. The exact value of the original and new version of the complete
elliptic integral of the first kind.
k
1/10
1/2
√
1/ 2
9/10

K(k)
1.574745561517356. . .
1.685750354812596. . .
1.854074677301372. . .
2.280549138422770. . .

K(k)N
1.574745561517356. . .
1.685750354812596. . .
1.854074677301372. . .
2.280549138422770. . .

the following Table 3, the numerical values of both infinite series K(k) and K(k)N are still
different. Although to reach 16 significant figures are still required so many terms, but it appears that for all of modulus the number of terms required by the K(k)N are more little. This
fact as a guarantee that the new version of the complete elliptic integral of the first kind is faster
to converge compared to the original one. The enhancement convergence level of the complete
elliptic integral of the first kind can be traced by considering the significant figures resulted for
each highest term of the original version of the complete integral K(k) on (2.5), K(k)N of
the new version on (2.12), and the √
iterative version K1 (k)N on (2.42). The calculation results
for the values of modulus 1/10.1/ 2, and 9/10 can be seen in Table 4 below, The results of
calculation for the three values of modulus k ranging from small until big values as shown in
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TABLE 3. Highest term l of K(k) and K(k)N infinite series to reach 16 significant figures
k
1/10
1/2
√
1/ 2
9/10

l of K(k)
6
24
45
150

l of K(k)N
4
8
14
41

TABLE 4. Comparison of Significant figures of the first six terms of the original, new, and first iteration of the complete elliptic integral of the first kind
K(k)

l
k=

1
10

k=

√1
2

K(k)N
k=

9
10

k=

1
10

k=

√1
2

K1 (k)N
k=

9
10

k=

1
10

k=

√1
2

k=

0

3

1

0

5

2

1

12

3

2

1

5

1

0

10

3

2

23

8

5

2

7

2

1

15

3

2

29

10

7

3

9

2

1

20

6

2

41

15

8

4

11

2

1

24

6

2

55

19

10

5

13

3

1

30

7

2

67

23

12

9
10

Table 4 confirms again that the significant figures of the new version of the complete elliptic
integral of the first kind are more than the significant figures of the original integral form. For
closing this discussion, we present the sequence approximation formulas obtained by setting
the highest of term l = 0 into all of new infinite series formulas in (2.46), (2.49), (2.51), and
(2.53), namely:
√
π 2
(3.1)
K1,0 (k)N = √
,
1 + k′2 + 6k′
√
2 2π
K2,0 (k)N = q
(3.2)
√ ,
′2
′
′
1 + k + 6k + 6(1 + k ) 4k′
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K3,0 (k)N
and

√
4 2π
,
=r
q
√
√
√
′2
′
′
′
′
2
′
′
1 + k + 6k + 6(1 + k ) 4k + 6(1 + k ) 4(1 + k ) 4k

(3.3)

√
8 2π
K4,0 (k)N = v
,
q
u
√
√
√
u 1 + k′2 + 6k′ + 6(1 + k′ ) 4k′ + 6(1 + k′ )2 4(1 + k′ ) 4k′
(3.4)
u
t
q
√
√
√
√
4
4
+ 12( 1 + k′ + 4k′ )2 (1 + k′ ) 4(1 + k′ ) 4k′


′
√
with
By applying the same iteration scheme of (2.44), but here we replace Km−1 2i1−k
k′ N


′
√
Km−1 1−k
, where Km (k) is the infinite series of the original complete elliptic integral in
2i k ′
(2.5). The sequences of approximation formulas for the first term of Km (k) are obtained in the
following forms,
π
K1,0 (k)N = √ ,
(3.5)
2 k′
π
K2,0 (k)N = q
√ ,
(3.6)
(1 + k′ ) 4k′
K3,0 (k)N =

(1 +

√

2π
q
√ ,
k′ ) 2(1 + k′ ) 4k′

4π
r
K4,0 (k)N = 
,

√
√
√ q
√
4
4
′
′
′
′
′
1 + k + 4k
2(1 + k ) 4(1 + k ) 4k

(3.7)

(3.8)

