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A BSTRACT. In this paper, we propose a new method for template matching, patch ratio, to
inpaint unknown pixels. Before this paper, many inpainting methods used sum of squared
differences(SSD) or sum of absolute differences(SAD) to calculate distance between patches
and it was very useful for closest patches for the template that we want to fill in. However, those
methods don’t consider about geometric similarity and that causes unnatural inpainting results
for human visuality. Patch ratio can cover the geometric problem and moreover computational
cost is less than using SSD or SAD. It is guaranteed about finding the most similar patches
by Cauchy-Schwarz inequality. For ignoring unnecessary process, we compare only selected
candidates by priority calculations. Exeperimental results show that the proposed algorithm is
more efficent than Criminisi’s one.

1. I NTRODUCTION
Inpainting is an interesting subject in computer vision area. It can be apply to many ways like
restoring damage parts of image, image compression, red eye correction and object removal in
digital photos. Let us focus on object removal in digital photos. After taking photos, we often
have an exprience that hope to remove unwanted parts or objects like garbage. After we remove
them, the result must be unawkward for human visuality which is the most important aspect
of image inpainting. Image inpainting was first introduced by Bertalmio et al. [1], it is used
to filling in missing data in a target region of a single or video image. In recent work, we can
specify two classes algorithms to restore a digital image from big missing region. “Texture
synthesis” [2] algorithm produces a new image from an initial source image by non-parametric
sampling. “Inpainting” techniques based on solving PDE thought isophote information should
extend to missing region. However, this method actually uses the diffusion techniques and it
Received by the editors April 10 2018; Accepted April 27 2018; Published online June 18 2018.
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can cause blurring problem and more time cost. “Texture synthesis” generally select the best
candidate from known pixels that avoids blurring. But the result image isn’t smooth so it can
be seen as unnatural. A novel effective algorithm was proposed by Criminisi et al. [3]. It gives
higher priority to the pixel which have more confidence and information and inpainting first.
However, there are some deficiencies in Criminisi algorithm. First, Cheng et al. [3] discovered that the confidence term that was defined in Criminisi’s algorithm decreases exponentially and thus the multiplicative definition of the priority term needs to be replaced. Second,
bad selection can be occured from defining distance in texture synthesis. The most common
method for calculating distance between two matrices are SSD and SAD. For solving those
problems, in section 4, we suggest new priority calculation method and template matching using patch ratio after show a simple error example by Criminisi’s method. We take a idea about
Cauchy-Schwarz inequality. Also for accuracy, we will mention about energy terms suggested
by Bugeau, Bertalmio, Caselles and Saprio [4]. However, it takes much time so we just calculate sum of gradients when unknown parts of template are replaced with best candidates, then
choose minimize one. In section 5, we will show our results compared with other methods.
2. I NPAINTING A LGORITHM OF C RIMINISI ET AL .
2.1. Motivaltion of the algorithm. Criminisi’s algorithm considered where to start inpainting. Unknown Pixels surrounding with other unknown pixels have no confidence for inpainting
and unknown pixels nearby edge or corner can be regarded as much information than others.
After priority calculation for boundary of missing regions, template matching proceed for
inpaint the pixel and do those processes again.
2.2. Priority Calculation. Template based inpainting algorithms are filling in blanks using
known pixels in image. Especially, unknown pixels are related to surrounding pixels of them,
geometrically and brightness values. It should give higher priority for an unknown pixel if there
are more known pixels and much geometric information around it. So priority term consists
with confidence term and data term.
Take patches which take a center as each unknown pixel. Confidence term is counting
number of known pixels in a patch, and data term calculates intensity of isophote reaching
unknown pixel of unfilled region in the filling leading edge.
2.3. Texture Synthesis. After calculating priority, they use texture synthesis method to fill in
unknown pixels succesively as higher priority. Denote square template which is centered with
unknown pixel and candidates which is same size block with template which is centered with
known pixels.
Among candidates, they calculate distance with the template using SSD. Take best candidates which are close to template and choose one randomly. Finally, unknown pixel value is
replaced with a center pixel value of the best candidate.
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F IGURE 1. How to do texture synthesis.
3. C RIMINISI A LGORITHM

F IGURE 2. In image I, Ω marks the inpainting region, δΩ the boundary of it
and the Φ the source region. The point p is an unknown pixel want to be inpainted and Ψp centered around p is the patch that regarded as template. ∇Ip⊥
presents the edge strength and direction at p and np is a unit vector orthogonal
to δΩ at p.
Step 1: The patch-priority of a patch centered around a p∈ δΩ consists of two terms, the
confidence term C(p) and the data term D(p). The product of two terms means the priority of
p:
P (p) = C(p)D(p)
The two terms C(p) and D(p) were calculated as :
∑
|∇Ip⊥ np |
q∈Ψp ∩(I−Ω) C(q)
C(p) =
, D(p) =
|Ψp |
α

(3.1)
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|Ψp | represents the area of Ψp , np is a unit vector orthogonal to δΩ in p, α a normalization
factor (α=1 for double format) . and ∇⊥
p representing edge strength and direction at p. The
numerator of C(p) implies counting known (or inpainted) pixels in Ψp so it rates how sure we
can be about a pixel p ∈ δΩ. The data term D(p) envolves the isophote direction and strength
at p. Since filling order should be consider linear structures in the image, we multiply ∇⊥
which is a strength of edge and np which is a direction of isophote. Therefore, if a pixel p
located near to a linear structure then D(p) is higher than other pixels’.
Step 2: After step one is complete, we get the priority order for p in δΩ. Then use Efros and
Leung’s texture synthesis method [2] to find matching blocks in image. Let the pixel p̂ ∈ δΩ
has the highest priority P (p̂) = maxp∈δΩ P (p). Step 2 is finding the most similar patch Ψq̂
with q̂ ∈ Ψ through a comparative simple task. Ψq̂ is the patch with the smallest distance to
Ψp̂ .
Ψq̂ = min d(Ψp̂ , Ψq )
Ψq ∈Φ

d(· , ·) is a simple distance function like the sum of squared differences(SSD). After finding Ψq̂
the texture and color values of Ψq̂ are copied to Ψp̂ for all p ∈ Ψp̂ ∩ Ω.
Step 3: Finally the priorities have to be updated.
C(p) = C(p̂), ∀p ∈ Ψp̂ ∩ Ω
The confidence term decays after these loops, so we are less sure about the values of pixel near
the center of the shrinking target region.
4. O UR A LGORITHM

F IGURE 3. Patches with same SSD. Choosing incorrect patch may occur poor results.
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4.1. Calcuate priorities of exemplar blocks. According to Cheng et al. [3], the confidence
term that was defined in Criminisi’s algorithm decreases exponentially and thus the multiplicative definition of the priority term needs to be replaced. However, changing it to additive form
of priority cause confidence term does not match the order of the data term. Thus the confidence term should be modified with the regularized confidence term. The authors also proposed
the weights to different components in the definition of priority term so that a balance between
confidence and data term could be maintained. Therefore the modified priority term can now
be represented as
P (p) = α × Rc (p) + β × D(p), 0 ≤ α, β ≤ 1, · · · (1)
where α and β are respectively the component weights for the confidence and data terms. Also
α + β = 1 and Rc (p) is the regularized confidence term
Rc (p) = (1 − w) × C(p) + w, 0 ≤ w ≤ 1, · · · (2)
where w is regularizing factor for controlling the curve smoothness. In this way the modified
priority function will be able to resist the confidence term decreasing exponentially.

F IGURE 4. (a)Criminisi’s algorithm, (b)our algorithm
In our algorithm for calculating priorities, we simply the factors of C(p) and D(p). We can
get following P (p) as insert equation (2) to (1).
P (p) = α(1 − w) · C(p) + α · w + β · D(p)
We don’t need constant term so we don’t have to calculate α · w and we only need to know
ratio between α(1 − w) and β. So we use the following equation to get priority terms P (p).
(α = 0.25, β = 0.75, w = 0.7)
P (p) = C(p) + 10 · D(p)
Still it remains a problem, that if we compute priority for every pixel on boundary, we can’t
make sure about quality. Even if few pixels around p we know, those algorithms do inpainting and it can occur unnaturallity. So we only calculate priority when confidence term C(p) is
larger than threshold and do inpainting among these pixels. This priority algorithm is faster and
more accurate for inpainting. (Notice that not only when we use texture synthesis for inpainting, but also this method is necessary for any inpainting methods like PDE based inpainting.)
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4.2. Patch Ratio for Choosing Best Matching Block. In Criminisi, the mathematical model
of selecting the best-matching block is calculating Euclidean distance of matrix between target
block and matching block, precisely, Ψq̂ = minΨq ∈Φ d(Ψp̂ , Ψq ). Euclidean Distance of matrix
is a valid method for calculating matrix similarity, especially for the case that most points are
unknown in the original matrix. It can be perfectly accepted in the respect of human visuality
and image inpainting law by calculating the Euclidean distance between known points in the
original matrix and corresponding points in the matching block. However, when the number of
known points in original matrix exceeds a certain threshold, precisely, the structure of matrix is
determined, it cannot satisfy requirements of human visual psychology in most cases by using
Euclidean Distance judging matrix similarity, such as visual discontinuities and image extending from high texture to low in the boundary. See figure 5 as an example. For the continuity

F IGURE 5. Example for Euclidean Distance, (a) 0 is unknown pixel, (b) Candidate1, (c) Candidate2
of image, the gradient of the point in direction x and y cannot be too large, precisely, difference between the point and surrounding should be small. In Figure 5, (a) is a square matrix
with unfilled blocks which is numbered with 0 and (b), (c) are both fulfilled matrices. (We
will denote as matrix(a), matrix(b), and matrix(c)) According the algorithm of calculating Euclidean distance in Criminisi, we obtain Euclidean distance of matrix is 14 between matrix(a)
and matrix(b). Euclidean distance of matrix is 10 between matrix(a) and matrix(c). By Criminisi’s method, it should select matrix(c) as the best matching block, and inpainting result is
shown in Figure 6.(a) while Figure 6.(b) is the result of selecting matrix(b) as the best-matching
block. We can easily find out in Fig 6, that (a) is significantly less smooth than (b) with human
visuality.
Therefore, for our algorithm, we use patch ratio to compare patches. See the following
Cauchy-Schwarz inequality for vectors x = (x1 , x2 , · · · xn ) and y = (y1 , y2 , · · · yn ) is
∑

