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A POSTERIORI ERROR ESTIMATORS FOR THE STABILIZED LOW-ORDER
FINITE ELEMENT DISCRETIZATION OF THE STOKES EQUATIONS BASE D

ON LOCAL PROBLEMS

KWANG-YEON KIM

DEPARTMENT OFMATHEMATICS, KANGWON NATIONAL UNIVERSITY, KOREA

E-mail address: eulerkim@kangwon.ac.kr

ABSTRACT. In this paper we propose and analyze two a posteriori error estimators for the sta-
bilizedP1/P1 finite element discretization of the Stokes equations. These error estimators are
computed by solving local Poisson or Stokes problems on elements of the underlying triangu-
lation. We establish their asymptotic exactness with respect to the velocity error under certain
conditions on the triangulation and the regularity of the exact solution.

1. INTRODUCTION

It is well known that a pair of finite element spaces for the velocity and the pressure of the
Stokes equations cannot be chosen arbitrarily but should satisfy the discrete inf-sup condition
(also known as the LBB condition). This condition prohibitsthe computationally convenient
equal-order combination which uses the same element for both the velocity and the pressure. To
remedy the situation for the low-orderP1/P1 pair, Brezzi and Pitkäranta [1] added a weighted
Laplace operator of the pressure to the continuity equationfor the purpose of stabilization.
Afterwards, several stabilized formulations were introduced in the late 1980’s by adding the
weighted residual of the momentum equation to the original formulation of the Stokes equa-
tions [2–5]. These formulations are consistently stabilized methods and allow any combination
of velocity and pressure finite element spaces. In the equal-orderP1/P1 case, they are reduced
to the method of Brezzi and Pitkäranta [1] with a modified right-hand side. More recently, dif-
ferent approaches using the local pressure or pressure gradient projections have been studied
by many authors; see, for example, [6–9].

One remarkable feature of the stabilizedP1/P1 finite element discretization is that the a
priori error estimate predicts theO(h) convergence for the velocity in theH1 norm and the
pressure in theL2 norm, but theO(h3/2) convergence is numerically observed for the pressure
in theL2 norm. This observation was theoretically explained by the work of Eichel et al [10]
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where theO(h3/2) superconvergence is established under certain conditionson the triangula-
tion and the regularity of the exact solution.

A posteriori error estimation provides quantitative and/or qualitative information about the
distribution of numerical errors and is indispensable for local error control and mesh refine-
ment. There have been many works devoted to a posteriori error estimation for finite element
discretizations of the Stokes equations employing the equal-orderP1/P1 pair. In [11] Verfürth
presented two error estimators for the linear part of the velocity approximation of the mini
element, one of which is based on the residual of the finite element solution and the other
one is based on solution of local Stokes problems. For stabilizedP1/P1 finite element meth-
ods, Bank and Welfert [12] proposed some error estimators based on stabilized forms of local
Stokes problems. Other types of error estimators based on the projection operator as well as
the residual of the finite element solution were discussed in[13, 14]. We also refer to [15, 16]
for analysis of the residual-based error estimator in the context of consistently stabilized finite
element methods of general orders.

The goal of this paper is to propose and analyze two a posteriori error estimators for the
stabilizedP1/P1 finite element discretization of the Stokes equations. One is computed by
solving local Poisson problems and the other one by solving local Stokes problems. Both local
problems are adaptation of the ones considered by Kay and Silvester [17] for the stabilized
P1/P0 finite element method. It is shown that our error estimators are equivalent to each other
and locally efficient. Moreover, they are reliable under a certain saturation assumption. In
particular, by virtue of the superconvergence result of [10], we will establish the asymptotic
exactness of the velocity components of these error estimators with respect to the velocity
error.

The rest of the paper is organized as follows. The next section describes the stabilizedP1/P1

finite element discretization of the Stokes equations. In Sections 3 and 4 we define a posteriori
error estimators based on local Poisson and Stokes problemsand then establish their asymptotic
exactness.

2. STABILIZED P1/P1 FINITE ELEMENT DISCRETIZATION

Let Ω ⊂ R
2 be a bounded polygonal domain with the boundary∂Ω. Given the vector-

valued functionsf ∈ (L2(Ω))2 andg ∈ (H1/2(∂Ω))2, we consider the incompressible Stokes
equations





−µ∆u+∇p = f in Ω,

∇ · u = 0 in Ω,

u = g on∂Ω,
(2.1)

whereu andp represent the velocity and the pressure, respectively. Thecompatibility condition∫
∂Ω g ·n ds = 0, wheren denotes the unit outward normal vector to∂Ω, is required to ensure

existence and uniqueness of a solution(u, p).
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The weak formulation for the problem (2.1) is to find(u, p) ∈ (H1(Ω))2 ×L2
0(Ω) such that

u|∂Ω = g and
{
µ(∇u,∇v)Ω − (∇ · v, p)Ω = (f ,v)Ω ∀v ∈ (H1

0 (Ω))
2,

(∇ · u, q)Ω = 0 ∀q ∈ L2
0(Ω),

(2.2)

where(·, ·)G (resp. 〈·, ·〉∂G) is the standardL2 inner product over a domainG ⊂ R
2 (resp.

over∂G) andL2
0(Ω) is the space of functions inL2(Ω) with zero integral mean. From now on

we setµ = 1 andg = 0 for simplicity.
In order to define a finite element discretization for (2.2), we introduce a family{Th}h>0 of

shape-regular conforming triangular meshes such thatΩ =
⋃

T∈Th
T for eachh > 0, where

h = maxT∈Th hT andhT is the diameter ofT .
Throughout the paper,C will denote a generic positive constant independent of the mesh

sizeh which may be different at different places. We also denote the standard Sobolev norm
and seminorm over a domainG by ‖ · ‖s,p,G and| · |s,p,G, respectively, with the convention that
‖ · ‖s,2,G = ‖ · ‖s,G and| · |s,2,G = | · |s,G.

Let Pr(T ) be the space of all polynomials of degree≤ r onT and let

W r
h = {vh ∈ H1(Ω) : vh|T ∈ Pr(T ) ∀T ∈ Th}.

Then the velocity and pressure finite element spaces are chosen to be

V h = (W 1
h ∩H1

0 (Ω))
2, Qh =W 1

h ∩ L2
0(Ω).

Since this pair does not satisfy the discrete inf-sup condition, Brezzi and Pitkäranta [1] consid-
ered the following stabilized form of (2.2): find(uh, ph) ∈ V h ×Qh such that

{
(∇uh,∇vh)Ω − (∇ · vh, ph)Ω = (f ,vh)Ω ∀vh ∈ V h,

(∇ · uh, qh)Ω + Sh(ph, qh) = 0 ∀qh ∈ Qh,
(2.3)

where the stabilization term is given by

Sh(p, q) =
∑

T∈Th

γh2T (∇p,∇q)T

with a positive constantγ. We refer to [6–9] for the stabilization based on the local pressure or
pressure gradient projections which does not involve the mesh parameterhT or computation of
derivatives.

Remark 1. Due to the added stabilization term in (2.3), we have forqh ∈ Qh

(∇ · u, qh)Ω + Sh(p, qh) = Sh(p, qh) 6= 0,

which means that the formulation (2.3) is inconsistent. To make it consistent, one may add the
term

∑
T∈Th

γh2T (f ,∇q)T to the right-hand side of the second equation of (2.3) as is done in
the residual-based stabilization [2, 3, 5].
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The following a priori error estimate for (2.3) can be found,for example, in [8]

|||(u− uh, p− ph)||| ≤ Ch(‖u‖2,Ω + ‖p‖1,Ω) (2.4)

with respect to the the mesh-dependent norm

|||(v, q)||| =

(
‖∇v‖20,Ω + ‖q‖20,Ω +

∑

T∈Th

h2T ‖∇q‖
2
0,T

)1/2

.

Finally, we present the superconvergence result for the method (2.3) proved in [10] when
the triangulations{Th}h>0 satisfy the following condition introduced in [18]:

Condition (α, σ): For eachh > 0, the triangulationTh can be partitioned into two disjoint sets
T1,h ∪ T2,h with some positive constantsα andσ in such a way that

• every two adjacent triangles ofT1,h form anO(h1+α) parallelogram, i.e., the lengths
of any two opposite edges differ only byO(h1+α);

• the total area of
⋃

T∈T2,h
T isO(hσ).

Roughly speaking, this condition means that most pairs of adjacent elements inTh form almost
parallelograms and there are only a small number of exceptional elements.

Suppose that the triangulations{Th}h>0 satisfy the Condition(α, σ) and(u, p) ∈ (H3(Ω)∩
W 2,∞(Ω))2 ×H2(Ω). Let vI ∈W 1

h denote the standard nodal interpolant ofv ∈ C(Ω). Then
the following superconvergence result was established in [10]

|||(uI − uh, p− ph)||| ≤ Ch1+ρ(‖u‖3,Ω + ‖u‖2,∞,Ω + ‖p‖2,Ω) (2.5)

with ρ = min(α, 12 ,
σ
2 ). By comparing with (2.4), it should be observed that the pressure

approximation is itself superconvergent. This explains the numerically observedO(h3/2) con-
vergence of the pressure on uniform meshes (withα = σ = ∞).

3. ERROR ESTIMATOR BASED ON LOCAL POISSONPROBLEMS

In this section we propose and analyze an error estimator forthe stabilizedP1/P1 finite
element discretization (2.3) based on solution of local Poisson problems. This error estimator
is an adaptation of the one considered by Kay and Silvester [17] for the stabilizedP1/P0 finite
element method.

Let us introduce some notation needed in defining the error estimator. The normal derivative
of a vector-valued functionv on ∂T is denoted by ∂v

∂nT
:= (∇v)nT , wherenT is the unit

normal outward toT , and its jump across an interior edgee = ∂T ∩ ∂T ′ is defined as
[[
∂v

∂n

]]∣∣∣∣
e

=
∂v

∂nT

∣∣∣∣
T

+
∂v

∂nT ′

∣∣∣∣
T ′

.

Let ψe ∈ W 2
h be the quadratic bump function associated with the edgee such thatψe(me′) =

δe,e′ , whereme′ is the midpoint ofe′, and define the local space

P 0
2 (T ) = span{ψe : e ⊂ ∂T}.
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It is well known that the following useful inequalities holdfor v ∈ P 0
2 (T )

‖v‖0,T ≤ ChT ‖∇v‖0,T , ‖v‖0,∂T ≤ Ch
1/2
T ‖∇v‖0,T (3.1)

which can be derived by the standard scaling argument.
Now we are ready to define the local Poisson problems and the corresponding error estima-

tor.

Definition 1. For everyT ∈ Th, findεT ∈ (P 0
2 (T ))

2 such that for allv ∈ (P 0
2 (T ))

2,

(∇εT ,∇v)T = (f −∇ph,v)T −
1

2

〈[[
∂uh

∂n

]]
,v

〉

∂T\∂Ω

, (3.2)

and compute the error estimator

ηP =

( ∑

T∈Th

‖∇εT ‖
2
0,T

)1/2

+ ‖∇ · uh‖0,Ω.

The local problem (3.2) always has a unique solution becauseP 0
2 (T ) does not contain con-

stants. Besides, it decouples into two independent Poissonproblems which require solving
3× 3 matrix systems.

The local efficiency of the error estimatorηP can be derived by comparing it with the resid-
ual error estimator. To show thatηP is reliable, we make the following saturation assumption
which is similar to the one of Bank and Welfert [12]:

Saturation Assumption: Let (u2, p1) ∈ (W 2
h ∩ H1

0 (Ω))
2 × Qh be the Taylor–Hood finite

element approximation to(u, p). Then there is a constant0 ≤ β < 1 independent of the mesh
sizeh such that

‖∇(u− u2)‖0,Ω + ‖p− p1‖0,Ω ≤ β(‖∇(u− uh)‖0,Ω + ‖p− ph‖0,Ω). (3.3)

Observe that theP2/P1 finite element is adopted here, while the stabilizedP2/P2 finite
element is used in [12]. By the a priori error estimate (2.4) we expect that this assumption
holds for sufficiently smallh, at least whenu andp are regular.

In the following theorem we prove that the error estimatorηP is reliable and efficient in the
usual sense.

Theorem 3.1. Let fh be any piecewise polynomial approximation off . Then the following
local lower bound holds

‖∇εT ‖0,T + ‖∇ · uh‖0,T ≤ C(‖∇(u− uh)‖0,ωT
+ ‖p − ph‖0,ωT

+ hT ‖f − fh‖0,T ),

whereωT is the union ofT and those triangles sharing edges withT . Moreover, under the
saturation assumption (3.3), we have

‖∇(u− uh)‖0,Ω + ‖p − ph‖0,Ω ≤ CηP .
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Proof. Takingv = εT in (3.2) and applying the inequalities (3.1), we obtain

‖∇εT ‖0,T ≤ ChT ‖f −∇ph‖0,T + Ch
1/2
T

∥∥∥∥
[[
∂uh

∂n

]]∥∥∥∥
0,∂T\∂Ω

.

Since the right-hand side represents the standard residualerror estimator, it can be further
bounded as in the proof of Theorem 3 of [15]. Besides, we have

‖∇ · uh‖0,T = ‖∇ · (uh − u)‖0,T ≤ 2‖∇(u− uh)‖0,T .

This proves the first result.
On the other hand, ifw ∈ (W 2

h ∩H
1
0 (Ω))

2 vanishes at the vertices ofTh, then the integration
by parts yields

(f ,w)Ω − (∇uh,∇w)Ω + (∇ ·w, ph)Ω =
∑

T∈Th

(∇εT ,∇w)T .

Hence, for allv ∈ (W 2
h ∩H1

0 (Ω))
2 andq ∈ Qh, it holds that

(∇(u2 − uh),∇v)Ω − (∇ · v, p1 − ph)Ω

= (f ,v)Ω − (∇uh,∇v)Ω + (∇ · v, ph)Ω

= (f ,v − vI)Ω − (∇uh,∇(v − vI))Ω + (∇ · (v − vI), ph)Ω

=
∑

T∈Th

(∇εT ,∇(v − vI))T

(∇ · (u2 − uh), q)Ω = −(∇ · uh, q)Ω

sincev−vI ∈ (W 2
h ∩H

1
0 (Ω))

2 vanishes at the vertices ofTh. By stability of the Taylor–Hood
element and the inequality‖∇(v − vI)‖0,Ω ≤ C‖∇v‖0,Ω, we obtain

‖∇(u2 − uh)‖0,Ω + ‖p1 − ph‖0,Ω ≤ C

{( ∑

T∈Th

‖∇εT ‖
2
0,T

)1/2

+ ‖∇ · uh‖0,Ω

}
= CηP .

Finally, combining the saturation assumption (3.3) and thetriangle inequality gives

‖∇(u− uh)‖0,Ω + ‖p − ph‖0,Ω ≤
1

1− β
(‖∇(u2 − uh)‖0,Ω + ‖p1 − ph‖0,Ω),

from which the second result follows. �

Now we suppose that the triangulations{Th}h>0 satisfy the Condition(α, σ) and establish

the asymptotic exactness of the first term
(∑

T∈Th
‖∇εT ‖

2
0,T

)1/2
. Following the techniques

of [19, 20], we introduce an auxiliary function defined in a similar way toεT : for givenw ∈
(H2(ωT ))

2, let q
w
∈ (P 0

2 (T ))
2 be such that for allv ∈ (P 0

2 (T ))
2,

(∇q
w
,∇v)T = (−∆w,v)T −

1

2

〈[[
∂wI

∂n

]]
,v

〉

∂T\∂Ω

. (3.4)

Recall thatwI ∈ (W 1
h )

2 denotes the standard nodal interpolant ofw.
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The following lemma generalizes the result of [19] for uniform meshes and has the same
form as Lemma 6.4 and (6.15) of [20] given for the equilibrated residual method. The proof
goes in almost the same way as in [20] and is given here for the reader’s convenience.

Lemma 3.2. For everyT ∈ Th, we have

‖∇q
w
‖0,T ≤ ChT ‖w‖2,ωT

. (3.5)

If T ∈ Th has no boundary edges and all triangles ofωT belong toT1,h, then we have for
w ∈ (H3(ωT ))

2

‖∇(w −wI)−∇q
w
‖0,T ≤ Ch

1+min(α,1)
T ‖w‖3,ωT

. (3.6)

Proof. Since[[∂w∂n ]] = 0 on∂T \ ∂Ω for w ∈ (H2(ωT ))
2, the equation (3.4) becomes

(∇q
w
,∇v)T = (−∆w,v)T +

1

2

〈[[
∂

∂n
(w −wI)

]]
,v

〉

∂T\∂Ω

.

The first result (3.5) is obtained by takingv = q
w

and applying the interpolation error estimate
for w −wI and the inequalities (3.1).