On all sequences of approximation formulas Km,l (k)N in (3.1)-(3.4) and Km,l (k) in (3.5)(3.8), we have put the subscript l to indicate the highest term used in each infinite series. As
previously, we set l = 0 which means that all of the successive formulas contain only one term.
Finally we present the comparison of calculation results in Table 5,
In the Table 4, although the number of significant figures for all of modulus k increase
with increasing the number of terms, however we can not specify how much the number
enhancement of such significant figures. But from the significant figures of the sequences
of approximation formulas of the first term of Km,l (k)N as shown in Table 5, it can be
known that the ratio between the number of significant figures of two successive approximation formulas is approximately 2, that also holds for Km,l (k). Here, it means that the
enhancement of convergence level of the complete
elliptic integral by applying both itera
′
1−k
1
√
√
for the new complete elliptic integral, and
Km−1
tion schemes Km (k)N =
′
2i k ′ N

k
′
√
Km (k) = √1 ′ Km−1 1−k
for the original integral form correspond to the level of quak
2i k ′
dratic convergence. However, the fact that the number of significant figures of Km,0 (k)N that
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TABLE 5. Significant figures of the Km,l (k)N and Km,l (k) for the first term
(l = 0)
m=1

l

K1,0 (k)N

m=2

K1,0 (k) K2,0 (k)N

m=3

K2,0 (k) K3,0 (k)N

m=4

K3,0 (k) K4,0 (k)N

K4,0 (k)

1/10

12

6

25

12

50

24

101

51

1/2

5

3

13

6

27

13

54

27

√
1/ 2

3

2

10

4

21

11

43

21

9/10

2

1

6

3

13

7

30

15

always twice than Km,0 (k) as shown in Table 5 indicates that the infinite series of the complete elliptic integral is faster to converge than the original one. This is related to the utility of
the angle argument in the definition of complete elliptic integrals of the first kind, where the
expression of the double angle 2θ gives higher convergence level than the angle θ.
4. C ONCLUSIONS
From explanation and discussion above we take several conclusions. The complete elliptic
integral of the first kind can be modified into the new form by varying the argument of angle θ
into the double angle 2θ. Applying the scheme of iteration by substituting the common modu′
√ into the new infinite series produces so many new
lus k with the own modulus function 1−k
2i k ′
exact formulas of the complete elliptic integral correspond to the number of iterations. On the
other hand, from the new transformation functions have been also obtained a lot of new transformation functions with the corresponding new modulus functions. The calculation results
show that the enhancement of the number of significant figures of the new infinite series of the
complete elliptic integral of the first kind corresponds to the level of quadratic convergence.
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A BSTRACT. In this paper, we develop a mobile platform for pricing equity linked securities(ELS) using Monte Carlo simulation. Mobile phone or smartphone is an important part
of most people’s lives and has become an everyday item at the present day. Moreover, importance of technologies for anytime and anywhere is increasing daily. Thus, we construct a mobile
computing environment for pricing ELS instead of desktops or laptop computers. We provide a
detailed Java programming code and a process manual to easily follow up all processes of this
paper.

1. I NTRODUCTION
Recently, as wireless communications technology advances, we are able to use the various
compatible services. Owing to technology development such as cloud computing and mobile
computing, we are able to send mails anytime and anywhere, watch videos, and access desired
information. As the hardware performance of mobile devices developed to the laptop computer
level, all these functions become available in the small mobile device. Additionally, the penetration rate of smartphone has increased steadily after that it has propagated rapidly in 2007
and most people today have the smartphone. According to a report released by GSMA(Groupe
Speciale Mobile Association) in 2017 [1], they announced that the penetration rate of the smartphone overtook 50 percent for the first time in the end of 2016 and it is expected to rise to 73
percent until 2020. The penetration rate of the smartphone in developed market has already
reached 65 percent. According to data of Ministry of Science and ICT in Korea, 47,561,197
of the total number of 55,590,837 mobile lines of Korea in June, 2016 were smartphones [2].
Thus, it has become crucial to provide services in the mobile environment now, and numerous
kinds of applications are being developed.
Several mobile applications which provide the financial option pricing have been released
from last years. ‘Option Price Calculator’ and ‘Option Calculator’ which allow you to calculate
theoretical prices, Greeks and implied volatility [3]. Another mobile application, ‘Options
Received by the editors September 4 2017; Accepted September 18 2017; Published online September 19 2017.
2000 Mathematics Subject Classification. 93B05.
Key words and phrases. Equity-linked securities, option pricing, monte carlo simulation, mobile.
†
Corresponding author.
181

182

J. WANG, J. BAN, J. HAN, S. LEE, AND D. JEONG

Pricing Suite’ provides the option pricing and Greek calculation with over 50 classes of options
and strategies and more than 100 unique payoff types.
To the authors’ knowledge, however, there is no application that supports Equity-Linked
Securities(ELS) pricing service, one of the best-selling financial derivatives in Korea.
ELS refers to securities whose return on investment is determined by the price of particular
stock or the price index of stocks. ELS is one of the popular derivatives in Korea because it is
more profitable than bank deposits, and is safer than equity investments. Since it was first issued
in 2003, a variety of ELS have been created depending on whether the principal is guaranteed
and the type of option. Therefore, a lot of studies on ELS risk management are needed because
the profit structure is complex and the investor can make a principal loss if underlying assets
fall sharply. Monte Carlo simulation(MCs) and Finite Difference Method(FDM) were used in
[5, 6, 7, 8] to evaluate the prices of ELS.
In this paper, we construct a mobile platform and develop a mobile application for pricing
ELS with Monte Carlo simulation in the mobile platform. Therefore, people will be able to
price ELS anytime and anywhere by using mobile application.
The contents of this paper are as follows. In Section 2, we introduce an ELS and provide
its detailed structure. In Section 3, we describe the numerical algorithm and present numerical
results. In Section 4, detailed processes of construction of mobile platform are described.
Conclusions are given in Section 6.