< x, y >≤ ∥x∥ · ∥y∥

where < x, y >=
xi yi and norm of inner product is ∥A∥ =< A, A >1/2 . The equality
x1
x2
xn
holds if and only if x and y are linearly dependent (In other words,
=
= ··· =
). So
y1
y2
yn
< x, y >
if
closer to 1, it means x and y are more similar vectors. Idea from this property, we
∥x∥ · ∥y∥
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F IGURE 6. Comparison results when using Euclidean Distance
calculate ratio between template patch A and candidate patch B.
∑ bij + 1
ratio(A, B) =
|
− 1|
aij + 1
where aij , bij are elements in patch A and B, respectively. If candidate B has similar geometric
structure with template patch A, ratio(A, B) is close to 0. Finally, we take the best candidates.
Ψq̂ = min ratio(Ψp̂ , Ψq )
Ψq ∈Φ

We also can write ratio(A, B) as
ratio(A, B) =

∑ |bij − aij |
aij + 1

and note that numerator is same with sum of absolute values. We can think denomiator part as
an weight and it is fixed when we choose the template while candidates are changed. It means
we consider both distance and geomtrically similarity. When we select candidates to compare
with the template , we have to select trustful candidates and that is how much information is in
candidate block. Therefore we choose candidates to compare with the template, only if nonzero
elements in candidate are more than threshold.
However, it is not still enough to make algorithm fast and exact. So we think about human
visual psychology when looking holes in image that want to fill in. Actually, when we look
a part of an image and think about its naturality, we only compare the part and surround part
of it to decide smoothness. It means human visuality doesn’t bother by a relation between the
part and another parts which are far from it. So we use ”window” concept that take a window
around the template. After we decide the template, we only compare patches in window so it
fits with human visuality.
After doing these processes, we find out ratio is not clear method since ratio doesn’t consider
the gradients in image. It just consider how candidates are close to the template. We have to
take process for smoothness of image and we take an idea from Rudin, Osher, and Fatemi
[5] model. It is one of the simplest form that decides smoothness of image. We choose the
smoothest candidates. In case of more than one patch satisfy these conditions, we randomly
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choose one.
Ψbest = argmincandidates

∑

|∇Ψtemplate+candidates |2

5. R ESULTS

F IGURE 7. (a)”Kanizsa triangle” (b)Our algorithm
In our algorithm, patch size (or block size) is related to time cost and accuracy. If we have
a small size patch for complex areas, it might return a poor result. If we have a large size
patch, then it takes more time for calculating ratio and also we have to enlarge window size
for accuracy. We compare 5, 7, 9, and 11 for patch width (and also height) then the best result
occurs when our algorithm uses 11 × 11 patch.
For calculating ratio, we choose candidates that at least 90% of elements is known and after
this process, we choose best candidates smaller than min(ratio) × 1.3. Finally, we calculate
total variation energy for each case with best candidates, and choose minimize one then inpaint
the pixel.
”Kanisza triangle” is the interesting picture for image inpainting. It is related with ”connectivity principle”. The result should be more likely to be two intersected linear lines according
to the exemplar-based inpainting algorithm. To analyze further, we find that the imperfections
arose from the filling disorder such that redundant pixels are added to change the curvature.
On the contrary, in the proposed approach, the filling orders are correctly computed and most
of the reconstructed circles are next to perfect.
Now we compare costing time between Criminisi algorithm and our algorithm.
Image
Elephant

Size
225x339

Unknown Pixel
9759 pixels

Bungee

308x206

7996 pixels

Giraffe

210x321

10015 pixels

Method
Criminisi
Ours
Criminisi
Ours
Criminisi
Ours

Time
6649s
544s
4382s
598s
7223s
759s
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F IGURE 8. Comprarisons with others: a) Input image, b) Mask Image, c)
Bornemann’s [6], d) Criminisi’s [1], e) Ours
Our algorithm is almost 10 times faster than original Criminisi.
6. C ONCLUSION
In this paper, we find out some deficiencies in Criminisi algorithm, and suggest new algorithm ,using patch ratio, which improves speed and nuturallity of inpainted image. We think the
most important thing for inpainting is speed. Therefore we use ’window’ for speed up based
on human visuality property. Also for accuracy, we give some thresholds in algorithm, and
this idea is good not only for accuracy, but also for speed up. Finally, we use a new matching
strategy, “patch ratio”, based on Cauchy-Schwarz inequality. It is simple and fast as computing sum of squared differences, and moreover it is better to compare patches in geometrical
sturcture. We have plan to optimize this process using parallel computing skills and find better
process for speed up and looking natural.
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FINITE ELEMENT DUAL SINGULAR FUNCTION METHODS FOR
HELMHOLTZ AND HEAT EQUATIONS
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A BSTRACT. The dual singular function method(DSFM) is a numerical algorithm to get optimal solution including corner singularities for Poisson and Helmholtz equations. In this paper,
we apply DSFM to solve heat equation which is a time dependent problem. Since the DSFM
for heat equation is based on DSFM for Helmholtz equation, it also need to use ShermanMorrison formula. This formula requires linear solver n + 1 times for elliptic problems on a
domain including n reentrant corners. However, the DSFM for heat equation needs to pay only
linear solver once per each time iteration to standard numerical method and perform optimal
numerical accuracy for corner singularity problems. Because the Sherman-Morrison formula is
rather complicated to apply computation, we introduce a simplified formula by reanalyzing the
Sherman-Morrison method.

1. I NTRODUCTION
In order to deal with corner singularity solution, let the computational domain Ω be an open
and bounded concave polygon in R2 . We assume that Ω has one reentrant corner for simple
explanation. It can be readily applied on multiple reentrant corner domain and is performed
in §4. The goal of this paper is to construct the dual singular function method to solve heat
equation:
ut − µ△u = f in Ω,
(1.1)
u = g on ∂Ω,
with given initial value u(t = 0, x) = h(x) in Ω and thermal diffusivity µ > 0. Although
the given function f is very smooth, the solution of (1.1) have singular behavior near the reentrant corner. This corner singularity make lose accuracy of numerical solution throughout the
whole domain. To overcome this difficulty, there are several primary ways. One is locally
adaptive mesh refinement or moving mesh technique. Other ways are so called Singular Function Method (SFM) (see, e.g., [9]) and Dual Singular Function Method (DSFM) constructed in
Received by the editors March 16 2018; Accepted June 11 2018; Published online June 19 2018.
2000 Mathematics Subject Classification. 65N12, 65M12, 65M60, 35A20.
Key words and phrases. Dual singular function method, corner singularity, heat equation.
†
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[1, 2, 7, 8]. DSFM for Poisson equation has been introduced in [3, 4] and then it is extended to
solve Helmholtz equations in [10]:
−µ△u + ku = f in Ω,
(1.2)
u = g on ∂Ω.
Because it is known in [5] that the singular function of heat equation (1.1) can be written by
a linear combination of that of Helmholtz equation (1.2), we can construct DSFM to solve
heat equation (1.1) by combining a time discrete scheme and results in [10]. DSFM has to use
Sherman-Morrison formula which requests linear solver 2 times for any elliptic problem, but
DSFM for heat equation does not need linear solvers per time iteration cost to standard numerical algorithm. Because the Sherman-Morrison formula is rather complicated to apply real
computation, we introduce a simplified version by reanalyzing the Sherman-Morrison formula.
This paper organized as follows. In section 2, we summarize the results of DSFM for
Helmholtz equation in [10], and we establish the relationship between regular part of the solution and discrete singular functions by analyzing Sherman-Morrison formulation (see Theorem
2.4). We will construct DSFM to solve heat equation (1.1) in section 3 and present several numerical results in section 4.
2. D UAL SINGULAR FUNCTION METHOD TO SOLVE H ELMHOLTZ EQUATION
We denote ∂Ω = Γin ∪ Γout , where Γin is part of boundary including reentrant corner and
Γout = ∂Ω − Γin . Let ω be the internal angle of Γin satisfying π < ω < 2π. The singular and
the dual singular functions of Poisson equation are summarized in [3, 4] as
sP (r, θ) := rπ/ω Θ(θ) and sP d (r, θ) := r−π/ω Θ(θ),

(2.1)

where
Θ(θ) = c cos(αθ) + d sin(αθ).
(2.2)
We note that c and d will be determined to hold the boundary conditions of u near the corner
on Γin . We introduce the following lemma in [3].
Lemma 2.1. The functions sP and sP d is harmonic functions.
The singular function sH ∈ H 1 (Ω) and the dual singular function sHd ∈ L2 (Ω) of Helmholtz
equation (1.2) have to satisfy
−µ△sH + ksH = 0

and

The functions are written by power series
(
∞
∑
π/ω
sH (r, θ) = r
1+
i=1

(

and
sHd (r, θ) = r

−π/ω

1+

− µ△sHd + ksHd = 0.

νi 4i i!

∏i

∞
∑
i=1

νi 4i i!

)

ki

m=1 (m

∏i

(2.3)

+ α)

r

Θ(θ)

(2.4)

)

ki

m=1 (m

2i

− α)

r

2i

Θ(θ),

(2.5)
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where Θ(θ) is defined in (2.2). We note here sHd ∈
/ H 1 (Ω). Because rβ is in H 2 (Ω) if β ≥ 1,
the singular parts of (2.4) and (2.5) are only
S(r, θ) := rπ/ω Θ(θ) and Sd (r, θ) := r−π/ω Θ(θ).

(2.6)

So we can define singular and dual singular functions as in (2.1). We note here that S(r, θ)
and Sd (r, θ) are not satisfying (2.3) and it is an obstacle to construct DSFM for Helmholtz
equation.
We need to use a cut-off function to be 0 boundary condition, because S(r, θ) and Sd (r, θ)
of (2.6) is not 0 on Γout . To do this, we use notation
B(r1 ; r2 ) = {(r, θ) : r1 < r < r2 and 0 < θ < ω} ∩ Ω.
We now define smooth cut-off function ηρ as

 1
ηρ (r) =
p(r)

0

in B(0; 12 ρ),
in B( 12 ρ; ρ),
in Ω\B(0; ρ),

(2.7)

with p(r) is a very smooth function and ρ is a parameter determining the range of p(x). Then
the solution u of (1.2) can be rewritten by
u = w + αηρ S,

(2.8)

where α is called the stress intensity factor and w ∈
is regular part of solution. The
main idea of DSFM is to find α and w instead of computing u ∈
/ H 2 (Ω). We start to construct
DSFM with rewriting the Helmholtz equation by inserting (2.8) into (1.2)
H 2 (Ω)

−µ△w + kw + α(−µ△ηρ S + kηρ S) = f in Ω,
w = g on ∂Ω.