Now we turn to the second result (3.6). Letz ∈ (P2(ωT ))
2. Then the integration by parts

give for allv ∈ (P 0
2 (T ))

2

(∇(z − zI − q
z
),∇v)T =

〈
∂

∂nT
(z − zI),v

〉

∂T

+
1

2

〈[[
∂zI

∂n

]]
,v

〉

∂T

=

〈
∂

∂nT
(z − {{zI}}),v

〉

∂T

=
∑

e⊂∂T

2

3
|e|

∂

∂nT
(z − {{zI}})(me) · v(me),

where{{v}}|e = 1
2(v|T + v|T ′) for e = ∂T ∩ ∂T ′ and|e| denotes the length ofe. By using the

estimate (see, for example, Lemma 7.1 of [20])
∣∣∇z(me)− {{∇zI}}|e

∣∣ ≤ Ch1+α
T |z|2,∞,ωT

,

it follows that

|(∇(z − zI − q
z
),∇v)T | ≤ Ch2+α

T |z|2,∞,ωT
‖v‖0,∞,T ≤ ChαT |z|2,ωT

‖v‖0,T

≤ Ch1+α
T |z|2,ωT

‖∇v‖0,T .

Takingv = z − zI − q
z
, we obtain

‖∇(z − zI − q
z
)‖0,T ≤ Ch1+α

T |z|2,ωT
. (3.7)

The results (3.5) and (3.7) lead to

‖∇(w −wI)−∇q
w
‖0,T ≤ ‖∇(w − z)−∇(w − z)I −∇q

w−z
‖0,T

+ ‖∇(z − zI − q
z
)‖0,T

≤ ChT ‖w − z‖2,ωT
+ Ch1+α

T |z|2,ωT
.
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Finally, choosez ∈ (P2(ωT ))
2 satisfying‖w−z‖2,ωT

≤ ChT‖w‖3,ωT
and note that‖z‖2,ωT

≤
C‖w‖3,ωT

. This proves the second result (3.6). �

Lemma 3.3. Let (u, p) be the solution of (2.1). Then we have for everyT ∈ Th

‖∇(q
u
− εT )‖0,T ≤ C(‖∇(uI − uh)‖0,ωT

+ hT ‖∇(p− ph)‖0,T ).

Proof. Substitutingf = −∆u+∇p in (3.2) and using the inequalities (3.1), we obtain for all
v ∈ (P 0

2 (T ))
2

(∇(q
u
− εT ),∇v)T = −(∇(p− ph),v)T −

1

2

〈[[
∂

∂n
(uI − uh)

]]
,v

〉

∂T\∂Ω

≤ C(‖∇(uI − uh)‖0,ωT
+ hT ‖∇(p− ph)‖0,T )‖∇v‖0,T .

The desired result is derived by takingv = q
u
− εT . �

With the aid of the previous two lemmas we are able to prove thefollowing result.

Theorem 3.4.Assume that the triangulations{Th}h>0 satisfy the Condition(α, σ) and(u, p) ∈
(H3(Ω) ∩W 2,∞(Ω))2 ×H2(Ω). Then we have

( ∑

T∈Th

‖∇(u− uh)−∇εT ‖
2
0,T

)1/2

≤ Ch1+ρ(‖u‖3,Ω + ‖u‖2,∞,Ω + ‖p‖2,Ω)

with ρ = min(α, 12 ,
σ
2 ). Moreover, if‖∇(u− uh)‖0,Ω ≥ Ch for some constantC > 0, then it

holds that ∣∣∣∣
ηP,1

‖∇(u− uh)‖0,Ω
− 1

∣∣∣∣ = O(hρ),

whereηP,1 :=
(∑

T∈Th
‖∇εT ‖

2
0,T

)1/2
.

Proof. The second result follows easily from the first result, as is shown in Theorem 5.3 of
[20], so we only give a proof for the first result.

The triangle inequality gives

‖∇(u− uh)−∇εT ‖0,T ≤ ‖∇(u− uI)−∇q
u
‖0,T

+ ‖∇(uI − uh)‖0,T + ‖∇(q
u
− εT )‖0,T .

Let T̃1,h ⊂ T1,h be the set of allT ∈ Th such that∂T ∩ ∂Ω = ∅ and all triangles ofωT belong
to T1,h. Then, by virtue of (3.6) and Lemma 3.3, we obtain forT ∈ T̃1,h

‖∇(u− uh)−∇εT ‖0,T ≤ Ch
1+min(α,1)
T ‖u‖3,ωT

+ C(‖∇(uI − uh)‖0,ωT
+ hT ‖∇(p − ph)‖0,T ).

ForT ∈ Th \ T̃1,h, the inequality (3.5) and Lemma 3.3 give

‖∇(u− uh)−∇εT ‖0,T ≤ ChT ‖u‖2,ωT

+ C(‖∇(uI − uh)‖0,ωT
+ hT ‖∇(p − ph)‖0,T ).
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Consequently,
∑

T∈Th

‖∇(u− uh)−∇εT ‖
2
0,T

≤ Ch2+2min(α,1)‖u‖23,Ω + Ch2
∑

T∈Th\T̃1,h

‖u‖22,ωT
+ C|||(uI − uh, p − ph)|||

2.

Furthermore, by the Condition(α, σ) we have
∑

T∈Th\T̃1,h

‖u‖22,ωT
≤

( ∑

T∈Th\T̃1,h

|ωT |

)
‖u‖22,∞,Ω ≤ Chmin(1,σ)‖u‖22,∞,Ω,

and the third term is bounded by invoking the superconvergence result (2.5). The proof is
completed by collecting the above results. �

4. ERROR ESTIMATOR BASED ON LOCAL STOKES PROBLEMS

In this section we analyze an error estimator based on solution of the following local Stokes
problems:

Definition 2. For everyT ∈ Th, find (ε∗T , e
∗
T ) ∈ (P 0

2 (T ))
2 × P0(T ) such that for all(v, s) ∈

(P 0
2 (T ))

2 × P0(T ),




(∇ε∗T ,∇v)T − (∇ · v, e∗T )T = (f −∇ph,v)T −
1

2

〈[[
∂uh

∂n

]]
,v

〉

∂T\∂Ω

(∇ · ε∗T , s)T = −(∇ · uh, s)T ,

(4.1)

and compute the error estimator

ηS =

{ ∑

T∈Th

(‖∇ε∗T ‖
2
0,T + ‖e∗T ‖

2
0,T )

}1/2

.

The local problem (4.1) can be viewed as a Stokes problem onT with a Neumann boundary
condition and require solving7 × 7 matrix systems. It is straightforward to prove the local
inf-sup condition

inf
q∈P0(T )

sup
v∈(P 0

2
(T ))2

(∇ · v, q)T
‖∇v‖0,T ‖q‖0,T

≥ mL > 0,

so the problem (4.1) is well-posed for everyT ∈ Th.
An error estimator of this type was first proposed by Verfürth [11] for the mini element who

used the quadratic bump and cubic bubble functions to solve the local Stokes problems. In
[12] Bank and Welfert considered the stabilized forms of thelocal Stokes problems using the
quadratic bump functions only for both the velocity and pressure errors. Our error estimator
uses theP 0

2 /P0 element and is very similar to the one of Kay and Silvester [17] (proposed for
the stabilizedP1/P0 finite element method) which uses theP 0

2 /P1 element.
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The following theorem shows thatηS is locally equivalent toηP . This, in particular, implies
that Theorem 3.1 is valid forηS as well as forηP .

Theorem 4.1. Let εT be defined by (3.2) and let(ε∗T , e
∗
T ) be defined by (4.1). Then we have

for everyT ∈ Th

C1(‖∇εT ‖0,T + ‖∇ · uh‖0,T ) ≤ ‖∇ε∗T ‖0,T + ‖e∗T ‖0,T ≤ C2(‖∇εT ‖0,T + ‖∇ · uh‖0,T ).

Proof. By (3.2) and (4.1), we have for(v, s) ∈ (P 0
2 (T ))

2 × P0(T )
{

(∇ε∗T ,∇v)T − (∇ · v, e∗T )T = (∇εT ,∇v)T

(∇ · ε∗T , s)T = −(∇ · uh, s)T .

Thus the right inequality is a direct consequence of the well-posedness of the local problem
(4.1). The left inequality follows easily by takingv = εT , s = ∇ · uh and then applying the
Cauchy–Schwarz inequality. �

Finally, we prove the following analogue of Theorem 3.4 which states that the velocity
component of the error estimatorηS is asymptotically exact.

Theorem 4.2. Under the assumptions of Theorem 3.4, we have
( ∑

T∈Th

‖∇(u− uh)−∇ε∗T ‖
2
0,T

)1/2

+

( ∑

T∈Th

‖e∗T ‖
2
0,T

)1/2

≤ Ch1+ρ(‖u‖3,Ω + ‖u‖2,∞,Ω + ‖p‖2,Ω) (4.2)

with ρ = min(α, 12 ,
σ
2 ). Moreover, if‖∇(u− uh)‖0,Ω ≥ Ch for some constantC > 0, then it

holds that ∣∣∣∣
ηS,1

‖∇(u− uh)‖0,Ω
− 1

∣∣∣∣ = O(hρ),

whereηS,1 :=
(∑

T∈Th
‖∇ε∗T ‖

2
0,T

)1/2
.

Proof. LetεT be defined by (3.2). By (3.2), (4.1) and the incompressibility condition∇·u = 0,
we have for(v, s) ∈ (P 0

2 (T ))
2 × P0(T ){

(∇(ε∗T − εT ),∇v)T − (∇ · v, e∗T )T = 0

(∇ · (ε∗T − εT ), s)T = (∇ · (u− uh − εT ), s)T .

Then it follows by the well-posedness of the local problem (4.1) that

‖∇(ε∗T − εT )‖0,T + ‖e∗T ‖0,T ≤ C‖∇(u− uh − εT )‖0,T

and thus

‖∇(u− uh)−∇ε∗T ‖0,T + ‖e∗T ‖0,T ≤ C‖∇(u− uh)−∇εT ‖0,T .

This proves the first result (4.2) by Theorem 3.4. The second result follows from (4.2), as stated
in the proof of Theorem 3.4. �



A POSTERIORI ERROR ESTIMATORS FOR THE STOKES EQUATIONS 213

Remark 2. The superconvergence result (2.5) and the estimate (4.2) indicates that the pressure

error ‖p − ph‖0,Ω and the pressure component
(∑

T∈Th
‖e∗T ‖

2
0,T

)1/2
of ηS are both of the

orderO(h1+ρ) under the assumptions of Theorem 3.4, so they becomes negligible compared
with their velocity counterparts ash→ 0. This leads to

∣∣∣∣
ηS(

‖∇(u− uh)‖
2
0,Ω + ‖p− ph‖

2
0,Ω

)1/2 − 1

∣∣∣∣ = O(hρ).

In other words,ηS is asymptotically exact with respect to the total error.
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ABSTRACT. The moment closure method is an approximation method to compute the mo-
ments for stochastic models of chemical reaction systems. In this paper, we develop an analytic
estimation of errors generated from the approximation of aninfinite system of differential equa-
tions into a finite system truncated by the moment closure method. As an example, we apply
the result to an essential bimolecular reaction system, thedimerization model.

1. INTRODUCTION

When a chemical reaction system has small number of molecular species, researchers often
use the stochastic models to capture intrinsic fluctuations[1, 2, 3]. The governing equation
for the stochastic model withs species andn reactions is described by the chemical master
equation in the form of

∂

∂t
p(x, t) =

n∑

k=1

[rk(x− Vk)p(x− Vk, t)− rk(x)p(x, t)], (1.1)

wherep(x, t) is the probability that there arex = (x1, . . . , xs) molecules in the given system
at timet, eachrk, i = 1, ..., n, is the propensity which is the probability of an occurrenceof
thek-th reaction per unit time, andVk is thek-th column vector of the stoichiometric matrixV
[4]. Moreover, one can write the equation (1.1) as a form of the linear system

dp(t)
dt

= Ap(t), (1.2)

whereA is the matrix of transition probability rates between the states andp is the vector of
probabilities of the states [5].
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Finding the exact solution of (1.1) or (1.2) is mostly difficult or impossible, since the sto-
chastic models of most reaction systems have a large or infinite number of the states except for
relatively simple systems [5]. Alternatively, Monte Carlotype algorithms such as Gillespie’s
stochastic simulation algorithm are used for finding the numerical solutions [3, 6]. However,
if there are fast reactions or a certain number of molecules in the system, computations by
the stochastic simulation algorithm are very inefficient and for this case, one has to rely on
approximation methods to replace the SSA such as tau-leaping method, probability generating
function method, reduction method on slow time scale, and moment closure approximation
[7, 8, 9, 10, 11, 12, 13]. Especially, the moment closure approximation is used when the sta-
tistical quantities such as moments (e.g. mean and variance) are sought [14, 15, 16, 17]. A
difficulty in using the moment closure approximation is thatthe system of the ordinary dif-
ferential equations of all moments is infinite dimensional if there are one or more nonlinear
reactions in a reaction system, which is very common in real chemical systems. In [13], a
moment closure approximation by truncation of the infinite system into a finite system has
been introduced and the authors proved a formal error estimation for numerical consistency.
However, since the solution of the infinite dimensional system is mostly unknown, a rigorous
analytic estimation of the error generated by the truncation has not been reported yet, to the
best of the authors’ knowledge.

In this paper, we present a rigorous analytic error estimation generated by an approximation
of infinite dimensional system into a finite dimensional system and apply it to a fundamental
and important nonlinear chemical system, the dimerizationmodel.

The outline of the paper is as follows. In Section 2, we develop an analytic estimation of
the error generated from an approximation of an infinite dimensional system into a finite di-
mensional system. In Section 3, we apply the result of the error estimation to the stochastic
dimerization reaction system and illustrate numerical results. Throughout this paper, we con-
sider stochastically modeled chemical reaction systems with bounded state space (e.g. closed
reaction system), to guarantee that all moments are bounded.

2. ERROR ESTIMATION

We first consider a certain class of infinite ordinary differential equations arising from mo-
ment equations of stochastic reaction systems including the dimerization as follows; let us first
denote the quadratic functions

fkj(x1) = αkj,1(x1)
2 + αkj,2x1 + αkj,3

for k = 1, 2, · · · andj = 1, · · · , k. We define the infinite dimensional system (S) (heref1 =
f11 for convenience for notation) as

ẋ1 = f1(x1) + β1x2

ẋ2 = f21(x1) + f22(x1)x2 + β2x3

· · · · · ·

ẋn = fn1(x1) + fn2(x1)x2 + fn3(x1)x3 + · · ·+ fnn(x1)xn + βnxn+1



AN ERROR ESTIMATION FOR MOMENT CLOSURE APPROXIMATION 217

· · · · · · ,

whereẋ denotes the derivative ofx with respect tot. Note thatx1(t) andxk(t), k ≥ 2, will
denote the meanµ(t) and thek-th central momentE[(X(t) − µ(t))k] of X(t), respectively,
whereX(t) is the random variable that denotes the number of molecule ofa species in a
chemical reaction system at timet.

Moreover, we consider the truncated closed system (Sn) obtained by dropping the term
βnxn+1 from the system (S):

ẏ1 = f1(y1) + β1y2

ẏ2 = f21(y1) + f22(y1)y2 + β2y3

· · · · · ·

ẏn = fn1(y1) + fn2(y1)y2 + fn3(y1)y3 + · · ·+ fnn(y1)yn.

Sincexk denotes thek-th moment in a bounded system, we can assume that there existcon-
stantsA1 ≤ A2 ≤ A3 ≤ · · · such that|xk(t)| ≤ Ak andAk ≥ 1. Forj ≤ k, we denote

mkj = max
|t|≤A1

|fkj(t)|, mk = max
j≤k

mkj. (2.1)

LetLkj denote the Lipschitz constant offkj on [−A1, A1], so that

|fkj(t)− fkj(s)| ≤ Lkj|t− s|, ∀t, s ∈ [−A1, A1], j ≤ k. (2.2)

Let us denoteLk = maxj≤k Lkj anda(n) = max
1≤j≤k≤n

max
ℓ=1,2,3

{|αkj,ℓ|}. Then, as easy to check,

one can chooseLk andmk such that

Lk ≤ 3a(k)A1, mk ≤ 3a(k)A2
1. (2.3)

Now we will use the following version of Gronwall’s inequality.

Lemma 1. Leth(t) be a continuous real-valued function such that

|h(t)| ≤M

∫ t

0
|h(s)|ds + C.

Then
|h(t)| ≤ CeMt.

