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Abstract. In part I, a parallel method for time-discretization of backward parabolic problems
is proposed. The problem is reformulated to a set of Helmholtz-type problems with a parameter
on a suitably chosen contour in the complex plane. After solving the resulting elliptic equations,
which can be solved in parallel, we obtain a regularized solution with high frequency terms cut
off by the inverse Laplace transforms without requiring the knowledge of the eigenfunctions of the
differential operator. Since the regularized solution is obtained without artificial perturbation and
high frequency components of the noise are suppressed, the quality of the solution is improved
significantly compared to those obtained by the other methods. Two different numerical inversions
of Laplace transforms, with arbitrary high order of accuracy, and the spectral accuracy, respectively,
are used. Error estimates and numerical examples are presented.

In part II, we discuss slow-evolution-from-the-continuation boundary (SECB) constraint. It is
introduced by Carasso in [SIAM J. Numer. Anal., 31(1994), pp. 1535-1557] to attain continuous
dependence on data for backward parabolic problems even at the continuation boundary. To prove its
stability, he used three constrains–an a priori bound on the norm of the solution at the continuation
boundary (‖u(T )‖ ≤ M), an upper bound δ on the norm of the error, and SECB. In this paper we
obtain the same stability even with two constrains among the three. In other words, we show that
one of the constraints–an a priori bound on ‖u(T )‖–is redundant. Also a new regularized solution
is introduced for backward parabolic problems with SECB. It fulfills optimal stability and provides
a constructive scheme for variable coefficient cases. Finally an a posteriori parameter selection
techninque for SECB is proposed. It converges very fast and quite useful
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1. Introduction. We consider the following backward parabolic problem: given
u0 ∈ L2(Ω), find u = u(t) = u(·, t) ∈ H1

0 (Ω) such that

ut +Au = 0 for t ∈ (0,T], with u(·, 0) = u0(·)inΩ, (1.1)

where −A is a uniformly elliptic second-order partial differential operator on a domain
Ω with homogeneous Dirichlet boundary condition. Furthermore, we assume that A
is a closed operator in the Hilbert space L2(Ω) which generates an analytic semigroup
E(t) = etA and the spectrum σ(−A) of −A is contained in a sector {z ∈ C : | arg z| <
ζ} for some ζ ∈ (0, π/2). We also assume that the resolvent (zI+A)−1 of −A satisfies

‖(zI +A)−1‖ ≤ C

1 + |z| forz ∈ Σζ ,

where the complementary sector Σζ is given by

Σζ = {z ∈ C : ζ < | arg z| ≤ π} ∪ {O}.
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Problem (1.1) is a well-known ill-posed problem in the sense that the solution does
not depend continuously on the data u0 [15, 19, 29]. However, it can be formulated as
a well-posed problem, for instance, by imposing a prescribed bound on the solution
at t = T [19]. More precisely, given data g ∈ L2(Ω) with noise, let u(j), j = 1, 2, be
any two solutions of (1.1) satisfying

‖u(j)(T )‖ ≤M and ‖u(j)
0 − g‖≤ δ, (1.2)

where M and δ are given positive constants and ‖ · ‖ denotes the L2(Ω)-norm. Then,
it is known [29] that

‖u(1)(t) − u(2)(t)‖ ≤ 2M t/T δ1−t/T for t ∈ (0,T], (1.3)

which follows directly from the convexity of F (t) = log ‖u(1)(t) − u(2)(t)‖2. We thus
have continuous dependence on the data, and any numerical solution of the problem
can be regarded as a kind of regularized solution depending on the two constraints M
and δ in (1.2).

Stable numerical methods for backward parabolic problems can be applied to
several practical areas such as image processing, mathematical finance, and physics.
However, the ill-posedness nature of the problems requires certain type of regulariza-
tion techniques. One approach to regularize the ill-posed problems is based on the
use of eigenfunction expansion [17, 28, 23, 25, 30] where the eigenpairs of the corre-
sponding elliptic operator are available. Another approach is to use the method of
quasi-reversibility [4, 7, 8, 12, 13, 14, 21, 27]. The other approaches include the least
squares methods with Tikhonov-type regularization [2, 16, 18, 24, 26], and the use
of heat kernel [9]. Buzbee and Carasso [4] introduced a method of transforming the
problem (1.1) into a second-order in time problem. Later Carasso [5, 6] introduced
the concept of a supplementary constraint such as that of SECB (slow evolution from

the continuation boundary). The methods of quasi-reversibility and Tikhonov regular-
ization introduce artificial contamination, which is not from noises, to the numerical
solutions. We thus expect to improve the solution quality if we can avoid any artificial
perturbation and suppress effectively the influence of high frequency noises, which is
the purpose of this paper. We also indicate that parallel algorithms have not yet been
seriously addressed; however, see [24].

In this paper, we develop a parallel numerical method without any perturbation
to obtain a regularized solution to Problem (1.1). Instead of attacking Problem (1.1)
in the original space-time domain setting, we take the Laplace transform in time to
have a set of complex-valued, Helmholtz-type problems with a parameter on a suitably
chosen contour Γ in a control domain. After solving the resulting elliptic problems, the
regularized time-domain solution with high frequency terms cut off can be recovered
by applying the inverse Laplace transformation numerically. Two different choices of
contour Γ will be described in detail in the next section. The first contour introduced
in [32] requires no information on eigenpairs of the operator A while the second one
proposed in [22] which is more efficient requires information on eigenvalues only. Since
we obtain solutions without modifying the original problem and high frequency terms
of noise are cut-off automatically, solution quality is improved significantly especially
as time goes on to the final time T (see at the end of the §2.3).

The outline of the rest of the paper is as follows. In the next section two numerical
schemes are introduced based on the Laplace transformation of (1.1). In §3, basic
stability and error estimates are derived for these numerical schemes. Some numerical
results are given in §4.
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2. The numerical schemes. Let us reformulate Problem (1.1) by formally
performing the Laplace transformation in time. Then,

zû+Aû = u0inΩ for z ∈ ρ(−A) (2.1)

with the homogeneous Dirichlet boundary condition on ∂Ω, where ρ(−A) is the resol-
vent set of −A. First, denote by {φk}∞k=1 and {λk}∞k=1 the orthonormal eigenfunctions
of −A and the corresponding eigenvalues which satisfy 0 < Reλ1 ≤ Reλ2 ≤ · · · →
+∞. The solution û(z) of (2.1) is then given in the following form:

û(z) = (zI +A)−1u0 =

∞∑

k=1

1

z − λk
(u0, φk)φk, (2.2)

since the solution of (1.1), if any, admits the representation

u(t) =
∞∑

k=1

eλkt(u0, φk)φk. (2.3)

In (2.3) we can observe that small errors on u0 grow without bound, which is the
source of ill-posedness. Among several regularization methods [17, 23] to avoid such
an error growth, we shall employ a method of cutting off high frequency terms in the
current paper.

From now on, denote by ûu0 and ûg the solutions to (2.1) with data u0 and
g, respectively. We begin by defining our regularization uΓ,u0(t), using the Laplace
inversion formula, by

uΓ,u0(t) =
1

2πi

∫

Γ

eztûu0(z) dz, (2.4)

where, for some positive integer N ,

Γ = {z ∈ C|ReλN < Re z < ReλN+1} ⊂ ρ(−A), (2.5)

and the direction of Γ is taken such that Im(z) is increasing from −∞ to +∞. The
contour Γ will be deformed subsequently for the sake of computational efficiency and
we will see that λi’s need not to be known explicitly for Γ = Γ1 (see §2.1 for the
definition of Γ1).

Notice that
∞∑

k=N+1

1

z − λk
(u0, φk)φk is analytic in the half plane left to the straight line contour Γ,

which, incorporated with (2.2) and (2.4), implies that

uΓ,u0(t) =
1

2πi

∞∑

k=1

∫

Γ

ezt

z − λk
(u0, φk)φk dz

=
1

2πi

N∑

k=1

∫

Γ

ezt

z − λk
(u0, φk)φk dz =

N∑

k=1

eλkt(u0, φk)φk, (2.6)

which is a spectral representation of uΓ,u0(t) with high frequency terms cut off. The
resulting uΓ,g(t) with a given data g satisfying (1.2) instead of u0 fulfills the following
stability condition:

‖u(t) − uΓ,g(t)‖ ≤ 2M t/T δ1−t/T for t ∈ (0,T], (2.7)
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if we choose N in (2.5) to be the largest integer such that

ReλN ≤ 1

T
log

M

δ

holds. See §3 in more details.

2.1. The numerical procedure using a hyperbolic contour. We now de-
form the straight line contour Γ in (2.4) into the left-hand branch of a hyperbola, as
in [32], with the asymptotes having slopes ±κ, which crosses the real axis at γ − ν,
by setting

Γ1 = {z : z = z(ω) = σ(ω) + iκω, −∞ < ω <∞} ⊂ ρ(−A), (2.8)

σ(ω) = γ −
√
ω2 + ν2,

for suitable parameters ν > 0 (usually ν = 0.5) and κ > 0, where γ will be chosen
such that γ − ν = (1/T ) log(M/δ) provided γ − ν does not coincide with any Reλi.
Then we have ReλN < γ− ν < ReλN+1 for N used in Theorem 3.1. The parameters
of Γ1 are chosen such that the eigenvalues λ1, · · · , λN are to the left of the contour
Γ1, while the rest of eigenvalues are to the right of Γ1. At the end of §3.1 we will
remark on the flexible choice of Γ1. With the deformed contour Γ1, the integral (2.4)
can be written as

uΓ1,u0(t) =
1

2πi

∫ ∞

−∞

ez(ω)tûu0(z(ω))z′(ω) dω. (2.9)

We notice that, as ω → ±∞, ez(ω)t goes to zero rapidly, which accelerates convergence.
Next, we transform the infinite interval (−∞,∞) for ω in (2.9) into a finite one.
For this, let ψ : (−∞,∞) → (−1, 1) be defined by ψ(ω) = tanh( τω

2 ) as in [32].
In particular, by applying the change of variables y = ψ(ω), or equivalently, ω =
ψ−1(y) = 1