(2.9)

Since ηρ equals 0 identically in Γout and S = 0 on Γin , the function ηρ uS becomes 0 on ∂Ω.
So u and w have same boundary values. To derive DSFM for heat equation, we test (2.9) by
v ∈ H01 to get
⟨∇w , ∇v⟩ + ⟨kw , v⟩ + α ⟨−µ△ηρ S + kS , v⟩ = ⟨f , v⟩ .

(2.10)

The variational formulation (2.10) has 2 unknowns (w, α), so we need one more equation and
the equation is
• a single equation, because α is a real number.
• linearly independent to above system.
• not disappeared α.
• computable near the singularity corner.
So we test with the dual singular function Sd (r, θ) ∈
/ H 1 (Ω) to obtain
⟨−µ△w + kw , η2ρ Sd ⟩ + α ⟨−µ△ηρ S + kηρ S , η2ρ Sd ⟩ = ⟨f , η2ρ Sd ⟩ .
We have a crucial lemma which is proved in [10].
Lemma 2.2. Dual Singular function Sd has the following properties.

(2.11)
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1. Sd ∈ L2 and Sd ∈
/ H 1.
2. ⟨−△ϕ , η2ρ Sd ⟩ = ⟨ϕ , −△η2ρ Sd ⟩, for all ϕ ∈ H01 .
In conjunction with Lemma 2.2, (2.11) can be re written by
1
α = (βf − ⟨w , −µ△η2ρ Sd + kSd ⟩),
βs

(2.12)

where βs = ⟨−µ△ηρ S + kS , η2ρ Sd ⟩ and βf = ⟨f , η2ρ Sd ⟩. DSFM is an algorithm to solve
the system (2.11) and (2.12).
In order to construct fully discrete algorithm of the system, we introduce finite element space
Vh := {vh ∈ H01 (Ω) : vh |K ∈ P(K) ∀K ∈ T},
where P(K) is a polynomial function space degree ≤ p. In light of inserting α in (2.12) into
(2.11), the discrete system becomes wh ∈ Vh and αh ∈ R satisfying, for all vh ∈ Vh ,
1
⟨∇wh , ∇vh ⟩ −
⟨wh , −µ△η2ρ Sd + kη2ρ Sd ⟩ ⟨−µ△ηρ S + kηρ S , vh ⟩
βs
(2.13)
βf
+ ⟨kwh , vh ⟩ = ⟨f , vh ⟩ −
⟨−µ△ηρ S + kηρ S , vh ⟩ .
βs
The matrix form of (2.13) is
(A + abT )wh = F,
(2.14)
where the matrix A is the discrete linear operator of the Hehmholtz equation. Also a, bT and
F in are generated by ⟨−µ△ηρ S + kηρ S , vh ⟩, β1s ⟨wh , −µ△η2ρ Sd + kη2ρ Sd ⟩ and ⟨f , vh ⟩−
βf
βs

⟨−µ△ηρ S + kηρ S , vh ⟩, respectively. The linear system (2.14) can be solved by the ShermanMorrison formulation in [6]:
A−1 abT A−1
.
(2.15)
a + bT A−1 a
The well posedness of (2.13) has been proved and obtain the following finite element approximation in [10].
(A + abT )−1 = A−1 −

Theorem 2.3. Let (w, α) be the solution of (2.9) and w ∈ H 2 (Ω) ∩ H01 (Ω). And let (wh , αh )
be the solution of the system (2.12) and (2.13). Then there exists a positive constant h0 such
that h ≤ h0 , for all h, satisfying
∥w − wh ∥1 ≤ Ch∥f ∥0 ,

∥w − wh ∥0 ≤ Ch1+α ∥f ∥0 ,

|α − αh | ≤ Ch1+α ∥f ∥0 .
The Sherman-Morrison formulation (2.15) is crucial to solve (2.14), but (2.15) requires linear solver 2 times and is rather complicated to apply to real computation, especially multiple
singularities problems and time evolution problems like heat equation. So we reanalyze the
Sherman-Morrison formulation (2.15) with solutions uh and zh of
⟨∇uh , ∇vh ⟩ + ⟨kuh , vh ⟩ = ⟨f , vh ⟩ , ∀vh ∈ Vh ,

(2.16)

A FEM-DSFM FOR HELMHOLTZ AND HEAT EQUATIONS

105

and
⟨∇zh , ∇vh ⟩ + ⟨kzh , vh ⟩ = ⟨−µ△ηρ S + kηρ S , vh ⟩ , ∀vh ∈ Vh ,
receptively. Then we arrive at the following result.

(2.17)

Theorem 2.4. If we define ζvh = ⟨vh , −µ△η2ρ Sd + kη2ρ Sd ⟩, for any function vh ∈ Vh , then
wh which is the solution of (2.13) is
(
)
βf − ζuh
wh = u h −
zh .
(2.18)
βs − ζzh
Proof. In light of definition of ζwh , (2.13) can be rewritten by, for all vh ∈ Vh ,
ζwh
⟨−µ△ηρ S + kηρ S , vh ⟩
βs
βf
= ⟨f , vh ⟩ −
⟨−µ△ηρ S + kηρ S , vh ⟩ .
βs

⟨∇wh , ∇vh ⟩ + ⟨kwh , vh ⟩ −

Since bT A−1 F ∈ R, the Sherman-Morrison formulation (2.15) yields
A−1 abT A−1
F
a + bT A−1 a
bT A−1 F
= A−1 F −
A−1 a.
1 + bT A−1 a

wh = A−1 F −

(2.19)

From (2.16) and (2.17),
βf
zh .
βs
Also, A−1 a = zh and bT vh = −ζvh /βs , for vh ∈ Vh implies that
A−1 F = uh −

bT A−1 a = −ζzh /βs

and bT A−1 F =

βf
−ζuh
+ 2 ζzh .
βs
βs

Therefore, (2.19) becomes
ζu

β

− βsh + βf2 ζzh
βf
s
wh = uh −
zh −
zh
ζzh
βs
1 − βs
(
)
βf
βs ζuh − βf ζzh
= uh −
−
zh
βs
βs (βs − ζzh )
(
)
(
)
βf (βs − ζzh ) − βs ζuh + βf ζzh
βf − ζuh
= uh −
zh = uh −
zh .
βs (βs − ζzh )
βs − ζzh
the proof is complete.



We so construct the following DSFM using (2.4).
Algorithm 1 (FE-DSFM for Helmholtz equation). Let wh be discrete smooth part and let αh
be discrete stress intensity factors in (2.13).
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Step 1: Find (uh , zh ) as the solution of (2.16) and (2.17).
Step 2: Compute wh by (2.18).
Step 3: Compute αh by second part of (2.13).
We now apply Algorithm 1 to more complicated problem including several reentrant corners.
The solution u can be expressed by
n
∑
u=w+
αi ηρi Si ,
i=1

and the Helmholtz equation becomes
n
∑
−µ△w + kw +
αi (−µ△ηρi Si + kηρi Si ) = f in Ω,
i=1

(2.20)

w = g on ∂Ω.
We can choose cut off functions ηρi and η2ρj to have mutually disjoint support to hold
⟨−µ△ηρi Si + kSi , η2ρj Sdj ⟩ = 0 if i ̸= j. In light of testing (2.20) by η2ρi Sdi , we readily
obtain
1
αi =
(βf i − ⟨w , −µ△η2ρi Sdi + kSdi ⟩).
(2.21)
βsi
The finite element weak form of system (2.20) and (2.21) is to find wh ∈ Vh and αhi ∈ R,
i = 1 · · · n, satisfying, for all vh ∈ Vh ,
n
∑
⟨∇wh , ∇vh ⟩ + ⟨kwh , vh ⟩ +
αhi ⟨−µ△ηρi Si + kηρi Si , vh ⟩ = ⟨f , vh ⟩ ,
i=1
(2.22)
1
αhi =
(βf i − ⟨wh , −µ△η2ρi Sdi + kη2ρi Sdi ⟩),
βsi
and its matrix form becomes
n
∑
(A +
ai bi T )wh = F.
i=1

Let ζi,vh = ⟨vh , −µ△η2ρi Sdi + kSdi ⟩ and zih be the solution of
⟨∇zih , ∇vh ⟩ + ⟨kzih , vh ⟩ = ⟨−µ△ηρi Si + kηρi Si , vh ⟩ , ∀vh ∈ Vh .
In conjunction with Theorem 2.4, wh would be
)
n (
∑
βf i − ζuh
wh = uh −
zih .
βsi − ζzih

(2.23)

(2.24)

i=1

Finally we arrive at DSFM to solve Helmholtz equations (1.2) on domain Ω including several
reentrant corners.
Algorithm 2 (Multiple singularities version of Algorithm 1). Let wh be discrete smooth part
and let αih be discrete stress intensity factors of αi
Step 1: Find uh and zih , i = 1 . . . n, as the solution of (2.16) and (2.23).
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Step 2: Compute wh by (2.24).
Step 3: Compute αh by second part of (2.22).
3. D UAL SINGULAR FUNCTION METHOD FOR THE HEAT EQUATION
In this section, we extend Algorithm 1 to solve the heat equation (1.1) using the backward
Euler time discrete formula (BDF1) and the second order backward Euler time discrete formula
(BDF2). We first consider BDF1 for heat equation:
un+1 − un
− µ△un+1 = f n+1 .
(3.1)
τ
We already know in [5] that the form of singular solution is same to that of Helmholtz equation.
It means that the solution of (1.1) can be expressed by
u(x, t) = w(x, t) + α(t)ηρ S,

(3.2)

(wn+1 − µτ △wn+1 ) + αn+1 (ηρ S − µτ △ηρ S) = τ f n+1 + wn + αn ηρ S.