Before we proceed further, we explain why one cannot apply Gronwall’s inequality directly
for h(t) := |(x1, · · · , xn)−(y1, · · · , yn)|: Typically forh(t), unlessLk andmk are very small,
one has

h(t) ≤Mn

∫ t

0
h(s)ds + Cn

with some constantsCn andMn with the property thatCn,Mn →∞ asn→∞. In this case,
Lemma 1 only leads to

h(t) ≤ Cne
Mnt →∞ as n→∞.
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Thus, the approximation by the truncated system does not work well in general. To avoid this
problem, we construct an alternative system for

x̄k(t) :=
xk(t)

g(k)
,

where{g(k)|k = 1, 2, · · · } is an increasing sequence such thatg(1) = 1: We first note that
∀k, j,

|x̄k| ≤
Ak

g(k)
,

xk
g(j)

=
g(k)

g(j)
x̄k.

Using this relation and dividing the equation forxk in system (S) by g(k), one obtains the
system (̄Sn) for X̄n := (x̄1, · · · , x̄n) :

˙̄x1 =
g(1)

g(1)
f1(x̄1) + β1

g(2)

g(1)
x̄2

˙̄x2 =
g(1)

g(2)
f21(x̄1) +

g(2)

g(2)
f22(x̄1)x̄2 + β2

g(3)

g(2)
x̄3

· · · · · ·

˙̄xn =
g(1)

g(n)
fn1(x̄1) +

g(2)

g(n)
fn2(x̄1)x̄2 · · ·+

g(n)

g(n)
fnn(x̄1)x̄n + βn

1

g(n)
xn+1.

Next we introduce a closed system which is basically almost same as the above system (S̄n)
except the last termβnxn+1/g(n). Since we do not know a prior if the solution to closed
system has a similar upper bound asX̄n or not, we do some minor adjustments as follows: We
define

hk(t) =





Ak

g(k) : t ≥ Ak

g(k)

t : t ∈ [− Ak

g(k) ,
Ak

g(k) ]

− Ak

g(k) : t ≤ − Ak

g(k) .

Then, obviouslȳxk = hk(x̄k), and for allt, s ∈ R (not only fort, s ∈ [−A1, A1]),

|hk(t)| ≤
Ak

g(k)
, |hk(t)−hk(s)| ≤ |t−s|, |fkj(h1(t))−fkj(h1(s))| ≤ Lk|t−s|, (j ≤ k)

(2.4)
and

g(k)

g(j)
hk(t) ≤

g(k)

g(j)

Ak

g(k)
≤

Ak

g(j)
, ∀k, j.

Replacingx̄k by hk(x̄k) in the system (̄Sn), we consider the closed system (Ŝn):

˙̄y1 =
g(1)

g(1)
f1(h1(ȳ1)) + β1

g(2)

g(1)
h2(ȳ2) =: F1(Ȳn),

˙̄yk =
g(1)

g(k)
fk1(h1(ȳ1)) +




k∑

j=2

g(j)

g(k)
fkj(h1(ȳ1))hj(ȳj)


+ βk

g(k + 1)

g(k)
hk+1(ȳk+1)
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=: Fk(Ȳn), for (2 ≤ k ≤ n− 1),

˙̄yn =
g(1)

g(n)
fn1(h1(ȳ1)) +

n∑

j=2

g(j)

g(n)
fnj(h1(ȳ1))hj(ȳj) =: Fn(Ȳn).

By (2.1), (2.2), (2.4) and the inequality

|f(t)g(t)− f(s)g(s)| ≤ sup
t
|f | · |g(t)− g(s)|+ sup

t
|g| · |f(t)− f(s)|,

we have
|F1(t1, t2)− F1(s1, s2)| ≤ L1|t1 − s1|+ β1g(2)|t2 − s2|,

and similarly for2 ≤ k ≤ n− 1 andT = (t1, · · · , tn) andS = (s1, · · · , sn),

|Fk(T)− Fk(S)| ≤
g(1)

g(k)
Lk1|t1 − s1|+

k∑

j=2

(
g(j)

g(k)
Lkj

Aj

g(j)
|t1 − s1|+

g(j)

g(k)
mkj|tj − sj|

)

+|βk|
g(k + 1)

g(k)
|tk+1 − sk+1|

≤
1

g(k)

k∑

j=1

LkjAj |t1 − s1|+
1

g(k)

k∑

j=2

mkjg(j)|tj − sj|

+|βk|
g(k + 1)

g(k)
|tk+1 − sk+1|.

Moreover, fork = n, we have

|Fn(T)− Fn(S)| ≤
1

g(n)

n∑

j=1

LnjAj|t1 − s1|+
1

g(n)

n∑

j=2

mnjg(j)|tj − sj|.

Thus, we have forFn = (F1, · · · , Fn),

|Fn(T)−Fn(S)| ≤ Nn,1|t1 − s1|+Nn,2|t2 − s2|+ · · · +Nn,n|tn − sn|,

where

Nn,1 :=

n∑

k=1

1

g(k)

k∑

j=1

LkjAj ,

and for2 ≤ k ≤ n,

Nn,k := |βk−1|
g(k)

g(k − 1)
+ g(k)

n∑

ℓ=k

1

g(ℓ)
mℓk.

If we define
Mn := sup

1≤k≤n
Nn,k, (2.5)

then it follows that
|Fn(T)− Fn(S)| ≤Mn|T− S|, ∀T,S.
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Now let Ȳn = (ȳ1, · · · , ȳn). Then, sinceX̄n− Ȳn = 0 whent = 0, we have forZn = X̄n− Ȳn,

|Zn(t)| = |

∫ t

0
Fn(X̄n)− Fn(Ȳn)ds+

∫ t

0
βnxn+1(s)(g(n))

−1ds|

≤ Mn

∫ t

0
|Zn(s)|ds + |βn|T

An+1

g(n)
.

Thus by Gronwall’s inequality,

|X̄n(t)− Ȳn(t)| ≤ T |βn|
An+1

g(n)
eMnt =: En(t), ∀ t ≤ T.

Up to now, we have proved the following result:

Theorem 2. Let (x1, x2, · · · ) be a solution to the infinite system (S) and assume there exists
an increasing sequence of constantsAn, n = 1, 2, . . . such that|xn(t)| ≤ An. Also we let
{g(n) : n ≥ 1} be an increasing sequence satisfyingg(1) = 1 and let Ȳn = (ȳ1, · · · , ȳn)

be the solution of the closed system (Ŝn). Then forX̄n = (x1, x2g
−1(2), · · · , xng

−1(n)), we
have

|X̄n(t)− Ȳn(t)| ≤ T |βn|
An+1

g(n)
eMnt, ∀t ≤ T, (2.6)

whereMn is the constant defined in (2.5).

Remark 3. If we assume there are constantsN,K1,K2 > 0 such that

Ak ≤ Nk, a(n) ≤ K1n, |β(n)| ≤ K2n,

then, takingg(n) = en−1Nn−1 and using (2.3) and (2.6), one can show

En(t) ≤ Ce−n[1−t(3eNK2+3eN2K1)],

whereC is a constant depending onT . Hence the approximation error goes exponentially fast
asn→∞ if t < (3eNK2 + 3eN2K1)

−1.

3. APPLICATION: DIMERIZATION

We consider the stochastic dimerization model

A1 +A2

k1−→
←−
k2

A3.

LetXi(t), i = 1, 2, 3 denote the number of molecules of speciesAi at timet and letki, i = 1, 2
denote the reaction probability constant. Using conservation relationsX1(t) +X3(t) = A and
X2(t) +X3(t) = B for some constantA,B > 0, one obtains the equations forE[X1(t)] :=
µ(t) andmth central momentMm := E[(X1 − µ)m] for m ≥ 2,

dµ

dt
= (−1)

(
k1µ(B −A+ µ) + k1M2

)
+ k2(A− µ) (3.1)
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dMm

dt
= k1µ(B −A+ µ)

(m−1∑

k=0

(
m

k

)
(−1)m−kMk

)

+k1(B −A+ 2µ)
(m−1∑

k=0

(
m

k

)
(−1)m−kMk+1

)

+k1
(m−1∑

k=0

(
m

k

)
(−1)m−kMk+2

)
+ k2(A− µ)

(m−1∑

k=0

(
m

k

)
Mk

)

−k2
(m−1∑

k=0

(
m

k

)
Mk+1

)
−mµ′Mm−1,

whereM0(t) = E[1] = 1 andM1(t) = E[X1 − µ] = 0 for all t ≥ 0 [13].
Let us denoteµ(t) andMk(t) by x1(t) andxk(t) for k ≥ 2 in the system (3.1). Then one

sees that the system (3.1) is of the form of the infinite system(S), and its truncated system
by the moment closure is of the form of the system (Sn) if the highest-order moment term
−k1mMm+1 is dropped off by the moment closure method [13]. Let us assume thatk1 =
1, k2 = 1 andA = 10, B = 5. Then, for example, we can obtain the following ODE system
for xk(t), 1 ≤ k ≤ 10 from the10-th order moment closure approximation of (3.1);

ẋ1 =
(
10 + 4x1 − (x1)

2
)
− x2

ẋ2 =
(
10− 6x1 + (x1)

2
)
+

(
9− 4x1

)
x2 − 2x3

ẋ3 =
(
10 + 4x1 − (x1)

2
)
+

(
11 + 18x1 − 3(x1)

2
)
x2 +

(
15 − 6x1

)
x3 − 3x4

ẋ4 =
(
10− 6x1 + (x1)

2
)
+

(
77− 44x1 + 6(x1)

2
)
x2 +

(
28x1 − 4(x1)

2
)
x3

+
(
22− 8x1

)
x4 − 4x5

ẋ5 =
(
10 + 4x1 − (x1)

2
)
+

(
69 + 50x1 − 10(x1)

2
)
x2 +

(
145− 80x1 + 10(x1)

2
)
x3

+
(
20 + 40x1 − 5(x1)

2
)
x4 +

(
30− 10x1

)
x5 − 5x6

ẋ6 =
(
10− 6x1 + (x1)

2
)
+

(
175− 102x1 + 15(x1)

2
)
x2 +

(
104 + 110x1 − 20(x1)

2
)
x3

+
(
245− 130x1 + 15(x1)

2
)
x4 +

(
− 50 + 54x1 − 6(x1)

2
)
x5 +

(
39− 12x1

)
x6 − 6x7

ẋ7 =
(
10 + 4x1 − (x1)

2
)
+

(
167 + 98x1 − 21(x1)

2
)
x2 +

(
441 − 252x1 + 35(x1)

2
)
x3

+
(
119 + 210x1 − 35(x1)

2
)
x4 +

(
385 − 196x1 + 21(x1)

2
)
x5

+
(
− 91 + 70x1 − 7(x1)

2
)
x6 +

(
49− 14x1

)
x7 − 7x8
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ẋ8 =
(
10− 6x1 + (x1)

2
)
+

(
313− 184x1 + 28(x1)

2
)
x2 +

(
384 + 280x1 − 56(x1)

2
)
x3

+
(
952− 532x1 + 70(x1)

2
)
x4 +

(
84 + 364x1 − 56(x1)

2
)
x5

+
(
574− 280x1 + 28(x1)

2
)
x6 +

(
− 144 + 88x1 − 8(x1)

2
)
x7 +

(
60− 16x1

)
x8 − 8x9

ẋ9 =
(
10 + 4x1 − (x1)

2
)
+

(
305 + 162x1 − 36(x1)

2
)
x2 +

(
993− 576x1 + 84(x1)

2
)
x3

+
(
720 + 672x1 − 126(x1)

2
)
x4 +

(
1848 − 1008x1 + 126(x1)

2
)
x5

+
(
− 42 + 588x1 − 84(x1)

2
)
x6 +

(
822 − 384x1 + 36(x1)

2
)
x7

+
(
− 210 + 108x1 − 9(x1)

2
)
x8 +

(
72− 18x1

)
x9 − 9x10

ẋ10 =
(
10− 6x1 + (x1)

2
)
+

(
491− 290x1 + 45(x1)

2
)
x2 +

(
920 + 570x1 − 120(x1)

2
)
x3

+
(
2625 − 1500x1 + 210(x1)

2
)
x4 +

(
1140 + 1428x1 − 252(x1)

2
)
x5

+
(
3318 − 1764x1 + 210(x1)

2
)
x6 +

(
− 312 + 900x1 − 120(x1)

2
)
x7

+
(
1140 − 510x1 + 45(x1)

2
)
x8 +

(
− 290 + 130x1 − 10(x1)

2
)
x9

+
(
85− 20x1

)
x10 − 10x11

SinceX1 ≤ 10, one can show that

|x1| ≤ 10 := A1, |xk| ≤ 20k =: Ak

for k ≥ 2 by Minkowski inequality and|βk| = k. If we takeg(k) = 20k−1ek−1, then one can
checkMn = 20e(n − 1) for n = 2, 3, · · · , 10. Now let x̄k(t) := xk(t)g

−1(k) and letȳk(t)
(k = 1, 2, · · · , 10) denote the solution of the closed systemŜn. Then, by (2.6), for anyt < 1
andn = 2, 3, · · · , we obtain

|X̄n(t)− Ȳn(t)| ≤ n202e−(n−1)(1−20et).

Thus,En(t) = |X̄n(t)− Ȳn(t)| gets smaller asn grows for anyt < 1/(20e) ≈ 0.0184.
Figure 1 illustrates the errors inlog10 between approximate means and variances computed

by Euler method in time interval[0, 0.02]. Here the errors are very small and so we use the
errors inlog10 to illustrate the error graphs clearly. Moreover, in Table 1, we compareL2 error
between approximate mean and variance in the time interval[0, 0.02]. In Figure 1 and Table 1,
one can see that the errors become smaller and converge to zero as the order of approximation
is increased, which is a consequence of Theorem 2.
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(a) (b)

FIGURE 1. Comparison of errors inlog10 between approximate solutions ob-
tained by using Euler method with time steph = 2 × 10−5 in [0, 0.02]. (a)
Eij = log10( |mean byi-th order moment approximation - mean byj-th order
moment approximation|). (b) Eij = log10( | variance byi-th order moment
approximation - variance byj-th order moment approximation|).

TABLE 1. L2 errors in time interval[0, 0.02]. LEij = L2 error between
solutions ofi-th order andj-th order moment approximation. TheL2 error
betweenx(t) andy(t) is defined by

√∑
t(x(t)− y(t))2

L2 Error Mean Variance

LE12 0.1031 N/A
LE23 0.0014 0.2666
LE34 2.7301e-05 0.0066
LE45 5.8851e-07 1.7597e-04
LE56 0 0
LE67 0 0

4. CONCLUSION

In this paper, we presented the approximation of the solution of an infinite dimensional
ODE system motivated from moment equations of stochastic reaction systems. We obtained
a rigorous analytic estimation of the error between the solutions of the infinite system and the
truncated finite system (Theorem 2). As an example, we applied it to the stochastic dimeriza-
tion model and illustrated the numerical results.
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This work is a first report for an analytic estimation of the error generated by the moment
closure approximation, and the result presented in this paper has a limitation in that it can be
applied to a certain class of the chemical reaction systems with the type of moment equations
similar to the system (S). As a future work, we plan to extend the result to general stochastic
chemical reaction systems with multi-dimensional variables.

ACKNOWLEDGEMENTS

This research was supported by Basic Science Research Program through the National Re-
search Foundation of Korea (NRF) funded by the Ministry of Education
(2017R1D1A1B03033255 (K.-H. Kim), 2016R1D1A1B03934427 (C. H. Lee)).

REFERENCES

[1] C. V. Rao, D. M. Wolf and A. P. Arkin,Control, exploitation and tolerance of intracellular noise, Nature,
420(6912) (2002), 231.

[2] M. Thattai and A. Van Oudenaarden,Intrinsic noise in gene regulatory networks, Proceedings of the National
Academy of Sciences,98(15) (2001), 8614–8619.