τ log 1+y
1−y with the parameter τ > 0 to be determined later, the integral

(2.9) can be transformed into one on (−1, 1) for y, where the trapezoidal rule can be
applied to get

UΓ1,u0

L1,τ (t) =
1

2πi

1

L1

j=L1−1∑

j=−L1+1

ezjtûu0(zj)
dz

dω
(ωj)

dψ−1

dy
(yj), (2.10)

where

zj = z(ωj), ωj = ψ−1(yj) =
1

τ
log

1 + yj

1 − yj
, and yj =

j

L1
, −L1 < j < L1. (2.11)

The change of variables here spread the equi-distant points yj ’s in (-1,1) over R to
ωj ’s in such a way of having finer grid near the origin where the integrand is relatively
larger and coarser grid where the integrand becomes relatively smaller. In [32], it is
shown that this quadrature scheme has an arbitrary high order of accuracy for forward
parabolic problems. In this paper we prove similarly that the same accuracy holds
although the properties of integrands are slightly different. The basic error estimate
shows essentially that, for any positive integer r,

‖uΓ,u0(t) − UΓ1,u0

L1,τ (t)‖ ≤ C

Lr
1

(βM/δ)t/T ‖u0‖ for t > rτ, (2.12)

where C depends on various parameters and β > 1 is a constant.
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2.2. The numerical procedure using a union of small circles. When the
eigenvalues of the operator −A are known, we can deform the contour in (2.4) into
a union of disjoint small circles around the eigenvalues of −A [22], which enables to
reduce computational costs significantly when the number of dominant eigenvalues
are relatively small. Set d = min1≤k≤N minl 6=k |λk − λl| and assume that d > 0. For
a sufficiently small ε ∈ (0, d) (such that the circle |z − λk| = ε contains no other
eigenvalues than λk for all k), we define the second contour Γ2 by

Γ2 =

N⋃

k=1

Ck ⊂ ρ(−A), Ck = {z : z = λk + εeiθ, 0 ≤ θ ≤ 2π}, (2.13)

where N is again the largest integer such that ReλN ≤ (1/T ) log(M/δ) holds. With
this Γ2, (2.4) can be written as

uΓ2,u0(t) =
1

2πi

N∑

k=1

∫

Ck

eztûu0(z) dz. (2.14)

After applying the change of variables z = λk + εeiθ on each circle Ck and the trape-
zoidal rule, we have

UΓ2,u0

L2
(t) =

1

2π

N∑

k=1

2π

L2

L2−1∑

j=0

ezk,jtûu0(zk,j)εe
iθj, (2.15)

where zk,j = λk +εeiθj and θj = 2π
L2
j for 0 ≤ j ≤ L2−1. The efficiency of this scheme

originates in that the interval of the integral could be arbitrary small by letting ε be
small (it should not be too small because of the machine precision; see §3.2). The
error estimate of this scheme results in the spectral accuracy of the form

‖UΓ2,u0

L2
(t) − uΓ,u0(t)‖ = C(β′M/δ)t/T (ε′

L2 +
eps

ε
)‖u0‖, (2.16)

where C is independent of ε and L2, eps is the machine precision, and ε′ = ε/d, for
β′ = eεT > 1. With a double precision calculation, eps can be as small as about 10−16.

2.3. The fully discrete schemes. The fully discrete scheme is achieved by
combining the time discretization procedure, either (2.10) or (2.15), with the finite
element method for spatial approximation procedure. For this, let (Vh)h>0 denote a
family of standard piecewise linear finite element subspaces of H1

0 (Ω). Let a(·, ·) be the
natural sesquilinear form associated with A. Then the finite element approximation
ûu0

h (z) ∈ Vh to the solution ûu0(z) of (2.1) satisfies

z(ûu0

h (z), v) + a(ûu0

h (z), v) = (u0, v), ∀v ∈ Vh, ∀z ∈ ρ(−A). (2.17)

Thus the spatially discretized approximation UΓ,u0

h to uΓ,u0 in (2.4) is given by

UΓ,u0

h (t) =
1

2πi

∫

Γ

eztûu0

h (z) dz. (2.18)
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By combining the time-discretization procedure, either (2.10) or (2.15), with the finite
element method the fully discretized solution is given by either

UΓ1,u0

L1,h,τ (t) =
1

2πi

1

L1

j=L1−1∑

j=−L1+1

ezjtûu0

h (zj)
dz

dω
(ωj)

dψ−1

dy
(yj), (2.19)

or

UΓ2,u0

L2,h (t) =
1

L2

N∑

k=1

L2−1∑

j=0

ezk,jtûu0

h (zk,j)εe
iθj, (2.20)

respectively. If inexact data g is given, g will be used instead of u0, which will be
analyzed in §3.

To conclude this section, let us indicate two special features of the proposed
methods. Firstly, the methods can be implemented in parallel in the main part,
solving a set of elliptic equations (2.1), of the procedures without any essential data
communication among processors since they are independent from each other. This
idea goes back to [11, 10] for solving wave propagation problems in the space-frequency
domain setting, and it was later applied to forward parabolic problems [31, 32], and
to a forward integro-differential equation with positive memory [20]. Secondly, the
methods proposed in the current paper do not introduce any perturbation from the
original problem unlike others [2, 4, 7, 8, 12, 13, 14, 16, 18, 24, 26, 30], and therefore
the solution quality of our method is much better than that of others. The trick
is in formally reformulating the problem into problems in the Laplace transformed
setting as in (2.1). The reformulated equation (2.1) is well defined and well posed
although one cannot perform the Laplace transform of the solution (2.3) since it
does not exist for any z ∈ C. Thus we choose to start from this equation. When
it is inverted by using the Laplace inversion formula (2.4), the contour Γ has to be
selected and it gives a natural way of controlling the frequency terms. Noticing that
eigenvalues of −A correspond to the poles of û(z) (see (2.2)) we see that the poles to
the left of Γ are taken and those to the right of Γ are discarded (see (2.6)). In this
way the regularization is performed naturally without perturbing anything and the
high frequency components of noise whose eigenvalues are bigger than λN cause no
influence on the numerical solutions. This features improve quality of the solutions
remarkably, which will be illustrated in §4.

3. Stability and error estimates. In this section we analyze the stability
of and error estimates of the two numerical procedures introduced in the previous
section. Before going into the details of both properties, we first state and prove an
error estimate between the exact solution u of (1.1) with constraints (1.2) and the
regularized solution uΓ,g in (2.4) with given data g satisfying (1.2).

Theorem 3.1. Let g ∈ L2(Ω) be given. Suppose that u is an exact solution of

(1.1) with constraints (1.2). If N in (2.5) is chosen to be the largest integer such that

ReλN ≤ (1/T ) log(M/δ) < ReλN+1. Then the following error bound holds:

‖u(t) − uΓ,g(t)‖ ≤ 2M t/T δ1−t/T for t ∈ (0,T]. (3.1)
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Proof. Let us consider the regularized solution with exact data u0, say uΓ,u0(t),
and N be the largest integer such that ReλN ≤ (1/T ) log(M/δ)ReλN+1. From (1.2)
and (2.3), it follows that

∑∞
k=1 c

2
ke

2 Re λkT ≤M2 with ck = (u0, φk), and therefore,

‖u(t) − uΓ,u0(t)‖2 =

∞∑

k=N+1

c2ke
2Re λkt =

∞∑

k=N+1

c2ke
2Re λkte2Re λkT e−2Re λkT

≤ e2(t−T ) Re λN+1

∞∑

k=N+1

c2ke
2Re λkT

≤ (δ/M)2(1−t/T )M2 = δ2(1−t/T )M2t/T . (3.2)

Similarly, the difference between the two regularizations with initial data u0 and g is
estimated as follows: with gk = (g, φk),

‖uΓ,u0(t) − uΓ,g(t)‖2 =

N∑

k=1

(ck − gk)2e2Re λkt ≤ e2Re λN t
N∑

k=1

(ck − gk)2

≤ (M/δ)2t/T δ2 = M2t/T δ2(1−t/T ) (3.3)

since we have
∑∞

k=1(ck − gk)2 ≤ δ2 by (1.2). The assertion is then obtained by the
triangle inequality.

3.1. Analysis of the numerical procedure using a hyperbolic contour.

As we mentioned in §2.1, we put γ−ν = (1/T ) log(M/δ) provided it does not coincide
with any λi. Let

Σζ1,γ−ν = {z ∈ C : ζ1 < | arg(z − γ + ν)| < π − ζ1} ∪ Nγ−ν ⊂ ρ(−A), (3.4)

where Nγ−ν is a neighborhood of γ − ν that does not contain any eigenvalue of −A,
and ζ1 ∈ (0, π/2) is chosen such that Γ1 ⊂ Σζ1,γ−ν. By (2.2), we can find a constant
B1 > 0, independent of z, such that

‖(zI +A)−1‖ ≤ B1

1 + |z − γ + ν| , for z ∈ Σζ1,γ−ν. (3.5)

We notice that B1 = O(η−1), where η is a distance between the two sets Σζ1,γ−ν and
σ(−A), the spectrum of −A. From now on set β = eνT . We then have the following
stability estimate.