(3.3)

and (3.1) can be rewritten by
Since (3.3) and (2.9) have similar expression, the same strategy to Algorithm 1 leads us the
solver of (3.3): find whn+1 ∈ Vh and αhn+1 ∈ R satisfying, for all vh ∈ Vh ,
⟨
⟩ ⟨
⟩
µτ ∇whn+1 , ∇vh + whn+1 , vh + αhn+1 ⟨ηρ S − µτ △ηρ S , vh ⟩
(3.4)
⟩
⟨
= τ f n+1 , vh + ⟨∇whn , ∇vh ⟩ + αhn ⟨ηρ S , vh ⟩ ,
)
1 ( n+1
τ βf + ⟨wn + αn ηρ S , η2ρ Sd ⟩ − ζwn+1 ,
αn+1 =
βs
where
⟩
⟨
βs = ⟨ηρ S − µτ △ηρ S , η2ρ Sd ⟩ , βfn+1 = f (tn+1 ) , η2ρ Sd ,
⟩
⟨
ζwn+1 = wn+1 , η2ρ Sd − µτ △η2ρ Sd .
The matrix form of the system becomes (2.14) and it can be solved by (2.15). To construct
algorithm for heat equations, we denote zh be the solution of
µτ ⟨∇zh , ∇vh ⟩ + ⟨zh , vh ⟩ = ⟨−µτ △ηρ S + ηρ S , vh ⟩ , ∀vh ∈ Vh .

(3.5)

Then we arrive at DSFM with BDF1 scheme to solve heat equation.
Algorithm 3 ( FE-DSFM with backward Euler for Heat equation). Let zh be the solution of
(3.5) and set u
b0h = u0 . Repeat for 1 ≤ n ≤ N :
Step 1: Find un+1
as the solution of
h
⟨ n+1
⟩ ⟨
⟩
⟨
⟩
µτ ∇uh , ∇vh + un+1
, vh = τ f n+1 , vh + ⟨b
unh , vh ⟩ , ∀vh ∈ Vh .
h
Step 2: Compute whn+1
whn+1

=

(
un+1
h

−

τ βf + ⟨b
unh , η2ρ Sd ⟩ − ζun+1
h

βs − ζzh

)
zh .
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Step 3: Compute αhn+1 by second part of (3.4).
Step 4: Update u
bn+1
= whn+1 + αhn+1 ηρ S.
h
Remark 1. The Sherman-Morrison formulation (2.15) requires to solve linear system 2 times
for Poisson and Helmholtz equations, but Algorithm 3 need to apply linear solver only 1 at each
iteration, so this algorithm use same linear solvers per each time iteration to standard method.
And Algorithm 3 has optimal accuracy behavior for corner singularities problem, in contrast
standard numerical method.
We now construct DSFM for heat equation with backward Euler formula (BDF2) time discretization:
3un+1 − 4un + un−1
− µ△un+1 = f n+1 .
2τ
By the same manner with the case BDF1, (3.2) leads us
3wn+1 − 2µτ △wn+1 + αn+1 (3ηρ S − 2µτ △ηρ S)
= 2τ f n+1 + 4(wn + αn ηρ S) − (wn−1 + αn−1 ηρ S),
and testing (3.6) with vh ∈ Vh and with η2ρi Sdi yield
⟨
⟩
⟨
⟩
2µτ ∇whn+1 , ∇vh + 3 whn+1 , vh + αhn+1 ⟨3ηρ S − 2µτ △ηρ S , vh ⟩
⟩
⟨
= 2τ f n+1 , vh + 4(⟨∇whn , ∇vh ⟩ + αhn ⟨ηρ S , vh ⟩)
⟨
⟩
− ( ∇whn−1 , ∇vh + αhn−1 ⟨ηρ S , vh ⟩), ∀vh ∈ Vh ,
1
αhn+1 = (Fhn+1 − ζwn+1 ),
h
βs

(3.6)

(3.7)

where

⟩
⟨
F n+1 = 2τ f n+1 , η2ρ Sd + 4(⟨wn , η2ρ Sd ⟩ + αn ⟨ηρ S , η2ρ Sd ⟩)
⟩
⟨
− ( wn−1 , η2ρ Sd + αn−1 ⟨ηρ S , η2ρ Sd ⟩),
⟨
⟩
ζwn+1 = wn+1 , 3η2ρ Sd − 2µτ △η2ρ Sd and βs = ⟨3ηρ S − 2µτ △ηρ S , η2ρ Sd ⟩ .

Since this system also constructs a linear system of the form
(A + abT )wh = F,
we can find wh by Theorem 2.4, that is
whn+1

=

un+1
h

(
−

Fhn+1 − ζun+1
h

βs − ζzh

)
zh ,

where zh is the solution of
2µτ ⟨∇zh , ∇vh ⟩ + 3 ⟨zh , vh ⟩ = ⟨−2µτ △ηρ S + 3ηρ S , vh ⟩ , ∀vh ∈ Vh .

(3.8)
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If we denote u
bnh = whn +αhn ηρ S and u
bn−1
= whn−1 +αhn−1 ηρ S, then un+1
becomes the solution
h
h
of, for all vh ∈ Vh ,
⟨
⟩
⟨
⟩
2µτ ∇un+1
, ∇vh + 3 un+1
, vh
h
h
(3.9)
⟨
⟩
⟨ n−1
⟩
bh , vh .
= 2τ f n+1 , vh + 4 ⟨b
unh , vh ⟩ − u
Finally, we arrive at BDF2 DSFM to solve heat equation (1.1).
Algorithm 4 ( FE-DSFM with BDF2 for Heat equation). Let whn+1 be discrete smooth part
and αhn+1 be discrete stress intensity factors of α(t) of n + 1 step. Initially given u0 , set wh1
and αh1 using the backward FE-DSFM. Repeat for 1 ≤ n ≤ N
as the solution of (3.9).
Step 1: Find un+1
h
Step 2: Compute whn+1 by (3.8).
Step 3: Compute αhn+1 by second part of (3.7).
4. N UMERICAL TEST
In this section, we document the computational performance of each algorithm within a
polygonal domain with reentrant corners. We use cut-off function in (2.7) with
( 4r
) 2 ( 4r
)3 1 ( 4r
)5 }
15 { 8
p(r) =
−
−3 +
−3 −
−3
.
16 15
ρ
3 ρ
5 ρ
All computations are performed with the conforming P1 finite element and 6 points quadrature
rule.
Example 4.1. We consider Helmholtz equations (1.2) on the Γ shape computational domain
([−1, 1] × [−1, 1]) r ([0, 1] × [−1, 0]). We choose the smooth part of the solution as
{
sin(2πx)(1/2y 2 + y)(y 2 − 1), (y < 0)
w=
sin(2πx)(−1/2y 2 + y)(y 2 − 1), (y ≥ 0),
and set the exact solution
u = w + αηρ S
with α = 3.0 and ρ = 0.4. Also, the singular function S is given by
π
S(r, θ) = rπ/ω sin( θ)
ω
with ω = 32 π. The forcing term f is determined to become k = 1.0 and ν = 1.0.
Table 1 is the error decay of the standard finite element method for Example 4.1. The losing
convergence orders is natural behavior because of u ∈
/ H 2 (Ω). Table 2 is the error decay of the
DSFM with Algorithm 1 and displays optimal error decay in contrast with results in Table 1
The next example is a multiple corner singularities case.
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TABLE 1. Error table for Example 4.1 with Standard FEM.
∥u − uh ∥0
h
1/8
1/16
1/32
1/64
1/128
1/256

Errors

Order

7.162e-02
2.502e-02
7.051e-03
2.120e-03
6.745e-04
2.372e-04

1.52
1.83
1.73
1.65
1.51

∥Iu − uh ∥∞

∥u − uh ∥1

Errors
Order
Errors
Order
1.065e-01
1.604e-00
3.922e-02 1.44 6.641e-01 1.27
2.460e-02 0.67 2.183e-01 1.60
1.573e-02 0.64 8.899e-02 1.29
9.932e-03 0.66 4.868e-02 0.87
6.263e-03 0.67 2.980e-02 0.71

TABLE 2. Error table for Example 4.1 with Algorithm 1.
∥w − wh ∥0
h
1/8
1/16
1/32
1/64
1/128
1/256

Errors

Order

2.312e-02
5.974e-03
1.506e-03
3.773e-04
9.437e-05
9.360e-05

1.95
1.99
2.00
2.00
2.00

∥Iw − wh ∥∞

∥w − wh ∥1

|α − αh |

Errors
Order
Errors
Order
Errors
Order
1.085e-02
1.879e-01
3.639e-03
2.713e-03 2.00 5.211e-02 1.85 2.081e-03 0.81
6.785e-04 2.00 1.502e-02 1.80 5.095e-04 2.03
1.696e-04 2.00 4.567e-03 1.72 9.663e-05 2.40
4.239e-05 2.00 1.464e-03 1.64 2.484e-05 1.96
1.060e-05 2.00 4.884e-04 1.58 5.627e-06 2.14

Example 4.2. Let the computational domain be ([−2, 2] × [−2, 2]) r ([−1, 1] × [−1.1]) including 4 reentrant corners. Let smooth part of the solution be given by
{
sin(πx)(1/2y 2 + y)(y + 1)(y + 2), (y < 0)
w=
sin(πx)(−1/2y 2 + y)(y − 1)(y − 2), (y ≥ 0).
In this experiment, we choose k = 1.0, ν = 1.0 and set the forcing term f to be the exact
solution
u = w + α1 ηρ1 S1 + α2 ηρ2 S2 + α3 ηρ3 S3 + α4 ηρ4 S4 ,
where ρ1 = ρ2 = ρ3 = ρ4 = 0.4 and stress intensity factors α1 = −1.0, α2 = 2.0, α3 = −3.0
and α4 = 4.0.
Table 3 is the mesh analysis of Algorithm 2 which is based on (2.24). This results also
display optimal error decay rates.
We now perform numerical simulations for the heat equations.
Example 4.3. We consider heat equation with Γ shape computational domain ([−1, 1] ×
[−1, 1]) r ([0, 1] × [−1, 0]). We use t as time variable and we perform Algorithms 3 and
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F IGURE 1. Domain, mesh and ηρi Si , (i = 1 · · · 4) for Example 4.2
TABLE 3. Error table for Example 4.2 with Algorithm 2.
∥w − wh ∥0
h
1/4
1/8
1/16
1/32
1/64
1/128

Errors

Order

5.984e-02
1.642e-02
4.175e-03
1.047e-03
2.626e-04
6.562e-05

1.87
1.98
2.00
2.00
2.00

∥Iw − wh ∥∞

∥w − wh ∥1

∑4
i=1

|αi − αih |

Errors
Order
Errors
Order
Errors
Order
1.442e-02
3.938e-01
4.322e-02
3.976e-03 1.86 1.280e-01 1.62 2.878e-02 0.59
9.890e-04 2.01 4.058e-02 1.66 4.921e-03 2.55
2.516e-04 1.98 1.328e-02 1.61 8.649e-04 2.51
6.315e-05 1.99 4.485e-03 1.57 2.715e-04 1.67
1.582e-05 2.00 1.545e-03 1.54 6.048e-05 2.17