[3] D. J. Higham,Modeling and simulating chemical reactions, SIAM review,50(2) (2008), 347–368.
[4] D. T. Gillespie,A rigorous derivation of the chemical master equation, Physica A: Statistical Mechanics and

its Applications,188 (1992), 404–425.
[5] C. H. Lee and P. Kim,An analytical approach to solutions of master equations forstochastic nonlinear

reactions, Journal of Mathematical Chemistry,50(6) (2012), 1550–1569.
[6] D. T. Gillespie,Exact stochastic simulation of coupled chemical reactions, The Journal of Physical Chemistry,

81(25) (1977), 2340–2361.
[7] D. T. Gillespie,Approximate accelerated stochastic simulation of chemically reacting systems, The Journal of

Chemical Physics,115(4) (2001), 1716–1733.
[8] P. Kim and C. H. Lee,A probability generating function method for stochastic reaction networks, The Journal

of Chemical Physics,136(23) (2012), 234108.
[9] P. Kim and C. H. Lee,Fast probability generating function method for stochastic chemical reaction networks,

MATCH Communications in Mathematical and in Computer Chemistry,71 (2014), 57 – 69.
[10] Y. Cao, D. T. Gillespie, and L. R. Petzold,The slow-scale stochastic simulation algorithm, The Journal of

Chemical Physics,122 (2005), 014116.
[11] B. Munsky and M. Khammash,The finite state projection algorithm for the solution of thechemical master

equation, The Journal of Chemical Physics,124 (2006), 044104.
[12] C. H. Lee and R. Lui,A reduction method for multiple time scale stochastic reaction networks with non-unique

equilibrium probability, Journal of Mathematical Chemistry,47(2) (2010), 750–770.
[13] C. H. Lee, K-H. Kim and P. Kim,A moment closure method for stochastic reaction networks, The Journal of

Chemical Physics,130(13) (2009), 134107.
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ABSTRACT. The natural convective nanofluid flow and heat transfer inside a square enclo-
sure with a center heater in the presence of magnetic field hasbeen studied numerically. The
vertical walls of the enclosure are cold and the top wall is adiabatic while the bottom wall is
considered with constant heat source. The governing differential equations are solved by using
a finite volume method based on SIMPLE algorithm. The parametric study is performed to
analyze the effect of different lengths of center heater, Hartmann numbers and Rayleigh num-
bers. The heater effectiveness and temperature distribution are examined. The effect of all
pertinent parameters on streamlines, isotherms, velocityprofiles and average Nusselt numbers
are presented. It is found that heat transfer increases withthe increase of heater length, whereas
it decreases with the increase of magnetic field effect. Furthermore, it is found that the value
of Nusselt number depends strongly upon the Hartmann numberfor the increasing values of
Rayleigh number.

1. INTRODUCTION

Natural convective heat transfer occurs in many engineering systems, such as power plant,
home ventilation, fire prevention, reactor insulation, solar collectors, etc., [1]. Various aspects
of natural convection heat transfer in enclosures have beeninvestigated thoroughly by many
researchers [2-6]. Transfer of heat from a localized heaterinside an enclosure is considered in
designing electronic devices and equipment cooling. An efficient cooling is essential for these
electronic equipments. Therefore many researchers have investigated natural convection in
enclosures with different types of heaters. Sun and Emery [7] examined conjugate heat transfer
when the heater is located near the walls of enclosure with heat source both numerically and
experimentally. Their results showed that for an enclosurewith conductive heater, heat transfer
was a function of heater conduction, fluid convection and strength of internal heating.

Oztop et al. [8] investigated the effect of position of a heater in an enclosure with cold
vertical walls and adiabatic horizontal walls. They showedthat more enhancements in heat
transfer are obtained when the heated plate located vertically than horizontally. Ben-Nakhi and

Received by the editors August 5 2017; Accepted December 10 2017; Published online December 13 2017.
Key words and phrases.finite volume method; heat source; isothermal heater; magnetic field; nanofluid flow;

natural convection.
† Corresponding author.
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Chamkha [9] numerically analyzed the significant effect of thin heater inclination angle and
heater length on natural convective fluid flow in a square enclosure. Their results showed that
wall heat transfer enhancement or reduction was based on theappropriate selection of both
heater inclination angle and length. Natural convection cooling of a horizontally attached heat
source on the left adiabatic vertical wall of an enclosure filled with Cu-water nanofluid was
numerically studied by Mahmoudi et al. [10]. They obtained that for the increasing length of
the heater heat transfer decreases whereas it increases forincrease in solid volume fraction of
nanoparticles.

Stefanizzi et al. [11] carried out both experimental and numerical investigation of Heat
Transfer in the Cavities of Hollow Blocks. They obtained theresult that the thermal resistance
of the cavity affects the overall thermal performance of thewall of hollow blocks significantly.
Jani et al. [12] investigated natural convection heat transfer inside enclosure with high conduc-
tive vertical heater placed at the center of heated bottom wall. They observed the two different
effects of heater that the first is the conductive heater increasing rate of heat transfer; the second
is friction loss of heater weakens the fluid flow in the enclosure and which yield the decrease
in heat transfer rate. Convective heat transfer inside a square enclosure having heat conduct-
ing and generating solid body has been analysed by Nithyadevi and Umadevi [13]. Their
results showed that increase in heat transfer is obtained for sinusoidal heating with cold wall
for increasing values of∆T ∗ whereas for increasing thermal conductivity ratio heat transfer
decreased for sinusoidal heating with cold wall.

Recently Ohk et al. [14] examined natural convection heat transfer in a vertical cylinder and
obtained the results that for increasing diameter and length of pipe the heat transfer decreases.
Very recently, Elater et al. [15] analyzed natural convection in a square enclosure with hori-
zontal heater attached to its hot wall. They found that heater effectiveness enhanced with an
increase of heater length. Currently, open square enclosure having diagonally placed heaters
along with adiabatic square block filled with nanofluid has been considered by Kalidasan and
Rajesh Khanna [16]. They found that significant heat transfer is reached for the location of
heaters and heat transfer intensity is high at the right wallthan the left wall of the enclosure.
Esfe et al. [17] obtained the numerical results that enhancement in heat transfer is obtained by
increasing solid volume fraction of nanofluid and reducing diameter of nanoparticles.

The influence of magnetic field on heat transfer had received considerable attention be-
cause in some practical cases such as crystal growth in fluids, cooling of nuclear reactor and
petroleum industries natural convection happens under theinfluence of magnetic field. MHD
flow and heat transfer phenomena induced by buoyancy and Lorentz force in enclosures was
studied extensively in the literature [18-19]. Saha [20] investigated numerically the steady
magneto-convection in a sinusoidal corrugated enclosure with constant heat flux source dis-
cretely embedded at the bottom wall. His results indicated that when the heat source surface
area increases, the rate of heat transfer also increases andthe heat source size and magnetic
field has significant effect on the heat transfer rate.

The magneto convection in a tilted square enclosure with differentially thermally active ver-
tical walls was studied numerically by Subbarayalu and Velappan [21]. Their results showed
that the heat transfer increases with increase of Grashof number but decreases with increase of
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magnetic field effect and behaves in a non-linear fashion with angles of inclination. Recently,
natural convection inside the L-shaped enclosure in the presence of a magnetic field was ana-
lyzed numerically by Sourtiji and Hosseinizadeh [22]. Their results showed that performance
of nanofluid utilization is more effective at high Rayleigh numbers and heat transfer increases
with increasing solid volume fraction of nanofluid. Also they found that increasing effect of
magnetic field yield the significant decrease in overall heattransfer. Bakhshan and Ashoori
[23] investigated a natural convection in a rectangular enclosure filled with an electrically con-
ducting fluid. They observed that heat transfer decreases with increasing effect of magnetic
field.

Ali Al-Zamily [24] numerically investigated natural convection in a semicircular enclosure
filled with Cu-water nanofluid with bottom heat flux. He found that effect of magnetic field on
heat transfer decreases with increase of nanoparticles fraction effect. Ben-hamida and Charrada
[25] also obtained similar result by considering enclosurefilled with an ethylene glycol copper
nanofluid under the effect of magnetic field. Javaherdeh et al. [26] has performed the analysis
on magneto hydrodynamic nanofluid flow in wavy enclosure. Theresults of their study indi-
cated that increasing nanoparticles concentration enhances heat transfer rate. Meanwhile heat
transfer rate decreases for increasing the effect of magnetic field.

In recent years, nanofluids that are a suspension of nano-sized solid particles in a base fluid
with higher thermal conductivity than the based fluid which are used to enhance the rate of heat
transfer in many applications [27-31]. Ogut [32] examined numerically the natural convection
of water-based nanofluids in an inclined square enclosure with a constant heat flux at the center
of its left wall. He obtained the results that the average heat transfer rate increases significantly
as nanoparticle volume fraction increased. Also his results showed that flow and temperature
fields are affected by length of the heater. The natural convection in a square enclosure filled
with both Al2O3 -water and the CuO-water nanofluids was analyzed by Abu-nadaet al. [33]
considering temperature dependent viscosity, thermal conductivity relationships and volume
fraction of nanoparticles.

Ghasemi et al. [34] investigated numerically the natural convection flow in an enclosure
filled with Al2O3 nanofluid under the influence of horizontally applied magnetic field and ob-
tained that heat transfer rate increases or decreases as solid volume fraction of nanoparticles
increases depending on the Hartmann number. Sheikhaleslami and Gorji-Bandpy [35] utilized
Lattice Boltzmann method to investigate ferrofluid flow and heat transfer inside the enclosure
in the presence of external magnetic source. Their results showed that heat transfer increases
with increase of Rayleigh number and heat source length but it decreases with increase of size
of nanoparticles. Selimefendigil et al. [36] studied natural convection and entropy generation
entrapped trapezoidal enclosure filled with nanofluid undermagnetic field effect. They found
that heat transfer increased for increasing volume fraction of a nanoparticle. Also their re-
sults showed that even for higher values of Rayleigh number,reduction of heat transfer by the
magnetic field effect was more pronounced.

Based on the above literature reviews, despite numerous studies on natural convection of
nanofluids inside enclosures with different heat sources, there is no study on natural convec-
tion inside the square enclosure with center heater under the effect of magnetic field utilizing
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Ag-water nanofluid. In the present study the problem of natural convection heat transfer and
nanofluid flow in a square enclosure is investigated for different length of inside thin heater
with bottom heat source in the presence of magnetic field. This innovative technique could be
utilized to enhance heat transfer in cooling of electronic devices equipped with nanofluids, heat
exchangers, energy storage systems, food processing and lubrication technologies.

2. MATHEMATICAL FORMULATION

The configuration of the square enclosure considered in thispresent study is shown in Figure
1. The height and width of the enclosure are denoted by L. Two side walls are maintained at a
constant cold temperatureTc whereas the bottom wall is considered with heat source of fixed
length. The remaining parts of bottom and top walls are kept adiabatic. A thin heater with
temperatureTh is located in the centre of the enclosure at both horizontal and vertical positions.
The length of the heater is denoted byΓ. Also uniform and constant magnetic field of strength
B0 is applied longitudinally. The working fluid employed in this enclosure is water based
nanofluid containing Ag nanoparticles which is assumed to beNewtonian and incompressible.
It is assumed that both base fluid and nanoparticles are in thermal equilibrium. Except for the
density variation, properties of base fluid and nanoparticles are assumed to be constant. The
thermo physical properties of the water and the silver (Ag) nanoparticles are given in Table1.

FIGURE 1. Configuration of the problem

The continuity, momentum and energy equations for two dimensional problem of steady
state laminar natural convection in an enclosure are:

∂u

∂x
+
∂v

∂y
= 0 (2.1)

u
∂u

∂x
+v

∂u

∂y
= −

1

ρnf

∂ρ

∂x
+
µnf

ρnf
∇2u (2.2)

u
∂v

∂x
+ v

∂v

∂y
= −

1

ρnf

∂ρ

∂y
+

µnf

ρnf
∇2v +

(ρβ)nf
ρnf

g (T − Tc)−
σnf
ρnf

B2
ov (2.3)
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and

u
∂T

∂x
+v

∂T

∂y
=αnf (∇

2T ) (2.4)

The boundary conditions for Eqs. (2.1)–(2.4) are:

u = v = 0, T = T c at x = 0, L and 0 ≤ y ≤L

u = v = 0,
∂T

∂y
= 0 at y = 0, 0 ≤ x <

L− l

2
,
L+l

2
< x ≤L

u = v = 0, T = 1 at y = 0,
L−l

2
≤ x ≤

L+l

2

u = v = 0,
∂T

∂y
= 0 at y = L , 0 ≤ x ≤ L (2.5)

and on the heater
u = v = 0, T = Th

where the effective density and heat capacity of the nanofluid are calculated from the following
equations:

ρnf=(1− ϕ) ρf+ϕρs (2.6)

TABLE 1. Thermophysical properties of base fluid and solid nanoparticles

Physical properties Fluid phase(water) Solid phase(Ag)
Cp(J/kg/K) 4179 235
ρ(kg/m3) 997.1 10,500
k(W/mk) 0.613 429
βx105(k−1) 21 1.89
σx107(S/m) 0.05 6.30

Under the thermal equilibrium conditions the specific heat of nanofluid is given as

(ρcp)nf =(1− ϕ) (ρcp)f +ϕ
(
ρcp

)
s

(2.7)

The thermal expansion coefficient of the nanofluid can be obtained from

(ρβ)nf =(1− ϕ) (ρβ)f +ϕ (ρβ)s (2.8)

The thermal diffusivity of the nanofluid is

αnf=
knf

(ρcp)nf
(2.9)

In this study, the Brinkman model is used for the viscosity ofthe nanofluid. So the effective
dynamic viscosity of the nanofluid is obtained from the formula

µnf=µf (1− ϕ)−2.5 (2.10)
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The effective thermal conductivity of the nanofluid is determined by using the Maxwell model.
For the suspension of spherical nanoparticles in the base fluid, it is written as:

knf
kf

=
(kf+2kf )−2ϕ (kf−ks)

(kf+2ks)+ϕ (kf−ks)
(2.11)

Also the electrical conductivity of the nanofluid is given as:

σnf=(1− ϕ) σf+ϕσs (2.12)

Using the following dimensionless parameters, the governing equations can be converted to
dimensionless forms

X =
x

L
, Y =

y

L
, U =

uL

αf
, V =

vL

αf
, P =

pL2

ρnf α2
f

, θ =
T − Tc

Th − Tc
,

P r =
νf
αf

, Ra =
gβf (Th − Tc)L

3

αfνf
, Ha = B0L

√
σnf/ρnfνf (2.13)

By using the above dimensionless variables, the governing equations (2.1)–(2.4) in dimen-
sionless forms are as follows:

∂U

∂X
+
∂V

∂Y
= 0 (2.14)

U
∂U

∂X
+V

∂U

∂Y
= −

∂P

∂X
+

µnf

ρnfαf
∇2U (2.15)

U
∂V

∂X
+V

∂V

∂Y
= −

∂P

∂Y
+

µnf

ρnfαf
∇2V+

(ρβ)nf
ρnfβf

RaPrθ−Ha2PrV (2.16)

U
∂θ

∂X
+V

∂θ

∂Y
=
αnf

αf
∇2θ (2.17)

The boundary conditions for equations (2.14)–(2.17) are:

U = V = 0, θ = 0 at X = 0, 1 and 0 ≤ Y ≤ 1

U = V = 0,
∂θ

∂Y
= 0 at Y = 0, 0 ≤ X <

1− ε

2
,
1 + ε

2
< X ≤ 1

U = V = 0, θ = 1 at Y = 0 and
1− ε

2
≤ X ≤

1 + ε

2

U = V = 0,
∂θ

∂Y
= 0 at Y = 1 and 0 ≤ X ≤ 1 (2.18)

and on the heater
u = v = 0, θ = 1

The local Nusselt number along the vertical walls of an enclosure can be written as:

Nu (Y ) = −
knf
kf

(
∂θ

∂X

)

X=0,1
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The average Nusselt number is calculated by integrating thelocal Nusselt number along the
vertical walls

N̄u (Y ) =
1

2

[(∫ 1

0
Nu (Y ) (dY )X=0

)
+

(∫ 1

0
Nu (Y ) (dY )X=1

)]

For the bottom wall:

N̄u (X) =

∫ 1+ε

2

1−ε

2

Nu (X)dX

ε is length of bottom heat source.

3. NUMERICAL APPROACH AND CODE VALIDATION

3.1. Method of Solution. The non dimensional governing equations (2.14)–(2.17) subject to
the boundary conditions are integrated over a finite volume method and solved numerically
by the SIMPLE algorithm of Patankar [37] for the treatment ofthe pressure-velocity coupling
together with under relaxation technique. The power law scheme is applied for convective
terms and central difference scheme is applied for diffusion terms. The resulting sets of discreet
algebraic equations for each variable are solved by a line-by-line procedure, combining the tri-
diagonal matrix algorithm (TDMA). The convergence of the numerical results is established at
each time step until a steady state is reached. The convergence condition used for this study is:

∣∣∣∣
ϕn+1 (i, j) − ϕn(i, j)

ϕn+1 (i, j)

∣∣∣∣ ≤ 10−5

whereϕ represents the variablesU , V andT . The indexn+ 1 is the current calculation and n
denotes the previous calculation in the iteration, here(i, j) refers to the space coordinates.