Theorem 3.2. Let UΓ1,g
L1,τ be the approximation defined by (2.10) of the regularized

solution uΓ1,g given by (2.9), with u0 replaced by g. Then, for t > τ ,

‖UΓ1,g
L1,τ‖ ≤ C(βM/δ)t/T ‖g‖,

where C =
√

2(2 − 1
L1

)
√

1 + κ2B1/(τπ).
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Proof. From (2.8), (2.10), and (2.11) it follows that

‖UΓ1,g
L1,τ (t)‖ ≤ 1

2π

1

L1

L1−1∑

j=−L1+1

|ezjt|‖ûg(zj)‖
∣∣∣∣
dz

dω
(ωj)

dψ−1

dy
(yj)

∣∣∣∣

≤
√

1 + κ2eγt

√
2πL1

L1−1∑

j=−L1+1

e−|ωj |t

∣∣∣∣
dψ−1

dy
(yj)

∣∣∣∣ ‖ûg(zj)‖

≤
√

1 + κ2eγt

√
2πL1

√√√√
L1−1∑

j=−L1+1

(
e−|ωj|t

dψ−1

dy
(yj)

)2 L1−1∑

j=−L1+1

‖ûg(zj)‖2 (3.6)

since
∣∣ dz
dω (ωj)

∣∣ ≤
√

2. Now for j ≥ 0,

e−|ωj|t
dψ−1

dy
(yj) = e

− t
τ log

1+yj
1−yj

2

τ

1

1 − y2
j

=
2

τ

(1 − yj)
t/τ−1

(1 + yj)t/τ+1
≤ 2

τ
if t > τ. (3.7)

The same bound holds for j < 0. Since γ = log(M/δ)/T + ν, we have

eγt = (βM/δ)t/T , (3.8)

where we recall that β = eνT . Next, by using (2.8) and (3.5), we have, for z ∈ Σζ1,γ−ν,

‖ûg(z(ω))‖ = ‖(z(ω)I +A)−1g‖ ≤ B1

1 + |z(ω) − γ + ν| ‖g‖

≤ B1

1 + κ|ω|‖g‖ ≤ B1‖g‖, (3.9)

which, combined with (3.6), completes the proof.

Our error analysis is based on an Euler-Maclaurin type proposition [32].

Proposition 3.3 (Sheen-Sloan-Thomeé 2003). Let r ≥ 1 be given and assume

that v ∈ Cr(R;L2(Ω)) and that

‖v(j)(ω)‖ = O(e−rτ |ω|), for j ≤ r as |ω| → ∞.

Furthermore, if ‖v(ω)‖ = o(e−τ |ω|) for r = 1, then we have the error estimate

‖QL1,τ (v) − I(v)‖ ≤ Cr
1

Lr
1

(1 +
1

τr
)

∫ ∞

−∞

erτ |ω|
r∑

j=0

‖v(j)(ω)‖ dω,

where

I(v) :=

∫ ∞

−∞

v(ω) dω and QL1,τ (v) :=
1

L1

L1−1∑

j=−L1+1

v(ωj)
dψ−1

dy
(yj). (3.10)

The proof of Proposition 3.3 is given in [32].

Proposition 3.3 implies that the formula (3.10) is of an arbitrary high order of
accuracy, provided v(ω) vanishes appropriately fast at infinity. Based on Proposi-
tion 3.3, we derive an error estimate between the regularized solution uΓ1,g given in
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(2.4) and its time discretized approximation UΓ1,g
L1,τ (t) given in (2.10) using g instead

of u0.

Lemma 3.4. Let uΓ1,g(t) and UΓ1,g
L1,τ (t) be the regularized solution defined by (2.4)

and its approximation defined by (2.10), respectively, with initial data g instead of u0,

and r a positive integer. Then, for t > rτ , we have

‖uΓ1,g(t) − UΓ1,g
L1,τ (t)‖ ≤ Cr,t

Lr
1

(βM/δ)t/T ‖g‖, (3.11)

where Cr,t = Cr
(1+κ2)r/2

k (1 + tr)(1 + 1
τr )(1 + log+

κ
t−rτ ) and log+ x = max(0, logx).

Proof. Set v(ω, t) = 1
2πie

z(ω)tûg(z(ω))z′(ω). Then, from (2.9) and (2.10), with u0

replaced by g, it follows that

uΓ1,g(t) − UΓ1,g
L1,τ (t) = I(v(·, t)) −QL1,τ (v(·, t)).

Our aim is to apply Proposition 3.3, and for this we need to bound the derivatives of

the function ûg(z) on Γ1. Since dj

dzj (zI + A)−1 = (−1)jj!(zI + A)−j−1, (3.9) and an
induction on j imply that

∥∥∥∥
dj

dzj
ûg(z)

∥∥∥∥ ≤ Cj

1 + κ|ω|‖g‖ for z ∈ Γ1. (3.12)

Leibniz rule is then applied to obtain

∥∥∥∥
∂j

∂ωj
v(t, ω)

∥∥∥∥ ≤ Cr (1 + tr)
(1 + κ2)r/2etσ(ω)

1 + κ|ω| ‖g‖ for j ≤ r, ω ∈ R,

where Cr > 0 is a constant depending on ‖ dj

dωj σ(ω)‖L∞(R) for j ≤ r. Since σ(ω) ≈
−|ω| for large |ω| the assumptions of Proposition 3.3 are thus satisfied if t > rτ, and
the proposition implies that

‖uΓ1,g(t) − UΓ1,g
L1,τ (t)‖ ≤ CrL

−r
1

(
1 + τ−r

)
(1 + tr) eγt

∫ ∞

−∞

(1 + κ2)r/2e−|ω|(t−rτ)

1 + κ|ω| dω ‖g‖,

since we have σ(ω) ≤ γ − |ω|. To bound the integral that remains, notice that∫ ∞

0 e−ωt(1 + ω)−1 dω ≤ C(1 + log+(1/t)) which can be verified easily by arithmetic
calculations. Then, (3.8) is used to complete the proof of the lemma.

Remark 3.5. The parameter r appears only in the theorem, not in the method.

Its implication is that the larger we have r, the faster is the convergence. And the

above estimate is valid at least for t > τ . In the numerical examples in §4, we choose

τ = 1/2.

Next we deal with the space discretization error.

Lemma 3.6. Let UΓ1,g
L1,τ (t) and UΓ1,g

L1,h,τ (t) be defined as in (2.10) and (2.19),
respectively, using g instead of u0. Then, for t > τ , we have

‖UΓ1,g
L1,τ (t) − UΓ1,g

L1,h,τ(t)‖ ≤ Ch2(βM/δ)t/T ‖g‖, (3.13)

where C = C
√

1 + κ2
(

2L1−1
L1τ

)
.
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Proof. Combining (2.10), (2.19), and (2.8) we have

‖UΓ1,g
L1,τ (t) − UΓ1,g

L1,h,τ (t)‖ ≤ 1

2π

1

L1

L1−1∑

j=−L1+1

|ezjt|‖ûg(zj) − ûg
h(zj)‖

∣∣∣∣
dz

dω
(ωj)

dψ−1

dy
(yj)

∣∣∣∣

≤ C
√

1 + κ2h2‖g‖eγt 1

L1

L1−1∑

j=−L1+1

e−|ωj|t

∣∣∣∣
dψ−1

dy
(yj)

∣∣∣∣ (3.14)

since, for h small, (see [33])

‖ûg(z) − ûg
h(z)‖ ≤ Ch2‖g‖, for z ∈ Γ1.

Owing to (3.7),

1

L1

L1−1∑

j=−L1+1

e−|ωj|t

∣∣∣∣
dψ−1

dy
(yj)

∣∣∣∣ ≤
2

τ

(
2L1 − 1

L1

)
.

Then, (3.8) is used to complete the proof.

Finally, combining Theorem 3.1, Lemma 3.4, Lemma 3.6, and the triangle in-
equality, we obtain the main result of this subsection:

Theorem 3.7. Let u(t) be an exact solution of (1.1), g ∈ L2(Ω) be given sat-

isfying (1.2), and UΓ1,g
L1,h,τ (t) be our fully discretized approximation to u(t) defined by

(2.19). Then we have, for any integer r ≥ 1,

‖u(t) − UΓ1,g
L1,h,τ (t)‖ ≤ 2M t/T δ1−t/T

+C(βM/δ)t/T

(
(1 + κ2)r/2

κ

1

Lr
1

+
√

1 + κ2h2

)
‖g‖ for rτ < t < T.

Remark 3.8. The choice of contour Γ1 is flexible by letting the parameter κ
variable with the asymptotes having slopes ±1 and the real axis cut at γ − ν. Indeed,

in (2.8), let κ = κ(ω) be chosen such that the contour Γ1 can be nearly parallel to

the imaginary axis until it meets the line y = ± tan ζ if the eigenvalue ReλN−1 is

close to ReλN . Inside the sector Σζ the contour can be deformed analytically to have

asymptotes with the slopes ±1 in order to have fast convergence. Corresponding to

the contour

Γ1 = {z : z = z(ω) = σ(ω) + iκ(ω)ω, −∞ < ω <∞} ⊂ ρ(−A),

σ(ω) = γ −
√
ω2 + ν2,

suitable modifications in the analysis can be carried out accordingly.

3.2. Analysis of the numerical procedure using a union of small circles.

Let us turn to analyze the case of the second numerical scheme under the assumption
that the eigenvalues of −A are known. We shall see that the quadrature scheme (2.15)
with Γ2 is of the spectral accuracy. Since Γ2 is a compact subset of ρ(−A), we may
assume that

‖(zI +A)−1‖ ≤ B2 for z ∈ Γ2, (3.15)
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with B2 independent of z. From (2.2) and (2.13) it follows that B2 = O(ε−1).
Set β′ = eεT . We then have the following stability estimate.

Theorem 3.9. Let UΓ2,u0

L2
(t) be the approximation defined by (2.15) of the regu-

larized solution (2.14). Then we have

‖UΓ2,u0

L2
(t)‖ ≤ CN(β′M/δ)t/T ‖u0‖ for t > 0.

Proof. By using (2.2), (2.15), and (3.15), a direct estimation leads to

∥∥∥UΓ2,u0

L2
(t)

∥∥∥ =

∥∥∥∥∥∥

N∑

k=1

1

L2

L2−1∑

j=0

ezk,jtû(zk,j)εe
iθj

∥∥∥∥∥∥

≤ B2Nεe
(λN+ε)t‖u0‖ ≤ CNe(Re λN +ε)t‖u0‖,

owing to the fact B2 = O(ε−1). Finally, since ReλN ≤ log(M/δ)/T , one has

e(Re λN+ε)t ≤ (β′M/δ)t/T , (3.16)

which proves the theorem.

Recalling that d = min1≤k≤N minl 6=k |λk − λl| and ε < d (see §2.2), we have the
following lemma.

Lemma 3.10. Let uΓ2,g(t) and UΓ2,g
L2

(t) be the regularized solution defined by

(2.14) and its approximation defined by (2.15), respectively, using g instead of u0,

and L2 a positive integer. Then, we have, for some C > 0 independent of ε and L2,

‖uΓ2,g(t) − UΓ2,g
L2

(t)‖ ≤ CN(β′M/δ)t/T (ε′
L2 +

eps

ε
)‖g‖ for t > 0, (3.17)

where eps is the machine precision, and ε′ = ε/d.