4 with smooth part of solution
{
sin(t) sin(2πx)(1/2y 2 + y)(y 2 − 1),
w=
sin(t) sin(2πx)(−1/2y 2 + y)(y 2 − 1),

(y < 0)
(y ≥ 0),

and exact solution
u = w + exp(t)ηρ S in [0, 1] × Ω,
where ρ = 0.4 and forcing term is also determined by ν = 1.0. In this example, the stress
intensity factor depends on variable t and Tables 4∼6 are mesh analysis at t = 1.
Since backward Euler method is only 1st order scheme for time, we set τ = 16h2 to check
the optimal convergence rates and Table 4 shows the optimal results of Algorithm 3.
We apply the BDF2 time discretization scheme, Algorithm 4, for the same example. Since it
is second order method, we set τ = 21 h, and so this computational cost is much more effective
than Algorithm 3.
Table 5 is results of the standard finite element method with BDF2 time discretization for
Example 4.3. Since u ∈
/ L2 ([0, 1] : H 2 ), the errors do not decay with optimal order.
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TABLE 4. Error table for Example 4.3 with Algorithm 3.
∥w − wh ∥0

∥Iw − wh ∥∞

∥w − wh ∥1

|α − αh |

h
τ
Errors Order Errors Order Errors Order Errors Order
1/8
1/4
2.009e-02
1.032e-02
1.615e-01
6.415e-03
1/16
1/16 5.205e-03 1.95 2.600e-03 1.99 4.475e-02 1.85 6.552e-04 3.29
1/32
1/64 1.314e-03 1.99 6.520e-04 2.00 1.284e-02 1.80 1.798e-04 1.87
1/64 1/256 3.293e-04 2.00 1.634e-04 2.00 3.887e-03 1.72 7.150e-05 1.33
1/128 1/1024 8.236e-05 2.00 4.085e-05 2.00 1.240e-03 1.65 1.733e-05 2.04
1/256 1/4096 2.060e-05 2.00 1.021e-05 2.00 4.126e-04 1.59 4.825e-06 1.84

TABLE 5. Error table for Example 4.3 with Standard FEM with BDF2 time discretization.
∥u − uh ∥0

∥Iu − uh ∥∞

∥u − uh ∥1

h
τ
Errors Order Errors Order Errors Order
1/8
1/16 6.447e-02
9.646e-02
1.452e-00
1/16 1/32 2.254e-02 1.52 3.551e-02 1.44 6.013e-01 1.27
1/32 1/64 6.361e-03 1.83 2.228e-02 0.67 1.977e-01 1.60
1/64 1/128 1.916e-03 1.73 1.425e-02 0.64 8.061e-02 1.29
1/128 1/256 6.101e-04 1.65 8.999e-03 0.66 4.410e-02 0.87
1/256 1/512 2.148e-04 1.51 5.675e-03 0.67 2.700e-02 0.71

TABLE 6. Error table for Example 4.3 with Algorithm 4.
∥w − wh ∥0

∥Iw − wh ∥∞

∥w − wh ∥1

|α − αh |

h
τ
Errors Order Errors Order Errors Order Errors Order
1/8
1/16 1.956e-02
9.283e-03
1.587e-01
2.984e-03
1/16 1/32 5.057e-03 1.95 2.324e-03 2.00 4.402e-02 1.85 1.738e-03 0.78
1/32 1/64 1.275e-03 1.99 5.813e-04 2.00 1.267e-02 1.80 4.257e-04 2.03
1/64 1/128 3.195e-04 2.00 1.453e-04 2.00 3.851e-03 1.72 8.058e-05 2.40
1/128 1/256 7.990e-05 2.00 3.632e-05 2.00 1.233e-03 1.64 2.072e-05 1.96
1/256 1/512 1.998e-05 2.00 9.079e-06 2.00 4.113e-04 1.58 4.690e-06 2.14

Table 6 is error table for Algorithm 4 for Example 4.3 and the errors converge to 0 with
optimal rate. So we can conclude that DSFM for heat equation has optimal convergence rate
for corner singularity problems.
Finally, Figure 2 is error evolutions of smooth part of u on the L2 space and errors of stress
intensity factors. It displays smooth error propagation on time.

A FEM-DSFM FOR HELMHOLTZ AND HEAT EQUATIONS

113

−3

1.5

x 10

||w−w || with h=1/32 τ =1/64
h 0

with h=1/32 τ =1/64

|α −α |
h

1

||w−w || with h=1/64 τ =1/128
h 0

|α −α |

Error

h

with h=1/64 τ =1/128

0.5

0
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Time

F IGURE 2. Error evolution of Example 4.3 with Algorithm 4.
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A BSTRACT. This paper discusses extended Kalman filter method for solving learning problems of multilayered neural networks. A lot of learning algorithms for deep layered network
are sincerely suffered from complex computation and slow convergence because of a very large
number of free parameters. We consider an efficient learning algorithm for deep neural network. Extended Kalman filter method is applied to parameter estimation of neural network
to improve convergence and computation complexity. We discuss how an efficient algorithm
should be developed for neural network learning by using Extended Kalman filter.

1. I NTRODUCTION
In the last decade, a lot of efforts were made for introducing deep neural networks into
practical applications on both theoretical and hardware levels. Neural networks have been
studied to complex functions in various fields, including pattern recognition, identification,
classification and control systems [4, 7]. The neural network is a system that approximates
the process of the human brain. A multi-layered neural network (MNN) is a nonlinear system
having a layered structure, and its learning algorithm is regarded as parameter estimation for
such a nonlinear system [4]. Because of a very large number of free parameters, the sequential
(on-line) training algorithms can be used for this kind of models. Back-propagation algorithms
based first order gradient descent method are used to train the multi-layered neural network but
the algorithm converges slowly [10].
In order to improve the convergence, various modified learning algoritms have been proposed by using the second order derivative for updating the weights of neural network. Popular
second-order methods have included weight updates based on quasi-Newton, LevenburgMarquardt(LM), and conjugate gradient techniques [5, 6, 13]. LM can be thought of as a combination of steepest descent and the Gauss-Newton method. The extended Kalman filter (EKF)
is well-known as a state estimation method for a nonlinear system [3]. The extended Kalman
filter approach for neural network learning is one of second order methods under simplifying
assumptions [1].
Kalman Filter based training can be used for different models of neural networks such as
multilayer perceptrons, radial basis function networks, and neural networks for classification
Received by the editors May 16 2018; Accepted June 11 2018; Published online June 15 2018.
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[2, 5]. Various learning algorithms for a multilayered neural network derived from the EKF
have been proposed to improve the convergence performance in comparison with the backwards error propagation algorithm [5, 6, 10]. Since this EKF-based learning algorithm approximately gives the minimum variance estimate of the connection-weights, it is expected that it
converges as fast as second order [6]. But, the algorithm based extended Kalman filter has a
serious drawback in its computational complexity [6]. The main bottleneck for scalable implementation of the Kalman filter is the computation and representation of the state covariance
matrix. Our object is to present a unified method combining the existing back-propagation
algorithm based on gradient-descent method and extended Kalman filter. We discuss a various issues related to computation problems, including derivative calculations, computationally
efficient formulations and methods for avoiding matrix inversions and computational stability.
This paper is organized as follows: in Section 2, we review multi-layered feed-forward
neural network, back-propagation learning in the matrix form, and second order method as
Levenverg-Marquardt method. In Section 3, we derive back-propagation algorithm using the
extended Kalman Filter. In Section 4, we discuss a variety of issues related to fast computation
implementation of EKF for MNN.
2. N EURAL N ETWORK
2.1. Multilayered Neural Network. We review multi-layered neural network(MNN) [4, 8].
An MNN consists of several layers of nodes which express artificial neural units. Each node
which is connected by the links with all nodes in the adjacent layer computes a weighted
sum of inputs, and then add an offset to the sum. An MLP(multilayerd perceptron) can be
thought of as a function that maps from input to output vectors. Since the behaviour of the
function is parameterized by the connection weights, a single MLP is capable of instantiating
many different functions. One of the more popular activation functions for backpropagation
networks is the sigmoid, a real function f : R → (0, 1) defined by the expression
f (x) =

1
.
1 + e−x

(2.1)

Consider a layered feed-forward neural network as Fig. 2.1. The network consists of M
layers, in which the first layer denotes the input, the last M layer is the output, and the other
layers are intermediate (or hidden) layers. Here layer 0 is the layer of input sites. It is assumed
that the (k − l)th layer has Nk−1 units. The model of the network is based on the following
equations
∑

Nk−1

pkj =

k k−1
k
wj,i
oi + wi,0

(2.2)

i=1

okj = f (pkj )

(2.3)

Assume that a connection-weight matrix between layer n − 1 and n is denoted by an Nn ×
n ) and bias terms w n are put on the last column of W . The
(Nn−1 + 1) matrix W n = (wij
i,0

A MODIFIED EXTENDED KALMAN FILTER METHOD

x

xu

xd

/
$
<
(
5

more layers

x

,
1
3
8
7

j

/

k

i/

$
<
(
5

+,''(1/$<(56
/
/


2
8
7
3
8
7

0

117

y
y

yi

yn

/0

F IGURE 1. A multi-layered feed-forward neural network
equation (2.2) is rewritten in the matrix term such that
pi = W oi−1

(2.4)

ok = f (pj )

(2.5)

where pi is a column vector with entries pik for i layer and oi is a column vector with entries
oik . The output vector of the nodes in the n-th layer
[
]T
on (t) = on1 (t) on2 (t) · · · onNn (t)
The desired output vector of the MNN for M layer are defined by
]T
[
y(t) = y1 (t) y2 (t) · · · yNM
The purpose of the learning procedure is to find a set of weights such that, when the network
is presented with each input vector, the output vector produced by the network is the same as
the desired output vector. The total error in the performance of the network with a particular
set of weights can be computed by comparing the actual and desired output vectors for every
case. The total error E at t is defined by
M
1∑
2
E(t) =
(oM
j (t) − yj (t)) .
2

N

(2.6)

j=1

If the neural network solves the classification problem, then it is possible to determine a
cross-entropy error such as
E(t) =

NM
∑
j=1

M
yj (t) ln oM
j (t) − (1 − yj (t)) ln(1 − oj (t)).