3.2. Code Validation and Comparison with Previous Research. To confirm the grid inde-
pendence of the solution scheme, different grid size ranging from 21 × 21 to 141 × 141 (See
Table 2) were used. The present developed FORTRAN code is tested for grid independence
by calculating the average Nusselt number on the side walls.The significant changes occur in
the average Nusselt number, for grid size varies from21 × 21 to 121 × 121 and for grid size
121 × 121 to 141 × 141 the average Nusselt number for all cases remains unchanged.Hence,
it is found that a uniform grid size of121 × 121 ensure the grid independence for the present
computations which was found to be sufficient to reach the steady solution for the Ag - Water
nanofluid withϕ = 0.06. The present numerical solution is validated by direct comparisons
against the results of Mahmoodi [38] for heat transfer in square enclosure with center heater
filled with pure water atRa = 103 to 106 which is shown in Figure 2.

Another validation test was carried out for comparison of present numerical result with
those obtained by Ghasemi et al. [34] for natural convectionin an enclosure filled with Water
- Al2O3 nanofluid for Hartmann numberHa = 30, different Rayleigh numbers and different
solid volume fractionsϕ of nanofluid is shown in Table 3. All these favorable comparisons
lend confidence in the numerical results to be reported in thenext section.
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TABLE 2. Grid independence Test for vertical heater of lengthΓ = 0.5, Ra =
104, ǫ = 0.8 andϕ = 0.06.

Grid size Nu Error %
21× 21 3.093351 13.16
41× 41 3.562338 2.050
61× 61 3.636895 0.668
81× 81 3.661375 0.292

101 × 101 3.672102 0.124
121 × 121 3.676670 0.002
141 × 141 3.676780

FIGURE 2. Comparison of present results with Mahmoodi [38]

4. RESULTS AND DISCUSSION

In this section, results are presented to illustrate the effects of various controlling parameters
on the fluid flow and heat transfer processes inside the enclosure filled with Ag-water nanofluid.
These controlling parameters include Hartmann number, three different length of horizontal,
vertical heater and bottom heat source with fixed lengthǫ = 0.8. The influence of the magnetic
field (Ha = 0, 25, 50) on the flow patterns and isotherms inside the enclosure atRa = 105,
106 and107 for different length of center heater (Γ = 0.25, 0.5 and0.75) are shown in Figs 3
to 8.

For all cases, the buoyancy forces generated due to the fluid temperature differences. The
hot fluid over the bottom heat source rises from the middle portion of the bottom wall to the side
cold walls. The rising hot fluid that gets blocked at the top adiabatic wall, which turns the flow
and then descends downwards and turns back to the central region after hitting the bottom wall.
This processing creates two symmetrical cells in the left and right halves of the enclosure with
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TABLE 3. Comparison of average Nusselt number for different Rayleigh num-
bers andϕ for Ha = 30.

Ra ϕ
N̄u

Present StudyGhasemi et al.[34]
103 0

0.02
0.04
0.06

1.002
1.060
1.121
1.184

1.045249
1.049591
1.108222
1.154937

104 0
0.02
0.04
0.06

1.183
1.212
1.249
1.291

1.175236
1.193954
1.189233
1.238562

105 0
0.02
0.04
0.06

3.150
3.138
3.124
3.108

3.096256
3.087560
3.080359
3.089125

106 0
0.02
0.04
0.06

7.907
7.979
8.042
8.098

7.895364
7.928563
8.019586
8.045284

anticlockwise and clockwise rotations respectively due tothe symmetrical boundary conditions
at the vertical walls.

Figure 3 shows the streamlines and isotherms inside the enclosure with center horizontal
heater withΓ = 0.5 for the strength of magnetic field withHa = 0, 25, 50, Ra = 105, 106 and
107. It is evident from this figure that in the absence of magneticfield, by increasing Rayleigh
number, the flow becomes stronger as natural convection is intensified by the increasing buoy-
ancy force. AtRa = 106 and107, the nanofluid flow under the heater gets more strengthened
than over the heater. AtRa = 107, the inner cells over and under the heater at both right and
left sides of the enclosure coalesce and two more inner eddies with high flow rate are formed
in the cell below the heater. Their isotherms show how the dominant heat transfer mecha-
nism changes as Rayleigh number increases. Also for all Rayleigh numbers, by applying the
magnetic field natural convection has been suppressed so that the fluid velocity decreases and
dampens the heat transfer (the buoyancy force decreases). As the Hartmann number increases,
the conduction heat transfer is dominating the flow inside the enclosure and the shape of the
streamline tends to compress for all increasing Rayleigh number.

The stratification of the temperature field inside the enclosure begins to diminish as Hart-
mann number increases and the isotherms are almost parallelto the vertical walls indicating
the occurrence of heat transfer is by heat conduction. As theeffect of Hartmann number on
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FIGURE 3. Streamlines and isotherms inside the enclosure filled with Ag-
water nanofluid for horizontal positioned heater with length Γ = 0.5 at differ-
ent Rayleigh numbers and Hartmann numbers

the nanofluid is high, even though the heater length isΓ = 0.5 the heat transfers by convec-
tion damps due to reducing fluid velocity. This is clearly seen from the reducing flow rate on
streamline for increasing Ha values. The corresponding temperature contours shows that the
thermal boundary layers at the two side walls disappear accordingly.

Figure 4 illustrates the streamlines and isotherms for different horizontal heater length and
increasing Ha values atRa = 106. In the absence of magnetic field (Ha = 0) at Γ = 0.25,
here exist strong inner rotating cells below the center heater in the main recirculating cells.
When heater length is increased toΓ = 0.5, two more inner cells above the heater exist and the
entire recirculating cells become more strengthen for the maximum heater lengthΓ = 0.75.
Moreover, the maximum heater lengthΓ = 0.75 separates the two recirculating cells in to
four individual rotating cells. Similar trend can also be seen for ha = 25 with decreasing
convection. For the maximum Hartmann valueHa = 50, these rotating cells become weaker
as it is clearly seen from their flow rate and the main recirculating cells lose their strength. The
corresponding isotherms seem to be very close around the heater and above the bottom heat
source forha = 0 and this trend becomes weak for increasing Hartmann values for all length
of heater. The effect of magnetic field changes the mode of heat transfers from convection to
conduction as expected which can be observed from the corresponding isotherms parallel to
the vertical walls.
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FIGURE 4. Streamlines and isotherms inside the enclosure filled with Ag-
water nanofluid for horizontal positioned heater with different length for dif-
ferent Hartmann number at Ra= 106

The effects of Rayleigh number on streamlines and isothermsfor horizontal heater of dif-
ferent lengthΓ = 0.25, 0.5, 0.75 at Ha = 25 are depicted in Figure 5. Generally, Rayleigh
number effect on the nanofluid enhances the fluid velocity which in turn increases the buoy-
ancy force and convection heat transfer becomes stronger. The existing inner cells below the
center heater of lengthΓ = 0.25 atRa = 105 get strengthen for further increasing Ra values.
But for Γ = 0.5 more fluid flow is seen in the core above the heater becomes stronger for
Ra = 106 and107. Similar trend can also be seen forΓ = 0.75 and is important to notice
that atRa = 107 andΓ = 0.75 the shape of central region of cells which are elliptical in
shape above and below the heater confirms the occurrence of stronger convection heat transfer.
The variation of isotherms with respect to Rayleigh numbersand heater lengths show that for
all values ofΓ atRa = 105 convection heat transfer is low and with increase in Ra values it
turns into stronger as expected. It is clearly seen from the isotherms that occurrence of thermal
stratification below the center heater also becomes stronger for increasing heater length. This
is due to the high fluid moment and heat transfer inside the enclosure occurs totally by convec-
tion. Moreover, the existing thermal plum above the heater and bottom heat source shows the
expected high heat transfer is obtained for the maximum heater length.
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FIGURE 5. Streamlines and isotherms inside the enclosure filled with Ag-
water nanofluid for horizontal positioned heater with different length for dif-
ferent Rayleigh numbers atHa = 25

The influence of magnetic field (Ha) on the flow patterns and isotherms inside the enclosure
with vertical heater of lengthΓ = 0.5 atRa = 105 − 107 is shown in Figure 6. As Hartmann
number effect on the nanofluid damps the fluid velocity causesthe decrease of buoyancy force
and convection heat transfer decreased. In the absence of magnetic field (Ha = 0), the two
counter rotating cells at left and right side of center vertical heater occupies the maximum
portion of enclosure rotates with high intensity atRa = 106 and the shape of central region
cell changes significantly forRa = 107. It is evident that the isotherms are densely packed
around the heater and above the bottom heat source for increasing Rayleigh number. It is
clearly seen that occurrence of thermal stratification at two side of vertical heater also becomes
stronger for increasing Rayleigh number. This is due to the high fluid flow and heat transfer
inside the enclosure occurs totally by convection. But atHa = 25 andRa = 105, the main
cells lose its strength as the fluid velocity decreases and when Ha increases further (Ha = 50)
its flow intensity completely weaken. WhenRa = 106 the streamlines are deformed and
elongated more vertically for increment of Ha numbers from 25 to 50 and the circulation in
the flow pattern is progressively restricted to the entire region. Since the applied magnetic field
has the tendency to slow down the movement of the fluid in the enclosure, the flow circulation
inhibits gradually and the flow at the core region becomes almost stagnant forRa = 107.
It is clearly seen from their isotherms that the heat distribution decreases as the strength of
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magnetic field increases. In particular, a considerable decrease in heat transfer is achieved for
higher Hartmann number.

FIGURE 6. Streamlines and isotherms inside the enclosure filled with Ag-
water nanofluid for vertical positioned heater with lengthΓ = 0.5 at different
Rayleigh numbers and Hartmann numbers

Figure 7 illustrates the streamline and isotherm pattern for different length of vertical heater
and Hartmann numbers (Ha = 0, 25, 50) at Ra = 106. The fluid flow is described by two
major circulating cells occupying the entire enclosure. Itis also observed that there exists
a circulating flow of elliptical shape in the core of the enclosure and when Ha increased to
25 and 50, their shapes change significantly. The corresponding isotherms confirm that the
temperature of the fluid decreases for increasing Ha numberswhich affect the heat transfer
characteristic inside the enclosure.

Because of the symmetrical condition about vertical walls,the isotherms are symmetrical
at the vertical center line of the enclosure. The isotherms value decreases as the Hartmann
number increases due to the decrease of the fluid movement. The higher temperature value
appears near the center of the heater decreases towards the heat source edges with the increase
of Hartmann number, the isotherms shapes changes from curved to less curved.
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FIGURE 7. Streamlines and isotherms inside the enclosure filled with Ag-
water nanofluid for vertical positioned heater with different length for different
Hartmann number at Ra= 106

The influence of Rayleigh number (Ra) on the flow patterns and isotherms inside the en-
closure for different vertical heater length atHa = 25 is shown in Figure 8. The two major
rotating vertices appear in the streamline pattern for all range of Rayleigh numbers and heater
length. But when Ra increased from105 to 106 at Γ = 0.25 its strength increases and for
Ra = 107 two more inner vortices with high flow rate in the bottom of core above the heat
source exists as the buoyancy force is high. For further increase in heater length, the cells in
core region spans more vertically in the main two cells whichshows the occurrence of complete
convection in the enclosure. It is clearly shown from the isotherms that the temperature gra-
dient around the increasing length of heater increases as the Rayleigh number increases. The
temperature gradients adjacent to the walls are also increases which confirm the enhanced con-
vection mechanism. The cell center shows affluent motion of active fluid at core region, their
corresponding isotherms show heat transfer in the enclosure is controlled mainly by convection
for all increasing values of Rayleigh number and heater length.

The suppression of the velocity field by the magnetic field effect is demonstrated in Figures
9 and 10 by the mid height vertical velocities for different values of Ha, horizontal and vertical
heater respectively. From these figures we observe that the velocity field is considerably de-
creased for the increasing effect of magnetic field. The velocity profiles are flattened for higher
values of the Hartmann number. It is also observed that the fluid particle moves with greater
velocity for the low values of Hartmann number whereas the velocity is very lower for high
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FIGURE 8. Streamlines and isotherms inside the enclosure filled with Ag-
water nanofluid for vertical positioned heater with different length for different
Rayleigh numbers atHa = 25

values of Hartmann number. When comparing the velocity profiles in Figures 9 and 10, the
considerable enhanced velocity field is observed in Figure 10 because of the obtained high heat
transfer for the vertical heater compared with horizontal heater is maximum.

FIGURE 9. Mid height vertical velocity at the middle of the enclosure for
horizontal heater (Γ = 0.75), different Hartmann numbers atRa = 106
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FIGURE 10. Mid height vertical velocity at the middle of the enclosure for
vertical heater (Γ = 0.75), different Hartmann numbers atRa = 106

Overall heat transfer in terms of average Nusselt number fordifferent length of both hori-
zontal and vertical heaters are depicted in Figure 11 for different Hartmann numbers.

FIGURE 11. Variation of average Nusselt number with Hartmann number for
horizontal and vertical heater at different length atRa = 106

It is observed from the figure that the average heat transfer decreases with increasing Hart-
mann number as the magnetic field effect suppresses the convective recirculating flow within
the enclosure. Moreover, decreasing heat transfer rate of vertical heater is faster when com-
pared to horizontal heater of all length.
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Figure 12 depicts the behavior of average Nusselt number versus Hartmann number for both
horizontal and vertical heaters withΓ = 0.5 at Ra = 105, 106 and107. For all Rayleigh

FIGURE 12. Variation of average Nusselt number with Hartmann number for
horizontal and vertical heater (Γ = 0.5) at different Rayleigh numbers

numbers, heat transfer rate decreases as the Hartmann number increases. Moreover, the rate of
heat transfer decrease of vertical heater for all Ra values is greater than the horizontal heater.

FIGURE 13. Variation of average Nusselt number with Rayleigh number for
horizontal and vertical heater of different length atHa = 25

Figure 13 shows the variation of average Nusselt number versus different Rayleigh numbers
for both horizontal and vertical heater of different lengthatHa = 25. It is observed from this
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figure that for all Rayleigh numbers, the average Nusselt number increases when the length of
heater increases. The effect of different length of vertical heater on heat transfer augmentation
is high when compared with horizontal heater. Also the increasing rate of heat transfer for
vertical heater of lengthΓ = 0.75 attains maximum when compared with rest of all heater with
different lengths.

Figure 14 shows the average Nusselt numbers along the vertical walls at various volume
fractions of the nanofluid for vertical heater withΓ = 0.75 at different values of Rayleigh num-
ber. It is clearly seen from this figure that the effective thermal conductivity of the nanofluid
increases with increasing the volume fraction of the nanoparticles which end results in better
heat transfer within the enclosure. So that the high heat transfers for the volume fraction of
nanoparticlesϕ = 0.09 in the base fluid is obtained for vertical heater of lengthΓ = 0.75.

FIGURE 14. Variation of average Nusselt number with Rayleigh number for
the enclosure filled with Ag-water nanofluid, vertical heater with lengthΓ =
0.75 for different volume fraction of the nanoparticles

5. CONCLUSION

The natural convection inside the square enclosure with center heater of different length in
the presence of magnetic field has been studied numerically.The present study focuses on
the factors that affect the heat transfer. The numerical results obtained can be summarized as
follows:

(1) The heat transfer mechanisms and the flow characteristics inside the enclosure depend
strongly upon both heater length and strength of magnetic field.

(2) In the absence of the magnetic field, the convection-dominated zone is seen in the en-
closure resulting in better convective heat transfer performance for increasing Rayleigh
numbers.
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(3) Increasing Hartmann number retards the fluid circulation causing lower temperature
gradients throughout the enclosure. The convective current in the enclosure is reduced
as the Hartmann number increases. Thus for the increasing strength of magnetic field
the average Nusselt number decreases.

(4) By adding the nanoparticles to the base fluid heat transfer is augmented and then in-
creased for increasing solid volume fraction of nanoparticles.

(5) Heat transfer enhancement in the enclosure becomes higher for vertically situated cen-
ter heater than horizontally situated with its maximum length Γ = 0.75.
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ABSTRACT. The present investigation deals, Dufour and heat source effects on radiative MHD
slip flow of a viscous fluid in a parallel porous plate channel in presence of chemical reaction.
The non-linear coupled partial differential equations aresolved by using two term perturbation
technique subject to physically appropriate boundary conditions. The numerical values of the
fluid velocity, temperature and concentration are displayed graphically whereas those of shear
stress, rate of heat transfer and rate of mass transfer at theplate are presented in tabular form for
various values of pertinent flow parameters. By increasing the slip parameter at the cold wall
the velocity increases whereas the effect is totally reversed in the case of shear stress at the cold
wall. It is observed that the effect of Dufour and heat sourceparameters decreases the velocity
and temperature profiles.