Proof. Let F (z) = eztûg(z). By (2.2), F (z) has simple poles at z = λk and thus
has a Laurent series expansion of the form

F (z) =

∞∑

m=−1

ck,m(z − λk)m for |z − λk| < d, (3.18)

where ck,m = 1
2πi

∫
Ck

F (z)
(z−λk)m+1 dz. Due to Cauchy’s Residue Theorem, we get

uΓ2,g(t) =

N∑

k=1

ck,−1. (3.19)

Plugging (3.18) into (2.15) with u0 replaced by g and rearranging the summand, we
have

UΓ2,g
L2

(t) =

N∑

k=1

1

L2

∞∑

m=−1

ck,mε
m+1




L2−1∑

j=0

(eiθm+1)j




=
N∑

k=1

(
ck,−1 + ck,L2−1ε

L2 + ck,2L2−1ε
2L2 + · · ·

)
. (3.20)
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The last equality follows from the fact that if m+ 1 is a multiple of L2, the sum with

index j becomes L2; otherwise, it is 1−(eiθm+1)L2

1−eiθm+1
which is 0. Under the assumption

of no machine round-off error, one then has the following type of bound: ‖uΓ2,g(t) −
UΓ2,g

L2
(t)‖ ≤ CNεL2 . However, the extra term eps/ε in (3.17) will be included due

to the round-off errors which become significant if ε is too small. For the derivation
of this and various examples which show the validity of this estimation, we refer the
reader to [22].

Now we calculate ck,m explicitly to get the final error form. By inserting (2.2)
into ck,m, for m ≥ 0, we get ck,m = (1/2πi)

∫
Ck

G(z)/(z − λk)
m+1dz, where G(z) =

∑
l 6=k

ezt

z−λl
glφl, and gl = (g, φl). Notice that G(z) is analytic inside Ck and recall

the definition of d. Since β′ = eεT > 1, we have, by Cauchy’s Integral Theorem for
derivatives, Leibniz rule, and (3.16), that

‖ck,m‖ =
1

m!
‖G(m)(λk)‖ =

∥∥∥∥∥∥

m∑

r=0

1

m!

(
m

r

)
tm−reλkt(−1)rr!

∑

l 6=k

glφl

(λk − λl)r+1

∥∥∥∥∥∥

≤ tmeRe λN t

∥∥∥∥∥∥

m∑

r=0

t−r

(m− r)!

∑

l 6=k

glφl

|λk − λl|r+1

∥∥∥∥∥∥

≤ tmeRe λN t 1

d

m∑

r=0

1

(m− r)!

(
1

dt

)r

‖g‖

=
1

d
eRe λN t

m∑

s=0

(dt)s

s!

1

dm
‖g‖

≤ 1

dm+1
edt(β′M/δ)t/T ‖g‖, fork ≤ N. (3.21)

The last estimate combined with (3.19) and (3.20) leads to

‖uΓ2,g(t) − UΓ2,g
L2

(t)‖ =
N∑

k=1

∞∑

m=1

‖ck,mL2−1ε
mL2‖

≤ N

∞∑

m=1

( ε
d

)mL2

edt(β′M/δ)t/T ‖g‖

= N
(ε′)L2

1 − (ε′)L2
edt(β′M/δ)t/T ‖g‖

≤ CN(β′M/δ)t/T (ε′
L2 +

eps

ε
)‖g‖,

with C = edT

1−(ε′)L2
, where the machine precision truncation was considered in the last

estimate. This completes the proof.

Remark 3.11. Inequality (3.21) is the worst case estimate. Although there exist

concrete examples that show that the above estimate is sharp, most experiments similar

to the examples in §4 exhibit that d acts as 1.

Remark 3.12. For a fixed L2, we should have ( ε
d )L2 + eps

ε ≥ 2( eps
d )L2/(L2+1)

with equality holding for ε = dL2/(L2+1)eps1/(L2+1), which is an optimal choice of ε
for a fixed L2. With this ε the error bound tends to C · eps/d as L2 tends to ∞.
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Remark 3.13. In our case of computing F (z) numerically, the smaller ε one

chooses, the more computational costs one needs in order to achieve a given tolerance.

Thus Remark 3.12 says that any choice of ε and L2 such that (ε/d)L2 is less than a

given tolerance is economic provided ε > dL2/(L2+1)eps1/(L2+1). In the examples in

§4 we regard d as 1.

Next we consider the space discretization error.
Lemma 3.14. Using g instead of u0, let UΓ2,g

L2
(t) and UΓ2,g

L2,h(t) be as in (2.15) and

(2.20), respectively. Then we have

|UΓ2,g
L2

(t) − UΓ2,g
L2,h(t)‖ ≤ CNh2(β′M/δ)t/T ‖g‖ for t > 0. (3.22)

Proof. The lemma is a consequence of the estimate ‖ûg(z) − ûg
h(z)‖ ≤ Ch2‖g‖

for z ∈ Γ2 and Theorem 3.9 with u0 replaced by g. We are, finally, in a position to
state the main result of this subsection.

Theorem 3.15. Let g ∈ L2(Ω) be given data satisfying (1.2), u(t) be an exact

solution of (1.1), and UΓ2,g
L2,h be the fully discretized approximation to u(t) defined by

(2.20). Then we have

‖u(t) − UΓ2,g
L2,h(t)‖ ≤ 2M t/T δ1−t/T + CN(β′M/δ)t/T (ε′

L2 +
eps

ε
+ h2)‖g‖,(3.23)

for 0 < t < T, with ε′ = ε/d.

Proof. The proof is just a combination of Theorem 3.1, Lemma 3.10, Lemma 3.14,
and the triangle inequality.

4. Numerical examples. Examples 1, 2, and 3 have been chosen to illustrate
the convergence theory developed in §3. The complicated solution profiles produced in
Examples 4 and 5 demonstrate the high quality of the regularized numerical solutions
compared with that of other recently-proposed numerical methods [2, 24]. Parallel
performance is reported in Example 6.

In each example the initial data with noise are generated by adding a perturbation
to the exact initial data. Let xi, 1 ≤ i ≤ J , be a uniform partition of Ω. For
each i, let rd(xi) be a pseudo-random number selected from (−1, 1). Then, define
rd : Ω → [−1, 1] by linear interpolation of rd(xi) and set per(x) := δ · rd(x)/|Ω|d/2,
where d and δ denote the dimension of Ω and amplitude, respectively.

Example 1. Let Ω = (0, π) and T = 4. Then consider the following backward
parabolic problem:

ut + uxx = 0 inΩ × (0,T), (4.1a)

u = 0 on∂Ω × (0,T), (4.1b)

u0(x) = e−4 sinx+ e−16 sin 2x forx ∈ Ω, (4.1c)

with the exact solution u(x, t) = et−4 sinx+ e4(t−4) sin 2x. Notice that the eigenpairs
are φk =

√
2/π sin kx, and λk = k2, k = 1, 2 · · · . In this case we have ‖u(·, T )‖ = 1.89.

Set M = 2 and δ = 10−2 in (1.2). Then, λN ≤ (1/T ) log(M/δ) = 1.32, by which
λ1 = 1 is the largest eigenvalue bounded. Thus we have N = 1 in Theorem 3.1.

In implementation, (2.19) is applied with the contour Γ1 given in (2.8) with the
parameters chosen in the following fashion without requiring information on eigen-
pairs:
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• we take ν = 0.5 and τ = 0.5;
• γ is chosen such that γ − ν = (1/T ) log(M/δ) = 1.32 at which the contour

crosses the real axis; in this case, γ = 1.82.

In practice where the exact eigenvalues are not known, we recommend that γ is chosen
such that γ − ν = (1/T ) log(M/δ) if it does not coincide with any eigenvalue of −A.
If (1/T ) log(M/δ) happens to be an eigenvalue of −A (this occurs with probability 0),
replace (1/T ) log(M/δ) with a slightly larger number so that it is not an eigenvalue,
and assign the resulting value as γ − ν to choose γ such that (3.4) is satisfied.

Now we would like to verify Theorem 3.1, or equivalently Theorem 3.7 provided
the term 2M t/T δ1−t/T is dominant. To use (2.19), L1 = 64 and h = π/600 are
chosen so that the term 2M t/T δ1−t/T is dominant in (3.15). Table 4.1 shows the

L2 errors with δ = 10−2 L2 errors with δ = 10−4

t
Computed Predicted Computed Predicted

1 0.586E-02 0.752E-01 0.592E-04 0.238E-02
2 0.159E-01 0.283E+00 0.450E-03 0.283E-01
3 0.490E-01 0.106E+01 0.230E-01 0.336E+00
4 0.126E+01 0.400E+01 0.125E+01 4.000E+00

Table 4.1
L2 errors for Example 1: actually computed L2 errors and the predicted L2 error bounds for

δ = 10−2 and 10−4.

computational results for the L2 errors and the error bounds, 2M t/T δ1−t/T , predicted
by the Theorem 3.1. To illustrate the effects of different noise levels, we also showed
errors with δ = 10−4 leaving the other parameters fixed except γ = (1/T ) log(M/δ)+
ν = 2.98. Observe that the computational results in Table 4.1 are better than those
predicted bounds by the theorem. However, it is well known [5, 17] that the estimate
(3.1) is sharp, and one can not improve this without introducing a supplementary
constraint such as that of SECB (slow evolution from the continuation boundary)
[5, 6].