2. E QUITY- LINKED

SECURITY

In this section, we introduce the detailed payoff structure of the Equity-Linked Security(ELS).
Especially, we consider a one-asset step-down ELS of Mirae Asset Daewoo securities company
[10]. The step-down ELS is a structured product with knock-in barrier D.
Let S(t) be the value of underlying asset at time t and the initial value of underlying asset be
S(0). Suppose that there exist N strike price ratio of underlying asset K1 ≥ K2 ≥ · · · ≥ KN
and N coupon rates r1 , r2 , · · · , rN at early redemption assessment dates and maturity t1 <
t2 < · · · < tN , respectively. The strike price ratio Ki where i = 1, · · · , N usually decreases
as time ti goes by. Also, V (S, t) are the values of ELS at price S and time t. By the notation,
1)
the payoff of one-asset step-down ELS can be represented as follows: if S(t
S(0) ≥ K1 at the first
early redemption assessment date t1 , then the contract is closed with (1 + r1 )F , where F is
a facevalue of this product. Otherwise, we check the next early redemption condition at the
2)
second assessment date t2 . In other words, if S(t
S(0) ≥ K2 at t2 , then the early redemption is
occurred with the payoff as (1 + r2 )F . Similarly, at each ti , the payoff (1 + ri )F is applied if
S(ti )
S(0) ≥ Ki until i = N − 1. If the above conditions are not satisfied, then we check whether
the price of the underlying asset during the total time has hit the knock-in-barrier D, i.e., if
min0≤t<tN S(t) > D, then the payoff at maturity is determined as (1 + d)F , where d is a rate
N)
of dummy. If not, we obtain S(t
S(0) F as return. The two payoffs at maturity tN are shown in
Fig. 1.
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V (S, tN )

V (S, tN )

(1 + rN )F

(1 + rN )F

= (1 + d)F
KN F
100

DF
100

DF
100

0

DS(0)
100

KN S(0) S(0)
100

S

0

(a)

DS(0)
100

KN S(0) S(0)
100

S

(b)

F IGURE 1. Two payoffs of one-asset step-down ELS at maturity tN when (a)
min0≤t≤tN S(t) ≤ D and (b) min0≤t<tN S(t) > D.
3. N UMERICAL

METHODS AND RESULTS

Now, we introduce general algorithm of numerical method for ELS pricing and provide the
numerical results through several experiment.
TABLE 1. Early redemption dates and maturity in year, Strike percentages,
and coupon rates for the step-down ELS.
Date(year) Strike percentage
t1 = 0.5
K1 = 95
t2 = 1.0
K2 = 95
t3 = 1.5
K3 = 95
t4 = 2.0
K4 = 90
t5 = 2.5
K5 = 90
t6 = 3.0
K6 = 90

Coupon rate
c1 = 0.0225
c2 = 0.0450
c3 = 0.0675
c4 = 0.0900
c5 = 0.1125
c6 = 0.1350

Table 1 represents the strike price ratio and coupon rates according to early redemption date
for numerical test which is used in this paper. The other parameters are given as face value
F = 100, knock-in barrier D = 0.65, and dummy rate d = 0.135. Figure 2 presents the payoff
structure of the one-asset step-down ELS example.
Figure 3 illustrates all possible payoffs in this example. To show this, we generate paths of
the stock price using the standard MCs.
Let S n := S(n∆t) denotes the stock price at time t = n∆t, where ∆t is time step size.
Then, we can get the random paths as


√
1
for 0 ≤ n ≤ t6 /∆t − 1,
(3.1)
S n+1 = S n exp (r − σ 2 )∆t + σ ∆tZ n
2
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Profit & Loss

Profit & Loss
11.25%
9.00%
6.75%
4.50%
2.25%

No Knock-In

After 30 months

13.50%

After 36 months

After 24 months
After 18 months

65%

90%

100%
-10%

After 12 months

Underlyng
Asset

Knock-In

After 6 months

-35%

90%

95%

Underlyng
Asset

100%

(a)

(b)

F IGURE 2. Payoff structure of the one-asset step-down ELS example at (a)
early redemption dates and (b) maturity.
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F IGURE 3. Nine sample random paths for the step-down ELS.