1. INTRODUCTION

At the macroscopic level it is well accepted that the boundary condition for a viscous fluid
at a solid wall is one of “no-slip”, i.e., the fluid velocity matches the velocity of the solid
boundary. While the no-slip boundary condition has been proven experimentally to be accurate
for a number of macroscopic flows, it remains on assumption that is not based on physical
principles. In fact, nearly two hundred years ago Navier [1]proposed a general boundary
condition that incorporates the possibility of fluid slip ata solid boundary. Navier’s proposed
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condition assumes that the velocityvx at a solid surface is proportional to the shear stress at
the surface

vx = γ
dvx
dy

whereγ is the slip strength or slip coefficient. Ifγ = 0 then the general assumed no-slip
boundary condition is obtained. Ifγ is finite, fluid slip occurs at the wall but its effect depends
upon the length scale of the flow. The above relation states that the velocity of the fluid at the
plates is linearly proportional to the shear stress at the plate.

NOMENCLATURE

h channel width A positive real constant
a∗ mean absorption coefficient B0 uniform magnetic field
C species concentration Cf skin-friction coefficient
cp specific heat at constant pressure cs concentration susceptibility
Du Dufour number qw heat flux
Da Darcy parameter Dm chemical molecular diffusivity
C1 species concentration Co species concentration

at the heated wall at the cold wall
Gm Solutal Grashof number Gr thermal Grashof number
g acceleration due to gravity H non-dimensional heat source term
jw mass flux K dimensional porous medium
K∗

r dimensional chemical Kr non-dimensional
reaction parameter chemical reaction parameter

KT thermal conductivity of the fluid M magnetic parameter
N radiation parameter Nu Nusselt number
n frequency of oscillation Pr Prandtl number
Q non-dimensional absorption Qo dimensional heat source

of radiation parameter parameter
Q1 dimensional absorption qr radiating flux vector

of radiation parameter Sc Schmidt number
Sh Sherwood number T fluid temperature
T1 fluid temperature at heated wall To fluid temperature at cold wall
t dimensional time u fluid velocity inx- direction
v fluid velocity iny- direction Vo scale of suction velocity
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Greek symbols

βc coefficient of concentration expansion βT coefficient of thermal expansion
ν kinematic coefficient of viscosity ω A scaled frequency
φ1 dimensional cold wall slip parameter φ2 dimensional heated wall slip parameter
ρ fluid density σe electrical conductivity
τ non dimensional time τw shear stress
ξ A scaled coordinate η A scaled coordinate
ψ A scaled velocity θ A scaled temperature
φ A scaled concentration γ non-dimensional cold wall
σ∗ Stefan-Boltzmann constant slip parameter
σ non-dimensional heated wall

slip parameter

Due to numerous engineering applications many authors havestudied and reported results
on slip flows over various geometries. The effect of slip flow on the hydrodynamic boundary
layer over a flat plate has been investigated by Martin and Boyd [2] who used the Maxwell
slip condition. The slip flow model was extended by Anderson [3] to a stretching surface and
by Fang and Lee [4] to a moving flat plate. Yu and Ameel [5] investigated on slip-flow heat
transfer in rectangular micro-channels. Soltani and Yilmazer [6] discussed on slip velocity and
slip layer thickness in flow of concentrated suspensions. Vedantam and Parthasarathy [7] ex-
tended the work of Ref. [2] with three different models of slip boundary conditions. Martin
and Boyd [8] further studied the momentum and heat transfer in a laminar boundary layer flow
over an isothermal flat plate under slip boundary conditions. This analysis takes into account,
for the first time, of the variation of the stream function andtemperature field with the slip
parameter. Venkateswarlu and Padma [9] presented the unsteady MHD free convective heat
and mass transfer in a boundary layer flow past a vertical permeable plate with thermal ra-
diation and chemical reaction using slip condition. Watanebe et al. [10] investigated on slip
of Newtonian fluids at solid boundary. Ruckenstein and Rajora [11] investigated on the no-
slip boundary conditions of hydrodynamics. Cao and Baker [12] studied the mixed convective
flow and heat transfer from a vertical isothermal plate with velocity-slip and temperature-jump
boundary conditions, and gave local non similar solutions to the boundary layer equations.
Aziz [13] considered a boundary layer slip flow over a flat plate under constant heat flux con-
dition by using local similarity approach. Venkateswarlu et al. [14] studied the slip velocity
distribution on MHD oscillatory heat and mass transfer flow of a viscous fluid in a parallel plate
channel. Bhattacharyya et al. [15] analyzed and numerically solved magnetohydro-dynamic
(MHD) boundary layer equations of slip flow and heat transferover an isothermal flat plate
by using shooting method. Martin and Boyd [16] studied Falkner–Skan flow over a wedge
with slip boundary conditions. Rahman and Eltayeb [17] havestudied a convective slip flow
over a wedge with thermal jump taking into account the variability of viscosity and thermal
conductivity. The boundary layer equations are transformed into ordinary ones and are solved
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numerically. Coutte flow with slip and jump boundary conditions under steady state conditions
and only for gases have been investigated by Marques et al. [18]. Turkyilmazoglu [19] gives
multiple analytic solutions of heat and mass transfer of MHDslip flow over a stretching surface
for two types of viscoelastic fluids by using the slip model ofAnderson [3].

The combined effects of heat and mass transfer with chemicalreaction are of great impor-
tance to scientists and engineers because of its almost universal occurrence in many branches
of science and engineering and hence received a considerable amount of attention in recent
years. The study of chemical reaction with heat transfer in porous medium has important engi-
neering applications e.g. oxidation of solid materials, tubular reactors and synthesis of ceramic
materials. There are two types of reactions such as (i) homogeneous reaction and (ii) het-
erogeneous reaction. A homogeneous reaction occurs uniformly throughout the given phase,
whereas heterogeneous reaction takes place in a restrictedregion or within the boundary of
a phase. The effect of a chemical reaction depends on whetherthe reaction is homogeneous
or heterogeneous. A chemical reaction is said to be first-order, if the rate of reaction is di-
rectly proportional to concentration itself. In many industrial process involving flow and mass
transfer over a moving surface, the diffusing species can begenerated or absorbed due to some
kind of chemical reaction with the ambient fluid which can greatly affect the flow and hence
the properties and quality of the final product. These processes take place in several industrial
applications, such as the polymer production and the manufacturing of ceramics or glassware.
Thus we are particularly interested in cases in which diffusion of the species and chemical re-
action occurs at roughly the same speed in analyzing the masstransfer phenomenon. Das et al.
[20] have studied the effect of homogeneous first-order chemical reaction on the flow past an
impulsively started infinite vertical plate with uniform heat flux and mass transfer. Manjula et
al. [21] presented the influence of thermal radiation and chemical reaction on MHD flow, heat
and mass transfer over a stretching surface. Muthucumarswamy and Ganesan [22] investigated
the diffusion and first-order chemical reaction on impulsively started infinite vertical plate with
variable temperature. Prasad et al. [23] studied the influence of reaction rate on the transfer of
chemically reactive species in the laminar, non-Newtonianfluid immersed in porous medium
over a stretching sheet. Venkateswarlu et al. [24-25] have studied the diffusion-thermo effects
on MHD flow past an infinite vertical porous plate in the presence of radiation and chemical re-
action. The problem of chemically reactive species of non-Newtonian fluid in a porous medium
over a stretching sheet was investigated by Akyildiz et al. [26]. Ghaly and Seddeek [27] have
investigated the effect of chemical reaction, heat and masstransfer on laminar flow among a
semi-infinite horizontal plate with temperature dependentviscosity.

The heat transfer enhancement is one of the most important technical aims for engineering
systems due to its wide applications in electronics, heat exchangers technology, cooling sys-
tems, development of metal waste from spent nuclear fuel, fire and combustion modelling, next-
generation solar film collectors, applications in the field of nuclear energy and various thermal
systems.Sparrow and Cess [28] were one of the initial investigators to consider temperature
dependent heat absorption on steady stagnation point flow and heat transfer. Venkateswarlu
et al. [29-31] investigated on Thermal diffusion and radiation effects on unsteady MHD free
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convection heat and mass transfer flow past a vertical porousplate. Ishak [32] worked mixed
convection boundary layer flow over a horizontal plate with thermal radiation.

The objective of the present study is to investigate the Dufour and heat source effects on
radiative MHD slip flow of a viscous fluid in a parallel porous plate channel in presence
of chemical reaction. Therefore, in the present work, the physical problem as described in
Venkateswarlu et al. [33] is considered. We should in prior emphasize that our intention is not
to reproduce the results of Venkateswarlu et al. [33]. In fact, the model that we consider differs
considerably from that of Venkateswarlu et al. [33] in that we use a better approach in the
formulation; introduce a Dufour effect and radiation of absorption parameter. The conserva-
tion equations are non-dimensionalized and solved analytically subject to appropriate boundary
conditions. The following strategy is pursued in the rest ofthe paper. Section two presents the
formation of the problem. The analytical solutions are presented in section three. Results are
discussed in section four and finally section five provides a conclusion of the paper.

2. FORMATION OF THE PROBLEM

We consider unsteady two-dimensional non-linear MHD convective slip flow of an incom-
pressible, viscous and electrically conducting fluid past achannel with non-uniform wall tem-
perature bounded by two parallel plates separated by a distanceh. The channel is assumed to
be filled with a saturated porous medium. A uniform transverse magnetic field of magnitude
Bo is applied perpendicular to the plates in the presence of thermal and concentration buoyancy
effects. The above plate is heated at a constant temperature. It is assumed that there exist a
homogeneous first order chemical reaction with constant rateK∗

r between the diffusing species
and the fluid. Initially i.e. at timet ≤ 0, both the fluid and plate are at rest and at uniform tem-
peratureTo. Also species concentration within the fluid is maintained at uniform concentration
Co. The transversely applied magnetic field and magnetic Reynolds number are assumed to be
very small so that the induced magnetic field and the Hall effects are negligible. Geometry of
the problem is presented in Fig. 1. We choose a Cartesian coordinate system(x, y) wherex-
lies along the centre of the channel,y- is the distance measured in the normal section such that
y = h is the channel’s width as shown in the figure below. The governing equations for this
investigation are based on the balances of mass, linear momentum, energy and concentration
species. Taking into consideration these assumptions, theequations that describe the physical
situation can be written in Cartesian frame of references, as follows:

Continuity equation:

∂v

∂y
= 0 (2.1)

Momentum equation:

∂u

∂t
+ v

∂u

∂y
= −

1

ρ

dp

dx
+ ν

∂2u

∂y2
−
σeB

2
0

ρ
u−

ν

K
u+ gβT (T − T0) + gβC (C − C0) (2.2)
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Energy equation:

∂T

∂t
+ v

∂T

∂y
=
KT

ρcp

∂2T

∂y2
−
Qo

ρcp
(T − T0) +

Q1

ρcp
(C −C0) +

DmKT

cscp

∂2C

∂y2
−

1

ρcp

∂qr
∂y

(2.3)

Diffusion equation;
∂C

∂t
+ v

∂C

∂y
= Dm

∂2C

∂y2
−K∗

r (C −C0) (2.4)

FIGURE 1. Physical model of the problem

whereu- fluid velocity in x- direction, v- fluid velocity alongy- direction, p- fluid pres-
sure,g- acceleration due to gravity,ρ- fluid density,βT - coefficient of thermal expansion,βC-
coefficient of concentration volume expansion,t- time,K- permeability of porous medium,
Bo- magnetic induction,T - fluid temperature,To- temperature at the cold wall,KT - thermal
conductivity of the fluid,Qo- dimensional heat source parameter,Q1- coefficient of propor-
tionality of the absorption of the radiation,cs- concentration susceptibility,qr- radiative heat
flux, C- species concentration in the fluid,Co- concentration at the cold wall,σe- fluid electri-
cal conductivity,cp- specific heat at constant pressure,Dm- chemical molecular diffusivity,ν-
kinematic viscosity of the fluid andK∗

r - non-dimensional chemical reaction parameter respec-
tively.

Under the assumption, the appropriate boundary conditionsfor velocity involving slip flow,
temperature and concentration fields are defined as

u = φ1u
′, T = T0, C = C0 at y = 0

u = φ2u
′, T = T1 + ε (T1 − To) exp (int) ,

C = C1 + ε (C1 − Co) exp (int) at y = h



 (2.5)

whereT1- fluid temperature at the heated plate,C1- species concentration at the heated plate,
φ1- cold wall dimensional slip parameter,φ2- heated wall dimensional slip parameter,n- fre-
quency of oscillation andε≪ 1 is a very small positive constant.
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It is clear from Eq. (2.1) that the suction velocity at the plate surface is a function time only.
Assuming that, the suction velocity takes the following exponential form:

v = −Vo [1 + εA exp (int)] (2.6)

whereA is a real positive constant,ε andεA are small less than unity.Vo is a scale of suction
velocity which is non-zero positive constant, the negativesign indicates that the suction is
towards the plate.

Following Magyari and Pantokratoras [34], Venkateswarlu et al. [35] by using the Rosseland
approximation, the radiative flux vectorqr can be written as:

∂qr
∂y

= −
4σ∗

3a∗
∂T 4

∂y
(2.7)

where,σ∗ anda∗ are the Stefan-Boltzmann constant and the mean absorption coefficient re-
spectively. We assume that the difference between fluid temperatureT and cold wall tempera-
tureTo within the flow is sufficiently small such thatT 4 may be expressed as a linear function
of the temperature. This is accomplished by expandingT 4 in Taylor series about the cold wall
temperatureTo and neglecting the second and higher order terms, we have

T 4 ∼= 4T 3
o T − 3T 4

o (2.8)

Using equations (2.7) and (2.8) in equation (2.3) we obtain

∂T

∂t
+v

∂T

∂y
=
KT

ρcp

[
1 +

16σ∗T 3
o

3a∗KT

]
∂2T

∂y2
−
Qo

ρcp
(T − T0)+

Q1

ρcp
(C − C0)+

DmKT

cscp

∂2C

∂y2
(2.9)

We introduce the following non-dimensional variables

ξ = x
h , η = y

h , ψ = h
νu, P = h2

ρν2
p, γ = φ1

h , σ = φ2

h ,

ω = h2

v n, τ = v
h2 t, v = hVo, θ = T−To

T1−To
, φ = C−Co

C1−Co
.

}
(2.10)

Equations (2.2), (2.4) and (2.9) reduce to the following non-dimensional form

∂ψ

∂τ
−

[
1 + εAeiωτ

] ∂ψ
∂η

= −
dP

dξ
+
∂2ψ

∂η2
+Grθ +Gmφ−

[
M +

1

Da

]
ψ (2.11)

∂θ

∂τ
−

[
1 + εAeiωτ

] ∂θ
∂η

=

[
1 +N

Pr

]
∂2θ

∂η2
−Hθ +Du

∂2φ

∂η2
+Qφ (2.12)

∂φ

∂τ
−

[
1 + εAeiωτ

] ∂φ
∂η

=
1

Sc

∂2φ

∂η2
−Krφ (2.13)

HereGr = gβT (T1−To)h3

v2 is the thermal buoyancy force,Gm = gβC(C1−C0)h3

v2 is the con-

centration buoyancy force,M = σeB2
oh

2

ρv is the magnetic parameter,Da = K
h2 is the Darcy

parameter,Pr =
ρcpν
KT

is the Prandtl number,N = 16σ∗T 3
o

3a∗KT
is the thermal radiation param-

eter,Du = Dm(C1−Co)KT

cscp(T1−To)ν
is the Dufour number,H = Q0h2

ρcpν
is the heat source parameter,
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Q = Q1(C1−Co)h2

ρcp(T1−To)ν
is the absorption of radiation parameter,Sc = ν

Dm
is the Schmidt number

andKr = h2

ν K
∗
r is the chemical reaction parameter respectively.