Example 2. In this example we report the L2 error estimates for the first method
(2.19) of time-discretization to solve the same problem as in Example 1 with the
data u0 replaced by u0 = e−4 sinx without adding noise. This enables the term
2M t/T δ1−t/T in (3.15) to be neglected. In this case, 1/T log(M/δ) is infinity, which
implies that the contour should contain all eigencomponents of the solution. The
solution u(x, t) = et−4 sinx contains 1 eigencomponent and thus γ − ν should be
greater than 1. Therefore we assigned γ = 1.82, ν = 0.5, and τ = 0.5 as in Example 1.
Keeping the term C(βM/δ)t/T /Lr

1 to be dominant in (3.15) by choosing a sufficiently
small h(= π/5000), we vary L1 to see the error behavior. Table 4.2 summarizes the
L2 errors. The values in the parentheses denote the error reduction ratios defined by
log2(eL1/2/eL1

), where eL1
is the L2 error with L1 in (3.15). Notice that the rates of

convergence, while erratic, are asymptotically as large as the order t/τ = 2t predicted
by Theorem 3.7. That is, the error reduction ratios at time t become larger than 2t
as L1 is chosen sufficiently large.

Example 3. Now we examine the second method (2.20) for the same problem as in
Example 2. Thus parameters in (2.13) are chosen such that N = 1 and λ1 = 1. Since
the time-discretization errors for this method become small very rapidly, it is not easy
to make the term εL2 + eps/ε be dominant in (3.23). However, in [22] the theoretical



A parallel method for backward parabolic problems 15

t\L1 4 8 16 32

1.0 0.144E-02 0.645E-03(1.16) 0.305E-05(7.72) 0.419E-06(2.86)
2.0 0.120E-01 0.154E-02(2.97) 0.613E-05(7.97) 0.109E-07(9.13)
3.0 0.112E+00 0.196E-02(5.84) 0.192E-04(6.67) 0.455E-07(8.73)
4.0 0.842E+00 0.162E-01(5.70) 0.791E-04(7.68) 0.164E-06(8.91)

Table 4.2
L2 errors (and their reduction ratios) for Example 2

and computational results have already been shown for this scheme without space
variable to show the rate εL2 + eps/ε. In the current example, instead of varying ε
and L2, we thus fix L2 = 4 and ε = 10−2 > eps(1/L2+1) ≈ 10−3(see Remark 3.13)
in (3.23) and vary h eight times smaller at each step which will reduce errors 1/64
times. This would verify that the space discretization errors are dominant compared
to the time discretization counter parts. The numerical results in Table 4.3 provide

t\h 1/30 1/240 1/1920 1/15360

1.0 0.665E-04 0.976E-06(6.09) 0.154E-07(5.99) 0.510E-08(1.59)
2.0 0.330E-03 0.496E-05(6.05) 0.790E-07(5.97) 0.124E-07(2.67)
3.0 0.131E-02 0.200E-04(6.04) 0.328E-06(5.93) 0.202E-07(4.02)
4.0 0.471E-02 0.722E-04(6.03) 0.126E-05(5.84) 0.395E-07(5.00)

Table 4.3
L2 errors (and their reduction ratios) for Example 3

confirmation of the behavior predicted by Theorem 3.15, where the predicted space-
discretization error-reduction ratio is 6 since we choose h to be 1/8 times smaller at
each step and the predicted time-discretization error εL2 + eps/ε is about 10−8. In
the columns with h = 1/240 and h = 1/1920, the apparent reduction ratios are more
or less in agreement with the theory, while the ratios in the last column are less than
6 since the time-discretization errors, which are about 10−8, are actively deteriorating
the numerical solutions.

We now proceed to deal with two more complicated examples than the previous
ones; the example employed in [24] which has severely oscillatory data and a similar
example appeared in [1, 2] with non-smooth data. Consider the backward parabolic
problem:

ut + cuxx = 0, Ω × (0, T ), (4.2a)

u = 0, ∂Ω, (4.2b)

with given noisy data g ∈ L2(Ω). Let Ω = (0, l), l = 1, or π. Here c is a positive
constant that controls the diffusion speed. In this case, eigenvalues are c(kπ/l)2, k =
1, 2, · · · . Thus when we apply Γ2, in (2.13) λk = c(kπ/l)2, and N is chosen by the
maximum integer k such that c(kπ/l)2 ≤ (1/T ) log(M/δ).

Example 4. Consider the problem (4.2) with l = 1, T = 16, c = 1/87960, and
u(x, T ) = sin(25πx2). Since no analytic expression for u0 is available, we solved a
forward problem starting from u(·, T ) using the method introduced in [32] to approx-
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imate u0 as well as u(·, T/4), u(·, T/2), u(·, 3T/4), u(·, 7T/8) and u(·, 15T/16), with
errors less than 10−7, which are served as reference solutions for (4.2).

The constant c is chosen so that the size of the oscillations in u0 close to the right
endpoint is less than 1 percent of that of u(T ) at the right endpoint. In [24], a similar
data u0 is used such that the size of oscillations in u0 close to the right endpoint is
less than 10 percent of their initial size (indeed, in [24] the constant c = 1 is used with
very small time duration, with which the solutions agree with ours. Observe that any
c and T in (4.2) give equivalent solutions if cT is constant.) Once u0 is calculated,
multiplicative noise is added (see Figure 1(c)) to make g such that g = u0(1+per(x))
with δ = 10−3, which should be stressed by comparing this with the choice δ = 10−6

in [24].
We have ‖u(·, T )‖ = M ≈ 0.69, and (1/T ) log(M/δ) ≈ 0.41. Thus when applying

Γ1, we choose ν = 0.5, τ = 0.5, and γ = 0.91. Also we used the discretization
parameters L1 = 200, and h = 1/1000. When we apply Γ2, we choose L2 = 3, ε =
eps1/(L2+1) ≈ 10−4, and h = 1/5000. Figures 1(a) and 1(b) show the exact and the
computed solutions at t = T based on the contours Γ1 and Γ2, respectively.

Table 4 shows the predicted L2 error bounds by Theorem 3.4 and the computed
errors at various t values for the two contours Γ1 and Γ2. In order to compare with
the method proposed in [24], computational results in [24] are also presented. The
results from [24] are given in L∞ errors, and thus we calculated L∞ errors also in the
parenthesis although they are not much different since solutions are smooth.

Time Predicted errors L2(L∞) er-
rors using the
contour Γ1

L2(L∞) er-
rors using the
contour Γ2

L∞ errors
from [24]

T/4 1.02E-02 1.56E-04
(6.83E-04)

1.46E-03
(2.42E-03)

6.25E-05

T/2 5.25E-02 5.88E-04
(2.16E-03)

1.57E-03
(3.64E-03)

1.09E-03

3T/4 2.69E-01 2.63E-03
(8.04E-03)

2.92E-03
(9.20E-03)

1.40E-02

7T/8 6.09E-01 5.71E-03
(1.62E-02)

5.65E-03
(1.69E-02)

4.44E-02

15T/16 9.16E-01 8.47E-03
(2.30E-02)

8.19E-03
(2.36E-02)

7.77E-02

T 1.38E+00 1.26E-02
(3.30E-02)

1.20E-02
(3.33E-02)

-

Table 4.4
Comparison of errors for Example 4

We observe that the method [24] gives better results at t = T/4, but as time goes
on to the final time our methods provide better solutions. Such an observation is
expected for the following reasons. First, our methods recover information on eigen-
pairs without artificial contaminant since they do not perturb the original differential
equation. Second, high frequency components of noise (larger than λN ) do not affect
our numerical solutions since they are automatically cut off in implementation.

We remark that the noise amplitude of our data g is as 103 times as big as that
in [24], and the loss of information on given data was worse than that of [24] by ten
times. With such a bad data our methods recover solutions relatively well.
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Fig. 4.1. (a) Exact and computed solutions at t = T using the contour Γ1, (b) the contour Γ2,
and (c) the perturbed initial data profile with noise
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Time Predicted errors L2 errors using
the contour Γ1

L2 errors using
the contour Γ2

T/4 1.47E-02 7.05E-05 2.96E-04
T/2 1.08E-01 3.12E-04 8.51E-04
3T/4 7.89E-01 4.61E-03 7.13E-03

T 5.79E+00 1.48E-01 1.54E-01

Table 4.5
Predicted and computed errors for Example 5

We should also remark that the computed errors are much better than the pre-
dicted bounds given in Theorem 3.4. Even at t = T when we loose continuous
dependence on the data theoretically, the computed L∞ errors are of only 3.30 and
3.33 percent. This is typically the case when the diffusion coefficient is small, and the
very high frequency components of the noise do not play a dominant role. This can
be explained theoretically if we introduce further constraints, SECB(slow evolution

from the continuation boundary) [5, 6], which would be treated in a future work.
Finally, we would like to discuss one more thing. Our choice of (c, T ) = (1/87960, 16)

corresponds to (c, T ) = (1, 0.0001819). Although our T with c = 1 is bigger than that
of [24], it is still small. While making “reasonable recovery”, how large T can one
choose? It depends on the definition of “reasonable recovery” and which method one
uses. Let us fix L2-norm of noises, say it is about 10−3. We can say, for example, if
L2-error of the recoverd image is less than 0.2, it is a “reasonable recovery”. With
our method, we can make (c, T ) = (1, 0.0002018). Recovered and the exact solutions
are shown in Figure 4.2(a), where we observe highly tilted values as x approaches 1,
which come from noises. Thus it is still challenging to make T as large as possible
with such highly oscillating profiles.

Example 5. Now we consider (4.2) with l = π, T = 4, c = 1/32, and the piecewise
linear solution at t = T given by

u(·, T ) =





0, 0 ≤ x ≤ π
2 ,

16
π x− 8, π

2 ≤ x ≤ 3
4π,

16 − 16
π x,

3
4π ≤ x ≤ π.

(4.3)

As in Example 4, we integrate forward in time starting from u(T ) to generate u0,
u(T/4), u(T/2), and u(3T/4) which are served as reference solutions for the problem.
Additive noises are introduced by g = u0 + per with δ = 10−3. In this case ‖u(T )‖ =
M ≈ 2.89, we choose γ = (1/T ) log(M/δ) + ν ≈ 2.49, L1 = 100, and h = π/1000
for Γ1. For Γ2 we take L2 = 4, ε = 10−2 > eps1/(L2+1) ≈ 10−3, and h = π/1000.
Table 4.5 shows L2 errors, and Figure 4.2(b) presents the exact and the computed
solution profiles at t = T based on the contour Γ1. Although the authors in [1, 2]
stated a pessimistic opinion about approximating u(T ) /∈ C1, our methods recover this
profile in a relatively good shape even with noisy data. The noise used for Example
5 is plotted in Figure 2(c).