where Z n is the independent and identically distributed (i.i.d) random variable drawn from the
standard normal distribution N (0, 1). Here, we use the stock path formula with the risk-free
interest rate r = 0.03, volatility σ = 0.3, and time step ∆t = 1/360.
In Fig. 3, 1 – 5 mean early redemption cases at t = t1 , · · · , t5 , respectively. They are
over automatically if the condition is satisfied. Case 6 represents obligatory redemption at the
maturity. Case 7 occurs if stock price has not fallen below the knock-in barrier until maturity.
In cases 8 and 9 , the redemption at early assessment dates and maturity has not happened
and stock price has hit the knock-in barrier (in short, k.i.b) at least once, then the investors lose
some of the investment principal. In appendix, we present the algorithm of a standard MCs for
one-asset step-down ELS pricing.
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PROCEDURE OF MOBILE PLATFORM

In this section, we describe how to construct the development environment of the mobile
application and present detailed processes in stage to make a real application. The overall steps
of the mobile platform are constructed as follows.

F IGURE 4. Mobile platform architecture
• Step 1: Construction of environment for mobile platform
First, we construct environment for developing mobile applications. We install the ‘Android
Studio’ and the ‘SDK Manager’ within the Android Studio. Also, we will use the Java language provided by Oracle in the Android Studio. Therefore, we should install Java.
Second, we install an emulator in PC to see if APP works well. Without installing the application in our mobile, we can check through the emulator in PC.
• Step 2: Composition of general layout
In this step, we compose a general layout of our application which includes all view screens
such as main pages or parameter input pages. Interpretation of the ‘xml programming’ is definitely required to configure screen layouts. The ‘xml’ is acronym for ‘extensible markup language that is made for data communication between other systems. In xml, we use Scrollview,
LinearLayout, EditText, TextView and Button functions. The ScrollView and LinearLayout
functions are used to configure the screen. If we do not use the ScrollView feature in APP, we
will not be able to bring down the screen. EditText is a field for entering input parameters. So
create EditText as many parameters as needed. TextView is a field that represents the result.
Finally, the button requests the calculation and displays the result.
• Step 3: Development of an ELS pricing engine
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F IGURE 5. Android studio installation.

F IGURE 6. SDK installation.
Now, we write a programming code for ELS pricing engine. In this final step, we present
how to set up I/O parts of ELS pricing program for mobile application which is described
earlier in previous section.
We need to declare variables to use the EditText, TextView and Button. We use the FindViewById function to put the input parameters from xml into the declared value. And use
GetText function to convert EditText to a string. If necessary, we can replace the string variable with a double variable or an int variable. So we can get all the variables needed for the
programming code for ELS pricing. Finally, Since we must click the Calculation button to
perform the calculation, we put the main calculation code in the buttonclicklistner in our code.
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F IGURE 7. Emulator installation.

(a)
(b)
F IGURE 8. Page layout composed from ‘EditText’. (a) preview layout of xml.
(b) final layout of the application in emulator.
5. N UMERICAL

AND EMULATOR LAYOUT RESULT

In this section, we represent the numerical result and emulator layout result. Table 2 lists
the computational results by using algorithm 1 and shows that the price of ELS is convergent
as the number of MCs samples increased. Here, let # Simulation be the number of samples.
Moreover, Fig 10 illustrates the time cost for each simulation number and convergence of ELS
price. According to this result, elapsed time is increasing linearly as the number of simulation
increases, and default setting of simulation number of our App is 1, 000.
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(a)

(b)

F IGURE 9. Emulator layout applied the ScrollView.
Meanwhile, Fig 11 illustrates the result of the emulator layout. This layout is very similar to
input and result screen of real App.
TABLE 2. ELS price with the different number of MCs samples
#Simulation
50, 000 100, 000 150, 000 200, 000 250, 000 300, 000
ELS Price
97.2945 97.2744 97.2826 97.2615 97.2124 97.2108
Elapsed Time(sec) 14.062
29.282
41.848
57.023
73.412
83.972
6. C ONCLUSION
In this paper, we introduce the importance of mobile computing environments and the construction method of mobile computing environments. Moreover, we demonstrate the simulation method and numerical tests and results. Under this background, we can valuate financial
instruments in mobile platforms and financial derivatives pricing technologies are available for
anytime and anywhere.
We have the challenges and the limitations. Computing power and operation speed issues
are very important to valuate financial instruments in the mobile platform. However, we should
generate large samples and take long time inevitably for high accuracy since our present App
adopt a widely used classic MCs method. Hence, we can adopt various advanced simulation
methods such as variance reduction method and brownian bridge approach to enhance the performance of the operation speed. Another issue is related to the user experiance(UX). Our App
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F IGURE 10. (a)Elapsed time in mobile phone with each simulation number.
(b) Convergence of ELS Price. Each point illustrates the ELS price with each
simulation number