(2.7)
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The objective is to determine an adaptive algorithm or rule which adjusts the parameters of
the network based on a given set of input-output pairs. If the weights of the networks are
considered as elements of a parameter vector θ, the learning process involves the determination
of the vector θ∗ which optimizes a performance function E based on the output error.
2.2. Gradient descent method and back propagation in matrix form. The procedure determining gradient descent in Neural network is called a back-propagation algorithm [9]. Since
the EKF is a method of estimating the state vector, we put the unknown connection-weights as
the state vector
[
]T
w = (w1 )T (w2 ) · · · (wM )T
where the vectors wn and win are defined by
[
]
n )T T
wn = (w1n )T (w2n )T · · · (wN
n
[ n
]T
n
wi,1
· · · ani,Nn−1 .
win = wi,0
The total number of the linkweights is defined by
L=

M
∑

(Nn−1 + 1)Nn .

(2.8)

n=1

The back-propagation algorithm is applicable for networks with trainable hidden units. We
can thus minimize E in Eq.(2.6) by using an iterative process of gradient descent, for which
we need to calculate the gradient
[
]T
∂E
∂E
·
·
·
∇E = ∂w
∂wL
1
A simple back propagation method is based on the gradient descent method that the change
k in weight be proportional to ∂E/∂w k [4]. The gradient of the performance function
∆wij
ij
with respect to θ is computed as ∇θ E and θ is adjusted along the negative gradient as
θ = θnom − ϵ∇θ E|θ=θnom
where the step size ϵ is a suitably chosen constant and θnom denotes the nominal value of
θ at which the gradient is computed. The procedure determining gradient descent in Neural
network is called a back-propagation algorithm [9].
The back-propagation algorithm based on the gradient descent method can be summarized
in three equations as
k
k
wij
=wij
− ϵδik ok−1
,
j
′ M
δjM =(oM
j − yj )f (pi ),
∑
k ′ k
δik =
δlk+1 wlj
f (pj ).
l=1
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By using matrix concept, the back-propagation algorithm is more generally explained to multilayered architectures [8]. A error vector e of the stored derivatives of the quadratic deviations
is defined by
(
)
M
M
e = (oM
1 − t1 ) (o2 − t2 ) · · · (oNM − tNM )
If f is sigmoid, then the derivative stored in the feed-forward step at the Ni units of i-th layer
can be written as diagonal matrix

 i
o1 (1 − oi1 )
0
···
0


0
0
oi2 (1 − oi2 ) · · ·


i
D =

..
..
.
.
.
.


.
.
.
.
0
0
· · · oiNi (1 − oiNi )
for each 1 ≤ i ≤ M . The back-propagated error to the output layer is then obtained in the
form δ M = DM e. The back-propagation error to the i-th computing layer is defined as the
following, recursively,
δ i = eDM W M DM −1 W M −1 · · · W i+1 Di
δ i = δ i+1 W i+1 Di .

(2.9)
(2.10)

We reformulate the back-propagation algorithm in the matrix form for multilayered neural
network. Matrix form representation is helpful to understand the total flow of neural network
learning algorithm. This give some motivation to improve the back-propagation algorithm.
2.3. Second order method of Back propagation. As the second-order derivatives of total
error function, Hessian matrix H gives the proper evaluation on the change of gradient vector.
The update rule for Newtons method is
wk+1 = wk − H −1 gk .

(2.11)

where gk = Jk e is the gradient vector of a weght function and J is a Jacobian matrix. The
relationship between Hessian matrix H and Jacobian matrix J can be rewritten as H = J T J.
The update rule is called the GaussNewton algorithm
Levenberg-Marquardt algorithm introduces another approximation to Hessian matrix H:
H = J T J + µI.

(2.12)

where J is a Jacobian matrix, µ is always positive, and I is the identity matrix. The elements
on the main diagonal of the approximated Hessian matrix will be larger than zero. It can be
sure that matrix H is always invertible. The update rule of LevenbergMarquardt algorithm can
be presented as
wk+1 = wk − (JkT Jk + µI)Jk ek .
(2.13)
As the combination of the steepest descent algorithm and the GaussNewton algorithm, the Levenberg Marquardt algorithm switches between the two algorithms during the training process
[13]. When the combination coefficient µ is very small, GaussNewton algorithm is used. When
combination coefficient µ is very large, the steepest descent method is used.

120

K. KIM AND Y. WON

3. E XTENDED K ALMAN F ILTER APPROACH
We have reviewed the back-propagation algorithms based on the first and second order. The
first order algorithms converge slowly for large systems. A Kalman filter approach is based on
the use of the information of the second order derivative for updating the weights of the neural
network. We show how a time-varying learning rate can be computed by using the extended
Kalman filter. The MNN is then expressed by the following nonlinear system equations
w(t + 1) = w(t) + u(t)
y(t) = ht (w(t)) + v(t)
= oM (t) + v(t)
Note here that oM (t) is the output vector of the nodes in the output layer. The input combined
with the structure of the MNN is expressed by a nonlinear time-variant function ϕt ,. The observation vector is represented by the desired output vector y(t), and u(t) and v(t) are assumed
to be a white noise vectors with covariance matrix R(t) and Q(t), respectively.
We will be concerned with discrete-time systems such that
w(t + 1) = ft [w(t)] + u(t)

(3.1)

y(t) = ht [w(t)] + v(t)

(3.2)

where u(·), x(·), and y(·) are discrete time sequences. We assume that h is sufficiently differentiable with respect to x. By using a Taylor series, we can make a linearization of the
nonlinear function ht about a nominal trajectory ŵ and ŷ = ht (ŵ(t)) such as
ht (w(t)) = ht (ŵ(t)) +
δy =

∂ht
∂w

∂ht
∂w

· x̃ + higher order terms
ŵ

· x̃ + higher order terms
ŵ

where ỹ = y − ŷ and x̃ = w − ŵ. We can also obtain the linearization of f , similarly. The
linearized equations about nominal values are reformulated as
x̃(t + 1) = Ft x̃(t) + u(t),

(3.3)

ỹ(t) = Ht x̃(t) + v(t)

(3.4)

where Ft = ∇ft ∈ RL×L , Ht = ∇ht ∈ RNM ×L . Ft and Ht are defined by Jacobian matrices
of a function ft and ht with respect to a nominal trajectory x̂. If the problem is such that the
actual trajectory x is sufficiently close to the nominal trajectory x̂(t) so that the higher order
terms in the expansion can be ignored, then this method transforms the problem into a linear
problem [3]. The NM × L Jacobian matrix Ht is expressed by
)
(
[
]
∂ht
= H1 H2 · · · HM
Ht =
∂w w=ŵ
[
]
n
H n = H1n H2n · · · HN
n+1
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where Hkn is defined by an NM × (Nn + 1) matrix such as
( M )
∂o (t)
n
.
Hk =
∂wkn
wn =ŵn
k

oM

(pk+1 )

We have
= Fk+1
k+1
k
wi,j and wi,j is obtain as

= Fk+1

(W k+1 f (pk )).

(3.5)

k

The derivatives of oM with respect to

∂Fk+1 ∂pk+1
∂Fk+1
∂oM
=
= [ k+1 W k+1 ]i oki (1 − oki )ok−1
j
k
k+1
k
∂p
∂p
∂wij
∂wij
[
]
∂oM
∂Fk+1 ∂pk+1
∂Fk+1
=
=
okj
k+1
k+1
k+1
k+1
∂p
∂p
∂wi,j
∂wij
i
k−1
∂oM
similar to the
k /oj
∂wij
computed by Hkn = ∆nk onk .

Define a row vector ∆ki with j entry ∆ki,j =

back-propagation. Re-

cursively, ∆ki = ∆k+1
W k+1 Dk . Hkn is
i
We regard the learning of network as an estimation (or identification) problem of constant
parameters. The measurement noise u(t) is typically characterized as zero mean, white noise
with covariance given by E[u(t)u(k)T ] = δ(t − k)Qt . The process noise v(t) is also characterized as zero-mean, white noise with covariance given by E[v(t)v(k)T ] = δ(t − k)Rt .
The training problem using Kalman filter theory can now be described as finding the minimum mean-squared error estimate of the state w using all observed data. The EKF(extended
Kalman filter) solution to the training problem is given by the following recursion
x̃(t + 1) = x̃(t) + K(t)ξ(t)
S = Rt + Ht P (t)HtT = Rt +

∑

(3.6)
H k P k (H k )T

K(t) = P (t|t − 1)HtT [Rt + Ht P (t|t − 1)HtT ]−1
P (t + 1|t) = P (t|t − 1) − K(t)Ht P (t|t − 1) + Qt .

(3.7)
(3.8)
(3.9)

where this estimate of x̃(t) is a function of the Kalman gain matrix K(t). P (t + 1|t) is the
approximate error covariance matrix. The Kalman gain matrix K(t) is a function of the approximate error covariance matrix of x̃(t). The NM × NM covariance matrix S in (3.7) is the
zero-mean innovation vector ξ(t) = y(t) − ŷ(t) and P k is the error covariance matrix of x̃k
for k layer.
4. M ODIFICATION OF EKF
In this section, we discuss a various issues related to computational problems, including derivative calculations, computationally efficient formulations and methods for avoiding matrix
inversions and computational stability. We should compute various matrices such as the estimation error covariance matrix, the measurement covariance matrix, and the additional process
noise matrix [5, 10]. The algorithm based extended Kalman filter has a serious drawback in its
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computational complexity [6]. Its computational complexity is O(NM L2 ) per pattern, which
becomes intractable as the size of the MNN grows large.
The main objective is to consider several computational methods to avoid full matrix multiplication and matrix inversion in computing innovation error matrix S, Kalman gain K and
error covariance matrix P .
First, we note that if the error weights defined by x̃n = wn − ŵn for n layer are jointly
independent for other layers, then the error covariance matrix P (t) is block diagonal matrix
[6, 11, 12]. Then the weight x̃n of independently of other layers’ weights can be updated.
Second, we note that the term S −1 in the Kalman gain in (3.8) can not be separable for
different layers and it is difficult to make the innovation error matrix S and the error covariance
matrix P diagonal matrices since the matrix H n induced in (3.4) and (3.5) is dense matrix.
So we proposed a new model for the Kalman gain to be separable. We modify the desired
output function y(t) in (3.2) and (3.4) by adding fictitious measurement outputs. The backpropagation error δ i of the i-th layer in (2.10) is regarded as the measurement error ỹ i of i-the
layer. Then a new desired output is defined by
 1  1
 1   1 
y
H
O ···
O
x̃
v
 y2   O H 2 · · ·
  x̃2   v 2 
O
  
   
y =  ..  =  ..
(4.1)
..
..   ..  +  .. 
.
.
 .   .
.
.
.  .   . 
yM
O O · · · HM
x̃M
vM
∑
∑
∑
where E(v i v j ) = Ri δi,j . We assume that y(t) = n y n , v(t) = k v k (t) and R = k Rk .
y k for hidden layer denotes the fictitious output similar to the method in [12]. The covariance matrix of the zero-mean innovation vector of y − ỹ is a block diagonal matrix. The
EKF(extended Kalman filter) solution to the training problem is obtained by the following
recursion
x̃n (t + 1) = x̃n (t) + K n (t)ỹ n (t)