Example 6. Finally in order to observe the parallel performance of the proposed
method, we solve a spatially three-dimensional problem version of (4.1) (Ω = (0, 1)3

and T = 1) with u0(x) = sin(πx) sin(πy) sin(πz). In this case, the exact solution

is u(x, t) = e3π2t sin(πx) sin(πy) sin(πz). For a fully discretized numerical solution,
(2.19) is applied with L1 = 32. γ = 31.5, and ν = τ = 0.5 are used for defining Γ1
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(see Example 2 for these selections). To obtain ûu0

h (zj) (j = 1, · · · , L1 − 1) in (2.19),
we solved (2.1) using the Q1-conforming (e.g. trilinear) finite element space Vh based
on the 64 × 64 × 64 uniform hexahedron triangluation of Ω (see, for instance, [3]).

Then in order to calculate UΓ1,u0

L1,h,τ (1), p processors (p = 1, 2, 4, 8, 16, 32) are employed
to compute L1(=32) independent elliptic problems (2.1) for zj , j = 0, · · ·L1, by evenly
distibuting them to p processors. For example if p = 32, each processor solved only
one equation. The computing clock time in seconds from solving linear equations
derived from (2.17) until obtaining UΓ1,u0

L1,h,τ (1) required with p processors are reported
in Table 4.6. The speedup defined by (computing time for 1 processor)/(computing
time for p processors) is also presented and a nearly perfect speedup is observed.
The result is expected since the most time-consuming part in obtaining ûu0

h (zj) for
j = 0, · · · , L1 − 1 can be solved independently without data communication. Finally
we remark that obviously such a perfect speedup is expected when p ≤ L1. The
compuatation of this example was carried out using a parallel machine whose nodes
are based on the IBM PowerPC970 (2.2GHz) 2-way CPUs with 1 Giga Byte Myrinet
network link.

# of processor(p) 1 2 4 8 16 32

Computing time 635.9 327.7 164.9 83.1 41.7 21.1
Speed up 1 1.9 3.9 7.7 15.2 30.1

Table 4.6
The computing time in seconds and speedup for Example 6. The relative L2(Ω) error of the

approximation is 5.99 × 10−3.

5. Conclusion. In this paper, a parallel method has been proposed to solve
backward parabolic problems. The algorithm is based on the Laplace transformation
in time of the original time-dependent problems on a suitable contour in the complex
plane. The time dependence of the resulting Laplaced transformed problems is thus
suppressed. After solving elliptic problems for each point on the complex contour, a
numerical inversion of Laplace transformed solutions will recover the time-dependent
solutions.

The proposed scheme to solve parabolic problems backwards in time does not in-
troduce an artifical parameter in order to regularize the numerical solutions. Theories
and numerical examples show the proposed method gives optimal stability without
perturbing anything, resulting in improved quality of the regularized solutions.

Additionally our scheme is highly scalable for parallel implementaion in the realm
of time discretization.

Acknowledgements. The authors wish to express thanks to anonymous referees
for their valuable suggestions to improve the original version. Thanks also go to Dr.
Taeyoung Ha for his providing a parallel 3D finite element code.
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A PARALLEL METHOD FOR BACKWARD PARABOLIC PROBLEMS AND ITS

APPLICATION TO IMAGE DEBLURRING : PART II
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Abstract. In part I, a parallel method for time-discretization of backward parabolic problems is proposed. The
problem is reformulated to a set of Helmholtz-type problems with a parameter on a suitably chosen contour in the
complex plane. After solving the resulting elliptic equations, which can be solved in parallel, we obtain a regularized
solution with high frequency terms cut off by the inverse Laplace transforms without requiring the knowledge of the
eigenfunctions of the differential operator. Since the regularized solution is obtained without artificial perturbation and
high frequency components of the noise are suppressed, the quality of the solution is improved significantly compared to
those obtained by the other methods. Two different numerical inversions of Laplace transforms, with arbitrary high order
of accuracy, and the spectral accuracy, respectively, are used. Error estimates and numerical examples are presented.

In part II, we discuss slow-evolution-from-the-continuation boundary (SECB) constraint. It is introduced by Carasso
in [SIAM J. Numer. Anal., 31(1994), pp. 1535-1557] to attain continuous dependence on data for backward parabolic
problems even at the continuation boundary. To prove its stability, he used three constrains–an a priori bound on the
norm of the solution at the continuation boundary (‖u(T )‖ ≤ M), an upper bound δ on the norm of the error, and
SECB. In this paper we obtain the same stability even with two constrains among the three. In other words, we show
that one of the constraints–an a priori bound on ‖u(T )‖–is redundant. Also a new regularized solution is introduced
for backward parabolic problems with SECB. It fulfills optimal stability and provides a constructive scheme for variable
coefficient cases. Finally an a posteriori parameter selection techninque for SECB is proposed. It converges very fast
and quite useful

Key words. numerical method, backward parabolic, ill-posed problem, Laplace transform, quadrature, parallel
method, slow evolution constraint (SECB), aposteriori parameter selection, image restoration, de-blurring regularization

AMS subject classifications. 65N30, 35R25

1. Introduction. This paper deals with stabilization of the following ill-posed problem:

ut + Au = 0 for t ∈ (0, T ], with u(·, 0) = u0(·) in Ω, (1.1)

where −A is a uniformly elliptic second-order partial differential operator (or fractional powers of it)
on a domain Ω with the homogeneous Dirichlet boundary condition. Furthermore, we assume that A
is a closed operator in the Hilbert space L2(Ω) which generates an analytic semigroup E(t) = etA and
the spectrum σ(−A) of −A is contained in the right real line. We also assume that the resolvent set
(zI + A)−1 of −A satisfies

‖(zI + A)−1‖ ≤
B

1 + |z|
for z ∈ Σζ ,

where Σζ = {z ∈ C : ζ < | arg z| ≤ π} ∪ {0} with ζ ∈ (0, π/2). Here ‖ · ‖ denotes an operator norm. It
is also used for denoting L2(Ω)-norm.

The problem (1.1) is ill-posed in the sense that the solution does not depend continuously on the
data u0 [10, 11, 15]. To stabilize it, John [11] imposed a prescribed bound on the solution at t = T .
More precisely, given noisy data g ∈ L2(Ω), let uj , j = 1, 2, be any two solutions of (1.1) satisfying

‖uj(T )‖ ≤ M and ‖uj(0) − g‖≤ δ, (1.2)

where M and δ are given positive constants and ‖ · ‖ denotes the L2(Ω)-norm. Then uj satisfy the
following Hölder type stability [1, 15]:

‖u1(t) − u2(t)‖ ≤ 2M t/T δ1−t/T for t ∈ [0, T ]. (1.3)
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The δ on the right hand side of (1.3) guarantees continuous dependence on data for t ∈ (0, T ). However
we loose that property at the continuation boundary(t = T ). To overcome it, Carasso imposed an
additional constraint called slow evolution from the continuation boundary (SECB) which is an a priori
statement about the rate of change of the solution near the continuation boundary [2, 3]. Then uj

satisfy the following improved stability over (1.3):

‖u1(t) − u2(t)‖ ≤ 2Λt/T δ, t ∈ [0, T ], (1.4)

where Λ < M/δ is a positive constant. The three constraints (1.2) and SECB are used extensively
and have proved its usefulness for stabilizing ill-posed problems [4, 5, 6, 7]. In [2] he also provides a
constructive regularizad solution which can be implemented when A in (1.1) has constant coefficients.
One demerit of SECB is that parameters for SECB should be known a priori, which is related to the
unknown exact solution, and thus is rarely available in practice.

In this paper optimal stability (1.4) is proved by using ‖uj
0 − g‖ ≤ δ, and SECB only. In other

words, we show that an a priori bound ‖uj(T )‖ ≤ M is redundant. Also a new regularied solution
is introduced, which gives an optimal stability of the form (1.4) (up to constant multiplication), and
can be obtained numerically even when A has variable coefficients. Finally to resolve the demerit of
SECB, an a posteriori parameter selection technique is proposed and analysed.

The rest of the paper is organized as follows. Section 2 reviewes SECB and its properties. The
new proof of the stability is in Section 3. In Section 4 a new regularization is defined and its optimal
stability is proved. Numerical examples are presented in Section 5. In Section 6 an a posteriori
parameter selection technique is dealt with.

2. Slow evolution from the continuation boundary. In this section SECB and its properties
are explained shortly. More detailed explanation and the extensive use of SECB could found in
[2, 3, 4, 5, 6]. Let us start from the following simple observation. For given K > 0 with 0 < K � M/δ,
let s∗ be such that M/δ = K + (M/δ)s∗/T ; i.e.,

s∗(δ, M, K) = T log(M/δ − K)/ log(M/δ). (2.1)

Let u(x, y, t) = 0 be a solution to (1.1) with given data g(x, y) = 0 and v(x, y, t) be the other solution
to (1.1) with constraints (1.2) such that ‖u(t)−v(t)‖ = ‖v(t)‖ = M t/T δ1−t/T (for example, v(x, y, t) =
δeλtφ(x, y) satisfies it provided λ = log(M/δ)/T , where φ(x, y) is an orthonormal eigenfunction of the
spatial operator A in (1.1) with eigenvalue λ. This mimics one of the worst case solution to (1.1) which
satisfies constraints (1.2).) Then ‖v(T )− v(s∗)‖ = ‖Mφ(x, y)− (M − δK)φ(x, y)‖ = Kδ and moreover
‖v(T ) − v(t)‖ ≤ Kδ if and only if t ≥ s∗. Thus if we impose a constraint on u(x, y, t) such that
‖u(T ) − u(s)‖ ≤ Kδ for a certain s which is less than s∗, then it acts as a supplementary constraint
to (1.2), and thus we could expect better estimation than that in (1.3). This observation helps us to
understand the following definition firstly appeared in [2] (we modified it so that it fits the setting we
use.)