(a)

(b)

F IGURE 11. (a) Emulator layout of parameter input page. (b) Emulator layout
of result page.

is too simple to response valuating general financial instruments which have various maturities.
Thus, we can apply several functions of the android studio such as DatePicker, CalenderView,
ListView and dynamic array in Java to improve generality of App.
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7. A PPENDIX
S TANDARD MC S

ALGORITHM FOR ONE - ASSET

ELS

Algorithm 1 General algorithm for one-asset ELS with Monte Carlo simulation
Require: Set up parameters
The number of simulation Ns , spot price at base date S0 , price at maturity date ST , risk-neutral interest rate r,
maturity date T , volatility of underlying asset σ, the number of time step Nt , face value F , payoff at maturity
date payof f , cumulative sum of payoff each simulation, namely total payoff Φ, strike price of each redemption
dates Ej where 1 ≤ j ≤ 6, number of redemption dates R, early and final redemption dates tj , coupon rates αj
for early and final redemptions, dummy rate d, and knock-in barrier B.
for k = 1 to Ns do
S 1 = S0
for n = 1 to Nt do
⊲ Generate DailyStock Path

S n+1 = S n exp (r − 0.5σ 2 )∆tjS + σ


q
∆tjS Z , where Z∼N(0,1)

Evaluating early redemption payoff
for j = 1 to R do
if Sj ≥ Ej then
payof fj = F (1 + αj )
Stop and go to next simulation
Evaluating final redemption payoff
if not occured early redemption then
if min S < B then
payof fR = F SST0
else
payof fR = F (1 + d)
Φ+=payof f
⊲ Sum all results and discount to present value.
P
−rtk
V(S0 ,0)= R
Φk /Ns
k=1 e