(4.2)

S n = Rn + H n P n (t|t − 1)(H n )T

(4.3)
n T −1

K (t) = P (t|t − 1)(H ) [R + H P (t|t − 1)(H ) ]
n

n

n T

n

n

n

P (t + 1|t) = P (t|t − 1) − K (t)H P (t|t − 1) + Q .
n

n

n

n

n

n

(4.4)
(4.5)

Rn

By assuming that
is a diagonal matrix λn I, we can avoid a matrix inversion computation of
innovation covariance matrix S in (4.3) and conserve the block diagonal property of P and S
by giving G and R the assumption as diagonal matrices. There are many variables that affect
EKF training algorithm performances. These variables are matrices that must be initialized
properly. However the initial values of the EKF training algorithm can influence algorithm
performance.
5. C ONCLUSION
We reformulate the back-propagation algorithm in the matrix form for multilayered neural
network. Matrix form representation is helpful to understand the total flow of neural network
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learning algorithm. This give some motivation to improve the back-propagation algorithm. We
discussed some first and second order back-propagation algorithms network gradient-based
training algorithms in matrix-form. The EKF method for MNN has been presented. We discussed some issues of learning algorithms related to computation problems, including derivative calculations, computationally efficient formulations and methods for avoiding matrix inversions and computational stability. A modified learning algorithm for MNN was proposed
by modifying EKF framework to reduce the computation complexity.
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A BSTRACT. In this article, a homotopy perturbation transform method (HPTM) and the Laplace
transform combined with Taylor expansion method are presented for solving Volterra integral
equations with a convolution kernel. The (HPTM) is innovative in Laplace transform algorithm
and makes the calculation much simpler while in the Laplace transform and Taylor expansion
method we first convert the integral equation to an algebraic equation using Laplace transform
then we find its numerical inversion by power series. The numerical solution obtained by the
proposed methods indicate that the approaches are easy computationally and its implementation very attractive. The methods are described and numerical examples are given to illustrate
its accuracy and stability.

1. I NTRODUCTION
In recent years, many different methods have been used to approximate the solution of
Volterra integral equations of convolution kernel [1, 4, 18, 21]. Block-pulse functions (BPFs)
have been studied and applied for solving different problems [2, 17]. Integral equations have
many applications in various areas, including mathematical physics, electrochemistry, chemistry, semi-conductors, heat conduction, seismology, metallurgy, fluid flow, scattering theory,
chemical reaction and population dynamics [6, 9, 19]. Numerical methods are available for
approximating the Volterra integral equation and Abel integral equation. In particular, Yang
[20] proposed a method for the solution of integral equation using the Chebyshev polynomials, Hamoud and Ghadle [5] used the reliable modified of Laplace Adomian decomposition
method to solve nonlinear interval Volterra-Fredholm integral equations. Huang [7] used the
Taylor expansion of unknown function and obtained an approximate solution. Khodabin [13]
numerically solved the stochastic Volterra integral equations using triangular functions and
Received by the editors February 11 2018; Accepted June 12 2018; Published online June 16 2018.
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their operational matrix of integration. Yousefi [22] presented a numerical method for the Abel
integral equation by Legendre wavelets. Kamyad [11] proposed a new algorithm based on the
calculus of variations and discretisation method. While the homotopy perturbation method was
proposed first by J. He in 1998 and was further developed and improved by himself in 2000.
[7, 8]. The HPTM has been successfully applied by many researchers for solving differential
equations and integral equation [3, 16]. Recently, many authors have paid attention to study
the solutions of linear and nonlinear integral equation and differential equation by using various methods with combined the Laplace transform. Among these are homotopy perturbation
transform method [14, 15] and the Laplace decomposition methods [10, 12]. In this article we
consider Volterra integral equation with a convolution kernel given by
∫ x
u(x) = f (x) +
k(x − t)u(t)dt, 0 ≤ x ≤ T,
(1.1)
0

where the source function f and the kernel function k are given, and u(x) is the unknown
function. The article is organized as follows: In Section 2, we present the introduction of
Laplace transform and its properties. In Section 3, we describe the solution of Eq. (1.1) by
using Laplace transform and Taylor expansion method. Section 4 is devoted to the solution of
Eq. (1.1) by using the (HPTM) method. In Section 5, we report our numerical findings and
demonstrate the accuracy of the proposed methods by considering numerical examples. Section 6 ends this article with a brief conclusion.
2. P RELIMINARIES
We begin our article by giving the definition of Laplace transform and its properties [21],
the convolution theorem and the Volterra integral equations which will be used in this article.
Definition 2.1. The Laplace transform of a function f (x) which is defined for all x ≥ 0, is :
∫ +∞
e−sx f (x)dx,
(2.1)
£[f (x)] = F (s) =
0

for all values of s for which the improper integral converges. The Laplace transform has
several properties, as explained below:
1) Linearity Property
£[af (x) + bg(x)] = a£[f (x)] + b£[g(x)],
where a, b are constants. 2) The Convolution Theorem
The Laplace transforms for the functions f (x) and g(x) be given by
£[f (x)] = F (s),

£[g(x)] = G(s).

Then the Laplace convolution product of these two functions is defined by
[∫ x
]
£
f (x − t)g(t)dt = F (s)G(s),
0

(2.2)
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Theorem 2.2. [21] Suppose F (s) is the Laplace transform of f (x), which has a Maclaurin
power series expansion in the form
f (x) =

∞
∑

ai

i=0

xi
.
i!

Applying the Laplace transform, it is possible to be written formally
∞
∑
ai
F (S) =
.
si+1
i=0

3. S OLUTION OF VOLTERRA INTEGRAL EQUATION BY USING L APLACE TRANSFORM AND
TAYLOR SERIES
First, the Laplace transform is applied to both sides of Eq. (1.1)
∫ x
£[u(x)] = £[f (x)] + £[
k(x − t)u(t)dt].
0

By using the Laplace transform property (2) the equation below can be obtained
£[u] = £[f ] + £[k]£[u].
Thus, the given equation is equivalent to
£[u] =

£[f ]
= F (s).
1 − £[k]

Applying Theorem (2.2), F (s) can be expanded as an absolutely convergent series, which is
given by
c1
c2
c3
+ 2 + 3 + ...
£[u] =
s
s
s
where c1 , c2 , c3 , ... are the known constants. Taking the inverse Laplace transform on both
sides of the above equation, we can obtain
u(x) = c1 +

c2
c3 2
c4 3
x+
x +
x + ...
Γ(2)
Γ(3)
Γ(4)

which is uniformly convergent to the exact solution. So we approximate the solution u(x) by
using
c3 2
cn n−1
c2
x+
x + ... +
x
,
u(x) = c1 +
Γ(2)
Γ(3)
Γ(n)
with the error function en = u(x) − un (x).
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4. S OLUTION OF VOLTERRA INTEGRAL EQUATION BY USING H OMOTOPY PERTURPATION
TRANSFORM METHOD :
We solved spatial case from Eq. (1.1) namely singular integral equation of Abel type, so
we consider the following Abel’s integral equation of second kind as
∫ x
u(t)
√
u(x) = f (x) +
dt, 0 ≤ x ≤ 1,
(4.1)
x−t
0
Applying the Laplace transform on both sides in Eq. (4.1), we get
∫ x
u(t)
√
£[u(x)] = £[f (x)] + £[
dt],
(4.2)
x−t
0
By using the Laplace transform convolution property, Eq. (4.2) becomes
√
π
£[u(x)] = £[f (x)] +
£[u(x)],
(4.3)
s
Applying the inverse Laplace transform on both sides in Eq. (4.3), we get
{√
}
π
−1
u(x) = f (x) + £
£[u(x)] .
s
Abel integral Eq. (4.1) has the solution in the following series form as
ψ(x) =

∞
∑

pn ψn (x),

(4.4)

n=0

where ψn (x), n = 0, 1, 2, 3, ... are functions to be determined. We use the following iterative
scheme to evaluate ψn (x).
By using HPTM to solve Eq. (4.1), we consider the following convex homotopy
{
(√
(∞
))}
∞
∑
∑
π
n
−1
n
p ψn (x) = f (x) + p £
£
p ψn (x)
(4.5)
s
n=0

n=0

This is coupling of the Laplace transform and homotopy perturbation Method. Now, equating the coefficient of corresponding power of p on both sides, the following approximations
are obtained as:
{√
}
π
0
n
−1
p : ψ0 (x) = f (x),
p : ψn (x) = £
£ (ψn−1 (x))
n = 1, 2, 3, ... (4.6)
s
Hence the solution of the Eq. (4.1) is given as
u(x) = lim ψ(x) =
p→1

∞
∑

ψn (x).