Definition 2.1. For given K > 0, let s∗ be defined by (2.1), if there exists a known fixed s > 0
with s < s∗ such that

‖u(T )− u(s)‖ ≤ Kδ, (2.2)

we say that u satisfies “slow evolution from the continuation boundary(SECB)” constraint.
Remark 2.2. (2.2) could be interpreted as slow evolution near the continuation boundary. Now

any two solutions to (1.1) with constraints (1.2) and (2.2) have the following improved stability.
Theorem 2.3 (Carasso 1994). Let ui(t), i = 1, 2, be two solutions to (1.1) with constraints (1.2),

and (2.2), then

‖u1(t) − u2(t)‖ ≤ 2Λt/T δ, t ∈ [0, T ], (2.3)

where Λ = Λ(K, s) is the unique root of the equation

x = K + xs/T . (2.4)
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As for Λ, we have the following estimation.
Lemma 2.4. With given δ, M , K satisfying 0 < δ � M , 0 < K � M/δ, let s∗ be defined by

(2.1). For 0 < s < s∗, let Λ = Λ(K, s) be the unique root of (2.4). Then

K + 1 < Λ < M/δ. (2.5)

Moreover, with any z1 > 0, the iteration zn+1 = K + z
s/T
n converges to Λ.

Proof. Since M/δ is the root of (2.4) with s = s∗ by the definition of s∗, and the root of (2.4)
decreases monotonically with decreasing s, we have Λ < M/δ. We also have K + 1 < Λ since 1 is
the root of (2.4) with K = 0, and K > 0. The last statement is a standard result called fixed point
iteration [8].

Remark 2.5. Notice that the second statement of Lemma 2.4 is slightly different from one in [2]
which states that K + 1 ≤ z1 ≤ M/δ. It is important (see Remark 3.2). Since Λ is less than M/δ by
Lemma 2.4, Theorem 2.3 shows the improved stability compared to (1.3). And it retains its continuous
dependence on data even at the continuation boundary t = T .

3. ‖u(T )‖ ≤ M is redundant. In this section we prove (2.3) by using ‖uj − g‖ ≤ δ and SECB
(2.2) only.

Theorem 3.1. For given noisy data g ∈ L2(Ω), let ui(t), i = 1, 2, be two solutions to (1.1) with
constraints

‖u(0)− g‖ ≤ δ and ‖u(T )− u(s)‖ ≤ Kδ (3.1)

for known positive parameters δ > 0, K > 0, and s ∈ (0, T ). Then

‖u1(t) − u2(t)‖ ≤ 2Λt/T δ, t ∈ (0, T ], (3.2)

where Λ = Λ(K, s) is the unique root of the equation (2.4).
Proof. Let z(t) = u1(t) − u2(t) and note that (see [1])

‖z(t)‖ ≤ ‖z(T )‖t/T‖z(0)‖1−t/T . (3.3)

Let δ̃ = 2δ. By (3.1) and the triangle inequality, we have

‖z(0)‖ ≤ δ̃ and ‖z(T )− z(s)‖ ≤ Kδ̃. (3.4)

By (3.3), the triangle inequality, and (3.4), we have

‖z(t)‖ ≤ (‖z(T )− z(s)‖ + ‖z(s)‖)t/T ‖z(0)‖1−t/T

≤ (Kδ̃ + ‖z(s)‖)t/T δ̃1−t/T . (3.5)

Let us rewrite (3.5) with t = s by

‖z(s)‖ ≤ zs/T
n δ̃1−s/T , (3.6)

where

zn = Kδ̃ + ‖z(s)‖. (3.7)

Here zn denotes nth estimate for an upper bound of Kδ̃ + ‖z(s)‖. We claim that ‖z(s)‖ ≤ B for some
B > 0, which will be proved in Lemma 3.3. Then z1 = Kδ̃ +B holds by (3.7). Now we have successive

estimate for zn expressed as zn = Kδ̃ + z
s/T
n−1δ̃

1−s/T by using (3.6) in place of ‖z(s)‖ in (3.7). Dividing

this by δ̃ we obtain

zn/δ̃ = K + (zn−1/δ̃)s/T .
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Then zn/δ̃ → Λ by fixed point iteration [8], where Λ is the unique root of (2.4). By putting this into
(3.5), we have

‖z(t)‖ ≤ (Λδ̃)t/T δ̃1−t/T = Λt/T δ̃,

which completes the proof.
Remark 3.2. In [2], The constraint ‖u(T )‖ ≤ M was used to bound z1 in (3.7). However with

any z1 > 0, zn converges to Λ (see Lemma 2.4), and thus the use of M in [2] is not essential provided
z1 could be bounded for some constant, which will be proved in Lemma 3.3 Throughout the paper,
denote by {φn}

∞

n=1 the orthonormal eigenfunctions of −A and {λn}
∞

n=0 the corresponding eigenvalues
such that 0 < λ1 < λ2 < · · · → +∞. Then we have the bound for ‖z(s)‖ by the following.

Lemma 3.3. Let z(t) be the difference of two solutions uj(t) to (1.1) with constraints (3.1). Then
we have

‖z(s)‖ ≤

(

Kδ̃

T − s

)2

+

l
∑

n=1

z2
n(1 − λ2

n)e2λns (3.8)

for some integer l ≥ 0.
Proof. Since z(t) is the solution to (1.1) with initial data z(0) = u1(0) − u2(0), it admits the

following representation :

z(t) =

∞
∑

n=1

zneλntφn, (3.9)

where zn = (z(0), φn), and (·, ·) is the standard L2(Ω) inner product. By (3.1) and (3.9),

‖z(T )− z(s)‖2 =

∞
∑

n=1

z2
n(eλnT − eλns)2 ≤ (Kδ̃)2, (3.10)

where δ̃ = 2δ. By the mean value theorem there exists sn (s < sn < T ) such that (eλnT − eλns) =
λn(T − s)eλnsn for each n. By putting this into (3.10) and replace sn with s (note s < sn) we have

∞
∑

n=1

z2
nλ2

n(T − s)2e2λns ≤ (Kδ̃)2. (3.11)

Let l ≥ 0 be the integer such that λn < 1 for all n ≤ l. Then after dividing both the sides of (3.11) by
(T − s)2, replacing

∑

∞

n=l+1 z2
nλ2

ne2λns with
∑

∞

n=l+1 z2
ne2λns, and rearranging, we have

∞
∑

n=l+1

z2
ne2λns ≤

(

Kδ̃

T − s

)2

−
l
∑

n=1

z2
nλ2

ne2λns. (3.12)

Finally by adding both the sides of (3.12) by
∑l

n=1 z2
ne2λns, we have

‖z(s)‖2 =

∞
∑

n=1

z2
ne2λns ≤

(

Kδ̃

T − s

)2

+

l
∑

n=1

z2
n(1 − λ2

n)e2λns

because of (3.9).

Remark 3.4. If l = 0, we interpret
∑l

n=1 as 0.
Remark 3.5. It is quite interesting to see that in (3.8) the right hand side goes to infinity as s → T .

Thus if s = T (it means we do not have SECB), we could not bound ‖z(s)‖, and thus (3.2) could not
be proved, i.e., SECB actually guarantees continuous dependence on data in place of ‖u(T )‖ ≤ M .

Remark 3.6. For some M , K > 0 and 0 < δ � 1, let s∗ be such that M/δ = K + (M/δ)s∗/T ,
and suppose that we have SECB with s = s∗. Then the unique root Λ of (2.4) becomes M/δ. Thus by
Theorem 3.1 we have ‖z(t)‖ ≤ 2Λt/T δ = 2M tδ1−t. It means that SECB includes cases which we could
obtain if ‖u(T )‖ ≤ M were used.
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4. A constructive regularized solution. Now the problem is to find any solution u ∈ H1
0 (Ω)

to the following problem: given noisy data g ∈ L2(Ω),

ut + Au = 0 for t ∈ (0, T ] with u(·, 0) = u0(·) in Ω (4.1)

such that

‖u(0)− g‖ ≤ δ and ‖u(T )− u(s)‖ ≤ Kδ (4.2)

for known positive parameters δ > 0, K > 0, and s ∈ (0, T ).
Let Γ := {z ∈ C|Re z = log Λ/T , where Λ is the unique root of (2.4) } ⊂ ρ(−A). A new regularized

solution is defined by

uΓ,g(t) =
1

2πi

∫

Γ

eztv(z) dz, (4.3)

where v is the unique solution to

zv + Av = g, z ∈ ρ(−A). (4.4)

Here ρ(−A) is the resolvent set of −A.
Proposition 4.1. The spectral representation of uΓ,g(t) is the following:

uΓ,g(t) =
N
∑

k=1

eλkt(g, φk)φk,

where N is the largest interger such that λN < log Λ
T .

Proof. By taking the L2(Ω) inner product of each side of (4.4) with φk, we get a spectral repre-
sentation of v(z) by

v(z) =

∞
∑

k=1

1

z − λk
(g, φk)φk (4.5)

(note that λk are eigenvalues of −A.) Let N is the largest integer such that λN < log Λ/T . Since
∑

∞

k=N+1
1

z−λk

(u0, φk)φk is analytic in the left half plane of Γ, by incorporating (4.3), (4.5), and by
Cauchy’s integral theorem we have

uΓ,g(t) =
1

2πi

∞
∑

k=1

∫

Γ

ezt

z − λk
(g, φk)φk dz

=
1

2πi

N
∑

k=1

∫

Γ

ezt

z − λk
(g, φk)φk dz =

N
∑

k=1

eλkt(g, φk)φk.

From below, N is always the largest integer such that λN < log Λ/T . Now we prove that (4.3)
satisfies the optimal stability of the form (2.3) (up to constant multiplication). We take several steps.
First we estimate ‖u(t) − uΓ,u0(t)‖, a truncation error.