D ETAILED XML

CODE

<?xml version="1.0" encoding="utf-8"?>
<ScrollView xmlns:android="http://schemas.android.com/apk/res/android"
xmlns:app="http://schemas.android.com/apk/res-auto"
android:id="@+id/imagescroll"
android:layout_width="fill_parent"
android:layout_height="fill_parent">
<LinearLayout
android:layout_width="fill_parent"
android:layout_height="fill_parent"
android:orientation="vertical"
android:paddingRight="5px"
android:weightSum="1">
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<TextView
android:id="@+id/textView2"
android:layout_width="match_parent"
android:layout_height="33dp"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:text="ELS 1 asset MC price"
android:textSize="20dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.051"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.017" />
<EditText
android:id="@+id/Basedate"
android:layout_width="match_parent"
android:layout_height="wrap_content"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="Base date : 20170714"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.434"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.14" />
<EditText
android:id="@+id/Redemption1"
android:layout_width="match_parent"
android:layout_height="wrap_content"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="1st early redemption date : 20180110"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.208" />
<EditText
android:id="@+id/Redemption2"
android:layout_width="match_parent"
android:layout_height="wrap_content"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="2nd early redemption date : 20180711"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
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app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.276" />
<EditText
android:id="@+id/Redemption3"
android:layout_width="match_parent"
android:layout_height="wrap_content"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="3rd early redemption date : 20190110"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.345" />
<EditText
android:id="@+id/Redemption4"
android:layout_width="match_parent"
android:layout_height="wrap_content"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="4th early redemption date : 20190710"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.413" />
<EditText
android:id="@+id/Redemption5"
android:layout_width="match_parent"
android:layout_height="wrap_content"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="5th early redemption date : 20200110"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.479" />
<EditText
android:id="@+id/Maturity"
android:layout_width="match_parent"
android:layout_height="wrap_content"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
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android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="Maturity : 20200710"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.479" />
<EditText
android:id="@+id/Risk_free_rate"
android:layout_width="match_parent"
android:layout_height="40dp"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="Risk-free interest rate : 0.0139"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.479" />
<EditText
android:id="@+id/Volatility"
android:layout_width="match_parent"
android:layout_height="40dp"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="Volatility : 0.2085"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.479" />
<EditText
android:id="@+id/Coupon1"
android:layout_width="match_parent"
android:layout_height="wrap_content"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="1st Coupon : 0.0225"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
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app:layout_constraintVertical_bias="0.479" />
<EditText
android:id="@+id/Coupon2"
android:layout_width="match_parent"
android:layout_height="wrap_content"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="2nd Coupon : 0.045"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.479" />
<EditText
android:id="@+id/Coupon3"
android:layout_width="match_parent"
android:layout_height="wrap_content"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="3rd Coupon : 0.0675"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.479" />
<EditText
android:id="@+id/Coupon4"
android:layout_width="match_parent"
android:layout_height="wrap_content"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="4th Coupon : 0.09"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.479" />
<EditText
android:id="@+id/Coupon5"
android:layout_width="match_parent"
android:layout_height="wrap_content"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="5th Coupon : 0.1125"
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android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.479" />
<EditText
android:id="@+id/Coupon6"
android:layout_width="match_parent"
android:layout_height="wrap_content"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="6th Coupon : 0.135 "
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.479" />
<EditText
android:id="@+id/Strike1"
android:layout_width="match_parent"
android:layout_height="40dp"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="1st Strike price : 95"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.479" />
<EditText
android:id="@+id/Strike2"
android:layout_width="match_parent"
android:layout_height="40dp"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="2nd Strike price : 95"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.479" />
<EditText
android:id="@+id/Strike3"
android:layout_width="match_parent"
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android:layout_height="40dp"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="3rd Strike price : 95"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.479" />
<EditText
android:id="@+id/Strike4"
android:layout_width="match_parent"
android:layout_height="40dp"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="4th Strike price : 90"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.479" />
<EditText
android:id="@+id/Strike5"
android:layout_width="match_parent"
android:layout_height="40dp"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="5th Strike price : 90"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.479" />
<EditText
android:id="@+id/Strike6"
android:layout_width="match_parent"
android:layout_height="40dp"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="6th Strike price : 90"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
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app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.479" />
<EditText
android:id="@+id/Knock_in_Barrier"
android:layout_width="match_parent"
android:layout_height="40dp"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="Knock in Barrier : 0.65"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.479" />
<EditText
android:id="@+id/Dummy"
android:layout_width="match_parent"
android:layout_height="40dp"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="Dummy : 0.135"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.479" />
<EditText
android:id="@+id/NoSimulation"
android:layout_width="match_parent"
android:layout_height="40dp"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:ems="10"
android:hint="Number of simulation : 1000"
android:inputType="numberDecimal"
android:textSize="15dp"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.441"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.479" />
<TextView
android:id="@+id/ElapsedTime"
android:layout_width="200dp"
android:layout_height="94dp"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
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android:layout_marginTop="8dp"
android:text="Elapsed time"
android:textSize="25dp"
android:textStyle="italic"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.117"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.842" />
<LinearLayout
android:layout_width="match_parent"
android:layout_height="match_parent"
android:orientation="horizontal">
<TextView
android:id="@+id/Price"
android:layout_width="200dp"
android:layout_height="94dp"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:text="Price"
android:textSize="25dp"
android:textStyle="italic"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.117"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.842" />
<LinearLayout
android:layout_width="match_parent"
android:layout_height="match_parent"
android:layout_weight="1"
android:orientation="vertical">
<Button
android:id="@+id/Calculate"
android:layout_width="150dp"
android:layout_height="50dp"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:layout_weight="1"
android:text="Calculate"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.966"
app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.741" />
<Button
android:id="@+id/button6"
android:layout_width="150dp"
android:layout_height="50dp"
android:layout_marginBottom="8dp"
android:layout_marginLeft="8dp"
android:layout_marginRight="8dp"
android:layout_marginTop="8dp"
android:layout_weight="1"
android:onClick="onBackButtonClicked"
android:text="Back"
app:layout_constraintBottom_toBottomOf="parent"
app:layout_constraintHorizontal_bias="0.965"
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app:layout_constraintLeft_toLeftOf="parent"
app:layout_constraintRight_toRightOf="parent"
app:layout_constraintTop_toTopOf="parent"
app:layout_constraintVertical_bias="0.874" />
</LinearLayout>
</LinearLayout>
</LinearLayout>
</ScrollView>