The corresponding initial and boundary conditions in Eq. (2.5) in non-dimensional form are

ψ = γψ′ , θ = 0, φ = 0 at η = 0
ψ = σψ′ , θ = 1 + ε exp (iωτ) , φ = 1 + ε exp (iωτ) at η = 1

}
(2.14)

Following Adesanya and Makinde [36], for purely an oscillatory flow we take the pressure
gradient of the form

λ = −
dP

dξ
= λ0 + ε exp(iωτ)λ1 (2.15)

whereλ0- andλ1- are constants andω is the frequency of oscillation.
It is now important to calculate physical quantities of primary interest, which are the local

wall shear stress or skin friction coefficient, the local surface heat flux and the local surface
mass flux. Given the velocity, temperature and concentration fields in the boundary layer, the
shear stressτw, the heat fluxqw and mass fluxjw are obtained by

τw = µ

[
∂u

∂y

]
(2.16)

qw = −KT

[
∂T

∂y

]
(2.17)

jw = −Dm

[
∂C

∂y

]
(2.18)

In non-dimensional form the skin-friction coefficientCf , heat transfer coefficientNu and mass
transfer coefficientSh are defined as

Cf =
τw

ρ (ν/h)2
(2.19)

Nu =
hqw

KT (T1 − To)
(2.20)

Sh =
hjw

Dm (C1 − Co)
(2.21)

Using non-dimensional variables in equation (2.10) and equations (2.16) to (2.18) into equa-
tions (2.19) to (2.21), we obtain the physical parameters

Cf =

[
∂ψ

∂η

]
(2.22)

Nu = −

[
∂θ

∂η

]
(2.23)

Sh = −

[
∂φ

∂η

]
(2.24)
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3. SOLUTION OF THE PROBLEM

Equations (2.11) to (2.13) are coupled non-linear partial differential equations and these
cannot be solved in closed form. So, we reduce these non-linear partial differential equations
into a set of ordinary differential equations, which can be solved analytically. This can be done
by assuming the trial solutions for the velocity, temperature and concentration of the fluid as
(see, Siva Kumar et al. [37], Venkateswarlu et al. [38])

ψ(η, τ) = ψ0(η) + ε exp (iωτ)ψ1(η) + o
(
ε2
)

(3.1)

θ(η, τ) = θ0(η) + ε exp (iωτ ) θ1(η) + o
(
ε2
)

(3.2)

φ(η, τ) = φ0(η) + ε exp (iωτ )φ1 (η) + o
(
ε2
)

(3.3)

Substituting equations (3.1) to (3.3) into equations (2.11) to (2.13), then equating the harmonic
and non–harmonic terms and neglecting the higher order terms of o

(
ε2
)
, we obtain

ψ′′
0 + ψ′

0 −

[
M +

1

Da

]
ψ0 = − [Grθ0 +Gmφ0 + λ0] (3.4)

ψ′′
1 + ψ′

1 −

[
M +

1

Da
+ iω

]
ψ1 = −

[
Grθ1 +Gmφ1 + λ1 +Aψ′

0

]
(3.5)

θ′′0 +

[
Pr

1 +N

]
θ′0 −

[
H Pr

1 +N

]
θ0 = −

[
PrDu

1 +N
φ′′0 +

PrQ

1 +N
φ0

]
(3.6)

θ′′1 +

[
Pr

1 +N

]
θ′1 −

[
Pr (H + iω)

1 +N

]
θ1 = −

[
PrDu

1 +N
φ′′1 +

PrQ

1 +N
φ1 +

PrA

1 +N
θ′0

]
(3.7)

φ′′0 + Scφ′0 − ScKrφ0 = 0 (3.8)

φ′′1 + Scφ′1 − Sc (Kr + iω)φ1 = −ScAφ′0 (3.9)

Initial and boundary conditions, presented by equation (2.14), can be written as

ψ0 = γψ′
0, ψ1 = γψ′

1, θo = 0, θ1 = 0, φo = 0, φ1 = 0 at η = 0
ψo = σψ′

0, ψ1 = σψ′
1, θo = 1, θ1 = 1, φo = 1, φ1 = 1 at η = 1

}
(3.10)

where the prime denotes ordinary differentiation with respect toη.
The analytical solutions of equations (3.4) to (3.9) with the boundary conditions in equation

(3.10), are given by

ψ0 =C22 exp (−m9η) + C21 exp (m10η)− C3 exp (−m5η)− C4 exp (m6η)

+ C5 exp (−m1η) + C6 exp (m2η) + C2 (3.11)

ψ1 =D54 exp (−m11η) +D53 exp (m12η)−D23 exp (−m1η)−D24 exp (m2η)

+D25 exp (−m3η) +D26 exp (m4η)−D27 exp (−m5η) +D28 exp (m6η) (3.12)

−D29 exp (−m7η)−D30 exp (m8η) +D31 exp (−m9η)−D32 exp (m10η) +D12

θo = B14 exp (−m5η) +B13 exp (m6η) +B7 exp (−m1η)−B8 exp (m2η) (3.13)

θ1 =B50 exp (−m7η) +B47 exp (m8η)−B31 exp (−m3η)−B32 exp (m4η)
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+B33 exp (m2η) +B34 exp (−m1η) +B35 exp (−m5η)−B36 exp (m6η) (3.14)

φo = A1 exp (m2η)−A1 exp (−m1η) (3.15)

φ1 = A14 exp (−m3η) +A13 exp (m4η)−A7 exp (m2η)−A8 exp (−m1η) (3.16)

By substituting equations (3.11) to (3.16) into equations (3.1) to (3.3), we obtained solutions
for the fluid velocity, temperature and concentration and are presented in the following form

ψ (η, τ) =[C22 exp (−m9η) + C21 exp (m10η)− C3 exp (−m5η)− C4 exp (m6η)

+ C5 exp (−m1η) + C6 exp (m2η) + C2]

+ ε exp(iωτ )[D54 exp (−m11η) +D53 exp (m12η)−D23 exp (−m1η)

−D24 exp (m2η) +D25 exp (−m3η) +D26 exp (m4η)

−D27 exp (−m5η) +D28 exp (m6η)−D29 exp (−m7η)

−D30 exp (m8η) +D31 exp (−m9η)−D32 exp (m10η) +D12] (3.17)

θ (η, τ ) = [B14 exp (−m5η) +B13 exp (m6η) +B7 exp (−m1η)−B8 exp (m2η)]

+ ε exp (iωτ) [B50 exp (−m7η) +B47 exp (m8η)−B31 exp (−m3η)

−B32 exp (m4η) +B33 exp (m2η) +B34 exp (−m1η) +B35 exp (−m5η)

−B36 exp (m6η)] (3.18)

φ (η, τ ) =[A1 exp (m2η)−A1 exp (−m1η)] + ε exp (iωτ) [A14 exp (−m3η)

+A13 exp (m4η)−A7 exp (m2η)−A8 exp (−m1η)] (3.19)

3.1. Skin friction: From the velocity field, the skin friction at the plate can be obtained, which
in non dimensional form is given by

Cf =[C21m10 exp (m10η)− C22m9 exp (−m9η) + C3m5 exp (−m5η)

−C4m6 exp (m6η) + C6m2 exp (m2η)− C5m1 exp (−m1η)]

+ ε exp (iωτ ) [D53m12 exp (m12η)−D54m11 exp (−m11η)

+D23m1 exp (−m1η)−D24m2 exp (m2η) +D26m4 exp (m4η)

−D25m3 exp (−m3η) +D27m5 exp (−m5η) +D28m6 exp (m6η)

+D29m7 exp (−m7η)−D30m8 exp (m8η)−D31m9 exp (−m9η)

−D32m10 exp (m10η)] (3.20)

3.2. Nusselt number: From temperature field, we obtained heat transfer coefficient which is
given in non-dimensional form as

Nu =− [B13m6 exp (m6η)−B14m5 exp (−m5η)−B7m1 exp (−m1η)

−B8m2 exp (m2η)]− ε exp (iωτ ) [B47m8 exp (m8η)−B50m7 exp (−m7η)

+B31m3 exp (−m3η)−B32m4 exp (m4η) +B33m2 exp (m2η)

−B34m1 exp (−m1η)−B35m5 exp (−m5η)−B36m6 exp (m6η)] (3.21)



255

3.3. Sherwood number: From concentration field, we obtained mass transfer coefficient which
is given in non-dimensional form as

Sh =− [A1m1 exp (−m1η) +A1m2 exp (m2η)]− ε exp (iωτ) [A13m4 exp (m4η)

−A14m3 exp (−m3η)−A7m2 exp (m2η) +A8m1 exp (−m1η)] (3.22)

Here the constants are not given under brevity.

4. RESULTS AND DISCUSSION

The results are obtained to illustrate the influence of the thermal Grashof numberGr, so-
lutal Grashof numberGm, Darcy parameterDa, pressure gradientλ, magnetic parameterM ,
Prandtl numberPr, heat source parameterH, radiation parameterN , absorption of radiation
parameterQ, Dufour numberDu, Schmidt numberSc, chemical reaction parameterKr, cold
wall slip parameterγ and heated wall slip parameterσ on the fluid velocityψ, temperatureθ
and concentrationφ. The numerical values of skin friction coefficientCf , heat transfer coef-
ficientNu and mass transfer coefficientSh are presented in tabular form for various values of
different physical parameters. For graphical results and tables we consideredτ = π/2, Gr =
5, Gm = 3,M = 4,Da = 1,Pr = 0.71, N = 0.2,H = 0.5, Sc = 0.60,Du = 0.4, λ =
1,Kr = 0.5, Q = 0.3, A = 0.1, γ = 0.1, σ = 0.1, ω = 1,andε = 0.00001.

These values are kept as common in entire study except the varied values as shown in re-
spective graph and table.

FIGURE 2. Velocity for various values of thermal Grashof number under the
slip and no-slip boundary conditions.

Figs. 2 and 3 show the influence of the thermal buoyancy force parameterGr and solutal
buoyancy force parameterGm on the fluid velocity profileψ respectively. A study of the
curves shows that thermal buoyancy force parameterGr and solutal buoyancy force parameter
Gm accelerates the fluid velocity under the slip and no-slip boundary conditions. This is due to
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FIGURE 3. Velocity for various values of solutal Grashof number under the
slip and no-slip boundary conditions.

the fact that buoyancy force enhances fluid velocity and increase the boundary layer thickness
with increase in the value ofGr orGm.

The variation of fluid velocity profileψ with Darcy parameterDa is represented in Fig. 4
under the slip and no-slip boundary conditions. This figure clearly indicates that the value of
velocity profile increases with increasing the Darcy parameter except at the flow reversal point
at the heated wall.

FIGURE 4. Velocity for various values of Darcy parameter under the slip and
no-slip boundary conditions.



257

Fig.5 demonstrates the influence of pressure gradientλ on the fluid velocityψ. It is observed
that, the fluid velocity increases on increasing the pressure gradient under the slip and no-slip
boundary conditions.

FIGURE 5. Velocity for various values of pressure gradient under the slip and
no-slip boundary conditions.

Figs. 6 and 7, shows the plot of fluid velocityψ and temperatureθ of the flow field against
different values of Prandtl numberPr taking other parameters are constant. The Prandtl number
defines the ratio of momentum diffusivity to thermal diffusivity. It is evident from Fig. 6, the
fluid velocity increases on increasing Prandtl numberPr under the slip and no-slip boundary
conditions. It is clear that from Fig. 7, temperature increases on increasing Prandtl number.

FIGURE 6. Velocity for various values of Prandtl number under the slip and
no-slip boundary conditions.
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FIGURE 7. Temperature for various values of Prandtl number.

Figs. 8 and 9, show the influence of the heat source parameterH and absorption of radiation
parameterQ on the fluid velocity profileψ respectively under the slip and no-slip boundary
conditions. The effect of increasing the value of the heat source parameter is to decrease the
boundary layer as shown in Fig. 8, which is as expected due to the fact that when heat is
absorbed the buoyancy force decreases which retards the flowrate and thereby giving rise to
decrease in the velocity profiles. The opposite trend is observed for the case of increasing the
value of the absorption of the radiation parameter due to increase in the buoyancy force which
accelerates the flow rate as shown in Fig. 9.

FIGURE 8. Velocity for various values of heat source parameter under the slip
and no-slip boundary conditions.
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FIGURE 9. Velocity for various values of absorption of radiation parameter
under the slip and no-slip boundary conditions.

Fig. 10 depicts the influence of magnetic field intensity on the variation of fluid velocity
under the slip and no-slip boundary conditions. It is noticed that, an increase in the magnetic
parameterM decreases the fluid velocityψ due to the resistive action of the Lorenz forces
except at the heated wall where the reversed flow induced by wall slip caused an increase in
the fluid velocity. This implies that magnetic field tends to decelerate fluid flow under the slip
and no-slip boundary conditions.

FIGURE 10. Velocity for various values of magnetic parameter underthe slip
and no-slip boundary conditions.
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The variation of fluid velocity profileψ with radiation parameterN is represented in Fig. 11
under the slip and no-slip boundary conditions. It is observed that, the fluid velocity decreases
on increasing the radiation parameter.

FIGURE 11. Velocity for various values of radiation parameter under the slip
and no-slip boundary conditions.

FIGURE 12. Temperature for various values of radiation parameter.

Fig. 12 represents graph of fluid temperature distributionθ with span wise co-ordinateη for
different values of radiation parameterN . It is observed from this figure that increase in the
radiation parameter decreases the temperature distribution in the thermal boundary layer due
to decrease in the thickness of the thermal boundary layer with thermal radiation parameter.
This is because large values of radiation parameter correspond to an increase in dominance
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of conduction over radiation, thereby decreasing the buoyancy force and the thickness of the
thermal boundary layer.

The influence of Dufour number for different values on velocity and temperature profiles
are plotted in Figs. 13 and 14 respectively. The Dufour number signifies the contribution of
the concentration gradient to the thermal energy flux in the flow. It is found that an increase
in the Dufour numberDu causes a decrease in velocityψ under the slip and no-slip boundary
conditions. It is found that, the fluid temperatureθ decreases on increasing the Dufour number
Du.

FIGURE 13. Velocity for various values of Dufour number under the slip and
no-slip boundary conditions.

FIGURE 14. Temperature for various values of Dufour number.
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Fig. 15 has been plotted to depict the variation of temperature profiles for different values
of heat source parameter by fixing other physical parameters. From this graph we observe that
temperatureθ decreases with increase in the heat source parameterH because when heat is
absorbed, the buoyancy force decreases the temperature profile.

FIGURE 15. Temperature for various values of heat source parameter.

Fig. 16 depicts the graph of temperature profile for various values of absorption of radiation
parameter in the boundary layer. It is seen that the effect ofabsorption of radiation parameter
Q is to increase temperatureθ in the boundary layer as the radiated heat is absorbed by the
fluid which is responsible for increase in the temperature ofthe fluid very close to the porous
boundary layer.

FIGURE 16. Temperature for various values of absorption of radiation parameter.
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The nature of the fluid velocity, temperature and concentration is shown in Figs. 17 to 19.
Physically, Schmidt number signifies the relative strengthof viscosity to chemical molecular
diffusivity. Therefore the Schmidt number quantifies the relative effectiveness of momentum
and mass transport by diffusion in the hydrodynamic and concentration boundary layers. It is
observed that velocityψ increases on increasing the Schmidt numberSc under the slip and
no-slip boundary conditions and temperatureθ decreases on increasing Schmidt numberSc
whereas concentrationφ increases on increasing the Schmidt numberSc.

FIGURE 17. Velocity for various values of Schmidt number under the slip and
no-slip boundary conditions.

FIGURE 18. Temperature for various values of Schmidt number.

Figs. 20 to 22, demonstrate the influence of chemical reaction parameterKr on the velocity,
temperature and species concentration. It is observed that, velocityψ decreases on increasing
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FIGURE 19. Concentration for various values of Schmidt number.

the chemical reaction parameterKr under the slip and no-slip boundary conditions. It also
found that, temperatureθ increases and concentrationφ decreases on increasing the chemical
reaction parameterKr. This implies that, chemical reaction tends to reduce the fluid velocity
and species concentration.

FIGURE 20. Velocity for various values of chemical reaction parameter under
the slip and no-slip boundary conditions.

Figs. 23 and 24 shows the fluid velocity profile variations with the cold wall slip parameter
γ and the heated wall slip parameterσ. It is observed that, the fluid velocityψ increases on
increasing the cold wall slip parameterγ thus enhancing the fluid flow. The cold wall slip
parameter did not cause an appreciable effect on the heated wall. An increase in the heated
wall slip parameterσ decreases the fluid velocityψ minimally at the cold wall and increasing
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FIGURE 21. Temperature for various values of chemical reaction parameter.

FIGURE 22. Concentration for various values of chemical reaction parameter.

the heated wall slip parameterσ causes a flow reversal towards the heated wall. It is observed
thatσ = 0 corresponds to the pulsatile case with no slip condition at the heated wall in Fig 24.
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FIGURE 23. Velocity for various values of cold wall slip parameter.

FIGURE 24. Velocity for various values of heated wall slip parameter.

From tables 1 to 12, it is clear that the skin friction coefficientCf increases on increasing
the thermal Grashof numberGr, solutal Grashof numberGm, pressure gradientλ, Darcy
parameterDa, Prandtl numberPr, absorption of radiation parameterQ and Schmidt number
Sc whereas it decreases on increasing magnetic parameterM , radiation parameterN , heat
source parameterH, Dufour numberDu and chemical reaction parameterKr at both cold and
heated walls.
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TABLE 1. Influence of thermal Grashof number on skin friction coefficient.