Proposition 4.2. Let uΓ,u0 be defined by (4.3) used u0 instead of g in (4.4), and z(t) = u(0) −
uΓ,u0(0). Then we have

‖z(t)‖ ≤ CΛt/T δ (4.6)

for some constant C.
Proof. We note that u(t) and uΓ,u0(t) are two solutions to (4.1) with initial data u(0) and uΓ,u0(0)

respectively, and thus z(t) fulfills the Hölder type inequality [1]

‖z(t)‖ ≤ ‖z(T )‖t/T‖z(0)‖1−t/T .
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Let δ2 = ‖z(0)‖, K2 be such that ‖z(T )− z(s)‖ = K2δ2, and Λ2 is the unique root of x = K2 + xs/T .
Then by following the proof of Theorem 3.1 using δ2 and K2 in place of δ̃ and K respectively, we have

‖z(t)‖ ≤ Λ
t/T
2 δ2. (4.7)

The two cases may happen.
• In case of δ2 ≥ δ

Since z(t) is a partial sum of the eigen expansion of u(t), we have ‖z(T ) − z(s)‖ = K2δ2 ≤
‖u(T )−u(s)‖ ≤ Kδ. Thus K2 ≤ K (since δ2 ≥ δ), and Λ2 ≤ Λ since the root of x = K +xs/T

increases as K increases. Let δ2 = Cδ for some constant C. Then from (4.7), we have

‖z(t)‖ ≤ Λ
t/T
2 δ2 ≤ CΛt/T δ.

• In case of δ2 < δ
‖z(0)‖ = δ2 ≤ δ, and ‖z(T ) − z(s)‖ ≤ ‖u(T ) − u(s)‖ ≤ Kδ as above. Then by following the
proof of Theorem 3.1 using δ in place of δ̃, we have

‖z(t)‖ ≤ Λt/T δ,

which completes the proof.

Remark 4.3. The spectral representation of δ2 = u(0) − uΓ,u0 is that
∑

∞

N+1(u0, φk)φk. Since

u0 is a solution to a forward parabolic problem, we could regard (u0, φk) as containing e−λkT term.
Thus we can expect C such that δ2 = Cδ is small. Next we need to bound the difference between
regularized solution uΓ,u0 with exact data u0, and uΓ,g with given data g.

Lemma 4.4. Let uΓ,g be defined by (4.3) and uΓ,u0 by (4.3) used u0 instead of g in (4.4). Then
we have

‖uΓ,u0(t) − uΓ,g(t)‖ ≤ Λt/T δ. (4.8)

Proof. Let ck = (u0, φk) and gk = (g, φk). From Proposition 4.1 and orthonomality of the
eigenfunctions we have

‖uΓ,u0(t) − uΓ,g(t)‖2 ≤

N
∑

k=1

(ck − gk)2e2λkt ≤ e2λN t
N
∑

k=1

(ck − gk)2

≤ Λ2t/T δ2.

It holds from (4.2) and λN < log Λ
T . Now we can derive the following optimal stability between

regularized solution (4.3) and the exact u(t).
Theorem 4.5. Let uΓ,g be defined by (4.3), and u(t) be the exact solution to (4.1) which satisfies

(4.2). Then ‖u(t) − uΓ,g(t)‖ fulfills the following stability estimate:

‖u(t) − uΓ,g(t)‖ ≤ CΛt/T δ, t ∈ (0, T ]

for some constant C.
Proof. By the triangle inequality,

‖u(t) − uΓ,g(t)‖ ≤ ‖u(t) − uΓ,u0(t)‖ + ‖uΓ,u0(t) − uΓ,g(t)‖,

≤ CΛt/T δ.

The last inequality holds from Proposition 4.2 and Lemma 4.4.
In implementation, the steps are the following:
1. Solve the Helmholtz type problem (4.4) by any kind of space discretization methods (e.g. finite

element method, spectral method, etc.)
2. Apply trapezoidal rule to (4.3) with appropriately deformed contour Γ

This type of the procedures are proposed and analized in [12, 13, 14, 16, 17].
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5. Numerical experiments. In order to see the qulity of uΓ,g (4.3), some experiments are
performed. We solved a parabolic problem with a sharp 512 × 512 MRI sagittal head image forward
in time, added 0.1% uniformly distributed multiplicative noise (denote the resulting image by g), and
recovered the original image by applying the method to approximate any solution to the following
equation at t = 1 with constraints (4.2):

ut(x, y, t) = γ(−∆)βu(x, y, t), (x, y, t) ∈ [0, 1]2 × (0, 1], (5.1)

u(x, y, 0) = g(x, y)

with zero boundary conditions. Here γ = α(4π2)−β . α = 0.075, and β = 1/2 are used. With fixed s,
informatin on the sharp image and the noise is used to calculate K, and δ in (4.2) respectively. We
took s = 0.01, and 0.99.

In order to compare the method with the one in [2], the constant coefficient problem (5.1) is
intentionally chosen so that both the methods could be applied. In this case, (5.1) is analytically
solvable in terms of the fourier coefficients of g (which can be obtained by using FFT algorithm. See
[9] for image treatment), which allows comparasion of pure qulity of the two regularizations without
discretization errors.

In Table 5.1, L2 relative errors are presented for each method and each s. Although SECB provides

s SECB New one
0.01 2.97% 3.07%
0.99 2.99% 3.32%

Table 5.1
L2 relative errors in deblurring experiment

a slightly better recovery, they are comparible (see also Figure 5.1.) The merits of the new one is its
capability of solving variable coefficient cases as well as giving comparable solutions with the one from
SECB.

6. A posteriori parameter selection. One defect of SECB is that an a priori information K
and s on exact data u are seldom available in practice. In this section, we suggest and analyze an
iteration scheme to determine K in (4.2) (or equivalently to determine Λ, the root of (2.4)) without
information on u.

The proposed scheme is, with given noisy data g and known δ such that ‖u(0) − g‖ ≤ δ, the
following:

1. Let Λ0 = ‖g‖/δ
2. With given Λi, compute uΓi,g in (4.3) where Γi := {z ∈ C|Re z = log Λi/T , where Λi is the

unique root of (2.4) }
3. Calculate Ki such that ‖uΓi,g(T ) − uΓi,g(s)‖ = Kiδ
4. Obtain Λi+1 by solving x = Ki + xs/T

5. goto 2 until converging
The scheme converges usually in 4 steps and the converged values are close to the exact ones, which
will be illustrated at the end of this section. Here we investigate its convergence behavior theoretically.
Let us start with the following definitions.

Definition 6.1. For p > 0, Ip := {λi|0 < λi < (log p)/T } for given T > 0. Here λi are the
eigenvalues of the operator −A labeled so that 0 < λ1 < λ2 · · · → ∞ holds.

Definition 6.2. For positive real numbers p and q, we write p ∼ q if and only if Ip = Iq For
p, q, r ∈ R+, certainly we have p ∼ p; if p ∼ q then q ∼ p; and if p ∼ q, q ∼ r, then p ∼ r so that it
gives an equivalence relation. Now the iteration process exhibits the following behavior.

Proposition 6.3. Let Ki be defined by Step 3, Λ0 = ‖g‖/δ, and Λi+1 be the unique root of (2.4)
with Ki, Then we have the following:

1. If Ki < Λi − Λ
s/T
i , then Λi+1 < Λi.
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Fig. 5.1. MRI images(s=0.01) - top-left: exact image, top-right: blurred and noise added, bottom-left : recovered
by SECB, and bottom-right : recovered by the new one.

2. If Ki > Λi − Λ
s/T
i , then Λi+1 > Λi.

3. If Λi ∼ Λi+1 for some i, then Λi+1 = Λi+k. Also Ki = Ki+k for all k ≥ 1.

Proof. By the definition of Λi+1, we have Λi+1 = Ki + Λ
s/T
i+1 , and thus Ki = Λi+1 − Λ

s/T
i+1 . If

Ki < Λi−Λ
s/T
i , then Λi+1−Λ

s/T
i+1 < Λi−Λ

s/T
i . Whence Λi+1 < Λi, because f(t) = t−ts/T (0 < s < T ),

is an increasing function of t. The second statement holds similarly. If Λi ∼ Λi+1 for some i, then by
Definition 6.2, (4.3), and Proposition 4.1, we have uΓi,g(t) = uΓi+1,g(t). Thus by the definition of Ki

in Step 3, Ki = Ki+1. Whence Λi+1 = Λi+2. Now the third statement follows from the mathematical
induction.

Remark 6.4. The meaning of the Proposition 6.3 is the following. If Λi is relatively large (the
case 1 of Proposition 6.3), we can interpret it as that uΓi,g(t) contains too many eigen components, and
in that case, Λi+1 becomes smaller. If uΓi,g(t) contains relatively small numeber of eigen components
(the case 2 of Proposition 6.3), Λi+1 becomes larger. And in neither of the cases, it converges. In
spite of Proposition 6.3, we still do not know to which value Ki converges. However we will see in the
following example that the converged value of Ki is very close to the exact K, and thus quite useful.
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i Ki(K = 20.60) log Λi(log Λ = 4.11) L2(Ω) (L2(Ω) = 6.2E − 03)
0 140.2 7.46 8.58E-02
1 28.28 5.77 1.61E-02
2 19.11 4.38 6.4E-03
3 18.73 4.05 6.2E-03
4 18.71 4.03 6.2E-03

Table 6.1
Behavior of Ki and computed errors for the recovered images. α = 0.0015 and β = 5/6 are used. The exact values

based on u(t) are in the parenthesis at the first row.

With β = 5/6, and α = 0.0015 in (5.1) we solved a parabolic problem forward in time with a MRI
sagittal head image, and added 0.1% multiplicative noise (denote the resulting image by g.) With
it, we applied the iteration scheme. Behavior of Ki, log Λi and corresponding L2(Ω) errors of the
recovered image uΓi,g are presented in Table 6.1. In the parenthesis of the first row, exact K, exact
log Λ , and L2(Ω) errors of the recovered image with exact data, say uΓ,g, are shown.

The iteration converged at the 4th step and the converged values Ki and log Λi are slightly smaller
than the exact values. However they are quite close to the exact values, and L2(Ω) errors of uΓi,g,
even at i = 2, and of uΓ,g present the same orders of magnitude. Many experiments are performed
(although not shown here) and they exhibit similar behavior as the above experiment.

REFERENCES

[1] S. Agmon and L. Nirenberg. Lower bounds and uniqueness theorems for solutions of differential equations in hilbert
space. Comm. Pure Appl. Math., 20:207–229, 1967.
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