D ETAILED JAVA

CODE

import android.os.Bundle;
import android.support.v7.app.AppCompatActivity;
import android.view.View;
import android.widget.Button;
import android.widget.EditText;
import android.widget.TextView;
import android.widget.Toast;
import java.text.SimpleDateFormat;
import java.util.Date;
import java.util.Random;
public class ELS1assetMC extends AppCompatActivity {
Random random = new Random();
Button Calculate_button;
int len = 6;
EditText[] Date_Edit =new EditText[len+1];
EditText[] Coupon_Edit =new EditText[len];
EditText[] Strike_Edit =new EditText[len];
EditText Risk_free_rate_Edit;
EditText Volatility_Edit;
EditText Knock_in_Barrier_Edit;
EditText Dummy_Edit;
EditText NoSimulation_Edit;
TextView ElapsedTime_Result;
TextView Price_Result;
@Override
protected void onCreate(Bundle savedInstanceState) {
super.onCreate(savedInstanceState);
setContentView(R.layout.activity_els1asset_mc);
setTitle("ELS 1 ASSET");
Date_Edit[0] = (EditText) findViewById(R.id.Basedate);
Date_Edit[1] = (EditText) findViewById(R.id.Redemption1);
Date_Edit[2] = (EditText) findViewById(R.id.Redemption2);
Date_Edit[3] = (EditText) findViewById(R.id.Redemption3);
Date_Edit[4] = (EditText) findViewById(R.id.Redemption4);
Date_Edit[5] = (EditText) findViewById(R.id.Redemption5);
Date_Edit[6] = (EditText) findViewById(R.id.Maturity);
Coupon_Edit[0] =(EditText) findViewById(R.id.Coupon1);
Coupon_Edit[1] =(EditText) findViewById(R.id.Coupon2);
Coupon_Edit[2] =(EditText) findViewById(R.id.Coupon3);
Coupon_Edit[3] =(EditText) findViewById(R.id.Coupon4);
Coupon_Edit[4] =(EditText) findViewById(R.id.Coupon5);
Coupon_Edit[5] =(EditText) findViewById(R.id.Coupon6);
Strike_Edit[0] =(EditText) findViewById(R.id.Strike1);
Strike_Edit[1] =(EditText) findViewById(R.id.Strike2);
Strike_Edit[2] =(EditText) findViewById(R.id.Strike3);
Strike_Edit[3] =(EditText) findViewById(R.id.Strike4);
Strike_Edit[4] =(EditText) findViewById(R.id.Strike5);
Strike_Edit[5] =(EditText) findViewById(R.id.Strike6);
Risk_free_rate_Edit= (EditText) findViewById(R.id.Risk_free_rate);
Volatility_Edit = (EditText) findViewById(R.id.Volatility);
Knock_in_Barrier_Edit = (EditText) findViewById(R.id.Knock_in_Barrier);
Dummy_Edit = (EditText) findViewById(R.id.Dummy);
NoSimulation_Edit = (EditText) findViewById(R.id.NoSimulation);
ElapsedTime_Result = (TextView) findViewById(R.id.ElapsedTime);
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Price_Result = (TextView) findViewById(R.id.Price);
Calculate_button = (Button) findViewById(R.id.Calculate);
Calculate_button.setOnClickListener(new View.OnClickListener() {
public void onClick(View arg0) {
long start = System.currentTimeMillis();
int M, tot_date;
int check_dayInt[] = new int[len];
long[] check_day = new long[len];
double r,vol,Knock_in_Barrier,dummy,a,b,ran;
double dt = 1.0 / 365;
double sum = 0.0;
double[] coupon_rate=new double[len];
double[] strike_price=new double[len];
double[] S;
double[] indexs;
double[] payoff;
double[] tot_payoff = new double[len];
double[] disc_payoff = new double[len];
double[] payment = new double[len];
String[] Date = new String[len+1];
String[] Coupon_String = new String[len];
String[] Strike_String = new String[len];
String Risk_free_rate_String,Volatility_String,Knock_in_Barrier_String;
String Dummy_String, NoSimulation_String;
for (int i = 0; i < len+1; i++) { Date[i] = Date_Edit[i].getText().toString(); }
for (int i = 0; i < len; i++)
{ Coupon_String[i] = Coupon_Edit[i].getText().toString();
Strike_String[i] = Strike_Edit[i].getText().toString(); }
Risk_free_rate_String=Risk_free_rate_Edit.getText().toString();
Volatility_String=Volatility_Edit.getText().toString();
Knock_in_Barrier_String=Knock_in_Barrier_Edit.getText().toString();
Dummy_String=Dummy_Edit.getText().toString();
NoSimulation_String=NoSimulation_Edit.getText().toString();
if (Date[0].trim().equals("")) { Date[0] = "20170714"; }
if (Date[1].trim().equals("")) { Date[1] = "20180110"; }
if (Date[2].trim().equals("")) { Date[2] = "20180711"; }
if (Date[3].trim().equals("")) { Date[3] = "20190110"; }
if (Date[4].trim().equals("")) { Date[4] = "20190710"; }
if (Date[5].trim().equals("")) { Date[5] = "20200110"; }
if (Date[6].trim().equals("")) { Date[6] = "20200710"; }