(4.7)

n=0

It is worth to note that the major advantage of homotopy perturbation transform method is
that the perturbation equation can be freely constructed in many ways (therefore problem is
dependent) by homotopy in topology and the initial approximation can also be freely selected.
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It is to be noted that the rate of convergence of the series representing the solution in Eq. (4.7)
depends upon the initial choices ψ0 (x)
5. N UMERICAL EXAMPLES :
In this section we shall demonstrate the effectiveness of the proposed methods by several
examples. All the results are calculated using the symbolic calculus software MATLAB.
Example 1. Consider the Abel integral equation of second kind
∫ x
√
u(t)
√
u(x) = 2 x −
dt,
0≤x≤1
x−t
0

(5.1)

with the exact solution u(x) = 1 − eπx erf c(πx), where the complimentary error function
erf c(πx) defined as
∫ ∞
2
2
erf c(πx) = √
e−t dt.
π x
a) Applying Laplace transform and Taylor series
Using the Laplace transform and convolution properties, we get
√
1
£[u] = £[2 x] − £[x− 2 ]£[u].
Hence,

√
£[2 x]
1 + £[x− 2 ]
1

Or equivalently,

= £[u],

√
π
F (s) = √
= £[u].
s( s + π)

The left hand side of F (s) in the power of

1
s

expanded as in

3 1 5
1 1 3
1
1
F (s) = π 2 ( ) 2 − π( )2 + π 2 ( ) 2 − π 2 ( )3
s
s
s
s
5 1 7
7 1 9
1
1
+π 2 ( ) 2 − π 3 ( )4 + π 2 ( ) 2 − π 4 ( )5 ...
s
s
s
s
Now applying the inverse Laplace transform to (5.2), we obtain

4π 3 π 2 2 8π 2 5
x2 − x +
x2
3
2
15
16π 3 7 π 4 4
π3
x 2 − x ...
− x3 +
6
105
24

(5.2)

1

u(x) = 2x 2 − πx +

b) Applying (HPTM)

(5.3)
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Applying the aforesaid homotopy perturbation transform method, we get
(√
{
(∞
))}
∞
∑
∑
√
π
pn ψn (x) = 2 x − p £−1
£
pn ψn (x)
s
n=0

(5.4)

n=0

The various ψn (x), n = 0, 1, 2, 3, ... are given as
√
ψ1 (x) = −πx,
ψ0 (x) = 2 x,
4π 3
π2
ψ2 (x) =
x2 ,
ψ3 (x) = − x2 ,
3
2
8π 2 5
ψ4 (x) =
x 2 , ...
15

(5.5)

Hence the solution of the given problem Eq. (5.1) is given as
u(x) =

∞
∑

ψn (x)

n=0

√
4π 3 π 2 2 8π 2 5 π 3 3
= 2 x − πx +
x2 − x +
x 2 − x + ...
3
2
15
6
n
∞
n−1
∑
2
√
(−1)
(πx)
=
= 1 − E 1 (− πx)
2
Γ(1 + n2 )
n=1
√
= 1 − eπx erf c( πx).
This is the exact solution of the Abel integral Eq. (5.1)
Example 2. Consider the singular Volterra integral equation
∫ x
16 5
u(t)
2
2
√
u(x) = x + x −
dt, 0 ≤ x ≤ 1,
15
x−t
0

(5.6)

(5.7)

with exact solution u(x) = x2 . A homotopy perturbation transform method can be constructed
as follows
(∞
))}
{
(√
∞
∑
∑
5
16
π
pn ψn (x) = x2 + x 2 − p £−1
£
pn ψn (x)
(5.8)
15
s
n=0

n=0

giving various ψn (x), n = 0, 1, 2, 3, ... as follows
16 5
16 5 π
x2 ,
ψ1 (x) = − x 2 − x3 ,
15
15
3
2
32π 7
π 3 32π 7
π
x +
x2 ,
x 2 , ...
ψ2 (x) =
ψ3 (x) = − x4 −
3
105
12
105
35
π 16
524288π 15 x 2
−
x18 .
ψ31 (x) = −
221643095476699771875 3201186852864000
ψ0 (x) = x2 +

(5.9)
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Hence the solution of the Eq. (5.7) is given as
u(x) = lim ψ(x) =

∞
∑

ψn (x) =

i=0

n
∑

n

ψn (x) + O(x3+ 2 ) → x2

as

n → ∞.

(5.10)

i=0

TABLE 1. Comparison between exact and approximate solution for Example 2.
x
uExact (x)
0.2
0.04
0.4
0.16
0.6
0.36
0.8
0.64
1.0
1.00

uAppr. (x)
0.039999999999999999
0.159999999999998067
0.359999999997143663
0.639999999493351566
0.999999971875362176

E31 (u)
7.37271×10−21
1.93271×10−15
2.85634×10−12
5.06648×10−10
2.81246×10−8

F IGURE 1. Comparison of approximate and exact solutions for Example 2.
Fig. 1 shows the comperison between the exact solution and the approximate solution obtained by the proposed method. It is seen from Fig. 1 that the solution obtained by the proposed
method nearly identical to the exact solution. The accuracy of the result can be improved by introducing more terms of the approximate solutions. The HPTM solution is compared with the
exact solution of the Abel integral equation at the different value of x in Table 1. for Example 2.
Example 3. Consider the Volterra integral with a convolution kernel
∫ x
u(x) − sin x = −
cos(x − t)u(t)dt.
0

(5.11)
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√

which has u(x) = 2 3 3 sin(
sides of (5.11) we get

√

3x −x
2
2 )e

as exact solution. Taking the Laplace transforms on both
[∫

£[u(x)] − £[sin x] = −£

x

]
cos(x − t)u(t)dt .

(5.12)

0

Applying the Laplace convolution product of two function the above Eq. becomes
£[u(x)] − £[sin x] = −£[cos(x)]£[u(x)],

(5.13)

which provides
£[u(x)] =
Now expanding in power of

1
s

£[sin x]
1
= 2
.
1 + £[cos x]
s +s+1

(5.14)

the right hand side of Eq.(5.14) we obtain

1
1
1
1
1
1
1
− 3 + 5 − 6 + 8 − 9 + 11 ...
2
s
s
s
s
s
s
s
By taking the inverse Laplace transform to the above equation, we obtain
£[u] =

x2 x4 x5 x7 x8 x10
+
−
+
−
+
··· .
2
4!
5!
7!
8!
10!
which is convergent to the exact solution
u(x) = x −

(5.15)

Example 4. Consider the singular Volterra integral equation
∫ x
√
u(t)
πx
√
u(x) = x +
+
dt,
0≤x≤1
(5.16)
2
x−t
0
√
which has u(x) = x as the exact solution.
A homotopy perturbation transform method can be constructed as follows (from Eq. (5.16):
{
(√
(∞
))}
∞
∑
∑
√
πx
π
pn ψn (x) = x +
− p £−1
£
pn ψn (x)
(5.17)
2
s
n=0

n=0

The various iterates ψn (x), n = 0, 1, 2, 3, ... are given as:
√
πx
ψ0 (x) = x +
,
2
πx 2 3
ψ1 (x) = −
− πx 2 ,
2
3
2 3 1 2 2
ψ2 (x) = πx 2 + π x ,
3
4
5
4
1 2 2
ψ3 (x) = − π x − π 2 x 2 , ...
4
15
33
π 16
65536π 16 x 2
−
x16
ψ31 (x) = −
6332659870762850625 39916800

(5.18)
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∞
∑
√
u(x) = lim → 1ψ(x) =
ψn (x) → x
p

as

n → ∞.
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(5.19)

i=0

TABLE 2. Comparison between exact and approximate solutions for example 4
x
0.2
0.4
0.6
0.8
1.0

uExact (x)
0.447213595499957939
0.632455532033675866
0.774596669241483377
0.894427190999915856
1.0

uAppr. (x)
E31 (u)
0.447213595499957936 2.73078×10−18
0.632455532033422772 2.53094×10−13
0.774596669037878881 2.03604×10−10
0.894427167542697200 2.34572×10−8
0.999999068266455868 9.31734×10−7

F IGURE 2. Comparison of approximate and exact solutions for Example 4
Fig. 2 shows the comperison between the exact solution and the approximate solution obtained by the HPTM. It is seen from Fig. 2. the solution obtained by the proposed method
nearly identical to the exat solution. The above result is in complete agreement with Pandey et
al.[21]. In this example, the simplicity and accuracy of the proposed method is illustrated by
computing the absolute error E31 (x) = uexact (x) − uappr. (x) for the Example 4.The accuracy
of the result can be improved by introducing more terms of the approximate solutions. In Table
2. HPTM solution are compared with the exact solution of the Abel integral Eq. (5.16). There
is good agreement between exact and approximate solution obtained by proposed method. The
table also shows the absolute error between the exact and approximate solution.
Example 5. Consider the singular Volterra integral equation
∫ x
u(t)
4 3
√
u(x) = x + x 2 −
dt,
0 ≤ x ≤ 1.
3
x−t
0

(5.20)
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which has x as the exact solution.
A homotopy perturbation transform method can be constructed as
))}
{
(√
(∞
∞
∑
∑
3
4
π
pn ψn (x) = x + x 2 − p £−1
£
pn ψn (x))
3
s
n=0

(5.21)

n=0

The various iterates ψn (x), n = 0, 1, 2, 3, ... are given as:
4 3
4 3 π
ψ0 (x) = x + x 2 ,
ψ1 (x) = − x 2 − x2 ,
3
3
2
π 2 8π 5
8π 5 π 2
ψ2 (x) =
, ψ3 (x) = − x 2 − x3 , ...
x +
x2 ,
2
15
15
6
33
131072π 15
π 16
ψ31 (x) = −
x2 −
x17
6332659870762850625
355687428096000
Hence, from Eq. (4.7), the solution is
∞
n
∑
∑
n
u(x) = lim ψ(x) =
ψn (x) =
ψn (x) + O(x2+ 2 ) → x as n → ∞
i=0

i=0

TABLE 3. Comparison between exact and approximate solutions for Example 5.
x
uExact (x)
0.2
0.2
0.4
0.4
0.6
0.6
0.8
0.8
1.0
1.0

uAppr. (x)
E31(u)
0.199999999999999999 3.31772×10−19
0.399999999999956514 4.34860×10−14
0.599999999957154945 4.28451×10−11
0.799999994300205120 5.69979×10−9
0.999999746878259586 2.53122×10−7

F IGURE 3. Comparison of approximate and exact solutions for Example 5.

(5.22)

(5.23)
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6. C ONCLUSION
In this article, we applied Laplace transform with Taylor Series and homotopy perturbation
transform methods to solve the Volterra integral equation with a convolution kernel. From the
above examples, it is obvious that our proposed methods give the same approximate solutions,
and they are employed to obtain quick and accurate solution of the integral equation of a convolution type. The methods require much less computational work compared with traditional
methods. We observed that our developed mechanism is straight forward and easy to apply.
The proposed approaches can be further implemented to solve other linear and nonlinear problems arising in science and engineering. Numerical results show that the methods are working
well and the accuracy is comparable with exact solutions.
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