η Gr Cf Gr Cf Gr Cf Gr Cf
0.00 1.0 0.6728 2.0 0.7660 3.0 0.8592 4.0 0.9524
0.25 1.0 0.3190 2.0 0.3800 3.0 0.4410 4.0 0.5020
0.50 1.0 0.1161 2.0 0.1253 3.0 0.1345 4.0 0.1438
0.75 1.0 0.7104 2.0 0.8331 3.0 0.9558 4.0 1.0786
1.00 1.0 1.5768 2.0 1.8733 3.0 2.1698 4.0 2.4663

TABLE 2. Influence of Solutal Grashof number on skin friction coefficient.

η Gm Cf Gm Cf Gm Cf Gm Cf
0.00 1.0 0.8581 2.0 0.9518 3.0 1.0456 4.0 1.1393
0.25 1.0 0.4410 2.0 0.5020 3.0 0.5631 4.0 0.6241
0.50 1.0 0.1338 2.0 0.1434 3.0 0.1530 4.0 0.1626
0.75 1.0 0.9556 2.0 1.0784 3.0 1.2013 4.0 1.3241
1.00 1.0 2.1702 2.0 2.4665 3.0 2.7628 4.0 3.0591

TABLE 3. Influence of magnetic parameter on skin friction coefficient.

η M Cf M Cf M Cf M Cf
0.00 1.0 1.3544 2.0 1.2349 3.0 1.1331 4.0 1.0456
0.25 1.0 0.6847 2.0 0.6384 3.0 0.5983 4.0 0.5631
0.50 1.0 0.2527 2.0 0.2135 3.0 0.1807 4.0 0.1530
0.75 1.0 1.4512 2.0 1.3554 3.0 1.2730 4.0 1.2013
1.00 1.0 2.9448 2.0 2.8733 3.0 2.8133 4.0 2.7628

TABLE 4. Influence of pressure gradient on skin friction coefficient.

η λ Cf λ Cf λ Cf λ Cf
0.00 1.0 1.0456 2.0 1.3440 3.0 1.6424 4.0 1.9408
0.25 1.0 0.5631 2.0 0.6379 3.0 0.7128 4.0 0.7876
0.50 1.0 0.1530 2.0 0.2310 3.0 0.3090 4.0 0.3871
0.75 1.0 1.2013 2.0 1.4205 3.0 1.6397 4.0 1.8589
1.00 1.0 2.7628 2.0 3.1541 3.0 3.5455 4.0 3.9368

It is evident from tables 13 and 14 that skin friction coefficient decreases at the cold wall
and it increases at the heated wall on increasing the cold wall slip parameterγ and heated wall
slip parameterσ.
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TABLE 5. Influence of Darcy parameter on skin friction coefficient.

η Da Cf Da Cf Da Cf Da Cf
0.00 0.1 0.5998 0.2 0.7918 0.3 0.8824 0.4 0.9351
0.25 0.1 0.3701 0.2 0.4567 0.3 0.4956 0.4 0.5177
0.50 0.1 0.0247 0.2 0.0766 0.3 0.1031 0.4 0.1190
0.75 0.1 0.8211 0.2 0.9884 0.3 1.0654 0.4 1.1096
1.00 0.1 2.5481 0.2 2.6266 0.3 2.6728 0.4 2.7011

TABLE 6. Influence of Prandtl number on skin friction coefficient.

η Pr Cf Pr Cf Pr Cf Pr Cf
0.00 0.71 1.0456 1.00 1.0663 5.00 1.2901 7.00 1.3575
0.25 0.71 0.5631 1.00 0.5728 5.00 0.6493 7.00 0.6584
0.50 0.71 0.1530 1.00 0.1598 5.00 0.2460 7.00 0.2747
0.75 0.71 1.2013 1.00 1.2202 5.00 1.3888 7.00 1.4244
1.00 0.71 2.7628 1.00 2.7848 5.00 2.9621 7.00 2.9947

TABLE 7. Influence of radiation parameter on skin friction coefficient.

η N Cf N Cf N Cf N Cf
0.00 1.0 1.0249 2.0 1.0145 3.0 1.0093 4.0 1.0061
0.25 1.0 0.5530 2.0 0.5478 3.0 0.5452 4.0 0.5436
0.50 1.0 0.1465 2.0 0.1434 3.0 0.1418 4.0 0.1409
0.75 1.0 1.1819 2.0 1.1719 3.0 1.1669 4.0 1.1638
1.00 1.0 2.7399 2.0 2.7280 3.0 2.7219 4.0 2.7182

TABLE 8. Influence of heat source parameter on skin friction coefficient.

η H Cf H Cf H Cf H Cf
0.00 1.0 1.0283 2.0 0.9966 3.0 0.9684 4.0 0.9430
0.25 1.0 0.5532 2.0 0.5351 3.0 0.5188 4.0 0.5041
0.50 1.0 0.1487 2.0 0.1410 3.0 0.1343 4.0 0.1285
0.75 1.0 1.1829 2.0 1.1491 3.0 1.1188 4.0 1.0913
1.00 1.0 2.7392 2.0 2.6955 3.0 2.6558 4.0 2.6196

From table 15 to 18, it is clear that the heat transfer coefficientNu increases at the cold
wall and decreases at the heated wall on increasing the radiation parameterN , heat source
parameterH, Dufour numberDu and Schmidt numberSc.
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TABLE 9. Influence of Dufour number on skin friction coefficient.

η Du Cf Du Cf Du Cf Du Cf
0.00 1.0 1.0265 2.0 0.9948 3.0 0.9631 4.0 0.9314
0.25 1.0 0.5545 2.0 0.5401 3.0 0.5258 4.0 0.5115
0.50 1.0 0.1466 2.0 0.1358 3.0 0.1251 4.0 0.1143
0.75 1.0 1.1843 2.0 1.1561 3.0 1.1279 4.0 1.0997
1.00 1.0 2.7436 2.0 2.7115 3.0 2.6795 4.0 2.6475

TABLE 10. Influence of absorption of radiation parameter on skin friction coefficient.

η Q Cf Q Cf Q Cf Q Cf
0.00 1.0 1.0706 2.0 1.1063 3.0 1.1420 4.0 1.1778
0.25 1.0 0.5773 2.0 0.5976 3.0 0.6179 4.0 0.6381
0.50 1.0 0.1593 2.0 0.1682 3.0 0.1772 4.0 0.1861
0.75 1.0 1.2277 2.0 1.2656 3.0 1.3034 4.0 1.3412
1.00 1.0 2.7966 2.0 2.8450 3.0 2.8934 4.0 2.9418

TABLE 11. Influence of Schmidt number on skin friction coefficient.

η Sc Cf Sc Cf Sc Cf Sc Cf
0.00 1.0 1.0591 2.0 1.0901 3.0 1.1162 4.0 1.1375
0.25 1.0 0.5692 2.0 0.5816 3.0 0.5901 4.0 0.5951
0.50 1.0 0.1576 2.0 0.1690 3.0 0.1795 4.0 0.1885
0.75 1.0 1.2133 2.0 1.2388 3.0 1.2577 4.0 1.2711
1.00 1.0 2.7764 2.0 2.8040 3.0 2.8232 4.0 2.8360

TABLE 12. Influence of chemical reaction parameter on skin friction coefficient.

η Kr Cf Kr Cf Kr Cf Kr Cf
0.00 2.0 1.0266 4.0 1.0060 6.0 0.9894 8.0 0.9757
0.25 2.0 0.5521 4.0 0.5399 6.0 0.5300 8.0 0.5217
0.50 2.0 0.1485 4.0 0.1439 6.0 0.1403 8.0 0.1376
0.75 2.0 1.1808 4.0 1.1583 6.0 1.1398 8.0 1.1243
1.00 2.0 2.7362 4.0 2.7063 6.0 2.6813 8.0 2.6600

From table 19 to 21, it is clear that the heat transfer coefficientNu decreases at the cold wall
and increases at the heated wall on increasing the Prandtl numberPr absorption of radiation
parameterQ and chemical reaction parameterKr.
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TABLE 13. Influence of cold wall slip parameter on skin friction coefficient.

η γ Cf γ Cf γ Cf γ Cf
0.00 0.0 1.3452 0.1 1.0456 0.2 0.8551 0.3 0.7233
0.25 0.0 0.7154 0.1 0.5631 0.2 0.4662 0.3 0.3992
0.50 0.0 0.0721 0.1 0.1530 0.2 0.2044 0.3 0.2400
0.75 0.0 1.1531 0.1 1.2013 0.2 1.2319 0.3 1.2531
1.00 0.0 2.7264 0.1 2.7628 0.2 2.7859 0.3 2.8019

TABLE 14. Influence of heated wall slip parameter on skin friction coefficient.

η σ Cf σ Cf σ Cf σ Cf
0.00 0.0 1.2117 0.1 1.0456 0.2 0.7842 0.3 0.3129
0.25 0.0 0.7344 0.1 0.5631 0.2 0.2936 0.3 0.1925
0.50 0.0 0.0710 0.1 0.1530 0.2 0.5054 0.3 1.1408
0.75 0.0 0.8727 0.1 1.2013 0.2 1.7182 0.3 2.6502
1.00 0.0 2.2595 0.1 2.7628 0.2 3.5544 0.3 4.9821

TABLE 15. Influence of radiation parameter on heat transfer coefficient.

η N Nu N Nu N Nu N Nu
0.00 1.0 -1.1356 2.0 -1.0892 3.0 -1.0664 4.0 -1.0529
0.25 1.0 -1.0637 2.0 -1.0430 3.0 -1.0325 4.0 -1.0261
0.50 1.0 -0.9964 2.0 -0.9984 3.0 -0.9991 4.0 -0.9995
0.75 1.0 -0.9346 2.0 -0.9562 3.0 -0.9671 4.0 -0.9737
1.00 1.0 -0.8784 2.0 -0.9169 3.0 -0.9369 4.0 -0.9491

TABLE 16. Influence of heat source parameter on heat transfer coefficient.

η H Nu H Nu H Nu H Nu
0.00 1.0 -1.1735 2.0 -1.0672 3.0 -0.9734 4.0 -0.8903
0.25 1.0 -1.0620 2.0 -0.9868 3.0 -0.9196 4.0 -0.8592
0.50 1.0 -0.9818 2.0 -0.9650 3.0 -0.9480 4.0 -0.9310
0.75 1.0 -0.9288 2.0 -0.9952 3.0 -1.0535 4.0 -1.1047
1.00 1.0 -0.8998 2.0 -1.0748 3.0 -1.2386 4.0 -1.3929

From table 22, it is clear that the mass transfer coefficientSh decreases at the cold wall and
increases at the heated wall on increasing the Schmidt number Sc.
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TABLE 17. Influence of Dufour number on heat transfer coefficient.

η Du Nu Du Nu Du Nu Du Nu
0.00 1.0 -1.1323 2.0 -0.9662 3.0 -0.8000 4.0 -0.6338
0.25 1.0 -1.0708 2.0 -1.0171 3.0 -0.9635 4.0 -0.9098
0.50 1.0 -1.0016 2.0 -1.0208 3.0 -1.0400 4.0 -1.0593
0.75 1.0 -0.9302 2.0 -0.9939 3.0 -1.0575 4.0 -1.1211
1.00 1.0 -0.8602 2.0 -0.9479 3.0 -1.0356 4.0 -1.1233

TABLE 18. Influence of Schmidt number on heat transfer coefficient.

η Sc Nu Sc Nu Sc Nu Sc Nu
0.00 1.0 -1.1864 2.0 -1.0623 3.0 -0.9284 4.0 -0.7892
0.25 1.0 -1.0928 2.0 -1.0776 3.0 -1.0762 4.0 -1.0857
0.50 1.0 -0.9971 2.0 -1.0192 3.0 -1.0433 4.0 -1.0652
0.75 1.0 -0.9061 2.0 -0.9349 3.0 -0.9541 4.0 -0.9655
1.00 1.0 -0.8234 2.0 -0.8475 3.0 -0.8571 4.0 -0.8594

TABLE 19. Influence of Prandtl number on heat transfer coefficient.

η Pr Nu Pr Nu Pr Nu Pr Nu
0.00 0.71 -1.2320 1.00 -1.3352 5.00 -3.0572 7.00 -4.0049
0.25 0.71 -1.1030 1.00 -1.1403 5.00 -1.3193 7.00 -1.2407
0.50 0.71 -0.9901 1.00 -0.9806 5.00 -0.7169 7.00 -0.6036
0.75 0.71 -0.8861 1.00 -0.8499 5.00 -0.4801 7.00 -0.4161
1.00 0.71 -0.8075 1.00 -0.7429 5.00 -0.3638 7.00 -0.3275

TABLE 20. Influence of absorption of radiation parameter on heat transfer coefficient.

η Q Nu Q Nu Q Nu Q Nu
0.00 1.0 -1.3171 2.0 -1.4386 3.0 -1.5602 4.0 -1.6817
0.25 1.0 -1.1622 2.0 -1.2468 3.0 -1.3314 4.0 -1.4159
0.50 1.0 -1.0014 2.0 -1.0176 3.0 -1.0338 4.0 -1.0500
0.75 1.0 -0.8387 2.0 -0.7626 3.0 -0.6864 4.0 -0.6103
1.00 1.0 -0.6761 2.0 -0.4884 3.0 -0.3006 4.0 -0.1128

From table 23, it is clear that the mass transfer coefficientSh increases at the cold wall and
decreases at the heated wall on increasing the chemical reaction parameterKr.
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TABLE 21. Influence of chemical reaction parameter on heat transfer coefficient.

η Kr Nu Kr Nu Kr Nu Kr Nu
0.00 2.0 -1.2722 4.0 -1.3153 6.0 -1.3494 8.0 -1.3769
0.25 2.0 -1.1276 4.0 -1.1547 6.0 -1.1769 8.0 -1.1953
0.50 2.0 -0.9935 4.0 -0.9987 6.0 -1.0045 8.0 -1.0105
0.75 2.0 -0.8693 4.0 -0.8452 6.0 -0.8264 8.0 -0.8116
1.00 2.0 -0.7529 4.0 -0.6872 6.0 -0.6279 8.0 -0.5737

TABLE 22. Influence of Schmidt number on mass transfer coefficient.

η Sc Sh Sc Sh Sc Sh Sc Sh
0.00 1.0 -1.4593 2.0 -1.9866 3.0 -2.5563 4.0 -3.1488
0.25 1.0 -1.1559 2.0 -1.2500 3.0 -1.2820 4.0 -1.2635
0.50 1.0 -0.9517 2.0 -0.8650 3.0 -0.7652 4.0 -0.6709
0.75 1.0 -0.8190 2.0 -0.6742 3.0 -0.5720 4.0 -0.5064
1.00 1.0 -0.7383 2.0 -0.5919 3.0 -0.5187 4.0 -0.4863

TABLE 23. Influence of chemical reaction parameter on mass transfer coefficient.

η Kr Sh Kr Sh Kr Sh Kr Sh
0.00 2.0 -1.0981 4.0 -0.9184 6.0 -0.7762 8.0 -0.6620
0.25 2.0 -0.9826 4.0 -0.8536 6.0 -0.7487 8.0 -0.6620
0.50 2.0 -0.9521 4.0 -0.9183 6.0 -0.8844 8.0 -0.8510
0.75 2.0 -0.9926 4.0 -1.1034 6.0 -1.1894 8.0 -1.2568
1.00 2.0 -1.0970 4.0 -1.4184 6.0 -1.7052 8.0 -1.9651

5. CONCLUSION

In this paper we have studied analytically, Dufour and heat source effects on radiative MHD
slip flow of a viscous fluid in a parallel porous plate channel in presence of chemical reac-
tion.Conclusions more important of the study are as follows:

• Thermal Grashof number, Solutal Grashof number, pressure gradient, Darcy parameter,
Prandtl number, absorption of radiation parameter and Schmidt number are tend to
accelerate the fluid velocity and skin friction coefficient at both cold and heated plates.

• Magnetic parameter, radiation parameter, heat source parameter, Dufour number and
chemical reaction parameter are tend to decelerate the fluidvelocity and skin friction
coefficient at both cold and heated plates.

• On increasing the slip parameter at the cold wall the velocity increases whereas the
effect is totally reversed in the case of shear stress at the cold wall.
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• Temperature profiles are increases on increasing the Prandtl number, absorption of radi-
ation parameter and chemical reaction parameter whereas the effect is totally reversed
in the case of heat transfer coefficient at the cold wall.

• Temperature profiles are decreases on increasing the heat source parameter, radiation
parameter, Dufour number and Schmidt number whereas the effect is totally reversed
in the case of heat transfer coefficient at the cold wall.

• Concentration profiles are increases on increasing the Schmidt number whereas the
effect is totally reversed in the case of mass transfer coefficient at the cold wall.

• Concentration profiles are decreases on increasing the chemical reaction parameter
whereas the effect is totally reversed in the case of mass transfer coefficient at the cold
wall.
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