if (Coupon_String[0].trim().equals("")) { coupon_rate[0]=0.0225; }
else { coupon_rate[0] = Double.parseDouble(Coupon_String[0]); }
if (Coupon_String[1].trim().equals("")) { coupon_rate[1]=0.045; }
else { coupon_rate[1] = Double.parseDouble(Coupon_String[1]); }
if (Coupon_String[2].trim().equals("")) { coupon_rate[2]=0.0675; }
else { coupon_rate[2] = Double.parseDouble(Coupon_String[2]); }
if (Coupon_String[3].trim().equals("")) { coupon_rate[3]=0.09; }
else { coupon_rate[3] = Double.parseDouble(Coupon_String[3]); }
if (Coupon_String[4].trim().equals("")) { coupon_rate[4]=0.1125; }
else { coupon_rate[4] = Double.parseDouble(Coupon_String[4]); }
if (Coupon_String[5].trim().equals("")) { coupon_rate[5]=0.135; }
else { coupon_rate[5] = Double.parseDouble(Coupon_String[5]); }
if (Strike_String[0].trim().equals("")) { strike_price[0]=95; }
else { strike_price[0] = Double.parseDouble(Strike_String[5]); }
if (Strike_String[1].trim().equals("")) { strike_price[1]=95; }
else { strike_price[1] = Double.parseDouble(Strike_String[1]); }
if (Strike_String[2].trim().equals("")) { strike_price[2]=95; }
else { strike_price[2] = Double.parseDouble(Strike_String[2]); }
if (Strike_String[3].trim().equals("")) { strike_price[3]=90; }
else { strike_price[3] = Double.parseDouble(Strike_String[3]); }
if (Strike_String[4].trim().equals("")) { strike_price[4]=90; }
else { strike_price[4] = Double.parseDouble(Strike_String[4]); }
if (Strike_String[5].trim().equals("")) { strike_price[5]=90; }
else { strike_price[5] = Double.parseDouble(Strike_String[5]); }
if (Risk_free_rate_String.trim().equals("")) { r = 0.0139; }
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else { r = Double.parseDouble(Risk_free_rate_String); }
if ( Volatility_String.trim().equals("")) { vol = 0.2085; }
else { vol = Double.parseDouble(Volatility_String); }
if (Knock_in_Barrier_String.trim().equals("")) { Knock_in_Barrier = 0.65 * 100; }
else { Knock_in_Barrier = Double.parseDouble(Knock_in_Barrier_String) * 100; }
if (Dummy_String.trim().equals("")) { dummy = 0.135; }
else { dummy = Double.parseDouble(Dummy_String); }
if (NoSimulation_String.trim().equals("")) { M = 1000; }
else { M = Integer.parseInt(NoSimulation_String); }
try { for (int i = 0; i < len; i++)
{ check_day[i] = diffOfDate(Date[0], Date[i + 1]);
check_dayInt[i] = (int) check_day[i]; }
} catch (Exception e) { e.printStackTrace(); }
tot_date = check_dayInt[len - 1];
a =(r- Math.pow(vol, 2)/2)*dt;
b = vol*Math.sqrt(dt);
double[] arr_ran = new double[tot_date];
S = new double[tot_date + 1];
S[0] = 100.0;
for (int i = 0; i < len; i++) { payment[i] = S[0] * (1.0 + coupon_rate[i]); }
for (int j = 0; j < M; j++) {
int repay_event = 0;
double minn = 100.0;
for (int i = 0; i < arr_ran.length; i++)
{ ran = random.nextGaussian();
arr_ran[i] = ran;
S[i + 1] = S[i] * Math.exp(a + b * arr_ran[i]);
if (S[i + 1] < minn) { minn = S[i + 1]; } }
indexs = new double[]{S[check_dayInt[0]], S[check_dayInt[1]],S[check_dayInt[2]],
S[check_dayInt[3]], S[check_dayInt[4]], S[check_dayInt[5]]};
payoff = new double[len];
for (int n = 0; n < len; n++) {
if (indexs[n] >= strike_price[n]) {
payoff[n] = payment[n];
repay_event = 1;
break; } }
if (repay_event == 0) {
if (minn > Knock_in_Barrier) { payoff[payoff.length - 1] = S[0] * (1 + dummy); }
else { payoff[payoff.length - 1] = S[S.length - 1]; }
}
for (int k = 0; k < len; k++) { tot_payoff[k] = tot_payoff[k] + payoff[k]; }
}
for (int i = 0; i < len; i++) {
tot_payoff[i] = tot_payoff[i] / M;
disc_payoff[i] = tot_payoff[i] * Math.exp(-r * check_day[i] / 365.0);
sum += disc_payoff[i]; }
long end = System.currentTimeMillis();
ElapsedTime_Result.setText("Elapsed time : \n" + ( end - start )/1000.0 +" sec");
Price_Result.setText("Price : \n" + sum);
}
});
}
public void onBackButtonClicked(View V) {
Toast.makeText(getApplicationContext(), "Back", Toast.LENGTH_LONG).show();
finish(); }
public long diffOfDate(String begin, String end) throws Exception {
SimpleDateFormat formatter = new SimpleDateFormat("yyyyMMdd");
Date beginDate = formatter.parse(begin);
Date endDate = formatter.parse(end);
long diff = endDate.getTime() - beginDate.getTime();
long diffDays = diff / (24 * 60 * 60 * 1000);
return diffDays;
}
}
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